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We match analytic results to numerical calculations to provide a detailed picture of the metal-
insulator and topological transitions found in density functional plus cluster dynamical mean-field
calculations of pyrochlore iridates. We discuss the transition from Weyl metal to Weyl semimetal
regimes, and then analyse in detail the properties of the Weyl semimetal phase and its evolution into
the topologically trivial insulator. The energy scales in the Weyl semimetal phase are found to be
very small, as are the anisotropy parameters. The electronic structure can to a good approximation
be described as ‘Weyl rings’ and one of the two branches that contributes to the Weyl bands is
essentially flat, leading to enhanced susceptibilities. The optical longitudinal and Hall conductivities
are determined; the frequency dependence includes pronounced features that reveal the basic energy
scales of the Weyl semimetal phase.

PACS numbers: 71.15.Mb, 71.27.+a, 71.30.+h, 71.70.Ej

I. INTRODUCTION

The Ir-based pyrochlore iridate compounds have been
proposed as promising potential hosts for topological
phases [1]. In particular, Wan, Turner, Vishwanath and
Savrasov [2] used density functional plus U methods to
identify a Weyl semimetal regime in the all-in/all-out
(AIAO) antriferromagnetic phase of Y2Ir2O7. Clear in-
direct [3–5] and direct [6] experimental evidence of AIAO
ordering has been reported in the Nd, Y and Eu-based
pyrochlore iridates but it is not clear whether the WSM
phase exists in any of the experimentally studied com-
pounds. Angle-resolved photoemission (ARPES) mea-
surements reported the absence of Weyl points in the Nd
compound [7] but recent optical studies have been in-
terpreted as providing at least indirect evidence of Weyl
points in the Eu and Sm compounds [8, 9].

Following the original theoretical proposals [1, 2] the
WSM phase was subsequently found in Hartree-Fock
[10, 11] and cluster dynamical mean-field calculations
[12] using tight-binding models representative of the band
structure. However as mentioned in Ref. [13], the rela-
tively weak dispersion of the frontier orbitals implies that
the Weyl semimetal phase may exist only in a narrow pa-
rameter regime. On the other hand, density functional
plus single-site dynamical mean-field (DFT+sDMFT)
studies predicted a direct first-order transition from para-
magnetic metal to topologically trivial AIAO insulator,
without an intervening WSM phase [14, 15].

We recently presented density functional plus clus-
ter dynamical mean-field (DFT+CDMFT) calculations
of the pyrochlore iridate compounds Lu2Ir2O7, Y2Ir2O7

and Eu2Ir2O7 as a function of the intra-d Ir interac-
tion strength U [16]. For all of the compounds stud-
ied the same generic ground-state phase diagram was
found, with three phases: a low U paramagnetic metallic
phase, an intermediate U topologically nontrivial AIAO

antiferromagnetic Weyl metal phase and a higher U
topologically trivial antiferromagnetic insulating phase.
This qualitative difference between cluster and single-
site DMFT is interesting because the corrections to the
single-site approximation were expected to be relatively
weak in electronically three dimensional materials. How-
ever in this previous work the issue of a Weyl semimetal
phase was not discussed and the transition from the topo-
logically nontrivial antiferromagnetic metal phase to the
topologically trivial insulating phase was not analysed.

In this paper we present a detailed analysis of the
metal-insulator and topological transitions implied by
the DFT+CDMFT calculations of Ref. 16, focussing
on the vicinity of the antiferromagnetic metal to anti-
ferromagnetic insulator transition. For definiteness, our
analysis uses the band parameters derived for Y2Ir2O7

despite the variation across compounds, but our previ-
ous work [16] found that the compounds were very sim-
ilar except for an over-all change of bandwidth, so we
expect that the main conclusions apply to all the py-
rochlore iridates. The behavior in the vicinity of the
transition is subtle, involving low energy scales and sen-
sitive dependence on parameters; numerical issues related
to the finite bath size in the dynamical mean-field solver
mean that the results cannot simply be read off from
the CDMFT results. We employ analytical arguments
based on the k · p theory of Ref. 2 to fit the results of the
CDMFT calculations, obtaining a clear picture of the
metal-insulator and topological transitions found within
the CDMFT approximation. We find that the Weyl
metal phase previously reported is separated from the
trivial insulator by a Weyl semimetal phase with two un-
usual characteristics. First, the anisotropy is very weak,
so that while in principle the low energy electronic struc-
ture is described by Weyl points, to a very good approxi-
mation one has a zero energy ring of states. Further, one
of the two bands whose crossing produces the Weyl points
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is almost perfectly flat (almost no dependence of energy
on momentum), leading to an interesting structure in the
optical conductivity and an enhanced (but still not diver-
gent) susceptibility. We expect the results may be useful
in the ongoing interpretation of experimental data on the
pyrochlore iridate materials.

The rest of this paper is organized as follows. Sec-
tion II reviews and extends our prior results, defines
terminology and specifies the questions of interest here.
Section III presents the basic formulas of k · p theory
that will be used to analyse our numerical data and their
fit to the numerical data, and discusses the transitions
between the Weyl metal, Weyl semimetal and insulator
phases. Section IV presents the application of the k · p
theory to our data and response functions including the
longitudinal and hall terms in the optical conductivities
and the static polarizibilities relevant to the stability of
the Weyl semimetal state. Section V is a summary and
conclusion. An Appendix provides technical details of
the calculation.

