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By applying first-principles Peierls-Boltzmann transport calculations, the lattice thermal conductivities of
type-I, type-II, and type-VIII silicon clathrates are investigated. The lattice thermal conductivity, spectral lattice
thermal conductivity, lattice thermal conductivity versus mean free path (MFP) of phonons, relaxation times and
the anharmonicity of selected Si clathrates are calculated and compared. The microscopic origin of the slight
difference in the lattice thermal conductivity of Si-I/II/VIII clathrates is discussed extensively. Our calculations
uncover that the impact of phonon group velocity on the lattice thermal conductivity is far from enough to
explain the discrepancies in κlat of studied Si clathrates and it mainly is a consequence of the shorter lifetimes
of the acoustic modes in type-VIII structure. Similarity between phase space for three-phonon anharmonic
scattering processes of studied silicon clathrates highlights the influence of three-phonon coupling strength and
the further calculation of the frequency-resolved final state spectra re-emphasizes that the subtle differences
arise from the stronger three-phonon interaction coefficients.

I. INTRODUCTION

Clathrates are promising candidates to fulfill the concept
of phonon glass and electron crystal (PGEC) proposed by
Slack1 as a promising way to enhance the figure-of-merit
zT = S 2T/(κlat + κe) of thermoelectric materials. Here S
is the Seebeck coefficient, and σ is the electrical conductiv-
ity. κlat and κe are the lattice and electronic contributions to
the thermal conductivity κ, respectively. Exploring the spe-
cial features in the thermal conductivity, heat capacity, Raman
and infrared spectra of expanded-framework semiconducting
crystals such as clathrates would be noteworthy. The litera-
ture on elemental silicon clathrates is not exhaustive and stud-
ies of their major vibrational and related properties remain in-
complete within a density-functional-theory (DFT) method-
ology. In fact, the synthesis and the dynamical properties of
the empty Si framework structures have received much less
attention. To the best of our knowledge, only one pristine
silicon clathrates has been synthesized as yet denoted by type
II2–4. Interestingly, the hypothetical type-VIII silicon clathrate
Si46-VIII has shown an extraordinarily large density of closely
packed elongated ellipsoidal carrier pockets near the band
edges of this material structure, which leads to a large power
factor for it even higher than that of the best thermoelectric
materials known today5. Therefore, gaining a deeper insight
into thermal properties of Si46-VIII compared to synthesized
elemental silicon clathrates can assist designing high perfor-
mance thermoelectric materials.
So far, four scenarios have been suggested to explain the
abnormally low values of thermal conductivity in clathrates.
Three scenarios are applicable only for guest-encapsulated
clathrates. First, the large amplitude rattling motion of fillers
inside the framework is widely assumed to increase the scat-
tering of heat carrying phonons6,7. In the second scenario, the
low thermal conductivity is attributed to the avoided cross-
ing of the filler modes and the framework acoustic phonons

which lowers the phonon group velocity8. The third scenario
involves a change in the character of energy transport mech-
anism from propagative to diffusive and localized upon load-
ing the filler atoms into the empty framework of clathrates9.
This localization of low energy phonons occur between en-
tangled filler and framework phonons. In the fourth sce-
nario aimed to explain the low thermal conductivity of the
elemental clathrates, the open framework of the guest-free
clathrate itself could lead to a reduced lattice thermal conduc-
tivity (LTC)10. Obtaining the measured or calculated value of
single crystal clathrates is of the fundamental research inter-
est. To the best of our knowledge, although measured or the-
oretically estimated value of thermal conductivity of clathrate
compounds are available in literature, there are few reports
on thermal conductivity of elemental clathrates. The LTC
of Ge46 (type-I clathrate) has been calculated by Green-Kubo
formalism within the framework of molecular dynamics10 and
the LTC of Si136 (type-II clathrate) has been measured for a
polycrystalline sample3. Moreover, the lattice thermal con-
ductivities of silicon clathrate frameworks II and VIII were
studied by using first-principles lattice dynamics and Peierls-
Boltzmann transport equation (PBT) for phonons11. Some re-
searchers have applied quasi-harmonic approach12 and molec-
ular dynamics13,14 to study the LTC of silicon clathrates as
well. Unfortunately, a fundamental study of the phonon trans-
port in elemental Si clathrates that influences the properties
of such complex crystals is still lacking and this motivated
us to achieve the present research. In this study, we determine
the intrinsic LTC of type-I, type-II, and type-VIII Si clathrates
by solving PBT based on first-principles calculations of har-
monic and anharmonic force constants. Moreover, we study
the effect of phonon group velocity, phonon lifetime, phonon
phase space and lattice anharmonicity of Si-I/II/VIII clathrates
to elucidate the microscopic origin of subtle discrepancies in
their LTCs. Recently, Härkönen and Karttunen have con-
cluded in their investigation of type-II and type-VIII clathrates
that the seemingly small change of the harmonic phonon spec-
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tra can lead to relatively large differences in the scattering
phase space11. Contrary to their conclusion, our analyses
clearly show that the scattering phase spaces, if scaled prop-
erly, are almost the same for the three Si clathrates and there-
fore better highlight the importance of anharmonic coupling
strength as an origin of the differences in the phonon lifetimes
and the LTCs of elemental silicon clathrates.

