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We calculate the full counting statistics (FCS) of a subsystem energy in free fermionic systems by
means of the Grassmann variables. We demonstrate that the generating function of these systems
can be written as a determinant formula with respect to the Hamiltonian couplings and by using
the Bell’s polynomials, we derive exact formulas for the subsystem energy moments. In addition, we
discuss the same quantities in the quantum XY spin chain, and we demonstrate that at the critical
regimes the fluctuations of the energy moments decay like a power-law as we expect from the con-
formal field theory arguments, while in non-critical regimes, the decay is exponential. Furthermore,
we discuss the full counting statistics of subsystem energy in the quantum XX chain.

I. INTRODUCTION

We have removed the part regarding the uncertainty
principlem, instead we have added the following parts
in red and some recent studies about the full counting
statistics of energy in other systems.

In quantum many-body physics, the fluctuations of lo-
cal observables carry fair amount of information regard-
ing the physical properties of the system. The rapid
progress in the manipulation of quantum devices in con-
densed matter physics has made it possible to investigate
the nature of fluctuations in quantum many-body sys-
tems to even higher degrees of details. In quantum me-
chanics, one usually is interested in the first few moments
of the fluctuations while the full description of the system
requires the knowledge of the full distribution function
of the observable. This kind of distribution functions are
examples of a more general concept known as full count-
ing statistics (FCS) which studies the full distribution
of a macroscopic observable in arbitrary systems. The
term FCS was first popularized in the study of charge
transport in mesoscopic systems! . However, since this
quantity can be defined naturally in any quantum sys-
tem, it has been also applied in different areas such as
Fermi edge problems'?, ultracold atoms'' 3, quantum
chains'* 2% and many-body localization?!?2. For a good
list of applications and references, see Ref.!>23. In the
context of quantum chains, one can simply consider the
system in its ground state and then study the full distri-
bution of the number of fermions!4 !¢ or magnetization
in the subsystem!72%:25-27 and find the relevant univer-
sal scaling functions?®* 3°. One of the natural quantities
that can be defined for any system is the energy of the
subsystem. The Hamiltonian truncated to a subsystem
does not commute with the Hamiltonian of the full sys-
tem. Consequently, if the full system is in its ground
state, the energy of the subsystem can have many dif-
ferent values with different probabilities. Surprisingly, to
the best of our knowledge, the FCS of the subsystem en-

ergy has not been studied in the literature. However, in
Ref.3!, related problems regarding the relation between
probability distributions of the measurement outcomes of
the local and global Hamiltonians have been discussed.
For the distribution of the energy of the full system in
the Gibbs state and possible experimental methods to
detect it, see Ref.32. There have also been some works
regarding the full counting statistics of both energy trans-
port of phonons3* 3% and electron energy transfer3” 39,
In this article, we study the FCS of the subsystem energy
in generic free fermion Hamiltonian with real couplings,
and in particular, in quantum spin chains that can be
mapped to the free fermions.

To have the full distribution of the system, one usually
needs to calculate the generating function of the distri-
bution functions. In the case of free fermions, the stud-
ies of those observables that have quadratic form in the
fermionic representation (for example fermion number)
always lead to determinant formulas'1%23. The Hamilto-
nian truncated to a subsystem in free fermions naturally
has a quadratic form and one expects a determinant for-
mula. In this article, we will find a determinant formula
in a form which is different but equivalent to the ones
that can be derived from earlier approaches, see for ex-
ample Ref.??. We will implement the fermionic coherent
states written in Grassmann representation which is also
practical when the state of the system is generic but has
a simple form in the local basis. Afterwards, using the
Bell’s polynomials, we will provide exact formulas for the
moments. In section III, we will apply our determinant
formulas to study the FCS of subsystem energy in the
quantum XY chain and will remark on different prop-
erties of this quantity on different regions of the phase
diagram. In particular, we will study the universal prop-
erties in the critical regions. Finally, in section IV, we
will summarize our results and future directions.



II. FULL COUNTING STATISTICS OF THE
SUBSYSTEM ENERGY IN THE GENERIC FREE
FERMIONS

In this section, we study the full counting statistics of
the subsystem energy in the ground state of a generic
real free fermion Hamiltonian in an arbitrary dimension.
To start, we calculate the first two moments and then
we provide an exact formula for the generating function
of the subsystem energy. Afterward, we show how one
can calculate all of the moments exactly by a proper ex-
pansion of the generating function. Consider a generic
free fermion Hamiltonian with the following truncated
Hamiltonian for the subsystem D;

1 1 1
Hp =cl.Ac+ §CT.B.CT + §C.BT.C - EtrA, (1)

where BT is the transpose of B and ¢ is a vector with
elements ¢; and i = 1,2, ..., |D|, where | D| is the number
of sites in the region D. Moreover, A and B are sym-
metric and antisymmetric matrices respectively to keep
the Hamiltonian Hermitian. Note that here we just con-
sider real A and B. We are interested in calculating the
full counting statistics of energy defined as the following
expectation value

M(Ap) = (*F1?) = tr[ppe? 2], (2)
where A\p = (;I = For later implications, it is conve-
D

nient to introduce new operators defined as,

2" — Ci, (3)

with the anticommutator relations {a;,a;} 26,5,
{b;,b;} = —26;;, and {a;,b;} = 0, and the well known
correlations defined as block Green matrices,

bi:C

a; = c;f + ¢,

GUY = trlppbiay], (4a)
Gi§" = trlppaib;), (4b)
G = trlppaiay], (4c)
G = trlppbiby), (4d)

where pp is the reduced density matrix of the region D
and G (ab) —G(ba) Note that the role of the Hamilto-
nian of the full system is encoded in pp. By substituting
operators a and b in the Hamiltonian (1), Hp becomes,

Hp = S [bi(Aij + Bij)as), (5)

N)I)—l

where we have used G +GIT = — (Gt LG0T =
21. By using the definition of these correlators, we get

(Hp) — %tr[(A—B)G(b“)] _ Luprat), (o)

where we have introduced a new matrix D = 2(A +
B). Similarly, by using the Wick’s theorem one can also
calculate the (H#%). The final result can be written as:

1
—tr[DD”
* 15 r[ ]

- %tr[DTG(b“)DTG(b“)]]. (7)

(Hp) = (Hp)”

It is needless to say that the calculation of the higher
moments starts to get cumbersome immediately which
makes the forthcoming calculations much more valuable.
In any case, the above two direct calculations can be used
to check the validity of the general results.