II. WM-WSM TRANSITION

In this section we extend and reinterpret our previ-
ous [16] DFT+CDMFT results, in particular providing
a more accurate treatment of the region of the transi-
tion to the topologically trivial insulating phase. The
top panel of Fig. 1 shows the ground-state phase dia-
gram found for Y2Ir2O7 as the correlation strength is
varied. The range of U is similar to that considered in
previous work [10, 11, 16]. Weyl metal (WM) and Weyl
semimetal (WSM) states separate a topologically triv-
ial paramagnetic metal phase from an AIAO topolog-
ically trivial insulating phase (the WSM phase was not
noted in our previous work). Qualitatively similar results
are found in DFT+U [2] and tight-binding model-based
Hartree-Fock [10, 11] calculations. While the theoretical
results are obtained by varying interaction strength at
fixed composition, it is generally believed that varying
the rare earth at fixed U will produce a similar phase
diagram, with paramagnetic Pr2Ir2O7 representing the
small-U phase and strongly insulating Lu2Ir2O7 perhaps
corresponding to the topologically trivial insulator. The
calculations predict a wide range of U values for which
the material is an antiferromagnetic metal; it remains to
be determined whether an antiferromagnetic metal phase
is observed in any pyrochlore iridate.

We have computed the lattice Green’s function (a ma-
trix in the space of noninteracting bands); symmetriza-
tion of the CDMFT results is required; see the Appendix
for technical details. We define the spectral function A
as the trace of the branch cut discontinuity

A(k, ω) = − 1

2πi
Tr
[
G(R)(k, ω)−G(A)(k, ω)

]
(1)

PM-M WM AF-I

WSM

FIG. 1. Top panel: qualitative phase diagram of Y2Ir2O7 as
a function of on-site interaction strength U (small U at left,
large U at right) obtained by extending the DFT+CDMFT
calculations of Ref. 16 to provide a more accurate treatment
of the interaction strengths in the vicinity of the transition
to the topologically trivial insulator, indicating paramagnetic
metal (PM-M), antiferromagnetic Weyl metal (WM), Weyl
semimetal (WSM; hatched) and topologically trivial antifer-
romagnetic insulator (AF-I) phases. Lower panels: false-color
representation of electron spectral function (Eq. 1) as a func-
tion of frequncy (y-axis) for momenta along certain high-
symmetry directions in the magnetic Brillouin zone for (a)
U=0.85eV (WM phase) (b) U=0.96eV (WSM phase) and (c)
U=1.05eV (AF-I phase), with the zero of energy defined to
be the Fermi level and broadening factor (Eq. 2) ε = 0.005eV.
For all three U-values the states are magnetic with the AIAO
magnetic ordering.

with the retarded Green function

G(R)(k, ω) =
[
ω + iε+ µ−H0(k)− Σ(R)(k, ω)

]−1

(2)

defined by letting the frequency approach the real axis
from above and the advanced Green function defined by
letting the frequency approach the real axis from below.
ε is a broadening factor typically chosen to be 0.005eV .

Quasiparticle bands are evident as regions where the
spectral function is strongly enhanced. Fig. 1 presents
typical spectral functions for several values of the inter-
action strength in the magnetic phases. Panel (a) shows
results obtained for U=0.85eV. A band crossing point is
apparent along the W -L line, near to the L point. This
crossing point is protected by symmetry and we iden-
tify it as a Weyl crossing. The presence of a protected
band crossing is a sign that the material is topologically
non-trivial. A band dispersing upwards from the Γ point
is also observed. In panel (a) the band energy at the
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FIG. 2. Expectation value of the on-site magnetic moment
〈S〉 averaged over the Ir sites as a function of U . All the mag-
netic states are antiferromagnetic with the AIAO magnetic
ordering. The sudden change of the slope at around 0.9eV is
a sign of the transition from Weyl metal to WSM.

Γ point is below the energy of the Weyl crossing point.
The total number of electrons per unit cell is even, so
the electrons present in the band associated with the Γ
point must be compensated by holes in the bands be-
low the Weyl crossing point; in other words, the Fermi
level must lie between the band energy at the Γ point
and the Weyl crossing energy. We therefore identify the
U=0.85eV state as a Weyl metal.

Comparison of panels (a) and (b) shows that as the
interaction U increases, the energy of the band mini-
mum at the Γ point increases relative to the energy of
the Weyl crossing point; at some U -value the energy of
the band minimum at Γ becomes greater than the en-
ergy of the Weyl crossing. In this regime straightforward
electron counting implies that the Fermi level must pass
through the Weyl point. We identify this phase as the
Weyl semimetal; it exists for a narrow range of U . Panel
(c) then shows that as the interaction strength is in-
creased yet further, the Weyl crossing vanishes: the phase
is a topologically trivial insulator. The key new result of
this analysis is that the DFT+CDMFT method predicts
a non-infinitesimal range of parameters over which the
Weyl semimetal phase exists in the pyrochlore iridates.

Fig. 2 shows the evolution with correlation strength
of the magnitude of the expectation value of on-site mag-
netic moment. We see that the transition from paramag-
netic metal to AIAO metal is characterized by a discon-
tinuity in 〈S〉, so we identify this transition as first order.
Around U=0.9eV a qualitative break in the slope of 〈S〉
vs U is evident; we associate this with the change from
Weyl metal to Weyl semimetal. Finally for U & 1eV the
behavior becomes slower; this corresponds to the AF-I
phase.

It is of interest to analyse these results further, de-
termining the evolution with U of the locations of the

Weyl points and of the associated energy scales. How-
ever the CDMFT calculations, while state of the art, are
performed with an exact diagonalization method that ap-
proximates a continuous density of states by a finite set
of delta functions and are subject to uncertainties associ-
ated with the finite bath size in the impurity solver and
with the need to introduce an artificial broadening to
plot spectral functions. The interesting behavior there-
fore cannot be read directly off from the CDMFT results.
In the rest of this paper we fit the numerical results to
the k ·p perturbation theory introduced in Ref. 2 and use
the results of the fit to obtain more detailed insights into
the WSM phase.

III. k · p THEORY

The low energy physics of the CDMFT solution is de-
scribed by quasiparticles moving in an effective band
structure defined by correlations (which affect the real
part of the self energy), crystal structure (which deter-
mines the underlying band theory) and magnetic order
(which reconstructs the bands). In this section we in-
terpret the CDMFT quasiparticle dispersions using the
theoretical model presented in Ref. 2 based on a combi-
nation of symmetry analysis and k·p perturbation theory.
Ref. 2 shows that one may write the quasiparticle Hamil-
tonian near the L point of the pyrochlore Brillouin zone
as a 2× 2 matrix in the space of relevant bands as

Heff (q) = H01 + ~H · ~τ (3)

with τx,y,z the usual Pauli matrices acting in band space
and

H0 = EL +
q2
in

2m3
+

q?2

2m4
tanh

(
qz
q?