II. THEORETICAL BACKGROUND

Phonons can be scattered by other phonons, charges, iso-
topes, defects, and grain boundaries15. Here, only the three-
phonon processes which are dominant in a relatively high-
temperature range for clathrate materials are taken into ac-
count. In most materials, especially for low lattice thermal
conductivity (κlat) ones, the relaxation time approximation
(RTA) leads to κlat that doesn’t have much difference with the
full solution to the PBT systems16,17. It should be taken into
account that the RTA underpredicts the thermal conductivity
due to assuming Umklapp (U) and normal (N) processes as
independent channels for thermal resistance. However, it has
been reported that the difference between the RTA and the full
solution to the PBT for clathrates is less than 1%11. Within
the RTA, the LTC tensor is estimated by PBT as below

κ
µν
lat =

1
NV

∑
q

Cqvµqvνqτq, (1)

where Cq, vq, τq = (2Γq(ωq))−1, N, and V , are the mode heat
capacity, the phonon group velocity with the superscripts µ
and ν denoting its components, the phonon lifetime, the num-
ber of q points sampled in the integration, and the unit-cell
volume, respectively. Throughout the paper, we use the no-
tation q = (q, j) and −q = (−q, j) with wave vector q and
branch index j. The mode heat capacity, Cq is given by

C(ωq) =
(~ωq)2

kBT 2

e~ωq/kBT

[e~ωq/kBT − 1]2
, (2)

where kB is the Boltzmann constant, and ω is the phonon fre-
quency. The phonon linewidth Γq(ωq) is obtained by consid-
ering the lowest-order perturbation of cubic anharmonicities
as16,18,19

Γq(ωq) =
π

2N

∑
q′,q′′
|V3(−q, q′, q′′)|2

×
[
(nq′ + nq′′ + 1)δ(ωq − ωq′ − ωq′′ )

+2(nq′ − nq′′ )δ(ωq + ωq′ − ωq′′ )
]

(3)

where ωq, nq = 1/(eβ~ωq − 1), β = 1/kBT , and ~ refer to the
phonon frequency, the Bose-Einstein occupation number for
a phonon with energy ωq, and the reduced Planck constant,
respectively. The summation is over all the phonon scatter-
ing processes (creation and annihilation) satisfying the energy
conservation through the delta function, and Umklapp quasi-
momentum conservation, i.e., q + q′ ± q′′ = G where G is a

reciprocal lattice vector. The interphonon interaction strength
V3 is represented as

V3(q, q′, q′′) =
1
N

√
~3

8Mα1 Mα2 Mα3ωqωq′ωq′′

×
∑
{`,α,κ}

Ψκ1κ2κ3 (`1α1, `2α2, `3α3)

× eκ1
α1

(q)eκ2
α2

(q′)eκ3
α3

(q′′)

× ei(q·r(`1)+q′·r(`2)+q′′·r(`3)), (4)

where eκα(q), Mα, and r(`) refer to the phonon polarization
vector of atom α along κ direction corresponding to phonon
mode q, the atomic mass of atom α, and the coordinate of `th
cell, respectively. The phonon frequencies ωq and the cor-
responding phonon polarization vectors e(q) are readily ob-
tained from diagonalizing the dynamical matrix. The above
equation shows that the anharmonic terms in the expansion of
the potential energy result in scattering between three phonons
such that q+q′±q′′ = G. V3(q, q′, q′′) can be considered as a
measure of lattice anharmonicity. The third-order anharmonic
coupling tensor Ψκ1,κ2,κ3 (`1α1, `2α2, `3α3) can be calculated ei-
ther by density functional perturbation theory20 or the direct
method21,22.

