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We study numerically interaction of phosphorene monolayer with a strong femtosecond-long op-
tical pulse. For such a short pulse, the electron dynamics is coherent and can be described by the
time-dependent Schrödinger equation. Strong optical field of the pulse causes redistribution of elec-
trons between the conduction and valence bands. Such interband dynamics is highly irreversible,
i.e., the conduction band population after the pulse is large and comparable to the maximum con-
duction band during the pulse. The conduction band population distribution in the reciprocal space
shows high contrast hot spots, which are due to large interband coupling at the Γ point. The optical
pulse also causes the net charge transfer through the phosphorene monolayer. The direction of the
transfer is the same as the direction of the field maximum.

I. INTRODUCTION

Two dimensional materials have attracted much atten-
tion after remarkable topological, transport, and optical
properties of graphene have been discovered both theo-
retically and experimentally1–4. Graphene has the hon-
eycomb crystal structure with unique relativistic energy
dispersion and chiral electron states. It is a semimetal
with zero bandgap. For other 2D materials, such as sil-
icene or germanene, which have crystal structure that
is similar to graphene, a finite but small bandgap is
opened due to relatively large spin-orbit interaction.
Such bandgap can be controlled by an external electric
field. In this relation, recently experimentally realized
monolayer black phosphorus, phosphorene, has attracted
much attention because of its relatively large bandgap,
∼ 2 eV, which opens potential applications of phospho-
rene in optoelectronics and nanoelectronics5–10.

In relation to potential applications of 2D materials,
it is very important to understand how these materi-
als respond to applied external electric field, especially
to a strong electric field, which is comparable to in-
ternal fields in solids, ∼ 1 V/Å. Such strong electric
fields can modify both transport and optical properties
of the materials and can be also used to control and
probe them. Interaction of strong fields with solids has
been the subject of intensive experimental and theoreti-
cal research11–27. Interest in this field has grown tremen-
dously due to availability of ultrashort femtosecond-long
pulses with strong fields, ∼ 1 V/Å16,20,28. Such high
fields can strongly modify properties of a solid within an
optical cycle, resulting, for example, in metallization of
dielectric at a femtosecond time scale25–27. Such metal-
lization is detected as a finite charge transfer through a
dielectric material during an ultrashort pulse25,29. Al-
though the transport properties of the dielectric mate-
rial are strongly modified during the pulse, the electron
dynamics is highly reversible during the pulse, i.e., the
electron system returns to its initial state after the pulse.

Interaction of graphene and graphene-like materials
with strong and ultra-short pulses has been extensively
studied theoretically30–33. It has been shown that the

strong-field interactions of graphene-like materials are
highly non-adiabatic and irreversible causing significant
electron transfer from the valence band, which results in
high population of the conduction band. Unique features
of ultrafast electron dynamics in graphene-like materials
are determined by specific properties of interband dipole
coupling, which has singularities at the Dirac points.
Such singularities result in the formation of highly lo-
calized hot spots in electron population distribution in
the reciprocal space. The number of such hot spots is
proportional to the field amplitude.
Here we study the strong-field interactions in an-

other 2D material, phosphorene, which, in contrast to
graphene-like materials, is characterized by a large band-
gap, ≈ 2 eV. We show below that, although the phospho-
rene monolayer has relatively large bandgap, the electron
dynamics in this material is highly irreversible, which is
similar to graphene. The ultrafast electron dynamics in
phosphorene is also characterized by a relatively large
charge transfer through the system during the pulse.

II. MODEL AND MAIN EQUATIONS

We assume that an ultrashort optical pulse is incident
normally on a phosphorene monolayer and has the fol-
lowing profile

F (t) = F0e
−u2

(1− 2u2), (1)

where F0 is the amplitude of the pulse, u = t/τ , and
τ is the pulse’s duration. The experimentally realized
profile of the ultrastrong optical pulse can be found in
Ref.26. For the shape of the pulse given by Eq. (1), the

area under the pulse is always zero,
∫ +∞

−∞
F(t)dt = 0. Be-

low we assume that τ = 1 fs, which corresponds to the
carrier frequency of ω ≈ 1.5 eV/~. For such ultrashort
pulse, the duration of which is less than the characteristic
electron scattering time ∼ 10 − 100 fs, the electron dy-
namics during the pulse is coherent and can be described
by the time-dependent Schrödinger equation. The corre-
sponding time-dependent electron Hamiltonian has the
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FIG. 1: (a) Lattice structure of 2D phosphorene. The red and
blue dots represent phosphorous atoms in the upper and lower
layers, respectively. The dashed lines show the primitive unit
cell, which contains four atoms. The primitive vectors a and
b are also shown. (b) Band structure of phosphorene obtained
within the tight-binding model. Energy spectrum is shown as
a function of kx at ky = 0.