)2

(4)

Hx = c2q
3
in sin 3θ = c2

(
−q3

x + 3q2
yqx
)

(5)

Hy = βqz + c1q
3
in cos 3θ = βqz + c1

(
q3
y − 3q2

xqy
)

(6)

Hz = ∆ +
q2
in

2m1
+

q2
z

2m2
(7)

Here q denotes the momentum measured relative to the
L point of the Brillouin zone, expressed in units of 2π
divided by the basic (paramagnetic) pyrochlore lattice
constant a. We denote the L→ Γ direction as ẑ with the
positive qz direction running from L to Γ and the projec-
tion in the perpendicular plane (the zone face L-W -K)
as qin, with θ to be the angle between qin and L-K
(see Fig. 3(a) and 3(b)). In this coordinate system Γ is

(0, 0,
√

3/2), W is (0.25
√

2, 0.25
√

6, 0), K is (0, 0.25
√

6, 0)
and the y-axis is θ = 0 and x is θ = π

2 . We have written
the qz-dependence of H0 in terms of a function that as
required by symmetry is quadratic at small qz but con-
stant at qz larger than a scale q? because as we shall see
q? is comparable to the other scales in the problem. The
eigenvalues of Eq. 3 are

E±(q) = H0(q)±
√
~H(q) · ~H(q) (8)
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The electron Green function corresponding to this
Hamiltonian is

G(k, iωn) =
∑
s=±1

Cs
k

iωn − Es(k)
(9)

with

Cs
k =

1

2

(
1 + s~hk · ~τ

)
(10)

and ~hk =
~H(k)

| ~H(k)| .
The band inversion parameter ∆ is negative in the

Weyl metal and semimetal phases; the transition to a
trivial insulator is marked by a sign change in ∆. The
masses m1···4 and the constants c1,2, β are to be deter-
mined by fits to the calculated quasiparticle band struc-
ture and are expected to depend weakly on U in the
vicinity of the critical value.

The Hamiltonian involves many parameters but our
numerical results indicate that some simplifications occur
in the pyrchlore materials. We first consider the zone face
(L-W -K plane, i.e. qz = 0) and focus on two directions,
defined by θ = 0 and θ = π/2. In this case we may write
the eigenvalues of Heff (Eq. 3) as

E±(qz = 0, θ = 0) = EL+
q2
in

2m3
±

√(
∆ +

q2
in

2m1

)2

+ c21q
6
in

(11)

E±(qz = 0, θ =
π

2
) = EL+

q2
in

2m3
±

√(
∆ +

q2
in

2m1

)2

+ c22q
6
in

(12)
Fig. 3(c) shows a false color representation of the

CDMFT spectral function (Eq. 1) computed at ω = 0
in the qz = 0 plane. The line of maximum spectral
weight forms an essentially perfect circle around the L
point. To analyse the results more quantitatively we
have determined the quasiparticle bands (solutions of
det
[
G−1(k, ω)

]
= 0) by locating the peaks in A(k, ω). To

find the peaks more precisely we used the smaller broad-
ening ε = 0.001eV . Fig. 4 plots the resulting energies as
a function of qin at qz = 0. We see that the difference
E(θ = 0) − E(θ = π/2) is extremely small, even very
near the crossing point. We conclude that we may set
c1 = c2 = c. We also see that the upper band is approx-
imately dispersionless for small q. This means m3 ≈ m1

(recall ∆ < 0); we set these two masses equal henceforth.
Next we see that the difference between the two eigenval-
ues is ∼0.015eV at qin = 0, from which we conclude that
∆ ≈ −0.0075eV, while the difference between the two
eigenvalues almost vanishes at qin = 0.075, from which
we conclude that 1

2m1
≈ 1.3eV. Finally we observe that

the minimum energy splitting is about 0.0017 = 2cq3
in at

qin = 0.075 so that c ≈ 2eV.
We now turn to qz 6= 0. A Weyl crossing occurs

when the coefficients of all three τ operators simulta-
neously vanish, requiring (in the notations above) that

Γ
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FIG. 3. (a) Brillouin zone for the fcc lattice. (b) L-W -K
zone face and definition of angle θ. (c) and (d): False color
maps of spectral function (Eq. 1) computed for U=0.96eV
and broadening ε = 0.005eV at ω = 0 in the L-W -K plane
(c) and the plane qz = 0.0038 containing the Weyl points (d).
The center of the hexagon in panel (c) is L (0.5,0.5,0.5), with
L → K pointing in the upward direction (the orientation of
the plane is the same as that shown in panel (b)). The plane
shown in panel (d) is shifted from that in panel (c) along
the L → Γ direction by an amount of 0.0038. The length of
the sides for both hexagons shown here is half of that of the
entire zone face L-W -K. (e) Spectral weight at the Fermi
level for U=0.96eV plotted against in-plane momentum qin
for two directions (θ = 0, i.e. upward pointing and θ = π
i.e. downaward pointing) in the L-W -K plane or the parallel
planes displaced along qz. The inset of this figure shows the
spectral function at the Fermi level as a function of qz for
qin = 0.0760 and θ = 0. The peak position is where one of
the Weyl points sits.
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FIG. 4. The CDMFT band structure for the k-points on
the L-W -K plane (qz=0) in the case of U=0.96eV. The red
solid line is obtained for θ = 0 while the blue dashed line is
obtained for θ = π/2. The inset gives an expanded view of the
region of qin = 0.07 ∼ 0.08 to highlight the approximately θ-
independent behavior for the k-points near L on the L-W -K
plane.