III. COMPUTATIONAL PROCEDURE

The calculation of harmonic and third-order force
constants (FCs) in real space, Ψκ1,κ2 (`1α1, `2α2) and
Ψκ1,κ2,κ3 (`1α1, `2α2, `3α3), are required to obtain the phonon
linewidth. These force constants were calculated by the finite-
displacement approach 23,24 where atomic forces for displaced
configurations were obtained with the vasp code25, within
the PAW method26,27. The integration in the Brillouin-zone
was achieved with the 4 × 4 × 4, 5 × 5 × 5, and 6 × 6 × 6
Monkhorst-Pack k grids28, respectively for type-I, type-II, and
type-VIII structures along with the Gaussian smearing scheme
with width 0.05 eV. Our calculated band gaps for Si-I/II/VIII
clathrates are 1.125, 1.21, and 1.19 eV, respectively. The band
gaps for type-I and type-II structures occur along X–Γ k-path,
and at L-point, respectively and are direct ones. In type-VIII
silicon clathrate the band gap is indirect and bridges N-point
in valence band to a point in Γ–H k-path in conduction band.
It should be noted that the experimental value of band gap for
type-II silicon clathrate is 2 eV2. The energy cutoff was set
at 550 eV. For the exchange-correlation functional, we used
the local-density approximation (LDA)29,30, which has been
reported to have very good performance for vibrational prop-
erties of silicon and several silicon oxides31. The primitive
cells of studied structures contain 46, 34, and 23 Si atoms
with the crystal symmetries of Pm3̄n (No. 223), Fd3̄m (No.
227), I4̄3m (No. 217) and optimized lattice constants 10.11 Å,
14.57 Å, and 9.98 Å, respectively for type-I, type-II, and type-
VIII Si clathrate materials. The calculated lattice constant
of type-II slightly underestimates the experimental values of
14.626 Å2 and 14.6402 Å4, which is a well-known tendency of
LDA. There are various calculated values available for lattice
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constants of type-I32,33 and type-VIII silicon clathrates11,34.
The internal coordinates were also optimized with the force
convergence threshold of 0.01 meV/Å.

According to convergence studies on the dispersion
relation and the values of thermal conductivities (see the
supplementary material35), in the case of type-I structure,
we employed 2 × 2 × 2 supercell (368 atoms) and primitive
cell (46 atoms), respectively for calculation of harmonic and
cubic force constants. For type-II and type-VIII structures,
we used conventional cells, respectively with 136, and 46
atoms (see Table I). For d-Si, a 2×2×2 conventional supercell
containing 64 atoms was used for structural relaxations
and force constant calculations. Since clathrates are typical
covalent crystals, interactions should be rather short range
and the cutoff radius employed for d-Si can also be used for Si
clathrates. The convergence of κlat with respect to the cutoff

radius of the cubic force constant was already investigated
and found that the inclusion up to the second-nearest neighbor
shell was sufficient24. Therefore, we employed the cutoff

radius of 4.2 Å for the third-order force constants in this work.

It is notable that the summation in formulas for phonon
linewidth, interphonon interaction strength, and phonon phase
space should include only the pairs (q′, q′′) satisfying momen-
tum conservation. The δ-functions in the aforementioned for-
mulas are evaluated by the tetrahedron method36. We em-
ployed alamode package24 to generate atomic displacement
patterns in the selected structures, to extract force constants
using the least-squares method, and to calculate the phonon-
phonon scattering rate and thermal conductivity. We did not
include the isotopic scattering in our calculations. To calculate
force constants, atoms were displaced from their equilibrium
positions by 0.01 Å and 0.04 Å, respectively for calculation of
harmonic and third-order force constants. The structural data
and computational details for the studied silicon structures us-
ing LDA are presented in Table I.

IV. RESULTS AND DISCUSSION

A. Phonon dispersion

To the best of our knowledge no experimental phonon spec-
tra for pure silicon clathrate structures is available. How-
ever, several computational results have been obtained by us-
ing LDA or the generalized gradient approximation (GGA)
with the plane-wave pseudopotential method11,34. Figure 1
presents the calculated phonon dispersion relations as well as
phonon density of states for the silicon clathrate structures I,
II and VIII using LDA. The phonon dispersion curves all look
similar, so that similar thermal properties within the frame-
work of harmonic approximation are expected.

