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Obtaining strong magnetoelectric couplings in bulk materials and heterostructures is
an ongoing challenge. We demonstrate that manganite heterostructures of the form
(Insulator)/(LaMnO3)n/Interface/(CaMnO3)n/(Insulator) show strong multiferroicity in magnetic
manganites where ferroelectric polarization is realized by charges leaking from LaMnO3 to CaMnO3

due to repulsion. Here, an effective nearest-neighbor electron-electron (electron-hole) repulsion (at-
traction) is generated by cooperative electron-phonon interaction. Double exchange, when a particle
virtually hops to its unoccupied neighboring site and back, produces magnetic polarons that polar-
ize antiferromagnetic regions. Thus a striking giant magnetoelectric effect ensues when an external
electrical field enhances the electron leakage across the interface.

PACS numbers: 75.85.+t, 71.38.-k, 71.45.Lr, 71.38.Ht, 75.47.Lx, 75.10.-b

I. INTRODUCTION

Complex oxides such as manganites display a rich in-
terplay of various orbital, charge, and spin orders when
rare-earth dopants are added to the parent oxide. While
significant progress has been made in characterizing the
bulk doped materials, the heterostructures produced
from two parent oxides is an area of active research1,2. In
these heterostructures, the accompanying quantum con-
finement, anisotropy, heterogeneity, and the enhanced
gradients (in magnetic moments, electric potential, or-
bital polarization, etc.) across the interface result in
novel phenomena that have no counter part in the bulk
samples3,4. In fact, the challenge is to technologically ex-
ploit this new physics and develop new useful devices that
can meet future demands such as miniaturization, dis-
sipationless operation/manipulation (such as read/write
capability), energy storage, etc5–11.

There has been a revival in multiferroic research partly
due to improved technology, discovery of new compounds
(such as YMnO3, TbMn2O5), need for devices with
strong magnetoelectric effect, etc12. Majority of the mul-
tiferroics studied are bulk materials where it is not yet
clear why the magnetic and electric polarizations coexist
poorly13. With the advent of improved molecular-beam-
epitaxy technology one can now grow oxide heterostruc-
tures with atomic-layer precision and explore the possi-
bility of strong multiferroic phenomena as well as large
interplay between ferroelectricity and magnetic polariza-
tion. Coupling between the charge and spin degrees of
freedom is fascinating both from a fundamental view-
point as well as from an applied perspective. Instead of
employing currents and magnetic fields, controlling and
manipulating magnetism with electric fields holds a lot of
promise as the electric fields are easier to use in smaller
dimensions and can potentially lower energy consump-
tion in systems. There are numerous mechanisms for
magnetoelectric effect; reviews for these can be found in

Refs. 14–18. At the interface of a magnetic oxide and
a ferroelectric/dielectric oxide, magnetoelectric effect of
electronic origin has been predicted by some researchers.
Upon application of an external electric field, not only
the magnitude of moments can be changed19,20, but in
some cases the very nature of magnetic ordering can be
changed21.

Among various efforts pertaining to oxide het-
erostructures, there is considerable interest, both
experimentally22–29 as well as theoretically30–35, in
understanding novel aspects of conductivity, mag-
netism, and orbital order in pure manganite-manganite
TMnO3/DMnO3 heterostructures where T refers to
trivalent rare earth elements La, Pr, Nd, etc. and D
refers to divalent alkaline elements Sr, Ca, etc. At
low temperatures, the bulk TMnO3 is an insulating A-
type antiferromagnet (A-AFM); on the other hand, the
bulk DMnO3 is an insulating G-type antiferromgnet (G-
AFM). Furthermore, the doped alloy T1−xDxMnO3 is
an antiferromagnet for x > 0.5; whereas for x < 0.5, it
is a ferromagnetic insulator (FMI) at smaller values of x
(i.e., 0.1 . x . 0.2)36–38 and is a ferromagnetic metal
at higher dopings in La1−xSrxMnO3, La1−xCaxMnO3,
Pr1−xSrxMnO3, and Nd1−xSrxMnO3. For representative
studies of doped manganite-manganite heterostructures,
the reader is referred to Ref. 39.

In spite of considerable efforts towards control of mag-
netization through electric fields in multiferroic bulk ma-
terials and heterostructures, obtaining strong magneto-
electric couplings continues to be a challenge. Here,
in this paper, we predict a novel giant magnetoelec-
tric effect, not at the interface, but away from it, in
a pure manganite-manganite heterostructure (see Fig.
1). We present a plausible multiferroic phenomenon in
manganite heterostructures and point out the associated
unnoticed striking magnetoelectric effect. Cooperative
electron-phonon interaction is shown to be key to under-
standing both multiferroicity and magnetoelectric effect
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in our oxide heterostructure. Here, we exploit the fact
that manganites have various competing phases that are
close in energy and that by using an external perturba-
tion (such as an electric or a magnetic field) the system
can be induced to alter its phase. We show that there is a
charge redistribution (with a net electric dipole moment
perpendicular to the interface) due to the optimization
produced by the following two competing effects: (i) en-
ergy cost to produce holes on the LaMnO3 (LMO) side
and excess electrons on the CaMnO3 (CMO) side; and (ii)
energy gain due to electron-hole attraction (or electron-
electron repulsion) on nearest-neighbor Mn sites induced
by electron-phonon interaction. The charge polarization
is akin to that of a pn-junction in semiconductors al-
though the governing equations are different. The mi-
nority carriers, which leak across the interface of the het-
erostructure, produce ferromagnetic domains due to the
ferromagnetic coupling (generated by electron-phonon in-
teraction and double-exchange) between an electron-hole
pair on adjacent sites. Since ferroelectricity and ferro-
magnetism have a common origin [i.e., minority carri-
ers or holes (electrons) on LMO (CMO) side], there is a
striking interplay between these two polarizations; con-
sequently, when an external electric field is applied to
increase the minority carriers, a giant magnetoelectric
effect results.

We will argue that a large magnetoelectric effect is pos-
sible in LMO-CMO heterostructures by presenting be-
low cohesive general theoretical points which take into
account the essential features of manganites without in-
voking any particular model.

1) Kinetic energy (KE) is quite small because bare hop-
ping is small (caused by lower tolerance factor40, cation
disorder, and compatibility of distortions41), electron-
phonon coupling is strong, and system is quasi-two-
dimensional (q2D).

2) Potential energy [from Coulomb interaction and
nearest-neighbor (NN) particle-particle repulsion due to
cooperative electron-phonon interaction] is much larger
than KE; this leads to solid-type formation with electrons
being rendered essentially immobile. Then, in each layer
parallel to the interface (see Fig. 1), a solid with close-
to-crystalline symmetry is formed with electrons being
essentially site localized. The ground state is classical
with number density at each site either 1 or 0 and the
state of the system can be expressed by a single state
in the occupation number basis. Due to strong coopera-
tive electron-phonon interaction (CEPI) and not due to
a sizeable KE, there is a propensity for electrons to mi-
grate from the LMO side to the CMO side; this leads to
a density gradient in the direction perpendicular to the
interface (z-direction).

The fact that electrons are essentially site localized
also follows when the treatment in Ref. 42 is extended
to our q2D system; then, only a localized polaronic
band is relevant and the upper wide band cannot over-
lap with the lower narrow polaronic band. Addition-
ally, the insulating behavior reported in Ref. 22 for

(LaMnO3)2n/(SrMnO3)n superlattice (when n > 2) fur-
ther justifies the picture of negligible KE with the poten-
tial energy determining the charge and spin order.

3) Because of Coulomb interaction between charges and
strong CEPI, checkerboard-type crystal occurs in layers
with densities close to 0.5 (based on point 2); checker-
board arrangement (including in the z-direction) is ex-
pected in layers next to the interface since there the den-
sity is 0.5 due to symmetry considerations. This checker-
board feature is different from bulk manganites where
charge and orbital stacking in z-direction occurs [and
leads to the CE-type antiferromagnet (CE-AFM)]; this
type of charge order was missed in works such as Ref.
34 because CEPI was not considered. Strong electron-
phonon interaction produces NN electron-hole pair and
produces between the pair a strong ferromagnetic inter-
action [t2 cos2(θ/2)/EJT with EJT being the cooperative
Jahn-Teller energy, t the hopping term between the NN
sites, and θ the angle between the core spins of the NN
sites]. Hence, a ferromagnetic state is produced in the
checkerboard. CE-type spin order is not supported be-
cause charge does not stack up in the z-direction; con-
sequently, zigzag ferromagnetic chains in adjacent layers
of the checkerboard will not be formed as such chains
cannot be stacked up to produce between them magnetic
coupling (such as antiferromagnetic) which is essential to
the CE-type magnetism.

4) The model for magnetic interaction pertains to LMO-
CMO heterostructure with localized holes. The CEPI
retains essentially the same orbital texture as in LMO in
regions away from the holes. Consequently, on the LMO
side, the magnetic interaction is A-AFM in regions with-
out holes; this interaction is generated through virtual
hopping by localized electrons between NN sites that are
Jahn-Teller compatible. When holes are present, since
they are site localized, they only virtually hop to NN site
and back and produce ferromagnetic coupling with NN
electrons; this coupling is much stronger than A-AFM
coupling. To go beyond the above picture (as was done
rigorously in Ref. 43 for LaMnO3), involves the daunt-
ing task of taking into account coupling between t2g spins
[Jt2g ], two-band model, Hubbard U , long-range Coulomb
interaction, realistic Hund’s coupling JH (< U), and co-
operative Jahn-Teller energy EJT in a sizeable system
(i.e., a lattice with about 100 sites or more) with LMO
side being at finite hole density. We are not aware of such
a comprehensive approach being reported.