θ = 2mπ/3 with m an integer (the solutions correspond-
ing to odd integer multiples of π/3 correspond to neg-
ative qz, i.e. appear at the opposite zone face), that
q2in
2m1

+
q2z

2m2
= −∆ and that qz = − c

β q
3
in. Fig. 3(d)

shows a false color representation of the dependence of
the spectral function on in-plane momentum at ω = 0
and qz = 0.0038. A clear cos 3θ variation is seen around
the circle, consistent with the appearance of Weyl cross-
ings. Fig. 3(e) shows this behavior in more detail. The
main panel plots the ω = 0 spectral weight as a function
of qin for several values of qz. We see that the spec-
tral function is largest at qz=0.0038 and in the θ = 0
(upward-moving) direction. The inset shows the qz de-
pendence at qin = 0.076 and θ = 0. Again a clear max-
imum is evident. These considerations enable us to lo-
cate the Weyl nodes for U = 0.96eV at qz = 0.0038,
qin = 0.076 and θ = 0, 2π/3, 4π/3. The qz position of
the Weyl node implies β ≈ −0.2 and the factor of twenty
ratio between the in-plane and out of plane wave vectors
means that in the vicinity of the Weyl nodes we may
neglect q2

z/(2m2) relative to q2
in/(2m1).

Using the values of ∆ and β we then set qin equal to
its value at the Weyl point and use the qz dependence of
the eigenvalues to estimate m2 and m4. From the differ-

ence in eigenvalues we find that |∆|m2
. 0.1β2 so that the

q2
z/(2m2) term can be neglected for relevant momenta.

The qz dependence of the sum of the eigenvalues is very
well fit to the form given in Eq. 4 with 1

2m4
= −0.235eV

(note the negative sign) and q? = 0.1.

We have performed analogous fits of our numerical re-
sults for several other U -values. The results are sum-
marized in Table I. We see that within our resolu-
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FIG. 5. The CDMFT band structure as a function of q2z with
qin to be the value of the Weyl point, in the case of U=0.96eV.
Solid lines (red on-line): the top panel plots Ē = (E++E−)/2
while the bottom panel plots ∆E = (E+−E−)/2. The fitting
to Eq. 4 is shown in dashed lines (blue on-line).

TABLE I. Quasiparticle band parameters for several U values
in the WSM regime, obtained as described in the text from fits
to dispersions calculated with broadening 0.001eV except for
β
c

which is obtained from the coordinates of the Weyl points
at broadening 0.005eV . Note that for U = 0.97eV the very
small value of the gap prevents a direct determination of c,
and therefore β from fits to the quasiparticle bands. U , ∆,

1
2m1

, c and β all have dimension of energy and are given in
eV.

U ∆ 1
2m1

c β β
c

0.94 -0.01284 1.569 2.375 -0.2469 -0.1040

0.95 -0.01045 1.425 2.178 -0.2378 -0.1092

0.96 -0.00762 1.345 1.947 -0.2239 -0.1150

0.97∗ -0.00430 1.277 -0.1127

tion ∆ evolves smoothly and would change sign between
U = 0.98 and 0.99eV while the other parameters remain
non-critical, changing only slowly with U .

IV. PHYSICAL CONSEQUENCES

A. Rescaled Hamiltonian

The key result of the previous section is that the low
energy physics of the Weyl semimetal phase may be de-
scribed as simplification of Eq. 3 with one of the two
hybridizing bands being essentially dispersionless in the
qz = 0 plane. In this section we derive some physical
consequences of this somewhat unusual Hamiltonian. We
also found that the angular anisotropy was very weak, so
that to good approximation one has Weyl rings rather
than Weyl points. A Weyl ring would be a line of zeros
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values of qz at U=0.96eV. Dashed lines (blue on-line): best
fits to Eq. 3.

forming a closed loop in momentum space. We empha-
size that this is an approximated representation of our
results, mathematically obtained from Eq. 3 by neglect-
ing terms of order qzq

3
in and q6

in relative to q4
in and q2

z .
Finally, the qz dependence of Hz was found to be irrel-
evant at the energy scales of interest. In this subsection
we derive a rescaled Hamiltonian which displays the es-
sential physics more clearly and then in subsequent sub-
sections we present results for the low frequency optical
conductivity and for susceptibilities.

To begin our analysis we define a basic energy scale
E0 = 1

2m1
= 1

2m3
≈ 1.3eV and a momentum scale qW =√

−∆/E0 and impose the equality c1 = c2, obtaining for
the energy eigenvalues (tildes denote energies normalized
to E0)

Ẽ± = −ẼL + q2
in − ãq?2 tanh

(
qz
q?

)2

(13)

±
√

(q2
W − q2

in)
2

+ β̃2q2
z + 2c̃β̃qzq3

in cos 3θ + c̃2q6
in

with c̃ ≈ 1.4, ã ≈ 0.17 and β̃ ≈ −0.17. Here we have
chosen the zero of energy to be the Weyl crossing energy
and we have retained the qzq

3
in and q6

in terms to regularize
a divergence that will be found in the calculation of the
susceptibilities.

Eq. 13 describes the hybridization of two bands with
hybridization strength proportional to qz and q3

in; for
small qz one of the bands is nearly flat (dispersionless).
The chemical potential is coincident with the bottom of
the flat band. This behavior is clearly seen in Fig. 6,
which plots the quasiparticle bands obtained from the
CDMFT calculations, along with our best fits to the k ·p
expression, for several different values of qz.

The Weyl points are qin = qW , θ = 0 and qz =
−c̃q3

W /β̃ (and symmetry-related points). The variation

of the band gap with θ for qin = qW , qz = −c̃q3
W /β̃ is

∆W (θ) = ∆W

∣∣sin 3θ
2

∣∣ with maximum gap

∆W = 4c̃q3
W (14)

smaller by one power of qW than the energy of the band
minimum at the L point measured from the Weyl point.
For U = 0.96eV, the maximum ∆W is about 15% of this
energy.

If we are willing to neglect variations on the scale of
∆W and focus on the region near the Weyl rings we may

neglect the q2
z and q3

in terms in ~H, obtaining

Ẽ± = −q2
W + q2

in − ãq?2 tanh

(
qz
q?