A. Generating function of the subsystem energy in
the ground state

In this subsection, we come back to our problem of cal-
culating the generating function of the subsystem energy
for a system which is in its ground state. To do that we
can use the fermionic coherent state defined as,

_ ol
|£ >= |§lu§27"'7§N >=e Zi\f:lgl N (8)

where ;s are Grassmann numbers which satisfy the fol-
lowing properties: £,&m + Emén = 0 and €2 = €2, = 0.
Consequently, we can show

il >= &l > . (9)

By using the Grassmann variables the reduced density
matrix can be written ag?0:4!

p(& &) = <é&lpplE >
_ det[%(]l _ G(ba))]e%(é—ﬁ)TF(é-F&'), (10)

where we have introduced the matrix F = (G +1)(1—

G")=1 The trace in the context of Grassmann vari-
ables can be calculated as:

0= [ dedge ¥ (-¢[0]e). (11)

Then the equation (2) can be written as:

M(Ap) = tr[ppe o o] = / didne= ™ (—n]ppe 2o ).
(12)
After using the identity
= / dgdee(¢) (€] (13)
we get
M(\p) = / dndn / d€dge M &€
(~nlppl€) (€] PP |n). (14)



We can now calculate the two expectations separately.
To calculate the second expectation, first we decompose

A Hp by means of the Balian-Brezin formula?? as:

eS\DHD — e%cTXcTecTYce—%TrYe%ch, (15>
where X, Y, Z can be calculated from the blocks of ma-
trix T defined as

Av (% i) T Ti2
T= (T21 T22) (16)
which leads to
X =Tp(T5), Z=(Te)Ty, ¥ =Th (17)

By using the above formulas and the properties of the
fermionic coherent states, we have
<€|e5\DHD ) = e3EXEFinZn—3TrY +€e¥ n (18)

After implementing the above formula in the equation

(14) we get,
ba) ——trY/dn/dneznZn

/dé/dﬁe_ﬁﬂ—5£+§£X§+§e n—a(ﬁ+5)TF(_ﬁ+£)-(19)

MQ\p) = det[%(]l

To calculate the integrals, we first introduce new vari-

ables, v = ﬁ—j; and v = %, then the integral be-
comes,

_ 1 _
M(Rp) = (-1)/Pdet5(1 - Gt [an [ de

AEXE+LnZn e n/d,,/d,,e R
(20)

Notice that we get an extra factor of (—1)IPI, where | D| is
the number of cites in the region D, which is the Jacobian
for the change of variables of £ and 7. Using the formula
for Gaussian integrals, we can also calculate the second
integral,

M(Ap) = det[F] det[%(]]_ _ G(ba))]e,%try

/dn/dé HEXEHIMZnEY ek o)

The (—1)IP! cancels out as the det[F] also brings down
(=1)IP! factor. Furthermore, we introduce new variables
by defining & = 5%’ and o = _f/g",

M(Ap)

/da/dd e%deydf%aeYaer[fXJreY]aerF*l

= det[F] det[%(]l — Gt)em 2tV

. (22)

Y Y Y

Since e¥ is symmetric, the two terms ae* & and ae* a
have no contribution in the integrals. Finally, after per-
forming the integrals, we have

M(p) =e 2%Y det[; (1 — G*)] det[1 — FX + FeY].
(23)

Using the definition of F = (G®Y +1)(1 — G*¥)~1, we

get
M(p) = det[e¥]?
1-¢% _, 14+G"
2 2
where we have used the identity [e=TY]2 = (det[e~Y])z.

By introducing the definition of X and Y we can also
write:

det| (1 —Xe ™)), (24)

M(Ap) = det[Ta,] "2

1- G 1+ G

det[ T22 +

(1 —Ti2)]. (25)
Although the above three equations are equivalent to the
formula derived in earlier works, see for example Ref.?3,
they have different forms. We will use the current forms
to calculate the comulants in the next sections. Note that
one can consider the above equations as the generating
function of any observable defined in the subsystem D
that can be written as the quadratic equation (1). Con-
sequently, all the subsequent formulas are valid for any
observable that can be written in a quadratic form in the
fermionic representation.