following form

H = H0 + eF(t)r, (2)

where H0 is the field-free electron Hamiltonian, F(t) =
[F (t)cos(θ), F (t)sin(θ)], and r = (x,y) is a two dimen-
sional vector. Below we consider a linearly x-polarized
pulse, i.e., θ = 0.
We describe the free-electron system by the tight-

binding Hamiltonian. The lattice structure of phospho-
rene is shown in Fig. 1, where the unit cell is marked
by dashed lines. The unit cell contains four atoms. Such
structure results in four-band tight binding Hamiltonian
of the following form10

H0 =







0 Ak Bk Ck

A∗
k 0 Dk Bk

B∗
k D∗

k 0 Ak

C∗
k B∗

k A∗
k 0






, (3)

where

Ak = t2 + t5e
−ika (4)

Bk = 4t4e
−i(ka−kb)/2 cos(ka/2) cos(kb/2) (5)

Ck = 2eikb/2 cos(kb/2)(t1e
−ika + t3) (6)

Dk = 2eikb/2 cos(kb/2)(t1 + t3e
−ika). (7)

Here ka=k.a and kb=k.b, where a=ax and b=by are
the primitive translation vectors of phosphorene, see Fig.
1. The hopping integrals, ti, have the following val-
ues: t1 = −1.220 eV, t2 = 3.665 eV, t3 = −0.205 eV,
t4 = −0.105 eV, and t5 = −0.055 eV10. From the
tight-binding Hamiltonian (3) we can find the energy
spectrum, Eα(k), and the corresponding wave functions,
ψα(k). Here α = 1, 2, 3, 4, where α = 1, 2 correspond
to two valence bands and α = 3, 4 correspond to two
conduction bands. The bandgap of phosphorene is ≈ 2
eV.

The electron dynamics in the external optical field is
described by the time-dependent Schrödinger equation

i~
dψ

dt
= Hψ (8)

The applied optical pulse generates both interband and
intraband electron dynamics. The interband electron dy-
namics causes redistribution of electrons between the va-
lence and conduction bands, while the intraband electron
dynamics determines the electron dynamics within a sin-
gle band. Such intraband dynamics provides the main
contribution to the charge transfer, which is studied be-
low. The intraband electron dynamics is described by
the universal acceleration theorem of the form

~
dk

dt
= F(t), (9)

which has the following solution

kT (q, t) = q+
e

~

∫ t

−∞

F(t1)dt1, (10)

where q is the initial wave vector. Such intraband
dynamics in the reciprocal space is incorporated into
the corresponding wave functions through the Houston
functions34 of the form

Φ(H)
αq = ψα(kT (q, t))e

− i

~

∫
t

−∞
dt1Eα[kT (q,t1)]. (11)

The Houston functions completely describe the intraband
electron dynamics and are used below as a basis, so that
the general solution of the time dependent Schrödinger
equation (8) can be described as follows

ψq(t) =
∑

α=1,...,4

βαq(t)Φ
(H)
αq . (12)

The expansion coefficients βαq(t) satisfy the following
system of differential equations

dβαq
dt

= −
i

~
Fx

∑

α1 6=α

Qαα1
(t)βα1q, (13)

where α, α1 = 1, . . . , 4. The time-dependent matrix
Qαα1

(t) is determined by the x component of the dipole
matrix elements between bands α and α1

Qαα1
(t) = D(x)

αα1
[kT (q, t)]×

e−
i

~

∫
t

−∞
dt1[Eα[kT (q,t1)]−Eα1

[kT (q,t1)]],(14)

where

D(x)
αα1

(k) = < ψ
(α)
k |ex|ψ

(α1)
k >

= ~υαα1

x /i[Eα1
(k)− Eα(k)]. (15)

Here υαα1

x are the matrix elements of the velocity opera-
tor, υx = 1

~

∂H0

∂kx

.

The system of equations (13) describes the interband
electron dynamics. We solve this system numerically
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under the following initial conditions: (β1, β2, β3, β4) =
(1, 0, 0, 0) and (β1, β2, β3, β4) = (0, 1, 0, 0), which corre-
spond to initially occupied valence bands, i.e., bands 1
and 2. We characterize the interband dynamics, i.e.,
the solution of the system of equations (13), by the
time-dependent conduction band populations |β3,q|2 and
|β4,q|2. We also define the time-dependent total popula-
tion of the conduction bands

NCB,α(t) =
∑

q,i

|β(i)
α,q(t)|

2, (16)

where α = 3, 4. The index i = 1, 2 corresponds to two
initial conditions, which are described above.
The interband and intraband electron dynamics results

not only in redistribution of electrons between the valence
and conduction bands but also in generation of an elec-
tric current, which can be calculated from the following
expression

Jx(t) =
e

ab

∑

i=1,2

∑

q

∑

α1,α2=1,...,4

β(i)∗
α1q (t)υ

α1α2

x β(i)
α2q(t).