)2

±
√

(q2
W − q2

in)
2

+ β̃2q2
z (15)

corresponding to the Hamiltonian

Hsimple(q‖, qz) = Hsimple,01 + ~Hsimple · ~τ (16)

with τx,y,z the usual Pauli matrices acting in band space
and

Hsimple,0 = −q2
W + q2

in − ãq?2 tanh

(
qz
q?

)2

(17)

Hsimple,x = 0 (18)

Hsimple,y = β̃qz (19)

Hsimple,z = −q2
W + q2

in (20)

B. Optical Conductivity

1. Overview

In this subsection we consider the optical conductivity.
Our analysis is similar to that of previous work [17–20];
the main differences arise from our focus on the nearly
flat band and weak rotational symmetry breaking char-
acteristic of the present case.

In the quasiparticle approximation the dissipative part
of the conductivity (a tensor in spatial indices giving the
response to a translation-invariant, frequency-dependent
electric field) is given by

σab(Ω) =
1

Ω

Kab(Ω + i0+)−Kab(Ω− i0+)

2i
(21)

with K the analytic continuation of

Kab(iΩ) = −Tr
[
Ja(k)G(k, iωn + iΩ)Jb(k)G(k, iωn)

]
(22)

where the current operators Ja=x,y,z are hermitian ma-
trices in band space that can be written

Ja = ~Ja · ~τ + Ja0 1 (23)

and the trace is over momentum k, frequency ω and band
indices.
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By performing the standard quasiparticle computation
and analytically continuing the result we obtain

σab(ω > 0) =
π

ω

∑
k

Tr
[
JaC+

k J
bC−k

]
δ (ω − δE(k))

(24)
with δE(k) = E+(k)− E−(k).

Noting that C± = 1
2

(
1± ~h · ~τ

)
with ~h a unit vector

and using standard Pauli matrix manipulations we find

Tr
[
JaC+

k J
bC−k

]
= ~Ja· ~Jb−

(
~Ja · ~h

)(
~Jb · ~h

)
−i
(
~Ja × ~Jb

)
·~h

(25)
Note the appearance of an off-diagonal (Hall) term

in the conductivity, arising because the Weyl point is
a monopole in momentum space.

The current operator is obtained from the fundamen-
tal quasiparticle Hamiltonian by making the Peierls sub-

stitution ~k → ~k − ~A and differentiating the result with
respect to A. From Eq. 3 we find (setting c1 = c2 = c̃,
m1 = m3 and using the rescaled units defined in the
previous subsection)

Jx = 2kin sin θ (1 + τz) + 3c̃k2
in (cos 2θτx − sin 2θτy)

(26)

Jy = 2kin cos θ (1 + τz) + 3c̃k2
in (sin 2θτx + cos 2θτy)

(27)

Jz = β̃τy − 2
ãkz

cosh2

[(
kz
q?

)2
] (28)

As a cross-check on Eqs. 26, 27, 28 we calculated the
current operator at the L point in the standard band

theory way (evaluating the matrix elements of ~∇ · ~A be-
tween the Wannier states and projecting the result onto
G−1) finding a result in agreement with Eqs. 26, 27,
28. In particular this calculation confirms that there is
a non-vanishing matrix element between the two bands
that become degenerate at the Weyl points.

Considering the θ dependence of the current operators

and noting that ~h has the full C3 rotational symmetry
about the L-Γ axis shows that the only nonzero compo-
nents of K are Kzz, Kxx = Kyy and Kxy = (Kyx)?.
Further, the δ function constrains k2

in to be of the order
of the larger of ω and q2

W , we may expand the current
operator in powers of kin.

2. Longitudinal conductivity

For the diagonal components the leading terms are

~Jx = 2kin sin θẑ, ~Jy = 2kin cos θẑ, ~Jz = β̃ŷ (29)

Eqs. 29 then give

σxx(ω) =
4π

ω

∫
d2kindkz

(2π)3
k2
in sin2 θ

H2
x +H2

y∣∣∣ ~H∣∣∣2 δ
(
ω − 2

∣∣∣ ~H∣∣∣)
(30)

σzz(ω) =
β̃2π

ω

∫
d2kindkz

(2π)3

H2
x +H2

z∣∣∣ ~H∣∣∣2 δ
(
ω − 2

∣∣∣ ~H∣∣∣) (31)

The conductivities may be numerically evaluated by
using the δ function to eliminate the qz integral and then
performing the other two integrals numerically. Here we
examine the two limits ω < ∆W and ω > ∆W where ana-
lytical results can be obtained. In the limit ω < ∆W , the
conductivity is dominated by the Weyl points kin = qW ,
kz = k?z = ± c̃

β̃
q3
W , θ = θW = nπ

3 (n=0...5). Linearizing

the Hamiltonian near any of the Weyl points gives

Hx = 3c̃q3
W cos 3θW (θ − θW ) ≡ δx (32)

Hy = β̃ (kz − k?z) ≡ δy (33)

Hz = 2qW (kin − qW ) ≡ δz (34)

where we have defined local coordinates δx,y,z.
For the diagonal terms in the conductivity we re-

place the kin in Eqs. 29 by qW , replace dkzkindkindθ by
d3δ/(6c̃q3

W |β̃|) and sum over the 6 Weyl points, obtaining

σxx =
2πq2

W

c̃q3
W |β̃|ω

∫
d3δ

(2π)3

δ2
x + δ2

y

δ2
δ
(
ω − 2|~δ|

)
=

ω

12πc̃qW |β̃|
(35)

σzz =
π|β̃|
c̃q3
Wω

∫
d3δ

(2π)3

δ2
x + δ2

z

δ2
δ
(
ω − 2|~δ|

)
=
|β̃|ω

24πc̃q3
W

(36)

We now consider the regime ω > ∆W where we

may make the Weyl ring approximation, replacing ~H by
~Hsimple and performing the integral over the in-plane an-
gle we obtain