B. Thermal conductivity versus temperature

The calculated thermal conductivities of bulk type-I, type-
II, and type-VIII Si clathrates as a function of temperature
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FIG. 1. Calculated phonon dispersion relations of bulk type-I, type-
II, and type-VIII Si clathrates for LDA. Phonon density of states are
in arbitrary units.

are presented in Fig. 2. The LDA predictions represent an ap-
proximate 1/T temperature dependence which is a well-known
trend for LTC of crystals. It is observed that the LDA result for
d-Si matches well with experimental result, which validates
our calculations. It is notable that, the LDA κlat of type-II Si
clathrate '57.5 W/mK at 300 K is one order of magnitude
larger than the measured value 2.5 W/mK of polycrystalline
Si136-II clathrate3. Such a discrepancy can be attributed to ex-
istence of defects, vacancies, impurities, lattice dislocations
available in synthesized samples which decrease the LTC due
to increased number of scatters. The calculated LTCs of d-
Si, Si46-I, and Si46-VIII materials at 300 K are respectively
around 151, 53, and 42 W/mK. At room temperature, while
the LTC of Si46-I drops around 8% with respect to that of Si46-
II, it lies nearly 26% above that of Si46-VIII. The calculated
LTC values of all types of silicon clathrates investigated in
this study are almost three times lower than that of d-Si. The
calculated LTC values of 57.5 and 42 W/mK, respectively for
Si46-II and Si46-VIII, agree well with the previous results of
52 and 43 W/mK based on PBE11.

C. Thermal conductivity versus MFP

Calculation of both the phonon-mode dependent and the
frequency dependent κlat gives better insights into the intrin-
sic phonon transport that can be employed for designing ther-
moelectric materials. The normalized cumulative κlat is de-
fined as the fraction of heat transferred by the phonons with
mean-free-path (MFP) smaller than a certain value. Figure 3
presents the cumulative κlat versus the MFP of bulk type-I,
type-II, and type-VIII Si clathrate materials at 300 K. The
MFPs corresponding to 50% cumulative κlat at 300 K are
418, 327, and 297 nm, respectively for Si46-I, Si136-II, and
Si46-VIII clathrates. According to Fig. 3, Si46-I possesses the
longer cumulative median MFP value with respect to the Si46-
II, and Si136-VIII materials. Moreover, the cumulative median
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TABLE I. Structural and computational data for the studied silicon structures using LDA.

Structure Atoms/cella Supercell size (FC2)b Supercell size (FC3)c Crystal symmetry a (Å)d k1,k2,k3
e PDOS (q1,q2,q3)f κlat (q1,q2,q3)f

d-Si 2 conventional-64 atoms conventional-64 atoms Fd3̄m (227) 5.42 10,10,10 60,60,60 40,40,40
Si46-I 46 2 × 2 × 2- 368 atoms primitive-46 atoms Pm3̄n (223) 10.11 4,4,4 20,20,20 11,11,11

Si136-II 34 conventional-136 atoms conventional-136 atoms Fd3̄m (227) 14.57 5,5,5 30,30,30 15,15,15
Si46-VIII 23 conventional-46 atoms conventional-46 atoms I4̄3m (217) 9.98 6,6,6 40,40,40 20,20,20

a Number of atoms in primitive cell.
b The size of the supercell employed for harmonic FC calculations.
c The size of the supercell employed for cubic FC calculations.
d Optimized lattice constant (the primitive unit cell for Si46-I and the centered unit cells for the rest of structures).
e ~k indicates meshes used for structural relaxation.
f ~q indicates meshes respectively for calculation of phonon density-of-states and lattice thermal conductivity.
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FIG. 2. Calculated thermal conductivities of bulk type-I, type-II,
and type-VIII Si clathrates compared with the calculated and mea-
sured results for d-Si. The experimental data (circles) are taken from
Ref.37.

MFP values of studied Si clathrates are comparable to that of
bulk Si (∼350 nm) at 300 K. In addition, Fig. 3 demonstrates
the unevenly contribution of the phonon modes to the thermal
conductivity. It can be inferred from Fig. 3 that at 300 K and
in Si46-I, Si136-II, and Si136-VIII materials, the MFPs shorter
than 380 nm respectively contribute 47%, 58%, and 59% to
the κlat, while the MFPs longer than 850 nm, respectively con-
tribute ∼14%, 8% and 5% to the total thermal conductivity.
These results also indicate that the further reduction of ther-
mal conductivity through nanostructuring in type-I, type-II,
and type-VIII Si clathrates would be beneficial for thermo-
electric applications. However, the effect of nanostructuring
on charge carrier transport needs to be investigated. A nanos-
tructured Si46-I with grain sizes smaller than 400 nm leads to
∼50% reduction in κlat (reaches to ∼26 W/mK).