(17)
The generated current results in the charge transfer
through the system, which is determined by

Qtr =

∫ ∞

−∞

dtJx(t). (18)

III. RESULTS AND DISCUSSION

The interband electron dynamics is characterized by
electron redistribution between the valence and conduc-
tion bands and finally by finite conduction bands’ popu-
lations. Such CBs populations are mainly determined by
the strength of the interband dipole couplings, while the
distribution of the CB population in the reciprocal space
depends on the profile of the interband dipole matrix el-
ement in the reciprocal space. For example, in graphene,
the interband dipole coupling is highly nonuniform in the
reciprocal space and is singular at the Dirac points. Such
singularities result in highly nonuniform electron distri-
bution in the reciprocal space with hot spots near the
Dirac points.
In phosphorene, which has a finite bandgap, ≈ 2 eV,

the interband dipole matrix elements do not have any
singularity in the reciprocal space. The interband dipole
coupling is the strongest between the highest valence
band and the lowest conduction band, i.e., between the
bands 2 and 3. The corresponding dipole matrix ele-
ment, D23, is shown in Fig. 2 as a function of the recip-
rocal vector. The dipole matrix element D23 has a well
pronounced maximum at the Γ point, (0, 0). The other
dipole matrix elements are almost constant within the
whole Brillouin zone, see, for example, the dipole matrix
element D12 shown in Fig. 2(a).
The maximum of the dipole matrix element D23 be-

tween the lowest CB and the highest VB results in spe-
cific distribution of the CB population in the reciprocal
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FIG. 2: Interband dipole matrix elements D12 and D23. The
dipole matrix elements are shown as functions of the wave
vector k. Here D12 is the dipole matrix element between the
valence bands 1 and 2, while D23 is the dipole matrix element
between the highest valence band (band 2) and the lowest
conduction band (band 3). The dipole matrix element |D23|
has a maximum at the Γ point.

space. This is due to the fact that the strongest inter-
band mixing occurs only when an electron, which is drift-
ing through the reciprocal space according to the accel-
eration theorem, is near the Γ point, (0, 0). In Fig. 3
the residual CB population, i.e., the electron CB popu-
lation after the pulse, is shown for different amplitudes
of the optical pulse. The data show that large CB pop-
ulation is localized near the Γ point. The hot spots near
the Γ point are located symmetrically with respect to
ky-axis. The origin of such hot spots is the same as in
graphene. They are due to interference, which happens
when an electron passes twice through the Γ point dur-
ing the pulse. The structure shown in Fig. 3 is similar to
the one that was observed in graphene33, but with one
fundamental difference. In phosphorene, if an electron
goes directly through the Γ point then the corresponding
points of the hot spots have a maximum. In graphene,
if an electron goes directly through the Dirac point then
the corresponding intensity at the hot spots is zero. This
is because the dipole matrix element has a singularity in
graphene, but, but just a maximum in phosphorene.
The time evolution of the CB population in the re-

ciprocal space is shown in Fig. 4. The emergence of
the hot spots as an electron passes through the region
with large interband coupling is clearly visible. This be-
havior supports the above statement that the hot spots
in the CB population distribution are due to electron
passages through the region with large interband dipole
matrix elements. The hot spots are localized due inter-
ference, which happens after two passages through the
region with large interband coupling.
The number of hot spots in the CB population distri-

bution increases with increasing field amplitude. This is
because for a larger field amplitude, an electron travels a
longer distance in the reciprocal space, see Eq. (9). The
CB population of the first CB is shown in Fig. 3. The
CB population of the second band is a few times smaller
than the CB population of the first band (see discussion
below). Its distribution in the reciprocal space also shows
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FIG. 3: Residual population of the first conduction band as
a function of wave vector k for different amplitudes F0 of the
optical pulse, as indicated. The pulse is polarized along axis
x.
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FIG. 4: Population of the first conduction band as a function
of wave vector at different moments of time. The amplitude of
the optical pulse is F0 = 0.6 V/Å. Different colors correspond
to different values of the conduction band population as shown
in the figure.