σxx =
2π

ω

∫
kindkindkz

4π2
k2
in

β̃2k2
z

(q2
W − k2

in)
2

+ β̃2k2
z

×δ
(
ω − 2

√
(q2
W − k2

in)
2

+ β̃2k2
z

)
(37)

σzz =
πβ̃2

ω

∫
kindkindkz

4π2

(
q2
W − k2

in

)2
(q2
W − k2

in)
2

+ β̃2k2
z

×δ
(
ω − 2

√
(q2
W − k2

in)
2

+ β̃2k2
z

)
(38)

By performing the integration, we obtain the analytic
form for the diagonal terms in the conductivity



8

σxx =
q2
W

32|β̃|

{
2 + Θ(ω − 2q2

W )

[
−1 +

2

3πq2
Wω

2
(ω2 + 2q4

W )
√
ω2 − 4q4

W −
2

π
arctan

−2q2
W√

ω2 − 4q4
W

]}
(39)

σzz =
|β̃|
64

[
2 + Θ(ω − 2q2

W )

(
−1− 4q2

W

πω2

√
ω2 − 4q4

W −
2

π
arctan

−2q2
W√

ω2 − 4q4
W

)]
(40)

 0
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σ
|| 
]
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2

FIG. 7. Optical conductivity for U=0.96eV. The fitting pa-
rameters are chosen as demonstrated in Table I. We display
the conductivity for ω < ∆W and ω > ∆W ; we have not
obtained expressions for the crossover regime ω ∼ ∆W .

The main panel of Fig. 7 shows the observable con-
ductivity σ̄ ≡ (σxx + σyy + σzz)/3; the insets plot
σ⊥ ≡ (σxx + σyy)/2 and σ‖ ≡ σzz. This structure is
related to that found by Nishine, Kobayashi and Suzu-
mura for a two dimensional system with a “tilted Weyl
cone” [17]; see also the work of Ahn, Mele and Min [18]
for a related study of multi-Weyl semimetals, and De-
tassis et al for the conductivity associated with a tilted
Weyl cone in three dimensions [20]. The optical con-
ductivity of three dimensional Weyl semimetals was also
considered by Tabert and Carbotte [19] (who obtained
a different result because their study focussed on the
case of symmetric bands (same velocity for electron and

hole states)). In the present case, the flat band/Weyl
ring structure means that the conductivity is frequency-
independent for ∆W < ω < 2q2

W and has a square root
singularity at ω ∼ 2q2

W . The nonanalaticity would be
smoothed by terms of higher order in qW which we have
neglected here. We see that conductivity measurements
(for our parameters, in the low THz or high GHz regime)
can reveal the basic energy scales of the Weyl semimetal.

3. Hall conductivity

Working out the cross product needed for the off-
diagonal term and noting that the Hamiltonian is even
in β̃kz + c̃k3

in cos 3θ gives(
~Jx × ~Jy

)
· ~H = 9c̃2k4

in

(
−q2

W + k2
in

)
− 6c̃2k6

in sin2 3θ

(41)
We now consider the Weyl point-dominated regime

ω < ∆W . Inserting Eq. 41 in Eq. 24 and summing over
the Weyl points gives

σxy =
6πi

c̃q3
W |β̃|ω

∫
d3δ

(2π)3

δ2
x∣∣∣~δ∣∣∣δ
(
ω − 2|~δ|

)
=

iω2

16πc̃q3
W |β̃|

(42)
For ω > ∆W we find, after performing the angle inte-

gration

σxy =
ic̃2

4πω

∫
kindkindkz

9k4
inq

2
W − 6k6

in√
(q2
W − k2

in)2 + β̃2k2
z

×δ
(
ω − 2

√
(q2
W − k2

in)2 + β̃2k2
z

)
(43)

Completing the integral we find

σxy(ω > 0) =
3ic̃2q2

W

128|β̃|ω

{
(8q4

W − 3ω2)

[
2 + Θ(ω − 2q2

W )

(
−1− 2

π
arctan

−2q2
W√

ω2 − 4q4
W

)]

− Θ(ω − 2q2
W )

4

3πq2
W

(2ω2 − 5q4
W )
√
ω2 − 4q4

W

}
(44)

σxy exhibits substantial structure, including a sign
change at ω =

√
8/3q2

W and a maximum ∼ q3
W at

ω ∼ ∆W ∼ q3
W , and at ω ∼ ∆W the low and high fre-

quency expressions are of the same order.
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C. Susceptibility

We present here a qualitative discussion of the static
real part of the polarization functions (written here on
the Matsubara axis)

Πab(q, iν) = Tr [τaG(k + q, iω + iν)τbG(k, iω)] (45)

with G(k, ω) = (ω −H(k))
−1

, H is given by Eq. 16 and
the trace is over k, ω and band indices. A similar analy-
sis focussing mainly on the two dimensional tilted Weyl
case and emphasizing momentum space anisotropy was
presented by Nishine et al [17], while various aspects of
the three dimensional case were discussed by Fang, Chen,
Kee and Fu [21]. The focus here is on the consequences
of the extreme flatness of one of the two bands that cross
at the Weyl point and the very weak breaking of in-plane
rotational isotropy. We consider mainly the iν = 0 case,
and restrict attention to in-plane q (qz = 0).