1. T matrix expansion

One can determine the exact form of the matrix T by
expanding it with respect to Ap as follows:

- \2 2
T=1+ Xp <_‘A]§ _i) + 57 (_AB _i) +

/A BY®
— =+ ...
31 \-B -A

By calculating the right-hand side of the above equation,
we can see that there are only two independent block
matrices which can be obtained by using the following
formulas:

(26)

A’ﬂ
T = Z nl ) (27)
n=1
Ty = 1+ Z 2D 1(2), (28)
Then for the other two matrices we simply have
T11 = Ta (Ap = —Ap), (29)



T21 = T12 (B\D — _;\D)- (30)
The 7-( ) can be calculated as follows:

Sl)d = Z A" B™ . A" B sgn(k),
{ni}
k/2

E N2j—1 = EVEN,
Jj=1

Pl = S AT B A B
{ni}

k/2

Z?’ng_l = Odd, (31)
Jj=1

and
TR SpCTpe—"
{ni}
k/2

Z ngj—1 = Odd,
j=1

72, = 3 AM B A" B sgn(k),
{ni}
k/2

anj_l = even, (32)
j=1

where Zle n; =n and there are 2"~! terms. Moreover,
the sign of the terms can be calculated by

s—1
1 (—1)=5=0 "k—j
ERICS

sgn(k) = (1)

where [z] is the floor (the largest integer less than or
equal to z) and for s < 1, we have Zj;é ni—; = 0, for
more details see Appendix A.

, (33)

2. Subsystem energy moments from the generating function

Since the exact form of Tos and Tio are known, one
can calculate all the moments using the equation (25).
To start, we need to use the expansion of functions of
determinant provided in Ref.*3. Then we have

0 Kk
det[Ty)® =1+ tk%, (34)
k=1
where
k
te =Y f;Br;(9); (35)
j=1

and f; = 6/ and By;(g) is the partial exponential Bell’s
polynomial (see Appendix B) defined as

%( g’“e) ZB;” . (36)

k=1

Here, we list the first few terms,

tO = 17 (37&)
tv = figi, (37b)
ts = fig2+ fagi, (37c)
ts = f193+ f2(39192) + f3g7, (37d)
ts = figa+ f2(4g195 + 393)
+ f3(69792) + fagi, (37e)
and g = (g1, 92, ...) with
k .
gk =Y (=177 (j = DltrBy; (r?), (38)
j=1
where 7® = (72, 7(?| ). The trBy,; () can be eval-

uated by calculating By;(g) and then symmetrization of
all the terms G1Gy..G, — Z GryGry...Gr,., where
the G;’s are any sequence of the {gr} and the sum is
over all permutations. After having a symmetrized form
for By;(g), we can now replace {gx} with {’T](f)} and de-
rive the formulas for trBy; (7). Here, we list a few of
the coefficients,

g1 = tI’T(Q) (39a)
m=mﬁh<%% (39D)
gs = tr[Ty (2) 37'1 )—1—2( ) 1, (39¢)
g1 = tr[Ty ) _4r 2)7' 2) ( )
+ 12(r)2r ) —6(r )Y, (39d)
Note that in our case, § = —5. We need to also calculate

2
the second determinant in the equation (25). Inside the

determinant can be written as:

1- G0 1+ G4

2 T22 + 2 (:ﬂ. — Tlg) =
1-— G“’“)
LGW)(]I _ Z A (1))

2 —~ n!

in (ba) (ba)

7,,’].(40)

Then, we define the following new matrices:

(ba) (ba)
2 " 2 "

Tp =

(41)

We can now calculate det[1+ )" | 2 A" 7] as before with
the condition § = 1 which implies f7 = 1. The expansion
has the following form:

det]l—i-z —1+Ztk (42)



where
k
k=Y Bu(9). (43)
j=1

The first few terms have the following forms:

to = 1, (44a)
o= g1, (44b)
ty = Go+ 91 (44c)
ts = g3+ 37192 + 91 (44d)
ts = Ga+40103 + 395 + 63102 + i, (44e)
with
g1 = trio, (45a)
g2 = tr[F2 — 7, (45b)
g3 = tr[Fs — 37172+ 2(71)7), (45¢)
Ga = tr[Fq — 47175 — 3(F2)2 + 12(71)% 7
— 6(71)". (45d)

Using the two formulas (A2) and (42) the expansion for
M (Ap) becomes

_ e )\k > /\k'
M(/\D) = Ztk ! Ztk’ k"

B o m - )\J )\g j

- n;uz::otjtmﬁ j! (m—j)!
oo m Am

- z:o;‘)j!(m_ )t tm—is (46)
m=0 j=

which simplifies to

_D)—i%i< )tth (47)

m=0 j=

An expansion of the full counting statistics with respect
to A can be written as below:
A2,
()\D)— 1+E1/\D+E27+ (48)
where we have E,, = (H}). Using this definition, one
can calculate all the moments as,

Fun = (H) = i (7 )tstns (49)

One can directly check that the above equation for m = 1
and 2 produces the equations (6) and (7) respectively.
For the future discussion, it is also important to introduce
the fluctuation of the m moment defined as:

En = ((Hp — E1)™). (50)

Consequently, by using the equation (49) and working
out some algebra, one can show that

By =0, (51a)

Ey = go— %27 (51b)

By = gs- %, (51¢)

By =3E3 = gi— . (51)
Es —10E,B; = g5 — 9—25. (51e)

Finally, the most general case can be written as:

Nm+Z

:gm—

] 1 .7 - 1)'Bm](E17E27 ceey Em—j-l—l)
gm

2 )
where the B,,; is the Bell’s polynomial as we mentioned
before. The above formulas show that the quantities g;
and ¢; with ¢ > 2 represent the fluctuations of the sub-
system energy.

m>1 (52)

B. Subsystem energy generating function for an
arbitrary state

In this section, we study the subsystem energy gener-
ating function for an arbitrary state. In other words, we
would like to calculate

M(Ap) = (p|e*2 2 |y), (53)

for arbitrary state |¢). To calculate the above quantity,
we assume that we know the form of [¢) in the fermion
occupation basis, in other words, we have

¢> = ZGC|C>7 (54>

{cy

where |C) is an arbitrary configuration for fermions in the
subsystem. Using the above state in the equation(53), we
have