5) Presence of site localized holes on the LMO side, pro-
duces FMI clusters due to formation of magnetic po-
larons. A hole will polarize nearest-neighbor electrons
(and realistically speaking, next-nearest-neighbor and
next-to-next-nearest-neighbor electrons as well) through
virtual hopping, thereby producing a magnetic polaron.
A collection of interacting magnetic polarons will pro-
duce a FMI region. This picture is in tune with FMI
region being a generic feature of manganites at moderate
dopings (0.1 . x . 0.2); see Ref. 42 for a similar FMI
picture in the bulk. It should be noted that FMI re-
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gions are present in moderately-doped manganites that
are narrow band (Pr1−xCaxMnO3), intermediate band
(La1−xCaxMnO3) and wide band (La1−xSrxMnO3). In-
creasing the number of holes on the LMO side, using a
fairly large electric field, increases the number of aligned
FMI clusters, thereby producing a large magnetoelectric
effect. It is important to note that the applied electric
field changes the magnetization sizeably in the bulk of
LMO away from the interface while leaving the polariza-
tion at the interface essentially unaltered. Here, it should
be noted that the FMI phase, which is key to the mag-
netoelectric effect, is not captured in the phase diagram
of the bulk LCMO reported in Fig. 2 of Ref. 34; this is
possibly because small values of λ =

√

2EJT/t were cho-
sen and cooperativity in the electron-phonon interaction
was ignored.

The rest of the paper is organized as follows. In Sec. II
we introduce our phenomenological Hamiltonian (based
on cooperative electron-phonon-interaction physics) us-
ing which we deduce the charge distribution in the con-
tinuum approximation. We also provide a simple analytic
treatment for the magnetic profile and demonstrate a gi-
ant magnetoelectric effect in a few-layered heterostruc-
ture. Next, in Sec. III, we adopt a more detailed numer-
ical approach and introduce a Hamiltonian that includes
additional kinetic terms, work functions, and discrete
lattice effects. Here, magnetoelectric effect is studied
in symmetric lattices (involving equal number of LMO
and CMO layers) as well as in asymmetric lattices using
Monte Carlo simulations. We close in Sec. IV with our
concluding observations.

II. ANALYTIC TREATMENT

We will begin our treatment of the pure manganite-
manganite heterostructure by considering a simple
analytic picture in this section and leave a more
detailed numerical approach to the next section. Our
(Insulator)/(LaMnO3)n/Interface/(CaMnO3)n/(Insulator)
heterostructure is depicted in Fig. 1; the treatment
in this section involves odd number of MnO2 planes.
The MnO2 plane, contained in the Interface at the
center, has LaO on one side and CaO on the other side.
The MnO2 plane in the center has 0.5 electron per Mn
site. The arrangement of the heterostrucure is as follows:
Ins./(LaO-MnO2)n/(LaO-MnO2-CaO)/(MnO2-CaO)n/Ins.
where (LaO-MnO2-CaO) represents the Interface. The
above arrangement will not lead to polar catastrophe
as any excess charge at the Ins./LaO interface can
be neutralized by a gate potential. Alternately, the
Ins./LaO interface on the left-hand side can be replaced
by Ins./(La1/2Ca1/2O) interface; then, no excess charge
results.

A. Polaronic Hamiltonian

In our heterostructure depicted in Fig. 1, due to charge
leaking across the LMO-CMO interface, we expect dif-
ferent states of the phase diagram of La1−xCaxMnO3

(LCMO) at different cross-sections perpendicular to the
growth direction. Since far from the LMO-CMO interface
the material properties must be similar to those in the
bulk, we expect the x = 0 phase at the Insulator-LMO
interface and the x = 1 phase at the other end involving
CMO-Insulator interface. Considering majority of the
LCMO phase diagram (including the end regions near
x = 0 and x = 1) is taken up by insulating phases, since
band width is significantly diminished at strong electron-
phonon coupling, and because the heterostructures are
q2D, we expect that there is no effective transport in the
direction normal to the oxide-oxide interface (i.e., the z-
direction). Then, for analyzing the charge distribution
normal to the interface, the starting polaronic Hamilto-
nian is assumed to comprise of localized electrons and
have the following phenomenological form:

Hpol ∼ −
∑

j,δ

[

γ1
epg

2ω0 +
γ2
ept

2
j,j+δ

g2ω0

]

nj(1 − nj+δ), (1)

where the first coefficient γ1
epg

2ω0 is due to electron-
phonon interaction and represents nearest-neighbor
electron-electron repulsion brought about by incompat-
ible distortions of nearest-neighbor oxygen cages sur-
rounding occupied Mn ions. The pre-factor γ1

ep can de-
pend on the phase – for instance, in the regime of C-type
antiferromagnet (C-AFM) in LCMO, γ1

ep is expected to
be large because occupancy of neighboring dz2 orbitals
is inhibited in the z-direction; while in the regime of A-
AFM (corresponding to undoped LaMnO3), γ1

ep is ex-
pected to be weaker because of compatible Jahn-Teller
distortions on neighboring sites. Here, we will assume for
simplicity that γ1

ep is concentration independent and that

0.1 ≤ γ1
ep ≤ 1. Next, the coefficient γ2

ept
2/(g2ω0) results

from processes involving hopping to nearest-neighbor and
back and is present even when we consider the simpler
Holstein model44 or the Hubbard-Holstein model45. The
pre-factor γ2

ep varies between 1/2 (for non-cooperative
electron-phonon interaction) and 1/4 (since for coopera-
tive breathing mode in one-dimensional chains γ2

ep = 1/3,

which should be more than in C-chains)46. Now, even
within the two-band picture of manganites in Ref. 42,
the electrons in the localized polaronic band contribute
the term t2/g2ω0; the broad band (due to undistorted
states that are orthogonal to the polaronic states) is an
upper band whose band width is reduced due to the two-
dimensional (2D) nature of the system and does not over-
lap with the polaronic band to produce conduction even
at carrier concentrations corresponding to 0.2 . x . 0.5.
Furthermore, although nj is the total number in both
the orbitals at site j, it can only take a maximum value
of 1 due to strong on-site electron-electron repulsion and
strong Hund’s coupling. Next, to make the above Hamil-
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tonian furthermore relevant for manganites, one needs
to consider Hund’s coupling between core t2g spins and
itinerant eg electrons. This leads to invoking the double
exchange mechanism for transport. Then, the hopping
term ti,j between sites i and j in Eq. (1) is modified

to be ti,j
√

0.5[1 + (Si · Sj/S2)] = ti,j cos(θij/2) with Si

being the core t2g spin at site i and θij being the angle be-
tween Si and Sj . The term γ2

ept
2
j,j+δ cos

2(θij/2)/(g
2ω0)

in Eq. (1) produces a strong ferromagnetic coupling be-
tween the spins at site j and site j+δ and this dominates
over any superexchange coupling between the two spins.

z=0

z=0

FIG. 1. (Color online) Schematic showing the symmetric
(Insulator)/(LaMnO3)N/Interface/(CaMnO3)N/(Insulator)
heterostructure. Each of the labeled N layers on both LMO
(LaMnO3) and CMO (CaMnO3) sides contain manganese-
oxide (MO) layers.

B. Charge Profile

The kinetic term is small due to polaronic effects and
the q2D nature of the system. While the complete ab-
sence of kinetic energy would indeed lead to the electron
charge density following the ionic charge, in the presence
of a small kinetic term the charge profile will redistribute.
We just assume that the kinetic contribution to the en-
ergy is small compared to the other terms, not that the
charges are fully immobilized.
The following are two competing terms in the poten-

tial energy which are the dominant terms that produce
charge distribution:
1) Due to cooperative electron-phonon interactions, there
is a repulsive interaction between electrons on adjacent
sites. This pushes electrons from LMO side to CMO side.
2) There is attractive interaction between an electron on
a Mn site and the positive ionic charge of that unit cell.
This attraction holds back the electrons on the LMO side.
Now, when the electrons move from the LMO side to

the CMO side, there is a net positive charge on the LMO
side and a net negative charge on the CMO side. The

separation energy of these net positive and net negative
charges can be approximated as the energy of a capac-
itor Q2/2Ccap where charge Q ∼ Nel (with Nel being
the transferred electrons) and capacitance Ccap ∝ Aint/d
with Aint being the interface area and d the separation;
this energy (i.e., Q2/2Ccap) has to be balanced by the
nearest-neighbor repulsion energy (∼ Nel g

2ω0) due to
electron-phonon interaction. Now, if Q/Aint is indepen-
dent of the system size and d is only a few lattice spac-
ings, then Q2/2Ccap can be comparable to ∼ Nel g

2ω0;
thus, macroscopic number of charges, from a few layers
near the interface, can be transferred across the inter-
face. Hence, ideally the heterostructure should comprise
of only a few layers so that a large part of the system can
contribute to the multiferroicity and also the magneto-
electric effect.
To obtain the charge distribution, we ignore the ef-

fect of superexchange interaction in the starting effective
Hamiltonian in Eq. (1) because its energy scale is sig-
nificantly smaller than the polaronic energy term 2g2ω0.
For a localized system, we only need to minimize the
interaction energy which is a functional of the electronic
density profile. The Coulombic interaction energy result-
ing from the electrons leaking from the LMO side to the
CMO side, is taken into account by ascribing an effective
charge +1 (hole) to the LMO unit cell (centered at the
Mn site) that has donated an eg electron from the Mn site
and an effective charge −1 (electron) to the CMO unit
cell (centered at the Mn site) that has accepted an eg
electron at the Mn site. The Coulombic energy that re-
sults is due to the interactions between these ±1 effective
charges. The net positive charge on the LMO side and
the net negative charge on the CMO side will produce
a charge polarization (or inversion asymmetry). Since
the ferroelectric dipole is expected to be in the direction
perpendicular to the oxide-oxide (LMO-CMO) interface,
we assume that the density is uniform in each layer for
calculating the density profile as a function of distance z
from the insulator-oxide interface. The Coulombic inter-
action energy per unit area due to leaked charges is the
same for both LMO and CMO regions and is given, in
the continuum approximation, to be