Thus

Πab(q, iν) = T
∑
nk;ss′

Tr
[
τaC

s
k+qτbC

s′

k

]
(iωn + iν − Es(k + q)) (iωn − Es′(k))

(46)
Performing the sum over Matsubara frequencies, not-

ing that we are dealing with one completely full and one
completely empty band and that the energy is an even
function of k gives, at ν = 0,

Πab(q, ν = 0) = −
∑
k

Tr
[
τaC

−
k+qτbC

+
k + τaC

+
−kτbC

−
−k−q

]
E+(k)− E−(k + q)

(47)
We analyse Eq. 47 by focussing on the singularities

associated with regions where the denominator becomes
very small, on the assumption (revisited below) that the
numerator remains non-zero in the relevant range. We
assume qz = 0. From Fig. 6 we see that for q = 0 the
difference E−(k + q)−E+(k) is of order ∆ except along
the Weyl ring, leading to a non-divergent Π as we have
already seen in the case of the optical conductivity. How-
ever for q 6= 0 there is a range of in-plane momementa
where |kin| < qW and |kin + q| > qW so both E+(k) and
E−(k+q) are small: in particular in this range at small kz

we have E+(k)−E−(k+ q) ∼ β̃2k2z
2(q2W−k2in)

+
β̃2k2z

2((kin+q)2−q2W )

so both terms are ∼ k2
z and the kz integral diverges as

k−1
z as kz → 0. For small |q|, only the small range where
|kin| is close to qW and kin and q are in the same direction
exhibits this singular behavior, but as |q| increases, the
range of kin where the energy denominator is very small
grows wider and for |q| > 2qW the energy denominator
is very small for the entire range |kin| < qW .

The divergence at kz → 0 is cut off by the k3
in terms

neglected in our simplified Hamiltonian Eq. 16. A de-
tailed analysis is very involved; here we note that Eq.

13 shows that at kz = 0 the denominator in Eq. 47 is

E+(k)−E−(k+q) ∼ c̃2k6in
2(q2w−k2in)

+ c̃2(kin+q)6

2((kin+q)2−q2W )
. Combin-

ing this and what we get in the previous analysis for small
kz and considering |q| to be large so either kin < qW and
|kin+q| ∼ q or |kin+q| < qW and |kin| ∼ |q|, we estimate

E+(k)−E−(k+ q) ∼ β̃2k2z
2(q2W−k2in)

+ c̃2q4

2 . Rearranging, we

can estimate the polarizibility as

Πapprox ∼ 2

∫ qW d2kin
(2π)2

∫
dkz
2π

2(q2
W − k2

in)

β̃2k2
z + c̃2q4(q2

W − k2
in)

∼ q3
W

3πq2|β̃|c̃
∼ 0.1qW (48)

where in the final estimate we assumed |q| = 2qw and

used our numerical estimates for |β̃| and c̃. Thus if the
numerator is non-vanishing the susceptibility is of order
qW .

Finally we consider the numerator

Nab = Tr
[
τaC

−
k+qτbC

+
k + τaC

+
−kτbC

−
−k−q

]
(49)

Because we are interested in the divergence in Π as

kz → 0 and at qz = 0. we may set ~h(k) in Eq. 10 to

be ~h(k) = ẑsign(k2
in − q2

W ). Because this is explicitly
even in the sign of the momentum argument we may use
the cyclic property of the trace and the fact that in the
relevant region of integration sign(k2

in− q2
W ) = −1 while

sign((kin + q)2 − q2
W ) = 1 to obtain

Nab =
1

2
Tr [τa (1− τz) τb (1− τz)] (50)

From this we immediately see that

N0,0 = Nz,z = 2 (51)

N0,z = Nz,0 = −2 (52)

and all the other components of N vanish at kz = 0 so
these terms in the polarizibility are much smaller.

Thus the flat bands mean that the susceptibilities are
∼ qW , parametrically larger than one would expect at
a lightly doped three dimensional Dirac/Weyl point but
probably not large enough to drive an instability.

V. CONCLUSION

This paper has analysed the transition from topologi-
cally nontrivial antiferromagnetic metal to topologically
trivial antiferromagnetic insulator by interpreting and
extending numerical results found in Ref. [16] using
the cluster dynamical mean-field theory of pyrochlore iri-
dates in terms of a low-energy k · p approach. The map-
ping to a low energy theory was needed because the clus-
ter dynamical mean-field theory results were obtained
using an exact diagonalization solver. While the exact
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diagonalization solver has many advantages, including a
direct computation of the real-frequency spectrum with-
out recourse to analytic continuation, issues of bath dis-
cretization make it difficult to resolve fine details of the
spectrum. As we found, in the pyrochlore iridates the
Weyl semimetal phase is characterized by very small en-
ergy scales. We therefore approach the problem by map-
ping the CDMFT results onto an analytic form suggested
by k · p perturbation theory, which we then interpret as
a quasiparticle Hamiltonian and study directly.

The DFT+CDMFT results clearly display three
ground-state phases as the interaction strength is var-
ied: a small U paramagnetic, topologically trivial metal,
an intermediate U topologically nontrivial antiferromag-
netic metal (“Weyl metal”) phase, and a topologically
trivial insulator. The further analysis presented in this
paper confirms that within the DFT+CDMFT method
the Weyl metal and the antiferromagnetic insulator
phases are separated by a Weyl semimetal phase exist-
ing over a narrow but non-infinitesimal range of U . The
transition to the Weyl semimetal state is marked by a
change in the variation with interaction strength of the
total energy and of the magnetic moment.

The transition from the Weyl metal to Weyl semimetal
phase as U is increased above the critical value UWSM

occurs because an electron pocket centered at the Γ point
of the Brillouin zone gradually empties as the difference
between the energy of the Weyl crossing point and the
energy of the band minimum at the Γ point gradually de-
creases. The transition from the Weyl semimetal to the
topologically trivial insulator as U is increased beyond
the critical value UAFI occurs because the Weyl energy
gap parameter ∆ (Eq. 7) gradually decreases in magni-
tude, passing through zero at the endpoint of the Weyl
semimetal phase. In physical terms, as U is increased the
Weyl points move towards high symmetry points (the L-
points), where they annihilate. The existence of the Weyl
semimetal phase requires that UAFI > UWSM ; as far as
we can see this condition is not enforced by any sym-
metry; the presence of the Weyl semimetal phase in the
DFT+CDMFT calculation is from this point of view a
particular feature of this theory of the pyrochlore iridates.