M(Ap) =3 atac(C'|eHr|C). (55)
{c'r{C}

The quantity (C'|e*?HP|C) can be calculated using the
equation (18) as follows (see Ref.*?): Consider an arbi-
trary configuration C. Then, the corresponding Grass-
mann variable for the unoccupied state is zero while for
occupied state, one needs to integrate over Grassmann
variable. This transformation will effectively create new
matrices X¢cr, Zc and (e¥)cro that are dependent on
the configurations. Then we can write

{;}%acﬂc/ﬂdé/ﬂdn

egﬁXc/£+§ann—§TrY+$(€ )c/cﬂ' (56)



Finally, after performing the Grassmann integration, we
have

M(\p) = e 3tY Z Zazwacpf l_

Xco (e¥)ece
{C'}H{C) (oer Zo |

(57)

where pf is the Pfaffian of the matrix. The above equa-
tion can be very useful for those states that have simple
form in the configuration basis. It can be also useful in
the study of time dependent systems. For example, for
the state without any fermion, we simply have

M(Ap) =e 2", (58)
and for the case with full of fermions, we have
- X eY
M(Ap) = e %Y pf 59
Qo) = e tor | S (59)

IIT. SUBSYSTEM ENERGY STATISTICS IN
THE XY SPIN CHAIN

In this section, we use the equations that we derived in
the previous section to study the full counting statistics
of the subsystem energy for the XY spin chain. We study
different phases of the chain with analytical and numer-
ical techniques. In particular, we study the transverse
field Ising chain and XX chain in more details.

A. Definitions and general results

The Hamiltonian of the XY-chain is as follows

L
J 14+a, , . 1—-a
Hxy = — 5 {(T)ajaj+1+( 5 ool
j=1
L
h z
- 52%‘7 (60)
j=1
where ¢7Y* are the Pauli matrices. Here, a indicates

J
the anisotropy interaction between spins and h denotes

the transverse magnetic field. Using the Jordan-Wigner
transformation c} =1l ;o a;“, one can map the Hilbert
space of a quantum chain of a spin 1/2 into the Fock
space of spinless fermions. Then, the new Hamiltonian
becomes

_ L
J 1
H = 5 E CC]+1+GC CJ+1+hC) § :h(cj'cj_ﬁ)
=1 J=1
JN
+ T(CLCI + achl + h.c.), (61)

where CTL+1 =0 and CTL+1 = Nc]i for open and periodic

boundary conditions respectively with N = Hle of =

h
) Critical XY~ >Critical Ising
S
>
3 i Ising
H 1 i

FIG. 1: Different critical regions in the quantum XY chain.
The critical XX chain has central charge ¢ = 1 and critical

XY chain has ¢ = %

+1. The phase diagram of the XY-chain is shown in the
figure 1.

We are interested in studying the Hamiltonian trun-
cated to a subsystem of an infinite quantum chain de-
scribed by

-1
J
H, = 5 Z(CTCJ+1 +ach c]+1 + h.c.)

1
Z h(c! G~ 5

j=1 j=1

(62)
where [ denotes the size of the subsystem. Note that
here, we have an open system with natural boundary
conditions coming from truncating the Hamiltonian. we
have removed this statement “ For some technical rea-
sons, it might be useful to glue back the two ends to each
other and then work again with a periodic system. In
this work we will not do By direct calculations, one can
derive the commutator of the full Hamiltonian with the
Hamiltonian truncated to a subsystem for the XY chain
as follows:

2

J 3 )
[HL, Hl] = Z[ —CICH,Q + C?+2Cl + szch»l — CLLlCl,l
—cles +c3 (63)

The commutator is dependent just on the sites that
are close to the boundary which indicates that by in-
creasing the size of the subsystem, say [ > 6, the does
not change. Note that since in this work we are con-
sidering the full system in its ground state, uncertainty
equations corresponding to the above commutator is not
that much useful. However, if the system starts with a
state which is not the eigenstate of the total Hamilto-
nian, as we always have in the quantum quench setup,
the corresponding uncertainty relations might be a use-
ful quantity to quantify the fluctuations of the energy of
the subsystem. In this paper, we will not discuss this



question further.” It is easy to see that the Hamiltonian
(62) can be written in the following form,

1 1 1
H =cl Ac+ §CT.B.CT + §C.BT.C - iTrA, (64)

where the matrices A and B are:

~-h L 0 ... 0
]2J
L —h 2 0 0
J
A=|0 5 —h g5 0]
J
0 0 L —h
Ja
0 L 0o ... 0
—fa o Lo 0
B=| 0 - 0 & 0 (65)
0 0 ...-2¢0

Using the results of the previous section and consider-
ing J = 1, first one can calculate (H;) as follows:

1 1
(H) = = teDTGY) = Z[=2hbup + (14 a)Fn,m-1

+(1 - a)(sn,mﬁ-l]GSzer)
i[—2thf"’) +(1+a)G"

+ (1-a)G)-(1+a)G"™

~(1-a)G}". (66)

Notice that in this case G® = —G*) = 1. Not surpris-
ingly the (H;) is proportional to the size of the subsystem.
We can also calculate the second moment as follows:

1
(H,)? + 1—6(tr[DDT]
~tr[ DTG DTG, (67)
where we have tr[DD”] = (2J(1—a2)+4h2?)[—2J(1—a?).
It is easy to see that here, (H?) is proportional to [2. By
similar calculation, one can easily show that

(H[") ~ 1"

(H}) =

(68)

All of the G®® matrices are known for the XY chain.
For example, take a periodic system and then consider
the termodynamic limit then we have

G’Elb’rgl) _ _2i /27r dueitn—m)z cos[z] + iasin[z] — h
TJo (cos[z] — h)? + a? sin’[z]

At the critical Ising point (a = h = 1), the above equa-
tion takes the following simple form
1 1

G(ba) - - -
nm Tn—m+1/2

(70)

Then, one can easily study the M ()\;) for different values
of a and h using the equation (25).