Ecoul =
1

8πǫ

∫ L

0

dzD(z)2, (2)

where D(z) is the electric displacement and is given by

D(z) = ±

[

−ǫEext +

∫ z

0

dy4πeρ(y)

]

, (3)

with + (−) sign for LMO (CMO) side. Furthermore, ρ(z)
is the density of minority charges (i.e., holes on LMO side
and electrons on SMO side), e the charge of a hole, ǫ the
dielectric constant, Eext an external electric field along
the z-direction, and L the thickness of the LMO (CMO)
layers.
The ground state energy per unit area [corresponding

to the effective Hamiltonian of Eq. (1)] can be written,
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in the continuum approximation, as a functional of ρ(z)
for both LMO and CMO as follows:

Epol = −

[

γ1
epg

2ω0 +
γ2
ept

2

g2ω0

]

ζ

∫ L

0

dzρ(z)[1− a3ρ(z)],

(4)
where ζ = 6 is the coordination number and a is the
lattice constant. In arriving at the above equation we
have approximated ni+δ + ni−δ ≈ 2ni. Furthermore, for

the ground state, we expect tij
√

0.5[1 + (Si · Sj/S2)] =
tij , i.e., the minority charges will completely polarize the
neighboring majority charges.
We will now minimize the total energy given below

ETotal = 2Epol + 2Ecoul, (5)

by setting the functional derivative δETotal/δρ(z) =0.
This leads to the following equation

0 = −C1[1− 2a3ρ(z)] + 2C2

∫ L

z

dy

[

−Ẽext +

∫ y

0

dxρ(x)

]

,

(6)

where C1 ≡
[

γ1
epg

2ω0 +
γ2
ept

2

g2ω0

]

ζ; C2 ≡ 2πe2/ǫ; and

Ẽext ≡ ǫEext/(4πe). The above equation, upon taking
double derivative with respect to z, yields

C1a
3 d

2ρ(z)

dz2
− C2ρ(z) = 0. (7)

The above second-order differential Eq. (7) and Eq. (6)
admit the solution

ρ(z) =
1

2a3
cosh(ξz)

cosh(ξL)
+ ξẼext

sinh[ξ(L − z)]

cosh(ξL)
, (8)

where ξ =
√

C2/(C1a3). It is important to note that,
for the manganese-oxide (MO) layer at the LMO-CMO
interface (i.e., at z = L), the density is 0.5 electrons/site
and that it is independent of the applied external electric
field and the system parameters. Now, since each Mn
site in the interface layer belongs to a unit cell that is
half LMO and half CMO, one expects the density per
site to be 0.5. Additionally, as the distance from the
LMO-CMO interface increases, we observe from Eq. (8)
as well as from Figs. 2 and 3 that for smaller values
of C1, the density falls more rapidly while the density
change due to electric field rises faster. Furthermore,
for realistic values of the parameters, the charge density
rapidly changes as we move away from the oxide-oxide
interface (i.e., after only a few layers from the interface)
and attains values close to the bulk value [as illustrated
in Figs. 2(a) and 3(a)]. Lastly, as required for zero
values of the external field Eext, we get ρ(0) → 0 when
L → ∞. Thus, although we used the continuum ap-
proximation, our obtained density profile is qualitatively
realistic as it has the desired values at the extremes
z = L and z = 0 with the density away from the LMO-
CMO interface rapidly falling for not too large values of ǫ.

The density profiles for both LMO and CMO sides
depend only on ǫ, C1 and Eext. For our calculations
displayed in Fig. 2, we used the following values for the
parameters: a = 4 Å; ǫ = 20; Eext = 300 kV/cm and
400 kV/cm; and C1 = 0.24. For Fig. 3, we employed
Eext = 100 kV/cm and C1 = 0.31, with the values for a
and ǫ being the same as in Fig. 2. The values of C1 in
Figs. 2 and 3 were chosen based on ω0 = 0.07 eV; g = 2;
and t = 0.1 eV.

C. Magnetization distribution

We will now obtain the magnetization for a het-
erostructure by considering its lattice structure unlike
the case for the density profile where a continuum ap-
proximation was made. Thus we can take into account
the possibility of antiferromagnetic (AFM) order besides
being able to consider ferromagnetic (FM) order.
First, based on Ref. 37, we note that the bulk

La1−xCaxMnO3 (below the magnetic transition temper-
atures) is A-AFM for 0 ≤ x . 0.1 and a ferromagnet for
0.1 . x . 0.5. Hence, we model the LMO side of the het-
erostructure as an A-AFM when hole concentrations are
small; whereas at higher concentrations of holes which
is less than 0.5, the holes dictate the magnetic order
by forming magnetic polarons that polarize the A-AFM.
Next, we note that for 0.5 . x . 1.0, the La1−xCaxMnO3

bulk system is always an antiferromagnet. Thus, from
a magnetism point-of-view, the magnetic moment on the
CMO side of the heterostructure is expected to be zero
except in the vicinity of the interface where (due to prox-
imity effect) it will be a ferromagnet and can be modeled
using a percolation picture. Given the above scenario, as
can be expected, we find that the ferromagnetic region
on the LMO side can be drastically enhanced (at the ex-
pense of the A-AFM region) by an electric field inducing
holes on the LMO side. On the other hand, the electric
field has only a small effect on the percolating ferromag-
netic cluster that is adjacent to the oxide-oxide interface
on the CMO side.

1. CMO side

We will first consider the CMO side and show that the
magnetization decays as we move away from the LMO-
CMO interface. We derive below the largest FM do-
main; this domain percolates from the LMO-CMO in-
terface. On account of nearest-neighbor repulsion (as
given in Eq. (1)), the interface (which is half-filled) has
eg electrons on alternate sites. In fact, to minimize the
interaction energy, on the CMO side we take the eg elec-
trons to be in one sublattice only which will be called eg-
sublattice; the other unoccupied sublattice will be called
the u-sublattice. On account of virtual hopping, an eg
electron polarizes all its neighboring sites that do not
contain any eg electrons and forms a magnetic polaron.
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Thus we observe that the half-filled interface will be fully
polarized and that there will be an FM cluster that be-
gins at the interface and percolates to the layers away
from the interface on the CMO side. For instance, in the
layer next to the oxide-oxide interface, all the eg elec-
trons are in the same sublattice (the eg-sublattice) and

1 2 Int 2 10

0.2

0.4

0.6

0.8

1

n(
z N

)

Eext = 0 k V/cm

LMO CMO
zN

(a)

1 2 Int 2 1-0.02

-0.01

0

0.01

0.02

∆n
(z

N
)

n300 (zN) - n0 (zN)
n400 (zN)  - n0 (zN)

LMO CMOzN

(b)

1 2 Int 2 1

-0.5

0

0.5

1

m
(z

N
)

Eext = 0
Eext = 300 k V/cm
Eext = 400 k V/cm

LMO CMO
zN

(c)

FIG. 2. (Color online) Electronic charge density n(zN)
and per-site magnetization m(zN) (of t2g spins nor-
malized to unity) in various manganese-oxide layers of
a (Insulator)/(LaMnO3)2/Interface/(CaMnO3)2/(Insulator)
heterostructure for a = 4 Å, ǫ = 20, and C1 = 0.24. Fig-
ures are for (a) n(Eext = 0 kV/cm); (b) ∆n = n(Eext =
300/400 kV/cm) − n(Eext = 0 kV/cm); and (c) m(zN) at
Eext = 0 kV/cm, 300 kV/cm, and 400 kV/cm. MO layer
1 on the LMO side undergoes spin reversal when Eext =
400 kV/cm is applied.

are next to the empty sublattice (i.e., sublattice unoc-
cupied by eg electrons) of the interface and hence are
ferromagnetically aligned with the interface. Similarly,
again in the layer adjacent to LMO-CMO interface, all
the sites in the other sublattice (i.e., the u-sublattice)
are empty and have the same polarization as the sites
occupied by the eg electrons at the interface.
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(a)

1 2 Int 2 1-0.004

-0.002
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∆n
(z

N
)

LMO CMOzN

(b)

1 2 Int 2 1

-0.5

0

0.5

1

m
(z

N
)

Eext = 0 k V/cm
Eext = 100 k V/cm

LMO CMO
zN

(c)