D. Thermal conductivity versus frequency

For the sake of completeness and further analysis of mode
dependent phonon transport, we calculated the cumulative κlat
versus frequency at 300 K as well. The results are presented
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FIG. 3. Normalized cumulative κlat for type-I, type-II, and type-VIII
Si clathrate materials at 300 K as a function of mean free path. The
horizontal dashed line corresponds to 50% κlat accumulation.

in the Fig. 4. All of the studied Si clathrates show almost
the same trend of LTC with respect to frequency. At low fre-
quency range (< 100 cm−1), the cumulative κlat sharply rises
due to large contributions from acoustic phonons. The fre-
quencies corresponding to 50% cumulative κlat at 300 K are
∼75, 69, and 68 cm−1, respectively for Si46-I, Si136-II, and
Si46-VIII clathrates. The upper limit frequencies for the re-
gion of acoustic phonons in the aforementioned materials are
126, 131, and 127 cm−1, and a comparison with the phonon
dispersion relations presented in Fig. 1 reveals that the acous-
tic phonons contribute ∼ 95%, 84%, and 87% to the total heat
conduction, respectively in Si-I/II/VIII clathrates. It should be
noted here that to find the highest frequency among acoustic
modes, the phonon dispersion curves were connected using
similarity of phonon eigenmodes between adjacent q points
which enabled us to determine the correct ordering of all
acoustic and optical modes. It is also evident from Fig. 4
that the optical phonons with frequency above 275 cm−1 do
not participate in the phonon transport. Among the studied
Si clathrates, optical phonons contribute the most to the heat
conduction in the Si136-II material (∼ 26%). It is also apparent
from Fig. 4 and its inset that the discrepancies between ther-
mal conductivities of three clathrates originates from acoustic



5

0 50 100 150 200 250 300
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Frequency (cm
−1

)

κ
la

t (
W

/m
K

 *
c
m

)

0 100 200 300 400 500
0

10

20

30

40

50

60

Frequency (cm
−1

)
C

u
m

u
la

ti
v
e

  
κ

la
t (

W
/m

K
)

 

 

Si
46

−I

Si
136

−II

Si
46

−VIII
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Si clathrate materials at 300 K as a function of frequency. The inset
presents the cumulative κlat for Si-I/II/VIII clathrates.

modes in the low frequency region (< 100 cm−1). The in-
set clearly shows that the curves of accumulated thermal con-
ductivities of Si46-I and Si46-II versus frequency have larger
slopes than that of Si136-VIII clathrate in the low frequency re-
gion and above that region the slopes are almost equal, mean-
ing that optic modes do not play important role in producing
the thermal conductivity differences. Therefore, phonon life-
times and phonon group velocities of acoustic modes below
the anticrossing points are carefully investigated in the fol-
lowing subsections.

E. Phonon group velocity

Here, we discuss the effect of phonon group velocity of
heat-carrying transverse acoustic (TA) and longitudinal acous-
tic (LA) modes on the LTC of Si-I/II/VIII clathrates. To
this end, we calculated group velocities of the TA and LA
modes along Γ–X, Γ–X, and Γ–H directions in the Brillouin
zone respectively for Si-I, Si-II, and Si-VIII structures. Fig-
ure 5 evidences that the phonon group velocities of the stud-
ied Si clathrates are close to each other, and, in the case of
TA modes, the maximum discrepancy is around 15% for fre-
quencies smaller than 100 cm−1, which occurs between the
TA modes of type-II and type-VIII clathrates. The selected
data extracted from the present DFT calculations are listed in
Table II for comparison. The average sound velocities were
obtained by

1
v3

s
=

1
3

(
1
v3

l

+
2
v3

t
) (5)

where vl, and vt are respectively longitudinal and transverse
sound velocities. Our results indicate that the thermal conduc-
tivity of Si46-VIII at 300 K is ∼27% lower than that of Si136-II
while the group velocity of the LA mode in Si46-VIII is equal
or up to ∼40% higher (see Fig. 5 around 120 cm−1) than that
of Si136-II. Therefore, the impact of phonon group velocity on
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FIG. 5. Group velocity of transverse and longitudinal phonon modes
along Γ–X, Γ–X, and Γ–H directions in the Brillouin zone for type-I
(Si46), type-II (Si136) and type-VIII (Si46) silicon clathrates. TA and
LA modes are represented by dashed and solid lines respectively.

the LTC is far from enough to explain the discrepancies in κlat
of studied Si clathrates.