B. Conformal field theory expectations

At the critical points, it is expected that the system
can be described by conformal field theory. In particular,
on the XY critical line the system can be described by
Ising field theory with central charge ¢ = % and on the
XX critical line with the central charge ¢ = 1. Since at

the critical points we have

l
HFFT:/ dxTyo, (71)
0

where 7' is the energy-momentum tensor with the scaling
dimension 2. Notice that since in CFT the one point
function of the energy-momentum tensor is by definition
zero, we need to work with E defined in equation (62)
rather than E. Then, by simple dimensional analysis we
expect

- C_p
B = ((HEFT)) ~ o + 52,

where ¢g is a n dependent constant which is also depen-
dent on the cut-off as aln and c_, is another constant.
The above equation is expected to be valid at the critical
points and we will show its validity for the critical Ising
point through numerical calculation and analytically for
the XX chain.

At non-critical points, it is natural to expect

(72)

Ey, ~ ay + bpe ot (73)

where a,, b, and «, are all cut-off dependent constants.
We will show the validity of the above result by numerical
calculations in the next subsections.

C. Transverse field Ising chain

In this section, we study the statistics of the subsystem
energy in the transverse field Ising chain. In the Figures
2, and 3, M(\) has shown for different values of I and
the transverse magnetic field h. A few comments are in
order: first of all, there is no particular difference in the

shape of the M(\) at and outside of the critical point.
Secondly, one can see that for the finite values of I, M ()
for large positive and negative values of \ diverges ex-
ponentially. However, the interesting point is that since
the coefficient of the exponential for positive values of
is very small, one can see the effect of the exponential

for just relatively large values of X. It seems that the

69koefficient of the positive exponential decreases like an

exponential with respect to the size of the subsystem [
which makes M (\) ~ e~ to be a very good approxima-
tion for a large interval of A. Of course, for a very large
[ which is comparable with the system size, one does not
actually expect any fluctuation in the energy of the sys-
tem which is in its ground state. That is why in the limit
of large [, we have exactly

M) =e, (74)



From figures 3, one can observe that even for relatively
small subsystem sizes the graphs can be described per-
fectly by the above equation. In Figure 4, we checked
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FIG. 2: Generating function of the subsystem energy for
transverse field Ising chain with a = h = 1 with respect to A
for different I’s.
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FIG. 3: Generating function of the subsystem energy for XY
chain with respect to A for [ = 8.

the validity of the equation (72) for E,, with n = 2, and
3 at the critical point of the transverse field Ising chain,
i.e. h = 1. The depicted numerical results confirm the
CFT predictions nicely. Note that since equation (69) is
the thermodynamic limit of a periodic system while, the
thermodynamic limit of the subsystem is an open sys-
tem, one naturally does not expect F,, to go to zero for
Il = oo. In fact, It approaches a n-dependent constant
which shows that the omitted boundary point that con-
nects the two extremes of the subsystem plays a finite
role. Since we are just interested in the decay with re-
spect to the subsystem size, this constant does not play

any important role in our current investigation. Outside
of the critical regime, as it is depicted in the Figure 5,
the E, decays exponentially with respect to the size of
the subsystem [, which is consistent with our prediction
in equation (73).
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FIG. 4: E2 and Eg with respect to the subsystem size [ at the
critical point of the transverse field Ising chain.
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FIG. 5: E, and Es with respect to the subsystem size [ for
the non-critical transverse field Ising chain with h = 0.75.

D. XX spin chain

The critical XX line is particularly interesting because
it follows a simple tight binding form. In the free fermion
representation, one can calculate many quantities ex-
actly. For this reason, we make a through discussion
of the full counting statistics in this case. We give an
independent derivation of the generating function in this



case which is in full agreement with the results of the
previous sections.

1. The generating function

The Hamiltonian of the XX chain or chain of free
fermions is:

H=- Z(CICPA + C;r+1ci - 2<:osncc'ircl-)7

i

(75)

where n. plays the role of filling factor. We would like to
calculate:

M(X) = (M) = tepe, (76)
where H; = —Zi;}(czqﬂ + cL_lcl- - 2cosncc;fci) =
Zij AijCICj with —Aij = 5i,j+1 +5i+1,j —2cos ncél-,j and
p1 is the reduced density matrix given by Ref. 4",

p1 = det(1 — C)elnPiscles (77)

where F = C(1 — C)~ %
(cle;) = % and Cy = =, where we will mostly
work with n, = Z. Then, we need to calculate the fol-

5
lowing trace

For infinite system, Cj; =

M()\) = det(1 — C)tr [e(ln F)”ccheS‘A”CIcf] (78)
The trace can be easily calculated
M) = det(1 — C)det[l + ™ FeM]
= det(1 — C + Ce). (79)

The above equation is consistent with the equation (25),
which provides another check for our main formula.