FIG. 3. (Color online) Electronic charge density
n(zN) and per-site magnetization m(zN) (of normalized-
to-unity t2g spins ) in various manganese-oxide layers of
a (Insulator)/(LaMnO3)2/Interface/(CaMnO3)2/(Insulator)
heterostructure for a = 4 Å, ǫ = 20, and C1 = 0.31. Plots
pertain to (a) n(Eext = 0 kV/cm); (b) ∆n = n(Eext =
100 kV/cm)− n(Eext = 0 kV/cm); and (c) m(zN) at Eext =
0 kV/cm and Eext = 100 kV/cm. The LMO side becomes
completely ferromagnetic when Eext = 100 kV/cm is applied.
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We will now identify the equations governing the fer-
romagnetic cluster percolating from the interface. Let
zN be the z-coordinate of the Nth 2D MO layer with N
being the index measured from the Insulator-CMO in-
terface (as shown in Fig. 1). Furthermore, we define x

eg
N

(xu
N) as the concentration of polarized sites that belong

to the spanning cluster and these sites are a subset of the
sites in the eg-sublattice (u-sublattice) in the Nth 2D MO
layer. Then, the factor (1 − 2x

eg
N ) [(1− 2xu

N)] represents
the probability of a site that belongs to the eg-sublattice
(u-sublattice) in layer N but is not part of the spanning
polarized cluster. Now, the probability that a site, occu-
pied (unoccupied) by an eg electron, contributes to the
FM cluster is equal to the probability of finding the site
occupied (unoccupied) multiplied by 1-P where P is the
probability that none of the adjacent sites that are in
the u-sublattice (eg-sublattice) belong to the percolating
cluster. Therefore, we obtain the following set of coupled
equations for the spanning cluster:

x
eg
N = ρ(zN )[1−(1−2xu

N−1)(1−2xu
N )4(1−2xu

N+1)], (9)

xu
N = 0.5[1− (1− 2x

eg
N−1)(1− 2x

eg
N )4(1− 2x

eg
N+1)]. (10)

The boundary conditions involving layer 1 are

x
eg
1 = ρ(z1)[1 − (1− 2xu

1 )
4(1− 2xu

2 )], (11)

and

xu
1 = 0.5[1− (1 − 2x

eg
1 )4(1− 2x

eg
2 )], (12)

while those for the LMO-CMO interface are x
eg
Int = xu

Int =
0.5.

2. LMO side

Next, we will show that the LMO side with only a few
layers, for some realistic values of parameters, can have
a sizeable change in the magnetism when a large elec-
tric field is applied and thus can be exploited to obtain
a giant magneto-electric effect. Similar to the bulk situ-
ation in LaMnO3

43,47, in our heterostructure as well, we
assume that two spins on any adjacent sites in each MO
layer have a ferromagnetic coupling Jxy = 1.39 meV;
whereas, any two neighboring spins on adjacent layers
have an antiferromagnetic coupling Jz = 1.0 meV. On
the other hand, for an electron and a hole on neigh-
boring sites either in the same MO layer or in adjacent
MO layers, (due to virtual hopping of electron between
the two sites) there is a strong ferromagnetic coupling
Jeh = γ2

ept
2/(g2ω0) >> Jxy

42. In our calculations, as
long as the ratio of Jxy/Jz is taken as fixed and Jeh
is the significantly dominant coupling, we get the same
magnetic picture.
In a LMO side with a few MO layers, to demonstrate

the possibility of large magnetization change upon the

application of a large external field, we assume that the
LMO-CMO interface and all MO layers up to layer M
are completely polarized. Next, we assume that MO lay-
ers M and M-1 have low density of holes so that there is
a possibility that spins in MO layer M-1 are not aligned
with the block of MO layers starting from the LMO-CMO
interface and up to layer M. We then analyze the polar-
ization of MO layer M-1 by comparing the energies for
the following two cases: (i) layers M-1 and M are anti-
ferromagnetically aligned with the holes in layers M and
M-1 inducing polarization only on sites that are adja-
cent to the holes; and (ii) MO layer M-1 is completely
polarized and aligned with Layer M.
In a few-layered heterostructure

(Ins.)/(LaMnO3)2/Int./(CaMnO3)2/(Ins.), for
C1 = 0.24 eV [as shown in Fig. 2(c)] and for C1 = 0.31
[as in Fig. 3(c)], we obtain a striking magneto-electric
effect. For zero external field, when M = 2 is considered,
case (i) (mentioned above) has lower energy, i.e., layer
1 is antiferromagnetically coupled to layer 2. On the
other hand, when a strong electric field (∼ 100 kV/cm
for C1 = 0.24 and ∼ 400 kV/cm for C1 = 0.31) is
applied, MO layer 1 (due to increased density of holes)
becomes completely polarized and ferromagnetically
aligned with the rest of the layers (i.e., MO layer 2 and
the oxide-oxide interface) on the LMO side. Thus, we
get a giant magneto-electric effect! We have considered
C1 values ranging from 0.24 to 0.31 and obtained
magnetoelectric effect for various threshold electric
field values. Changing C1 is physically equivalent to
changing the effective nearest-neighbor electron-hole
attraction. Thus a smaller C1 value of 0.24 indicates
a lower effective nearest-neighbor electron-electron
repulsion which requires a larger external electric field
strength of 400 kV/cm to generate enough holes on the
LMO side and, consequently, flip the magnetization
of layer 1. Obviously, for the larger value C1 = 0.31,
sufficient number of holes are already present in the
LMO system and layer 1 becomes ferromagnetic when
a smaller Eext (= 100 kV/cm) is applied. At still larger
values of C1, i.e., C1 ≥ 0.32, the LMO side is completely
ferromagnetic even in the absence of an external field.

III. NUMERICAL APPROACH

Here, in this section, we construct a detailed 2D
model Hamiltonian and study it numerically for the
charge and magnetic profiles and the coupling between
them. Our (Ins.)/(LaMnO3)n/Int./(CaMnO3)n/(Ins.)
heterostructure depicted in Fig. 1, for the treatment in
this section, involves even number of MnO2 planes. Here
we can have the following arrangement:
Ins./(LaO-MnO2)n/(La1/2Ca1/2O)/(MnO2-CaO)n/Ins.
Here, the Interface is composed of La1/2Ca1/2O (which
is non-magnetic) and has 0.5 +ve charge per unit
La1/2Ca1/2O. There is no polar catastrophe as any ex-
cess charge at the Ins./LaO interface can be neutralized
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by a gate potential. Each unit cell on LMO side, com-
prising of [(LaO)1/2MnO2(LaO)1/2], is charge neutral.

A. Model Hamiltonian

In a q2D heterostructure (involving only a few 2D lay-
ers of both manganites), as mentioned in Sec. II, we
expect only a single narrow-width polaronic band to be
relevant42. For our numerical treatment of a 2D lattice
(with l1 rows and l2 columns), we employ the following
one-band Hamiltonian:

H = HKE +Hmf
pol +HSE +Hcoul +HV. (13)

The kinetic energy term HKE is given by

HKE = −te−g2
∑

〈i,j〉

[

cos

(

θij
2

)

c†icj +H.c.

]

, (14)

where t is the hopping amplitude that is attenuated by
the electron-phonon coupling g and cj is the eg electron
destruction operator; furthermore, cos(θij) is the modu-
lation due to infinite Hund’s coupling between the itiner-
ant electrons and the localized t2g spins with θij being the
angle between two localized S = 3/2 spins at sites i and
j48,49. As mentioned in Ref. 42, in a two-band picture,
for intermediate-bandwidth systems such as LCMO, the
upper broad band becomes relevant in three dimensions
(3D) at lower temperatures. In q2D, the upper band does
not overlap with the lower polaronic band where essen-
tially all the electrons are localized; in q2D, width of the
upper band is two-thirds the width of the upper band
in 3D. In narrow-band systems such as Pr1−xCaxMnO3

(PCMO), no metallic nature is observed for x < 0.5; we
infer that the upper band in PCMO does not overlap with
the lower band even at low temperatures. The width of
the upper band of PCMO in 3D is about two-thirds that
of LCMO in 3D. Thus, we are justified in considering a
very narrow single band in our LMO-CMO heterostruc-
ture.
The second term Hmf

pol in Eq. (13) is the mean-field

version of Hpol in Eq. (1) and is expressed as

Hmf
pol = −



γ1
epg

2ω0 +
γ2
ept

2 cos2
(

θij
2

)

g2ω0





×
∑

i,δ

[

ni − 2ni〈ni+δ〉+ 〈ni〉〈ni+δ〉
]

, (15)

where 〈ni〉 ≡ 〈c†i ci〉 refers to the mean number density at
site i. A derivation of HKE + Hpol is given in Ref. 46;
however, for simplicity, here we have ignored the effect
of next-nearest-neighbor hopping. The next term HSE

in Eq. (13) pertains to the superexchange50 term which
generates A-AFM in LaMnO3 and G-AFM in CaMnO3;
thus on the LaMnO3 side, it is given by

H lmo
SE = −Jxy

∑

〈i,j〉xy

cos (θij) + Jz
∑

〈i,j〉z

cos (θij) , (16)

while on the CaMnO3 side, we express it as

Hcmo
SE = Jz

∑

〈i,j〉
cos (θij) . (17)

In the above superexchange expressions, the magnitude
of the S = 3/2 spins is absorbed in the superexchange
coefficients Jxy and Jz. Our magnetic picture reproduces
the bulk behavior in LMO and CMO in regions away
from the holes. In bulk LCMO, at intermediate doping
0.1 < x < 0.5, the region is ferromagnetic; this can be
explained as due to an electron and a hole on adjacent
sites being ferromagnetically coupled (see Ref. 42). Sim-
ilar to the bulk, in our heterostructure as well, a strong
ferromagnetic interaction exists between a NN electron-
hole pair; this ferromagnetic interaction is much stronger
than the magnetic interactions corresponding to A-AFM
and G-AFM. Thus (unlike in Ref. 34, where the bound-
ary conditions are enforced to be A-AFM on LMO side
and G-AFM on CMO side), we assume A-AFM on LMO
side and G-AFM on CMO side in regions that do not
contain any minority carriers (i.e., holes on LMO side
and electrons on CMO side).
In Eq. (13), the Coulomb interaction is accounted for

through the term Hcoul as follows:

Hcoul = Vs

∑

i

ni + αt
∑

i6=j

[

ni

(

〈nj〉 − Zj

|~ri − ~rj |

)

−
〈ni〉〈nj〉

2|~ri − ~rj |

]

,

(18)

where the first term on the right hand side (RHS) is ac-
tually the on-site Coulomb interaction between an elec-
tron and a positive ion that yields the bound state of
an electron and is therefore applicable only to the LMO
side. The remaining term on the RHS of Eq. (18), de-
notes long-range, mean-field Coulomb interactions be-
tween electrons as well as between electrons and posi-
tive ions. Here, Zj represents the positive charge density
operator with a value of either 1 or 0 and |~ri − ~rj | is
the distance between lattice sites i and j. Furthermore,

the dimensionless parameter α = e2

4πǫat determines the
strength of the Coulomb interaction. Lastly, in Eq. (13),
the term HV represents the potential felt at various sites
due to an externally applied potential difference (Vext)
between the two insulator edges (see Fig. 1):

HV = Vext

l2
∑

I=1

l1
∑

K=1

[

1−

(

I− 1

l2 − 1

)]

nI+(K−1)l2 , (19)

where I represents the layer (or column) index with l2
denoting the number of layers, i.e., the number of sites
in the z-direction; K represents the row index with l1
denoting the number of rows, i.e., the number of sites in
a layer.

B. Calculation procedure

We consider a 2D lattice involving a few layers
(columns) of LMO and CMO and study magnetoelec-
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tric effect. The lattice does not have periodicity in the
direction normal to the interface of the heterostructure
(i.e., the z-direction). On the other hand, to mimic in-
finite extent in the direction parallel to the interface of
the heterostructure, we assume periodic boundary con-
dition in that direction. We employ classical Monte
Carlo with Metropolis update algorithm to obtain the
charge and magnetic profiles for our 2D lattice. To
tackle the difficult problem of several local minima that
are close in energy, we take recourse to the simulated
annealing technique. To arrive at a reasonable charge
profile at energy scales much larger than the superex-
change energy scale, we treat the problem classically (i.e.,
fully electrostatically) by considering only the Coulomb
term (Hcoul), the external-potential term (HV), and the
electron-phonon-interaction term [Hmf

pol(θij = 0)] as these
are the dominant energy terms in the Hamiltonian. The
Coulomb term is subjected to mean-field analysis (as
mentioned before) and the system generated potential

αt
∑

i6=j

{

〈nj〉−Zj

|~ri−~rj |

}

51 in Eq. (18) is solved self-consistently.

This is equivalent to solving the Poisson equation52.

Next, to arrive at the final charge and magnetic con-
figurations, we treat the system quantum mechanically
by starting with an initial configuration comprising of
the charge configuration generated classically (by the
above procedure) and an initial random spin configura-
tion. We now consider the full Hamiltonian, where hop-
ping term (HKE) and spin interaction energy act as per-
turbation to the classical dominant energy terms [Hcoul,
HV, and Hmf

pol(θij = 0)], thereby allowing for a small
change in the number density profile and determine the
concomitant magnetic profile. For the classical t2g spins
~Si = (sin θi cosφi, sin θi sinφi, cos θi) that are normalized
to unity, the cos(θ) and φ values are binned in the inter-
vals (−1, 1) and (0, 2π) respectively with equally spaced
40 values of cos(θ) and 80 values of φ, hence yielding a
total of 3200 different possibilities.

In our calculations, we employ the parameter values
t = 0.1 eV, g = 2 & 2.2, and ω0 = 0.07 leading to
a small parameter value t√

2gω0

< 1. For our mangan-

ite heterostructure, lattice constant a = 4 Å, dielectric
constant ǫ = 20, magnetic couplings Jz = 1.00 meV
and Jxy/Jz = 1.39; we take the pre-factors [in Eq. (15)]
γ1
ep = 0.3 and γ2

ep = 0.25. The coefficient in Eq. (18)
is taken to be Vs = −3α for ǫ = 20; hence the confin-
ing radius for the eg electron is 1.33 Å which is less than
half the lattice constant53,54. It is important to point out
that, since the work function (WF) of CaMnO3 is larger
than the WF of LaMnO3 (by about 1 eV as given in Table
IV of Ref. 57), we get electrons flowing from LaMnO3

to CaMnO3
58. We approximate WFCMO −WFLMO to

be given by the sum of the nearest-neighbor repul-
sions due to electron-phonon coupling [which is order
of polaron-energy× coordination-number] and the on-
site Coulomb energy Vs. External potential differences
Vext, corresponding to external electric fields Eext =

300 kV/cm and Eext = 400 kV/cm (which are less than
the breakdown field in LCMO59), are applied to study
changes in the magnetization profiles.

The simulation (involving the charge and spin degrees
of freedom) is carried out using exact diagonalization of
the total Hamiltonian in Eq. (13). The spins are an-
nealed over 61 values of the dimensionless temperature

[kBT/(te
−g2

)], in steps of 0.05, starting from 3 and end-
ing at 0.05 with 15000 system sweeps carried out at each

temperature. Since hopping energy te−g2

> Jxy, the
inclusion of the spin degrees of freedom certainly com-
mences at temperatures kBT > Jxy. Furthermore, the

endpoint kBT = 0.05te−g2

is sufficiently small to corre-
spond to the ground state of the system. Each sweep
requires visiting all the lattice sites sequentially and up-
dating the spin configuration at each lattice site by the
standard Metropolis Monte Carlo algorithm. We are also
allowing the charge degrees of freedom to relax by treat-
ing the problem self-consistently. So, at the beginning of
each sweep, the Poisson equation is solved additionally to
make sure that the number densities have converged and
this is achieved with an accuracy of 0.001. Finally, aver-
ages of the various measurables in the system are taken
over the last 5000 sweeps in the system.

C. Results and discussion

For numerical simulation, we consider two lattice sizes,
namely, 12 × 6 and 12 × 8 with number of rows l1 = 12
and number of layers (columns) l2 = 6 or 8. Here, all
the Mn sites in each layer belong solely to either LMO
or CMO. This is in contrast to the continuum approxi-
mation employed in Sec. II B to obtain the charge profile
analytically. In Sec. II B, by exploiting the symmetry
of the interactions of the minority carriers on both sides
of the LMO-CMO interface, we derived the charge pro-
file with charge density always 〈n〉 = 0.5 at the interface;
this corresponds to a system comprising of odd number of
MnO2 layers with the interface MnO2 layer being shared
equally by the LMO and CMO sides.

We consider various situations in our lattices. First,
we analyze the case of excluding electron-phonon inter-
action; consequently, the Hamiltonian of interest is that
given by Eq. (13), but without the Hmf

pol term. Next, we
study the charge and magnetic profiles predicted by the
total Hamiltonian of Eq. (13) for the symmetric situa-
tion (of equal number of LMO and CMO layers) and for
different sizeable values of the electron-phonon coupling,
i.e., for g = 2 & 2.2. Lastly, we examine the impact
on the magnetoelectric effect due to the asymmetry in
number of LMO and CMO layers.
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1. No electron-phonon interaction and Eext = 400 kV/cm

Here, without the electron-phonon interaction, the

hopping amplitude t is not attenuated by the factor e−g2

and the ground state is a superposition of various states
in the occupation number representation. The electrons
are not localized and we do not need to employ sim-
ulated annealing; the calculations were performed at a
single temperature kBT = 0.001t on a symmetric het-
erostructure defined on a lattice with equal number of
layers on the LMO side and the CMO side. Further-
more, the charge density profile is essentially dictated by
the Coulombic term in Eq. (13); the kinetic term and
the superexchange term have a negligible effect. Thus,
we have density close to 1 on the LMO side and an almost
zero density on the CMO side. Now, when a large electric
field (400 kV/cm) is applied, a small amount of charge
gets pushed across the interface. Then, since the kinetic
term is much larger than the superexchange term, double
exchange tries to ferromagnetically align the spins and,
as shown in Fig. 4, we get a large change in the total
magnetization of t2g spins of the system, i.e., 0.91/site
for the 12 × 8 lattice when t2g spins are normalized to
unity.

Keeping the temperature fixed at 0.001t, if we now
double the value of Jz to 0.02t while retaining the
magnetic-coupling ratio Jxy/Jz = 1.39, it is found that
that the magnetoelectric effect disappears completely.
Owing to the larger superexchage interaction, there is
only a small change in the density on the LMO and CMO
sides. Consequently, superexchange dominates over dou-
ble exchange, thereby making the system totally anti-
ferromagnetic (i.e., similar to the bulk, the LMO side
is A-AFM and the CMO side is G-AFM). Furthermore,
even after the application of a large external electric field
(i.e., Eext = 400 kV/cm), there is practically no change
in the magnetization as demonstrated in Fig. 5.
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12 X 8 lattice;   g=0;   Eext = 0

(a)

Jz = 0.01t;  T = 0.001t
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FIG. 4. (Color online) Layer-averaged charge density 〈n(I)〉
and layer-averaged per-site magnetization 〈m(I)〉 (of t2g spins
normalized to unity) for a symmetric 12× 8 LMO-CMO lat-
tice when electron-phonon interaction is zero; Jz = 0.01t and
Jxy/Jz = 1.39; T = 0.001t; and when (a) external electric
field Eext = 0 and (b) Eext = 400 kV/cm.
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Jz = 0.02t;  T = 0.001t
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FIG. 5. (Color online) Layer-averaged charge density 〈n(I)〉
and layer-averaged per-site magnetization 〈m(I)〉 (of t2g spins
normalized to unity) for a symmetric 12×8 LMO-CMO lattice
when electron-phonon interaction g = 0; superexchange Jz =
0.02t and coupling ratio Jxy/Jz = 1.39; T = 0.001t; and when
(a) Eext = 0 and (b) Eext = 400 kV/cm.
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Jz = 0.01t;  T = 0.01t
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FIG. 6. (Color online) Layer-averaged charge density
〈n(I)〉 and layer-averaged per-site magnetization 〈m(I)〉 (of
normalized-to-unity t2g spins ) for a symmetric 12× 8 LMO-
CMO lattice when g = 0; Jz = 0.01t and Jxy/Jz = 1.39;
enhanced temperature T = 0.01t; and when (a) Eext = 0 and
(b) Eext = 400 kV/cm.