F. Phonon lifetime

As discussed above, the phonon group velocity seems to be
of minor importance to explain the difference in lattice ther-
mal conductivities of Si-I/II/VIII clathrates. Therefore, the
difference in LTC is likely to be associated with the phonon
lifetime. To understand more about the underlying physical
mechanism of thermal conductivity in Si clathrates, Fig. 6
compares the phonon relaxation times of the studied clathrates
with that of d-Si at 300 K. For Si46-I, Si136-II, and Si46-VIII,
the relaxation times follow a trend similar to that of d-Si and
possess close values. However, it seems that the relaxation
times are slightly decreasing from Si136-II to Si46-I, and then
Si46-VIII. It is notable that such a decrease in relaxation times
occurs clearly for frequencies less than 200 cm−1. The cal-
culated relaxation times corroborates that the reduced κlat in
studied clathrates can be attributed to the reduction of the
phonon lifetime. In Fig. 7, we also compare the phonon
lifetimes of TA and LA modes of Si-I/II/VIII clathrates at 300
K. The phonon lifetimes have been calculated for Si-I, Si-II,
and Si-VIII clathrates respectively along Γ–X, Γ–X, and Γ–H
directions in the Brillouin zone. Figure 7 evidences that for

TABLE II. Longitudinal (vl), transverse (vt), and mean sound ve-
locities (vs) for the acoustic modes of the studied silicon structures
within LDA.

Clathrate vl (m/s) vt (m/s) vs (m/s)
Si46-I 8178 4822 5343

Si136-II 8431 4716 5250
Si46-VIII 8371 4528 5053
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the TA modes and in the low-frequency range (< 100 cm−1)
except for some narrow regions, the phonon lifetimes follow
the relation of τII ≥ τI > τVIII . The trend is less clear for the
LA modes, but the same relation is seen. These tendencies ex-
plain the difference in LTC spectra, and thereby the difference
in LTCs. Moreover, the maximum discrepancy in phonon life-
times is observed around 55 cm−1 between LA mode of Si136-
II and TA mode of Si46-VIII which amounts to more than '
two-fold. The difference of phonon lifetimes in these materi-
als is not very large. However, subtle discrepancies in τ values
exist and are essential to understand the difference in the LTC
values.

G. Origin of the difference in phonon lifetime

We have shown that the difference in the LTC values of
the studied Si clathrates can be ascribed to the difference

in the phonon lifetimes of acoustic modes in the low fre-
quency region below 100 cm−1. Here, we discuss the origin
of the difference in the phonon lifetimes, or equivalently, the
phonon linewidth Γq(ωq). As can be inferred from its def-
inition [Eq. (3)], the phonon linewidth depends on both the
available phase space of the three-phonon scattering and the
anharmonic coupling strength |V3(−q, q′, q′′)|2. To simplify
the complex functional form, it is convenient to introduce the
temperature-dependent scattering phase space (SPS)7

W±q =
1
N

∑
q′,q′′

 nq′′ − nq′

nq′ + nq′′ + 1

 δ(ωq − ωq′ ± ωq′′ )δq±q′,q′′+G,

(6)
and compare W±q and |V3(−q, q′, q′′)|2 separately. It should be
noted, however, that the magnitude of W±

q increases in propor-
tion to m2 with m being the number of phonon modes. There-
fore, when we compare SPS values of different systems con-
taining different numbers of atoms, we need to use the scaled
SPS defined as W±

q /m
2. Unlike W±q which is roughly propor-

tional to m2, W±q /m
2 is expected to have similar values for

three clathrates. Accordingly, when we compare the strength
of the anharmonic coupling, we employ m2|V3(−q, q′, q′′)|2 in-
stead of |V3(−q, q′, q′′)|2.

Figure 8 depicts the scaled absorption and emission com-
ponents of the SPS versus frequency in separate panels for
the studied clathrates. Both processes show similar trends
and their values are almost the same between three clathrates,
which highlights the importance of V3 as a major source of
the difference in τ of silicon clathrates. The scaled SPS values
possess a peak almost at the middle of their phonon bandwidth
in the region of optical modes (∼300 cm−1). In this small fre-
quency region, W+

q /m
2 is the largest for Si46-I, which results in

the smallest phonon lifetimes around ∼300 cm−1 (see Fig. 6).
In the low frequency region (< 100 cm−1), the absorption pro-
cess is dominant and the contribution from the emission pro-
cess is almost zero. As can be seen from the top panel of
Fig. 8, the three curves of W+

q /m
2 overlap with each other.

Therefore, the scaled SPS shows no clear materials’ depen-
dence in the low-frequency region and is completely inade-
quate to explain the discrepancy in phonon lifetimes of acous-
tic modes. It should be noted here that our result goes beyond
the conclusion made by Härkönen et al.11. They stated that
the seemingly small change of the harmonic phonon spectra
can lead to relatively large differences in the SPS while our
results clearly indicate that the SPS cannot be responsible for
such a difference as the SPS values are almost the same for
three studied silicon clathrates. In that sense, the importance
of V3 is better highlighted in our work.