The above determinant does not have a simple Toeplitz
form which makes further analytic calculations non-
trivial. However, it can be simplified further by diag-
onalizing the matrix A as A = VDV7T where:

2 . .Tmiy
‘/’LJ - l+181n[l+1]7 (80)
k
-Dy = 2003[111]—20087%, (81)

-1
M(X) = det é(det Fr+1+ Zazﬂi)
i=1

where the vectors «; and (; with the sizes [; = (i) are
defined by (85) and (86) with y, = e~ 2} coslirl+2Acosne

9

where 4,5,k = 1,...,]. Then, by defining C=VTCV we

can write

M) = det(1 — C + Ce?P). (82)

Note that we have VTV = I. For a reason that will be
clear soon, it is better to write the above equation as

M(X) = det C det(F~' + D). (83)

where F~1 = (1—C)/C. There is an interesting formula
for the determinant of the sum of an arbitrary matrix
X of size n and a diagonal matrix Y with elements y;,

i=1,...,n as follows*:

n—1

det(X +Y) = det X + yaya.yn + 3 0ifBi;
=1

(84)

where the vectors «; and 3; with the sizes n; = (7;) are
defined as

(85)
(86)

o = (yn,iJrl..yn, veey y1y1)7
Bi = ([C( X)), s [Ci(X)]nins )

where C;(X) is the compound matrix of rank i of the
matrix X. It is a matrix with the size n; formed from
the determinants of all ¢ x ¢ submatrices of X, i.e., all
i X ¢ minors, arranged with the submatrix index sets in
lexicographic order. Note that the generic element of
the vector «; can be written as (o) = (E:Ci(Y)E;)kk,
where C;(Y) is the compound matrix of rank ¢ of the
matrix Y, and F; is the rotated identity matrix of size
n; with elements (E;)gkr = Ok n;—k+1. Using the above
result we have

-1
det(1 — C) + det C + det CZ a;ifi,
i=1

(87)

where s = 1,2,...,] and X = F~!. Note that it is easy

to see that the possible energies are either —2 cos[ﬁ—si] +



2 cosn, or different possible summations among them.
Although the above equation is useful for numerical rea-
somns, it can not be easily used to calculate the asymptotic
values of the moments. However, the formula is useful if

10

one is interested in calculating the probability of find-
ing the system in a single eigenstate of the Hamiltonian
truncated to a subsystem. Here, we report the generating
function for half filling for small subsystem sizes:

_ 12 1 1 1\ 5 (1 1 1Y .s
MN=(5-3 S+ S etz -=+5 )M 1=2 (88
() <2 7r2>+<4+7r+7r2>e +(4 7r+7r2)6 (88)
- 1 4 12 V2\ 35 12 V2
M(A)=(5‘—2)+(4+—2+7>eﬁA <Z F_ﬁ>e¢m =3 ®)
- 1 64 46 1 16 8 5 1\ .5 (1 16 8 5 1Y\ .s
M) = - o - e - —A - e e s +A
*) (4+9w4 15772>+(16+97r4 97 9772+67T)6 +(16+97T4+97T3 o2 67r>e
1 16 64 94 4\ _sx (116 64 94 4\ s
+ <16+9w4+9\/5ﬁ3+45w2+3\/5ﬂ>6 6o T omse T e 3vE) ¢
. <1 32 8 64 , 16 1 4 ) i3
-t — - —+— e
8 9mt 9w 9Bx3 962 67  36r¢
. (1 2 8 64 16 1 4 ) i3
1_32 8 LS N I
8 97t 91 9vBr3  9v6Bx2  6m 3v5r¢
(1 32 8 64 16 1 4 ) s
—+ - - - — - — e 2 2
8 9t 9nd 953 9yBx2 6w 346rw
1 32 8 64 16 1 4 V5%
S oSy - — —2 I=4 90
+ (8 ot "o T 9B ovEnz | 6n 9,\/5#)6 s (90)

The numbers in the exponentials are the possible subsys-
tem energy values and the coefficients of the exponentials
are the probability of occurrence of the corresponding
subsystem energy. The coefficients are highly non-trivial
numbers. In Figure 6, we depicted the distribution of
the logarithm of the subsystem energy for the XX chain.
As it is clear, although the probability decreases expo-
nentially it is not a smooth function. The exponential
decrease of the probability just means that the subsys-
tem with high probability is either in its ground state or
in its first few excited states. It is natural to expect that
this should be true independent of the considered model.

2. Calculation of moments

In this subsection, we calculate the subsystem energy
moments in the XX chain. To do that one can expand
the equation (79) directly and derive some results for the
moments as we did in the section II. First of all, we write

M(X) = det(1 + i %CA’”) (91)

o
I

mor-

FIG. 6: Logarithm of the probability of finding the subsystem
in different energies for the XX chain with [ = 13.

An expansion of the above formula with respect to A can
be derived as follows:

2

- - A
M) =14 ExX+ By + ... (92)



where we have Ey = (H[). First, we define

(93a)
(93b)

aozl

ay = CA*  k=1,2,3,..

Then, using the equations of section II, the first few Fj’s
can be written as:

£y = g1, (94a)
Ey = g2 +03, (94b)
Es = g3+ 30192 + 07, (94c)
E; = ga+4g103 +3g5 + 60792 + 01, (94d)

Es = g5+ 5g104 + 10g2g3 + 10g%g3

+15g195 + 10792 + g7, (94e)
where
g1 = tras, (95a)
go = trlas —a?], (95b)
gs = trlas — 3ajaz + 2a3], (95¢)
g4 = trlas — 4ajaz — 3a3 + 12atas — 6af], (95d)
g5 = tr[as — Saraq — 10agas + 3Oa1a§

+20aias — 60aias + 24a3). (95¢)

The formula for generic E} can be written with respect
to complete exponential Bell’s polynomials as:

Ek :Bk(ghg?a"wgk)' (96>

As before, one can write similar equations for Ej, as fol-
lows:

E = o0, (972)
EQ = 92 (97Db)
By = g3, (97¢)
E; = gu+3g3, (97d)
Es = g5+ 10g2gs. (97e)

With the following generalization

m

Ep+Y (=17 = )!Buj(Er, Es, oo, B 1) = gom,
=2

J

m > 1. (98)