It is also important to note that single-site dynami-
cal mean-field theories find only the paramagnetic metal
and antiferromagnetic insulator phases without the in-
termediate Weyl metal and Weyl semimetal phases. The
striking difference between single-site and cluster dynam-
ical mean-field results is remarkable in an electronically
three dimensional compound. It is not yet clear whether
the Weyl metal or Weyl semimetal phases are observed
in pyrochlore iridates; while some indications have been
found that data on the whole are most consistent with the
presence only of antiferromagnetic insulator and param-
agnetic metal phases in these compounds. This difference
between cluster DMFT and experiment remains to be un-
derstood. However the Weyl semimetal phase is a clear
prediction of the DFT+CDMFT theory of the pyrochlore
iridates.

The Weyl semimetal phase found in the CDMFT cal-
culations has two remarkable properties, both of which
seem to be specific features of the model of the iridates
rather than general consequences of symmetry. The first
is the extreme weakness of anisotropy in the plane of
the zone face (c1 ≈ c2 in Eq. 3). This, combined with
the symmetry-protected qz-dependence, implies that to
a very good approximation the material exhibits a “Weyl
ring” (line in momentum space where the gap between
the upper and lower bands is negligibly small). The sec-
ond is that one of the two bands crossing at the Weyl
point is essentially dispersionless in the qz = 0 plane.
These two features lead to a nonanalyticity in the opti-
cal conductivity and to an enhanced susceptibility.

Because the susceptibilities we find are finite, although
large, the phase we have found is likely to be stable to
beyond-DMFT interaction effects, both arising from a
larger cluster-size analysis of the Hubbard U effects and
from explicit consideration of the long ranged part of
the Coulomb interaction. However, further investigation
of interaction effects in the Weyl ring regime would be
desirable. We also note that there is a Hall effect in
the interband conductivity of the Weyl semimetal phase,
arising from the topological properties of the Weyl point.
Structure in the longitudinal and Hall conductivities is
directly related to the energies of the Weyl semimetal
phase, revealing both the energy parameter ∆ and the
scale ∆W that characterizes the weak angular variation.
More detailed investigation of these two features is an
important task for future research.

ACKNOWLEDGEMENT

RW and AJM acknowledge support by the Basic En-
ergy Sciences Division of the DOE Office of Science un-
der grant ER-046169. AG was supported by grant IBS-
R024-D1 from the Institute for Basic Science from the
Ministry of Science, ICT, and Future Planning of Korea.
The computing resources were provided by the Labora-
tory Computing Resource Center at Argonne National
Laboratory.

APPENDIX: SYMMETRIZATION

The CMDFT calculations break lattice symmetries by
including self energies for bonds within a cluster but not
for symmetry-equivalent bonds connecting clusters. In
the present case the basic CDMFT cluster is a 4-site
tetrahedron which coincides with the unit cell of the
pyrochlore lattice, so the CDMFT symmetry breaking
arises because half of the symmetry-equivalent bonds un-
der inversion operation are not included in our 4-site clus-
ter. To restore the inversion symmetry, we need to sym-
metrize the results. We have carried out 2 symmetriza-
tion procedures: 1. symmetrizing the CDMFT self en-
ergy by including all the equivalent bonds; 2. symmetriz-
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ing the lattice green function in the momentum space.
We find that both schemes can successfully restore the
inversion symmetry and result only in very small correc-
tions to most physical properties. However, the precise
behavior of the Weyl crossing can be affected. All the
CDMFT results shown in the main text are computed
by the first procedure (symmetrizing the self energy).

A. Symmetrizing Σ(ω)

In our one-orbital (per site) cluster model, the original
CDMFT self energy is an 8×8 matrix composed of 2×2
blocks with site indices, which has the following form:

Σ(ω) =


Σ11 Σ12 Σ13 Σ14

Σ21 Σ22 Σ23 Σ24

Σ31 Σ32 Σ33 Σ34

Σ41 Σ42 Σ43 Σ44

 (53)

According to this definition, we notice that half of the
bonds, which are equivalent to those within our clus-
ter under inversion, are not involved. To fix this, we
apply the inversion operator to include all the nearest-
neighbouring bonds. Therefore, for a given k, the sym-
metrized self energy is calculated as follows:

Σ̃(k, ω) =
∑
R

eikR 〈0|Σ|R〉 (54)

=


Σ11

1
2 (1 + eik·(0,−1,0))Σ12

1
2 (1 + eik·(0,0,−1))Σ13

1
2 (1 + eik·(−1,0,0))Σ14

1
2 (1 + eik·(0,1,0))Σ21 Σ22

1
2 (1 + eik·(0,1,−1))Σ23

1
2 (1 + eik·(−1,1,0))Σ24

1
2 (1 + eik·(0,0,1))Σ31

1
2 (1 + eik·(0,−1,1))Σ32 Σ33

1
2 (1 + eik·(−1,0,1))Σ34

1
2 (1 + eik·(1,0,0))Σ41

1
2 (1 + eik·(1,−1,0))Σ42

1
2 (1 + eik·(1,0,−1))Σ43 Σ44



where R is the real-space lattice vector, in the basis of
Bravais lattice vectors of the fcc unit cell. A factor of
1/2 has been introduced to the intersite terms which are
doubly counted in the summation.

Based on our numerical tests, this symmetrization
scheme works well in magnetic cases and paramagnetic
metallic cases with small correction to the spectral gap
and negligible correction to 〈S〉 and the energy. The
scheme is problematic in the paramagnetic insulating
case, as expected by analogy to the known issues with the
standard self-energy periodization scheme in CDMFT
[22].

B. Symmetrizing G(k, ω)

Motivated by the fact that the CDMFT Green function
periodization can work for both metallic and insulating
cases, we move to the symmetrization of G(k, ω). As
required by the inversion symmetry, we simply replace
the onsite blocks of G(k, ω) by the corresponding ones
in [G(k, ω) +G(−k, ω)]/2. This averaging scheme makes
no difference to 〈S〉 and the energy due to a summa-
tion of k in the calculations. For the spectrum, it brings
no correction to paramagnetic cases where time rever-
sal symmetry is respected. On the other hand, in AIAO
cases, the correction to the spectral gap turns out to be
negligible according to our numerical tests.
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