Next, on retaining the superexchange interaction val-
ues of Jz = 0.01t and Jxy/Jz = 1.39, when the temper-
ature is increased from 0.001t to 0.01t, the disordering
effect of the temperature dominates over superexchange
making the magnetic profile lose its oscillatory nature on
the LMO side [as can be seen by comparing Fig. 6(a)
with Fig. 4(a)]. On the application of a sizeable external
electric field (i.e., Eext = 400 kV/cm), minority carrier
density increases on both LMO and CMO sides. How-
ever, the disordering effect of the enhanced temperature
diminishes the double exchange effect, thereby producing
only a modest increase in the magnetization on both the
LMO and CMO sides [see Fig. 6(b) and Fig. 4(b)].

In manganites the electron-phonon interaction is quite
strong and leads to sizeable cooperative oxygen octahe-
dra distortions. Hence, to get a more realistic picture,
we switch on this interaction and study its effect on the
system. Then, the hopping amplitude t is attenuated by

the factor e−g2

and the electrons are essentially local-
ized. Consequently, the states are more or less classical
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in nature with number density at each site close to 1 (i.e.,
> 0.99 from our calculations) or close to 0 (i.e., < 0.01
from our numerics); the state of the system can be rep-
resented by a single state in the occupation number rep-
resentation. As discussed in Sec. III B, we employ sim-
ulated annealing; we arrive at the charge and magnetic
profiles reported in the subsequent Secs. III C 2–III C 6.

2. Symmetric 12× 8 lattice with g = 2.0 and

Eext = 300 kV/cm
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FIG. 7. (Color online) In a 12 × 8 symmetric lattice, when
electron-phonon interaction strength g = 2.0, (a) when ex-
ternal electric field Eext = 0, layer-averaged profiles of charge
density 〈n(I)〉 and magnetization 〈m(I)〉 (of the t2g spins nor-
malized to unity); (b) when external electric field Eext = 0,
schematic occupation-number representation of ground state
charge configuration in the lattice; (c) when a large external
electric field Eext = 300 kV/cm is applied, modified layer-
averaged charge density 〈n(I)〉 and layer-averaged magneti-
zation 〈m(I)〉 (of the t2g spins normalized to unity) for var-
ious layers in the lattice; and (d) when Eext = 300 kV/cm,
reorganized ground state charge configuration.

We now consider a symmetric 12×8 lattice with 4 lay-
ers of LMO and another 4 layers of CMO as shown in
Fig. 7. We find charge modulation in the z-direction on
both the sides, with neutral layers (free of minority car-
riers) sandwiched between charged layers (with minority

carriers). The layers at the interface have the largest
number of minority carriers with electrons and holes on
alternate sites since contributions from both Hpol and
Hcoul [given by Eqs. (1) and (18)] are minimized for this
arrangement. Layers 1 and 8, being the farthest from the
LMO-CMO interface, are devoid of any minority carriers
and retain the expected bulk charge distribution of LMO
and CMO. We will now explain the charge modulation

+ + -- --

x

1

x

Neutral layers

FIG. 8. (Color online) Charge modulation due to Coulomb
interaction Hcoul in a one-dimensional symmetric LMO-CMO
lattice. The number of neutral layers/sites is x.

as follows. We compute the energy Ecoul electrostati-
cally for the one-dimensional chain in Fig. 8 using Hcoul

in Eq.(18), with lattice constant taken as unity and the
number of the neutral layers/sites as x. Then

Ecoul =
1

x+ 1
−

1

x+ 2
−

1

2x+ 3
− 1−

1

x+ 2
+

1

x+ 1

=
2

x+ 1
−

2

x+ 2
−

1

2x+ 3
− 1. (20)

If we plot Ecoul as a function of x, we find that it drops
rapidly till x = 1 and attains its minimum value gradu-
ally somewhere between x = 6 and x = 7. Similarly, we
expect neutral layers to be present in 2D also and con-
clude that the charge ordering sets in due to electrostatic
Coulomb energy minimization.
In Fig. 7, the interface is fairly polarized since the ar-

rangement of electrons and holes on alternate sites pro-
duces a strong ferromagnetic coupling between the spins
on these sites as Jeh >> Jxy > Jz. Furthermore, again
due to ferromagnetic couplings Jeh and Jxy on the LMO
side, the interfacial MnO2 layer polarizes the neutral
layer 3 adjacent to it. Layer 1 is polarized in the direc-
tion of layer 3 due to antiferromagnetic coupling Jz. On
the CMO side, layer 6 is antiferromagnetic based on the
charge configuration; layer 8, as expected, is also fully
antiferromagnetic. As regards the case of zero electric
field shown in Figs. 7(a) and 7(b), since layer 3 is an-
tiferromagnetically connected to layer 2, layer 2 shows
a small negative magnetization with the magnitude di-
minished due to the presence of a few (i.e., 3) holes in
this layer. On the application of a large electric field
Eext = 300 kV/cm, as displayed in Figs. 7(c) and 7(d),
number of minority carriers increases in both layer 2 and
layer 7. Consequently, the magnetization increases in
these layers. On the application of the external electric
field, there is an overall increase in the magnetization (of
normalized-to-unity t2g spins) by 0.17/site leading to a
giant magnetoelectric effect (as can be seen in Fig. 9)
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FIG. 9. (Color online) Total magnetization as a function of
temperature for various Eext in a 12×8 lattice when electron-
phonon coupling g = 2.0. Figure shows that an enhancement
in magnetization occurs for electric fields Eext & 300 kV/cm;
whereas below this threshold value, total magnetization does
not change from its value at Eext = 0 kV/cm. The mag-
netoelectric effect is reasonably large at temperatures below

0.5te−g2 (∼ 10 K).

A study of the total magnetization with temperature
for various external electric fields (i.e., Eext increased in
steps of 100 kV/cm from 0), as depicted in Fig. 9, reveals
that we need a threshold field ≃ 300 kV/cm to get a fairly
large increase in the total magnetization. Only above
the threshold value, the density of minority charges in-
creases and the resulting charge configuration is modified;
correspondingly, the spin configuration gets altered too.
Above 300 kV/cm, the charge configuration gets frozen
for consecutive higher electric fields up to 600 kV/cm
and no change in the magnetic profile can be expected.
Although it may seem that much higher electric fields
will further change the magnetization, they will actually
produce a breakdown.

3. Symmetric 12× 8 lattice with g = 2.2 and Eext = 0

Here we would like to point out that charge and mag-
netic profiles, when electron-phonon coupling g is strong
and external electric field is zero, are similar to the pro-
files when coupling g is weak and external electric field
is strong. In fact, as can be seen from Fig. 10 and Figs.
7(c) and 7(d), for g = 2.2 and Eext = 0 we get the same
charge profile as when g = 2.0 and Eext = 300 kV/cm;
the corresponding magnetic profiles in the two cases dif-
fer slightly because the ferromagnetic coupling values
Jeh = γ2

ept
2/(g2ω0) are slightly different.

4. Symmetric 12× 6 lattice with g = 2.2 and

Eext = 400 kV/cm

Since the electron-phonon interaction is stronger here
(i.e., g = 2.2) compared to the situation in Sec. III C 2,

1 2 3 4 5 6 7 8
Layer Index (I)

-0.5

0

0.5

1
<m(I)>
<n(I)>

12 X 8 lattice;  g = 2.2;   Eext =  0

(a)
LMO CMO

(b)

FIG. 10. (Color online) Result of enhanced electron-phonon
coupling g = 2.2 and zero electric field, in a symmetric 12× 8
lattice, on (a) layer-averaged charge density 〈n(I)〉 and layer-
averaged magnetization 〈m(I)〉 (of the t2g spins normalized
to unity); and (b) ground state charge configuration.