The similarity of the scaled SPS indicates the primary im-
portance of the anharmonic coupling strength as the origin of
the difference in the phonon lifetimes of acoustic modes of
three clathrates. To confirm this point, we calculated the val-
ues of m2|V3(−q, q′, q′′)|2 for TA and LA modes whose fre-
quencies ωq are around 30 cm−1. The actual q points selected
for making a comparison are given in Table III. Figure 9
depicts the square of matrix elements V3 of the TA and LA
modes. Here, we show the components of m2|V3(−q, q′, q′′)|2

only for pairs (q′, q′′) satisfying the momentum conservation
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TABLE III. Phonon momentum q and the corresponding phonon frequency, the linewidth, the lifetime, and the scaled SPS of the TA and LA
modes selected for calculating m2|V3(−q, q′, q′′)|2. The quantities shown in the last three columns are calculated at 300 K.

Clathrate Momentum q ωq (cm−1) 2Γq (cm−1) τq (ps) W+
q /m

2 (cm)
Si46-I, TA (0,0, 1

5 ) 31.4 8.36 × 10−3 635 2.69 × 10−4

Si136-II, TA (0, 1
7 , 1

7 ) 30.5 9.63 × 10−3 551 2.64 × 10−4

Si46-VIII, TA (− 1
10 , 1

10 , 1
10 ) 28.8 1.21 × 10−2 440 2.72 × 10−4

Si46-I, LA (0,0, 1
10 ) 26.9 8.41 × 10−3 631 2.32 × 10−4

Si136-II, LA (0, 1
14 , 1

14 ) 27.3 7.24 × 10−3 733 2.16 × 10−4

Si46-VIII, LA (− 1
20 , 1

20 , 1
20 ) 28.0 1.20 × 10−2 441 2.66 × 10−4
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FIG. 8. Three-phonon SPS of type-I, type-II, and type-VIII Si
clathrates versus frequency at 300 K. The upper and the lower panels
(a) and (b), present the W+

q /m
2 (absorption process) and the W−

q /m
2

(emission process) components of the SPS, respectively.

and the energy conservation of |ωq − ωq′ + ωq′′ | ≤ 3 cm−1

or |ωq + ωq′ − ωq′′ | ≤ 3 cm−1. This criterion has been
used only for visualization purposes and not used for LTC
calculation. Moreover, we also show the local average of
m2|V3(−q, q′, q′′)|2 to better highlight the materials’ depen-
dence of the strength of the cubic coupling. It is interest-
ing to observe that, as we transit from Si46-I to Si136-II and
then to Si46-VIII, the scaled |V3| values of the TA modes tend
to increase especially in ωq′ > 300 cm−1. This tendency is
consistent with the observation of τI > τII > τVIII (see Ta-
ble III). By contrast, the scaled |V3| values of the LA mode for
Si46-VIII are smaller than those for Si46-I and Si136-II, which
seems to be inconsistent with the relative magnitude of the
phonon linewidth. To explain these seemingly contradictory
results, we calculated the frequency-resolved final state spec-
tra of Γq(ωq) and W+

q , which can be obtained by inserting the
delta function δ(ω−ωq′ ) under the summation of Eqs. (3) and
(6), respectively. Their expressions are given in Appendix A.

Figures 10-(a) and (b) compare w+
q (ω)/m2 of the three

clathrates calculated for the TA and LA modes, respectively.
As can be seen from these figures, the SPS of the low-
frequency TA and LA modes mostly comes from the scatter-
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m
2
|V

3
(−

q,
q′
,q

′′ )
|2
(c
m

−2
)

Si136-II, TA
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ωq′ (cm

−1)

0

200

400 Si46-VIII, LA

FIG. 9. The scaled three-phonon interaction strength of TA and LA
modes at q points shown in Table III. The data points represent
m2|V3(−q, q′, q′′)|2 for the pairs (q′, q′′) satisfying the momentum-
and energy-conservation laws. The lines represent the local aver-
age of m2|V3(−q, q′, q′′)|2 calculated with an interval of 5 cm−1. The
average values are multiplied by 5 for visualization purposes. The
colored rectangle highlights the important part.

ing processes involving another phonon mode q′ in the range
of 100–200 cm−1. Therefore, the scaled |V3|

2 values in the
range of ωq′ = 100–200 cm−1 are the most relevant for mak-
ing the difference in the phonon linewidth. If we closely com-
pare the average values of the scaled |V3|