Consequently, the above formulas show that the quanti-
ties g; with 7 > 2 represent the fluctuations of the sub-
system energy.
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3. Integral representation of the moments

In this subsection, we introduce an integral represen-
tation for the moments that we have calculated in the
previous subsection. The new representation helps to
find asymptotic value of Fy. Note that similar calcula-
tions can be done for generic XY chain, see Appendix C.
However, for generic case the integral representation is
more complicated. A simple calculation shows that

B = %(z —). (99)

To calculate FE5, we need to evaluate go. However, to
calculate go we need tras and tra%. The former one has
the following simple form:

trag =1 — 1. (100)
The later one has more complicated form:
-1 111
traf =2 Z Cjk+1Ck j+1 + 2 Z Z Cj k+1C%,j—{101)
k=1 =2 k=1
where the correlation matrix C' can be written as
" dq iq(j—k)
Cik= [ 5-n(qe ™", (102)
2T

where n(¢) = 1 for ¢ < n. and it is zero otherwise. Here,
we focus on the half filling n. = 3. Using the above
equation and then performing change of variables, finally,
one can write the equation (101) in the following form:

tra? = (103)

s

2 [T (m—Q+sinQ)sin?[1(l - 1)Q]
2/0 dQ 1—cosQ2

Now, we have an integral formula for gy as follows:

1;21 /0 dQ(m — Q +sin Q) F,_1[Q)],

(104)

go=1—-1-

so2[nx
%% is the Fejer kernel. The Fejer
2

kernel has the following representation as a sum:

where F,[z] =

n

Fulz]= > (1- @)ei’w.

- (105)

k=—n

Putting the above equation in the formula (104) and do-
ing the integral and then performing the sum, we get



where (1) is the polygamma function. After expansion
around large [, we have

2 11

+ —( !
w2 w23

+ (=)= + ...

7 (107)

lim g2 =
l—o0
The above result is consistent with what we expect from
conformal field theory calculations. Similar but much
more complicated calculation can be also carried out for
g3, see Appendix D.

IV. CONCLUSIONS

In this paper, we calculated the full counting statistics
of the subsystem energy for an arbitrary free fermion
system in its ground state. The provided formula can be
also used as the full counting statistics of an arbitrary
quadratic observable. We have calculated exact formulas
for the moments as explicit functions of the Hamiltonian
parameters. We have also provided a formula for the
system in generic state. We then applied our formulas
to the XY chain. In particular, we studied the different
behaviour of commulants on different parts of the phase
diagram. At critical points, we have a power-law decay of
the moments but the decay is exponential at non-critical
points. In the case of the XX chain, we provided more
refined formulas and showed the validity of the CFT by
exact calculations.

There are many directions that one can expand the

A B AL [ A? - B?
AB-BA A?_-B?
)\3D(A3—B2A—AB2+BAB AQB—B3—ABA+BA2>+

T:ﬂ.+)\D<_B -A 7

T

The first two terms are easy to study. From equation
(A1) for n = 0 we get 1. Then for n = 1 we have two
possible terms: A'B? and A°B' as the sum over the
power of matrices should satisfy Zn = n. Moreover,
the strings always start with A and ends with B. Since

n = 1 is odd, we have to choose 7-51) with the condition
Z?:l ngj—1 = even, which implies ny (the power of ma-

trix A) to be equal to 0 and consequently, for 7-52) we
have to choose n; = 1. So we have Tgl) = A’B' and
ng) = —A'B’. Now, we have to determine the sign
which is trivial for this case. For Tgl) we have n; =0
and ny = 1 with k& = 2(total length of AB string) and
s =0 so that sgn = (—1)*% = 1 and for 7{”, we have
n1 = 1 and ny = 0 which implies sgn = 1 which is what
we expect. Then the other two elements can be obtained

—~A’B+B%®+ ABA - BA? —A®+B?A + AB> - BAB
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current work. For example, It will be very interesting
to study the FCS of the energy after quantum quench
in one dimension. For some related discussions in this
direction see Refs.314647 Tt is also important to study
the distribution of the subsystem energy in more direct
way (rather than calculating the generating functions)
with numerical and analytical techniques in quantum
spin chains and also bosonic systems. This kind of cal-
culations can also be useful in the field theory context
when one is interested in the localization of the energy
in a domain.
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Appendix A: First few terms of T matrix expansion

To have a better understanding of the equation 33, we
show how to obtain the first few terms.

AB—BA) n

from equations (29) and (30). Similarly, we explain how
to extract the terms in element of T}5 for n = 3. For this
case, we have 2"~ = 4 different terms. Considering all



different ny in equation 31, we get,

A’B' : [k=2n1=2ny=1,5=0),
sgn(k) = (~)IF =T =
A’B? : [k=2,n1=0,ny=3,5=0),
sqn(k) = (~D)IF T — 4
A'B'A'B? : [k=4n=1ny=1,n3=1,
ny = 0,5 = (0,2)],
sgn(k) = (_1)([%4+%]
oy
A'B'A’BY : [k=4,n0=1,np=1,n3 =2,

ng =0,s=(0,2)]
sgn(k) = (—1)F+=5

1—(—1)(na+ng)
1

T+ D_1q

(A2)

Appendix B: Bell‘s polynomials

Here, we summarize some of the properties of Bell
polynomial. The partial exponential Bell polynomial is
given by the equation

13

where the sum is over all non-negative 71, j2, ..., Jn—k+1
in a way that we have j; + jo + ... + jn—g+1 = k and
j1+2jo+...+(n—k+1)j,—g+1 = n. Then the complete
exponential Bell polynomial can be defined as:

Bn(x17$27 eevy xn—k-{-l) = Z Bn,k(xl7x27 '-'7xn—k+l)-
k=1

. (B2)

Now if we define

n

Yn = E Bn,k(xl7x27"'7xn—k+l)7
k=1

(B3)

then we have

n

In = Z(_l)kil(k - 1)!Bn,k(y17 Y2, -eey yn*kJrl)' (B4)
k=1
The above formula can be considered inverse relation for

Bell polynomials.