even without the application of an external electric field,
the concentration of minority carriers is higher (on both
LMO side and CMO side) as can be seen from Figs. 11
and 7. Again, as depicted in Figs. 11(a) and 11(b),
the interfacial MnO2 layers (i.e., layers 3 and 4) have
electrons and holes on alternate sites resulting in full fer-
romagnetism. Here, we have fewer layers compared to
the case in Sec. III C 2; there is no charge modulation in
the z-direction because shifting the holes from layer 2 to
layer 1 increases the number of nearest-neighbor repul-
sions due to electron-phonon interactions. Layers 2 and 5
also have a sizeable density of minority carriers (i.e., 1/3).
Consequently, layer 2 is polarized due to its proximity to
layer 3 and the ferromagnetic couplings Jeh and Jxy; con-
trastingly, the combination of Jeh and the antiferromag-
netic coupling Jz lead to a smaller polarization in layer
5. Layer 1, due to its proximity to layer 2 (with sizeable
concentration of holes) is also partially polarized. On the
application of a large electric field (Eext = 400 kV/cm),
as portrayed in Figs. 11(c) and 11(d), the concentration
of holes further increases in layers 2 and 5 leading to fully
ferromagnetically aligning these layers with layers 3 and
4. Furthermore, layer 1 also gets more polarized. On
the whole, total magnetization (of normalized-to-unity
t2g spins) increases by ∼ 0.17/site thus producing a gi-
ant magnetoelectric effect.
We will now make an important observation pertaining

to the positive charge (Zj) configuration near the inter-
face. As mentioned before for the heterostructure, we
considered the following arrangement with an even num-
ber of MnO2 planes:
Ins./(LaO-MnO2)n/(La1/2Ca1/2O)/(MnO2-CaO)n/Ins.
Here, the Interface is composed of La1/2Ca1/2O and has
0.5 +ve charge per unit La1/2Ca1/2O. In all our cal-
culations we have used Zj = 1 on the LMO side and
Zj = 0 on the CMO side. Now, the values of Zj used
are exact for unit cells that are not adjacent to the in-
terface. However, for the unit cell adjacent to the in-
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FIG. 11. (Color online) In a symmetric 12 × 6 lattice, for
enhanced coupling g = 2.2, (a) at zero electric field, layer-
averaged charge density 〈n(I)〉 and layer-averaged magnetiza-
tion 〈m(I)〉 of t2g spins normalized to unity; (b) at Eext = 0,
ground state configuration; (c) at strong external electric field
Eext = 400 kV/cm, layer-averaged charge density 〈n(I)〉 and
layer-averaged magnetization 〈m(I)〉 of t2g spins normalized
to unity; and (d) at Eext = 400 kV/cm, charge configuration
in the ground state.

terface on the LMO (CMO) side Zj = 1 (Zj = 0)
is an approximation and strictly speaking it should be
Zj = 0.75 (Zj = 0.25) as will be explained below. Each
unit cell on the LMO side, excluding the unit cell at
the interface, comprises of [(LaO)1/2MnO2(LaO)1/2] and
has 1 +ve charge, i.e., Zj = 1; on the other hand,
[(LaO)1/2MnO2(La1/2Ca1/2O)1/2] is the unit cell at the
interface on the LMO side and has 0.75 +ve charge,
i.e., Zj = 0.75. Next, on the CMO side, excluding
the unit cell at the interface, each unit cell comprises
of [(CaO)1/2MnO2(CaO)1/2] and has 0 +ve charge, i.e.,
Zj = 0; contrastingly, [(La1/2Ca1/2O)1/2MnO2(CaO)1/2]
is the unit cell at the interface on the CMO side and has
0.25 +ve charge, i.e., Zj = 0.25. Thus, at the interface
we have the situation Zj = 0.75|Zj = 0.25 instead of
Zj = 1|Zj = 0 as previously assumed60.

We will now demonstrate that, even if intermixing of
La and Ca ions is allowed to obtain Zj = 0.75|Zj = 0.25
at the interface, ground state charge configuration iden-
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FIG. 12. In a symmetric 12 × 6 lattice, for
reduced coupling g = 2.0 and for the heterostructure
Ins./(LaO-MnO2)n/(La1/2Ca1/2O)/(MnO2-CaO)n/Ins. with
Zj = 0.75 (Zj = 0.25) for the layer adjacent to inter-
face on the LMO (CMO) side, (a) at zero electric field,
layer-averaged charge density 〈n(I)〉 and layer-averaged
magnetization 〈m(I)〉 of t2g spins normalized to unity;
(b) at Eext = 0, ground state configuration; (c) at strong
external electric field Eext = 400 kV/cm, layer-averaged
charge density 〈n(I)〉 and layer-averaged magnetization
〈m(I)〉 of t2g spins normalized to unity; and (d) at
Eext = 400 kV/cm, charge configuration in the ground
state.

tical to that of the Zj = 1|Zj = 0 case can be obtained
for a slightly lower strength of electron-phonon inter-
action (i.e., lower nearest-neighbor repulsion) when the
same external electric field is employed; this is because
the electrons are less confined to the LMO side in the
Zj = 0.75|Zj = 0.25 case. Consequently, as shown in
Fig. 12, a slightly smaller magnetoelectric effect is ob-
served. We note that Vs is scaled proportional to the
values of Zj in the two lattice layers at the interface. For
the Zj = 0.75|Zj = 0.25 case, we find that there is an
overall increase in the magnetization (of normalized-to-
unity t2g spins) by 0.16/site (implying a giant magne-
toelectric effect) which is only slightly smaller than the
previous result of 0.17/site for the Zj = 1|Zj = 0 case.
To get the same ground state charge configuration ob-
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tained when g = 2.2 for the Zj = 1|Zj = 0 case, a
lower electron-phonon strength of g = 2 suffices for the
Zj = 0.75|Zj = 0.25 case.

From the magnetization profile in Fig. 12, for the sit-
uations when an external electric field is not applied as
well as when it is applied, one can clearly see that there
is in general a slight increase in the magnetization for
all the layers in the Zj = 0.75|Zj = 0.25 case as com-
pared to the Zj = 1|Zj = 0 case (see Fig. 11). This
is because with the lowering of the coupling g for the
Zj = 0.75|Zj = 0.25 case, the strength of the polariz-

ing part of Hmf
pol

(

i.e.,
γ2
ept

2 cos2
(

θij
2

)

g2ω0

)

increases; hence,

the magnetizing effect of the electron-phonon interaction
also gets enhanced.

Lastly, it should be noted that (as expected) the mag-
netic profiles obtained here in Figs. 11 and 12 are quite
similar to those in Figs. 2 and 3; on the other hand, the
agreement between the charge profiles is not as good.
On comparing the analytic treatment with the numerical
approach, we note that the former makes a continuum
approximation to obtain the charge profile. If the num-
ber of layers is large compared to the lattice constant, the
continuum approximation is valid and the prediction of
the analytic approach will agree with the more accurate
numerical one. On the other hand, for a small system
such as a 12× 8 system, charge modulation is generated
in the numerical approach unlike the analytic case.

5. Asymmetric 12× 8 system of 2 LMO layers and 6 CMO

layers with g = 2.0 and Eext = 300 kV/cm

We have an asymmetry here regarding the number of
layers; the LMO side has two layers whereas the CMO
side has six layers. For zero external electric field, as
shown in Figs. 13(a) and 13(b), the two interfacial MnO2

layers 2 and 3 contain perfectly alternate arrangement of
electrons and holes; hence, the layers are fully polarized.
Layer 1 is also ferromagnetically aligned with layer 2 be-
cause of their proximity. Beyond layer 3, similar to the
G-AFM order in bulk CMO, the CMO side is antiferro-
magnetic, resulting in zero magnetization. Turning on
the sizeable electric field Eext = 300 kV/cm, as depicted
in Figs. 13(c) and 13(d), leads to a few electrons from
layer 1 ending up in a farther layer 7; resultantly, the
magnetic polarons in layer 7 partially polarize it. It is in-
teresting to note that, here too charge modulation occurs
due to the Coulomb term Hcoul as demonstrated through
Eq. (20). There is an overall increase in the magnetiza-
tion (of normalized-to-unity t2g spins) by 0.04/site; thus,
the magnetoelectric effect is not huge.
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FIG. 13. (Color online) In asymmetric heterostructure de-
fined on a 12 × 8 lattice with 2 layers of LMO and 6 lay-
ers of CMO, when coupling g = 2.0, (a) at Eext = 0, layer-
averaged charge density 〈n(I)〉 and layer-averaged magnetiza-
tion 〈m(I)〉 of normalized-to-unity t2g spins; (b) at Eext = 0,
ground state configuration; (c) at Eext = 300 kV/cm, layer-
averaged charge profile 〈n(I)〉 and layer-averaged magnetiza-
tion profile 〈m(I)〉 of normalized-to-unity t2g spins; and (d)
at Eext = 300 kV/cm, ground state configuration.