2 of the LA modes
in this frequency region (see Fig. 9), we can observe that the
values in Si46-VIII are somewhat larger than those in Si46-I
and Si136-II. To see the materials’ dependence more clearly,
we have calculated the average values of m2|V3(−q, q′, q′′)|2

in the range of 100–200 cm−1 and obtained the results of 4.4,
4.0, 6.3 cm−2 for Si46-I, Si136-II, and Si136-VIII, respectively,
which are now consistent with the relation of τII > τI > τVIII
for the LA modes (see Table III). Furthermore, the importance
of |V3(−q, q′, q′′)|2 can also be demonstrated by comparing
w+

q (ω)/m2 and γq(ω) shown in Fig. 10. While the materials’
dependence of w+

q (ω)/m2 is very small for the three clathrate,
we can clearly see the noticeable differences in γq(ω), espe-
cially between Si46-VIII and other two materials. These re-
sults again highlight the essential role of V3(−q, q′, q′′) for
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FIG. 10. The scaled SPS spectrum 1
m2 wq(ω) (panels a and b respec-

tively) and the final state spectrum γq(ω) (panels c and d respectively)
of TA and LA modes. Both quantities calculated at 300 K and at q
points given in Table III. The legends of panels (a) and (b) apply for
panels (c) and (d) as well.

making the difference in τq and therefore in the LTC of the
studied clathrates.

V. CONCLUSIONS

The lattice thermal conductivities of three pure phases of
silicon, type-I (Si46), type-II (Si136), and type-VIII (Si46),
were investigated using a first-principles lattice dynamics ap-
proach. The calculated κlat values for Si46-I, Si136-II, and Si46-
VIII at room temperature, which are respectively 53 W/mK,
57.5 W/mK, and 42 W/mK, are three times lower than that of
d-Si (151 W/mK). We also investigated the underlying mech-
anisms responsible for making the difference of κlat in the
silicon clathrates. Our calculations show that the impact of
phonon group velocity on the lattice thermal conductivity is
far from enough to explain the discrepancies in LTCs of the
studied Si clathrates. Analysis of the results unveils that the
difference in the LTC of the Si clathrates is due to the shorter
relaxation times of the acoustic modes in the type-VIII struc-
ture, which seem to arise from the stronger three-phonon in-
teraction coefficients V3(−q, q′, q′′). The similarity of the ab-
sorption and emission components of scaled SPS between the
studied clathrates as well as more detailed investigation on the
frequency-resolved final state spectra clearly show that the V3

coefficients account for discrepancies in phonon lifetimes, and
therefore in the LTC values of the studied silicon clathrates.

VI. ACKNOWLEDGEMENTS

The authors acknowledge technical support from Tandy
supercomputing center in Tulsa, Oklahoma. T. T. is partly
supported by JSPS KAKENHI Grant Number 16K17724
and “Materials research by Information Integration” Initiative
(MI2I) project of the Support Program for Starting Up Innova-
tion Hub from Japan Science and Technology Agency (JST).

Appendix A: Final state spectrum

The frequency-resolved final state spectrum γq(ω) repre-
sents the probability per unit time that a phonon q decays into
one mode of frequency ω while the frequency of the other
mode involved is determined by the energy conservation law,
whose definition is given as38

γq(ω) =
π

2N

∑
q′,q′′
|V3(−q, q′, q′′)|2

×
[
(nq′ + nq′′ + 1)δ(ωq − ωq′ − ωq′′ )

+ (nq′ − nq′′ )δ(ωq + ωq′ − ωq′′ )

+(nq′′ − nq′ )δ(ωq − ωq′ + ωq′′ )
]

× δ(ω − ωq′ ). (A1)

If we integrate γq(ω) over ω, we obtain the phonon linewidth,
i.e. Γq =

∫
γq(ω)dω. We may also define another spectrum

w±q (ω) as

w+
q (ω) =

1
2N

∑
q′,q′′

[
(nq′ − nq′′ )δ(ωq + ωq′ − ωq′′ )δq+q′,q′′+G

+(nq′′ − nq′ )δ(ωq − ωq′ + ωq′′ )δq−q′,−q′′+G
]

× δ(ω − ωq′ ), (A2)

and

w−q (ω) =
1
N

∑
q′,q′′

(nq′ + nq′′ + 1)δ(ωq − ωq′ − ωq′′ )

× δq−q′,q′′+Gδ(ω − ωq′ ). (A3)

It is straightforward to show that w±q (ω) is related to the scat-
tering phase space [Eq. (6)] as W±q =

∫
w±q (ω)dω.
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