the hot spots but they are much less pronounced.
The interband electron dynamics can be also charac-

terized in terms of the time evolution of the total CB
populations. The total CB populations of the first and
the second CBs are shown in Fig. 5 for different ampli-
tudes of the pulse. The data illustrate that the electron
dynamics is highly irreversible, i.e., the maximum CB
population during the pulse is comparable to the residual
CB population after the pulse. This dynamics is similar
to the one in gapless graphene. Although the phospho-
rene monolayer has a finite bandgap, ∆ ≈ 2 eV, the gap
is closed at the field amplitude ≈ ∆/a ≈ 0.4 V/Å, where
a = 4.43 Å.
The electron dynamics is highly irreversible, i.e., the

system does not return to its initial state, which has zero
CB populations, see Fig. 5. For F0 . 0.7 eV/Å, the total
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FIG. 5: (Conduction band population as a function of time.
(a) Population of the first conduction band. (b) Population
of the second conduction band. The peak fields are indicated
on the graph.

population of the second CB is an order of magnitude
smaller than the total population of the first CB, for ex-
ample, at F0 = 0.7 eV/Å, the residual CB population of
the first band is 12 times lager than the residual CB popu-
lation of the second band. At higher field amplitudes, the
difference between the CB populations of the two bands
becomes less pronounced. For example, at F0 = 0.9 V/Å,
the residual CB population of the first CB becomes only
four times larger than the residual CB population of the
second CB. The total residual CB populations for the

first and second CBs, N
(res)
1 and N

(res)
2 , respectively, are

shown in Fig. 6 as the functions of the field amplitude.
The residual CB population of the first band monotoni-
cally increases with field. Even at small field amplitudes,
the residual CB population is relatively large. The resid-

ual CB population of the second band, N
(res)
2 , is almost

zero at F0 < 0.4 V/Å and then it strongly increases with
pulse intensity. This behavior is also illustrated in Fig.

6(b), where the ratio N
(res)
1 /N

(res)
2 is shown. Here the

transition from a large ratio, ∼ 80, to a small ratio, ∼ 5,
occurs with increasing pulse amplitude.

Both interband and intraband electron dynamics gen-
erate an electric current through the system. Such cur-
rent can be found from Eq. (17). The electric current has
two contributions: interband current and intraband cur-
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rent. Usually, and also in our case of phosphorene, the
main contribution to the electric current comes from the
intraband term. The time dynamics of the electric cur-
rent is shown in Fig. 7(a). The current follows the time
integral of the electric field, i.e., the vector potential,
∫

F (t)dt. This behavior supports the above statement
that the main contribution to the net electric current
comes from the intraband term. The residual electric
current is zero, which corresponds to residual electron
population distribution that is symmetric with respect
to ky-axis. The area under the current vs time graph
is the charge transferred through the system during the
pulse, see Eq. (18). The transferred charge as a function
of field amplitude is shown in Fig. 7(b). The transferred
charge is positive for all field amplitudes. The positive
sign ofQtr means that the direction of the charge transfer
is the same as the direction of the field maximum. This
behavior is different from graphene, for which the trans-
ferred charge changes its sign from positive to negative
with increasing pulse’s intensity.
At small field amplitudes the transferred charge be-

haves as

Qtr ∝ F 3
0 . (19)

IV. CONCLUSION

The electron dynamics in a single layer of black phos-
phorus, i.e., phosphorene, in a strong field of an ultra-
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FIG. 7: (a) Electric current density and vector potential,∫
F (t)dt, as a function of time. (b) Transferred charge density

through phosphorene monolayer as a function of F0.

short optical pulse is highly irreversible, which means
that the residual CB population is comparable to the
maximum CB population during the pulse. Although
the phosphorene has a relatively large bandgap, ≈ 2 eV,
the irreversible electron dynamics in phosphorene is sim-
ilar to the electron dynamics in other 2D materials, such
as gappless graphene, silicene or germanene. The resid-
ual CB population in phosphorene is relatively large. It
is about 20 % at the field amplitude F0 = 0.9 V/Å. Here
the population of the first CB is about 15 % while the
population of the second CB band is 4 %. The distribu-
tion of the CB population in the reciprocal space shows
hot spots that are located near the Γ point. These hot
spots are due to two factors. The first one is that the in-
terband dipole coupling has a maximum at the Γ point.
Thus, during an electron field-induced transport in the
reciprocal space the strongest interband coupling occurs
when the electron passes the vicinity of the Γ point. The
second factor, which determines the formation of the hot
spots, is that the electron passes twice the Γ point. Such
double passage results in formation of specific interfer-
ence patterns in the CB population distribution. This
behavior shows that, for a general system, by looking at
the CB population distribution in the reciprocal space we
can identify the positions of the maxima of the interband
couplings in the system.

The electron dynamics in phosphorene is also charac-
terized by the charge transfer through the system, which
is proportional to the residual polarization of the phos-
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phorene monolayer. The charge transfer through phos-
phorene occurs in the direction of the field maximum for
all field amplitudes.
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