6. Asymmetric 12× 8 system of 6 LMO layers and 2 CMO

layers with g = 2.0 and Eext = 300 kV/cm

Here, compared to the previous structure in Fig. 13,
we have the opposite asymmetric structure of 6 LMO
layers and 2 CMO layers (see Fig. 14). Due to the
asymmetry connection between these two structures, we
obtain a mirror image of the previous charge configura-
tion for both with and without the external electric field.
The interfacial MnO2 layers 6 and 7, as expected, are
totally ferromagnetic. Furthermore, layer 5 is also fer-
romagnetically aligned with layers 6 and 7 due to the
ferromagnetic couplings Jeh and Jxy. At zero external
field [as shown in Figs. 14(a) and 14(b)], similar to the
bulk situation, we have A-AFM on the LMO side up to
layer 5; layer 8, similar to the bulk CMO, is also anti-
ferromagnetic. The minority carriers, generated due to
the external electric field Eext = 300 kV/cm [as shown in
Figs. 14(c) and 14(d)], produce magnetic polarons which
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FIG. 14. (Color online) In asymmetric 12 × 8 lattice with 6
layers of LMO and 2 layers of CMO, when electron-phonon
interaction g = 2.0, (a) at external electric field Eext =
0, layer-averaged electron density 〈n(I)〉 and layer-averaged
magnetization 〈m(I)〉 of t2g spins normalized to unity; (b)
at Eext = 0, ground state electronic configuration; (c) at
Eext = 300 kV/cm, layer-averaged electron density 〈n(I)〉 and
layer-averaged magnetization 〈m(I)〉 of t2g spins normalized
to unity; and (d) at Eext = 300 kV/cm, ground state.

increase the polarization. There is an overall increase in
the magnetization (of normalized-to-unity t2g spins) by
about 0.1/site implying a large magnetoelectric effect.
From the various symmetric and asymmetric LMO-

CMO configurations considered, we conclude that the
symmetric arrangement yields the largest magnetoelec-
tric effect.
Lastly, for both symmetric and assymetric heterostruc-

tures, the dominant charge interactions (i.e., Coulombic
interaction and CEPI) lead to checkerboard order (i.e.,
alternating electrons and holes) for the two layers at the
interface. At the interface, it is important to note that
an electron in one layer is next to a hole in the next layer.
This scenario is not true in the bulk La1/2Ca1/2MnO3.
In bulk La1/2Ca1/2MnO3, in the z-direction (i.e., direc-
tion perpendicular to the planes with zigzag ferromag-
netic chains that are coupled antiferromagnetically) an
electron in one orbital is above another electron in the
same orbital; this can support the experimentally ob-
served CE-AFM ordering. However, for the charge or-

dering that results at the interface where an electron in
one plane is next to a hole in the next plane, CE-type
spin order is not possible (because ferromagnetic zigzag
chains in one plane cannot lie exactly over ferromagnetic
zigzag chains in the next plane). On taking the domi-
nant charge interactions and the dominant magnetic in-
teractions (i.e., electron and hole on adjacent sites being
ferromagnetically coupled), we get ferromagnetic layers
at the interface.
In Ref. 34, since they ignore CEPI (which produces

large nearest-neighbor repulsion), they do not get a
charge ordering where an electron in one plane at the
interface is next to a hole in the next plane at the inter-
face. Additionally, it should also be noted that, a hole
(in the plane at the interface on the LMO side) prefers
to be next to an electron (in the plane at the interface on
the CMO side) due to attractive Coulombic interaction.

IV. CONCLUSIONS

We used the heuristic notion that, when the two Mott
insulators LMO and CMO are brought together to form
a heterostructure, one may realize the entire phase dia-
gram of La1−xCaxMnO3 across the heterostructure with
the x = 0 phase occurring at the LMO surface at one
end and evolving to the x = 0.5 state at the oxide-oxide
interface and finally to the x = 1 phase at the other
end of CMO. However, owing to the reduced dimensions
(namely, quasi two-dimensions), we expect only A-AFM
and FMI phases on the LMO side. On enhancing the
minority carrier density (on both sides of the interface)
by using a sizeable external electric field, we showed that
the FMI region can be further expanded at the expense
of the A-type AFM region on the LMO side and the
G-AFM domain on the CMO side, thereby producing
a giant magnetoelectric effect. It is important to note
that the system behaves like an anisotropic solid: for a
given average density in a layer, the minority charges by
and large order periodically and as far apart as possible;
the Coulombic interaction and the CEPI dictate how the
charge arrangement of one layer adjusts itself with re-
spect to the configuration in another layer. Furthermore,
the two layers at the interface are ferromagnetically or-
dered as they are at half-filling. When electric fields are
introduced in the system, the minority charge density
away from the interface gets enhanced leading to charge
reordering; consequently, the magnetization away from
the interface changes layer by layer resulting in an in-
crease in the total ferromagnetic moment. This scenario
is key to the understanding of the magnetoelectric effect.
We would like to point out that the model in Sec. III

is not applicable in three dimensions because upper wide
band becomes relevant (see Ref. 42); consequently, states
such as the ferromagnetic metal in LCMO cannot be real-
ized using this model. Furthermore, long-range Coulomb
interactions are not very important to explain the gross
features of the phase diagram in the three-dimensional
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bulk system.

As a guide to designing magnetoelectric devices, we
find that symmetric heterostructures with equal num-
ber of LMO and CMO layers yield larger magnetoelec-
tric effect compared to asymmetric heterostructures with
unequal number of LMO and CMO layers. It should
also be noted that this heterostructure/device can be
used near helium liquefaction temperatures; on the other
hand, the magnetoelectric function disappears before ni-
trogen liquefaction temperature is attained.

We also would like to mention that if a su-
perlattice were formed from the heterostructure
(Ins.)/(LaMnO3)n/Int./(CaMnO3)n/(Ins.), then the
dipoles from each repeating heterostructure unit will
add up to produce a giant electric dipole moment;
furthermore, this superlattice will also realize a giant
magnetoelectric effect. On the other hand, if the insu-
lator layers were not present, the superlattice formed
from the repeating unit (LaMnO3)n/(CaMnO3)m would
not produce a large electric dipole as the charge from
LMO can leak to CMO on both sides leading to a
small net dipole moment. More importantly, the
(LaMnO3)n/(CaMnO3)m superlattice will also not
generate a giant magnetoelectric effect as an applied
electric field will not alter much the total amount of
charge in LMO or CMO; this is because charge leaked
by LMO to CMO on one side is replaced by CMO on
the other side.

Based on the above arguments, it should be clear
that, compared to experiments involving superlattices
where alloy/bulk effect vanishes when the thinner side

of the repeating unit has more than two layers, in
our heterostructure bulk nature should vanish when
the thinner side has more than 1 layer. Thus,
in the superlattice (LaMnO3)2n/(SrMnO3)n studied in
Ref. 22, the metallic behavior (corresponding to bulk
La0.67Sr0.33MnO3) disappears for n > 2 and is replaced
by insulating behavior; whereas, in the heterostructure
(Ins.)/(LaMnO3)2n/Int./(SrMnO3)n/(Ins.) we expect in-
sulating behavior for n > 1. This observation supports
our assumption that, in our q2D LMO-CMO heterostruc-
tures (corresponding to LCMO that has a narrower band
width and a stronger electron-phonon coupling compared
to LSMO), only a single narrow-width polaronic band is
pertinent. Additionally, interfacial roughness (if consid-
ered) will further reduce the band width and suppress
metallicity.
Lastly, it should also be pointed out that, in a realistic

situation, we have electron-electron repulsion (produced
by cooperative electron-phonon interaction) and double-
exchange generated ferromagnetic coupling extending to
next-nearest-neighbor sites61 leading to a larger magnetic
polaron and thus producing a stronger magnetoelectric
effect compared to what our calculations reveal.
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Schneider, T. Kopp, A.-S. Rüetschi, D. Jaccard, M. Gabay,
D. A. Muller, J.-M. Triscone, and J. Mannhart, Science
317, 1196 (2007); A. Brinkman, M. Huijben, M. van Zalk,
J. Huijben, U. Zeitler, J. C. Maan, W. G. van der Wiel, G.
Rijnders, D. H. A. Blank, and H. Hilgenkamp, Nat. Mater.
6, 493 (2007); D. A. Dikin, M. Mehta, C. W. Bark, C. M.
Folkman, C. B. Eom, and V. Chandrasekhar, Phys. Rev.
Lett. 107, 056802 (2011); N. C. Bristowe, Emilio Artacho,
P. B. Littlewood, Phys. Rev. B 80, 045425 (2009).

4 N. C. Bristowe, P. B. Littlewood, Emilio Artacho, J. Phys.:
Condens. Matter 23, 081001 (2011).

5 J. Mannhart and D. G. Schlom, Science 327, 1607 (2010).
6 H. Boschker and J. Mannhart, arXiv:1607.07239v1.

7 H. Takagi and H. Y. Hwang, Science 327, 1601 (2010).
8 G. Hammerl and N. Spaldin, Science 332, 922 (2011).
9 H. Y. Hwang, Y. Iwasa, M. Kawasaki, B. Keimer, N. Na-
gaosa, and Y. Tokura, Nat. Mater. 11, 103 (2012).

10 E. Dagotto, Science 318, 1076 (2007).
11 L. W. Martin and R. Ramesh, Acta Materialia 60, 2449

(2012)
12 For a review see J. P. Velev, S. S. Jaswal and E. Y. Tsym-

bal, Phil. Trans. R. Soc. A 369, 3069 (2011).
13 D. I. Khomskii, J. Magn. Magn. Mater, 306, 1 (2006).
14 D. Khomskii, Phys. 2, 20 (2009).
15 K. F. Wang, J. M. Liu, and Z. F. Ren, Adv. Phys. 58, 321

(2009).
16 M. Fiebig and N. A. Spaldin, Eur. Phys. J. B 71, 293

(2009).
17 P. Yu, Y.-H. Chu, and R. Ramesh, Mater. Today 15, 320

(2012).
18 X. Huang and S. Dong, Mod. Phys. Lett. B 28, 1430010

(2014).
19 J. M. Rondinelli, M. Stengel, and N. A. Spaldin, Nat. Nan-

otechnol. 3, 46 (2008).
20 M. K. Niranjan, J. D. Burton, J. P. Velev, S. S. Jaswal,

and E. Y. Tsymbal, Appl. Phys. Lett. 95, 052501 (2009).



17

21 J. D. Burton and E. Y. Tsymbal, Phys. Rev. B 80, 174406
(2009).

22 A. Bhattacharya, S. J. May, S. G. E. te Velthuis, M. Waru-
sawithana, X. Zhai, Bin Jiang, J.-M. Zuo, M. R. Fitzsim-
mons, S. D. Bader, and J. N. Eckstein, Phys. Rev. Lett.
100, 257203 (2008).
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