Appendix C: Integral representation of E; for XY
chain

Here, we write an explicit integral formula of E, for
XY chain. Based on the equation (67) we have

Bk (21,22, o0y Tnpy1) = E, = E(tr[DDT] — tr[DTGPYDTG]).  (C1)
DI DL P SRR
szl gk 1 2! (n—k+1)! To write the integral representation we need to manopu-
(B1) late the second term as follows:
J
1 -1 1
aD’GPD G = an? Y GG — a1 +a) 0 YN GG,
ik=1 i=1 k=1
loi-1 -1
ba ba ba ba
— 4h(1 - G)JZ Z Gz(',k)Gl(chi,i +(1+a)*J? Z GE,kJ)rlGl(c,z'J)rl
i=1 k=1 k=1
-1 1 o1-1
ba ba ba ba
+ (1—a)r? Y GG + 20— a?) 2 Y03 G G (C2)
ik=1 i=2 k=1

Note that since the G(*») matrix is a Toeplitz matrix,
one can understand the above formula as the sum of the
elements of the pentadiagonal sub-matrix of the matrix

(G®9)2 Using the above equation and after putting
J =1, one can simply write the following formula
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tr[DTG(ba)DTG(ba)] _ /Qﬂ dx /271’ dljf(I y) (Za SiD(ZC) —h+ COS(:C))(ZQ Sln( ) h+ COS(y)) (03)
0 0 \/a2 sin?(z) + (cos(z) — h)2\/a2 sin?(y) + (cos(y) — h)2
where
Feg) = ) (1 _ a2) efil(x%y) (ei-(lac;ry) _ ei(ly+x))2 - A(1 - a)hefi(lfl)(ﬂﬂry) (?ilz _-eilzy) (ei(lery) _ ei(lerac))
(ezx _ ezy) (e’LCE _ ezy)
4(& + 1)hefil(z+y) (eilac _ eily) (ei(liry) _ ei(lerac)) (1 _ a)Qefi(lfl)(ery) (ei(liry) _ ei(lerag))2
o (eiv — eiv)? (eiv — eiv)?
a4 1)2e~ 1)@+ (gillaty) _ pilly+a))? gp2e—ill=1)(aty) (gilz _ gily)?
(a+1) (e ) ET =)
(em _ ezy) (em _ ezy)
[
The above equations for a = h = 0 produces the formulas
for the XX chain introduced in the paper. Although for
generic XY point the above equation is very complicated, 2 1
there might be especial points that one can handle the trlas] = 31 (+1), (D2)
above equations analytically. For example, for large [, 8
the above equation seems to simplifies further but we trlayas] = %(21 - 3). (D3)
were not able to find the exact expansion for large [ in
different regimes. The last term 2tr[a$] is more complicated. It can be
written as
-1
- 3 _
Appendix D: Integral representation of E3 for XX tray = 2 Z Cret1Ckm+1Cm,net1
chain m,n, k=1
11—
In this Appendix, we provide an integral representation + 3 Z Crk41Ckm+1Cm,n—1
for gs defined as: n=2m,k=1
-1 1
g3 = tl‘[ag — 3ayas + 20&] (Dl) -‘1-32 Z Cn7k+1Ck7m_1Cm,n_1. (D4)
k=1n,m=2

The first two terms are easy to calculate. After simple
algebra we have

Using the same trick as before and after doing some sim-
plifications, we get

tra} = / / / dg1dg2dgs

(e i(g2—q1) _ ezl(qz q1))( ll (q1— qs) _ eila— QS))( i(g3—aq2) _ eil(QB—qz)) %

e—“h + e—“h + e—lq:’, + elth + elqz + elqe, + el(th +q2+q3) + e—i(th +q2+q3)

(1- ei(qz—q1))(ei(q1—q3) - 1)(1 - ei(QS—qz)) (D5)
Then, we can substitiute all of them in equation D1 to get
2 8
g3 = —l(l+1)— =(2l - dlhd(hd%
3T T 27T
(elaz—a) _ ezl(qz zn)) zl (q1— qe) ela1=as))(gilas—az) _ gillas—az)y o
sing; + singz + sings — Sln[Ql + g2 + 3] (D6)

(1- ei(lh*th))(ei(th*%) - 1)1 - ei(lI3*q2))’



which can be written as

g5 l(l+1)——(2l—3)
sm[(l

15

D@1 = g2)] +sinf(l = 1)(g3 —q1)] +sin[(0 —1)(a2 —gs)]

dfh dgodgs

sinfg1 — q2] + sinfgz — q1] + sin[g2 — ¢3]

(singr + sings + sings — sinfg1 + g2 + g3))- (D7)
After some manipulations, one can also get the following form:
8
= —l(l+ 1) — _(21 —3)
16 dq dqadg Il[_( 5] (@1 — q2)] Sin[@(% - q)] Sin[@(q2 —q3)] §
o sin[452] sin[ L5 4] sin[ 224
ST AT (3)

2 2 2

Although the above equations have nice symmetric
forms, it is not easy to find its asymptotic value. Based
on numerical calculations it is easy to see that

c_3
g3=co+ —5 + ..,

» (DY)

with ¢_3 a bounded but oscillating function.
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