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Defects between gapped boundaries provide a possible physical realization of projective non-
abelian braid statistics. A notable example is the projective Majorana/parafermion braid statis-
tics of boundary defects in fractional quantum Hall/topological insulator and superconductor het-
erostructures. In this paper, we develop general theories to analyze the topological properties and
projective braiding of boundary defects of topological phases of matter in two spatial dimensions.
We present commuting Hamiltonians to realize defects between gapped boundaries in any (2 + 1)D
untwisted Dijkgraaf-Witten theory, and use these to describe their topological properties such as
their quantum dimension. By modeling the algebraic structure of boundary defects through multi-
fusion categories, we establish a bulk-edge correspondence between certain boundary defects and
symmetry defects in the bulk. Even though it is not clear how to physically braid the defects,
this correspondence elucidates the projective braid statistics for many classes of boundary defects,
both amongst themselves and with bulk anyons. Specifically, three such classes of importance to
condensed matter physics/topological quantum computation are studied in detail: (1) A boundary
defect version of Majorana and parafermion zero modes, (2) a similar version of genons in bilayer
theories, and (3) boundary defects in D(S3).
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I. INTRODUCTION

A. Motivations

The Ising anyon σ with quantum dimension
√

2 is ar-
guably the most famous non-abelian object. Incarnations
of the Ising anyon include the Majorana zero mode at the
ends of Majorana nanowires, defects between the rough
and smooth gapped boundaries of the toric code, and the
symmetry defect associated with the Z2 electric-magnetic
symmetry of the toric code (see Ref. 23 and references
therein). The Majorana zero mode of nanowires can be
understood either as a defect of fermions associated to
the fermion parity or as defects between different gapped
boundary types (a.k.a. boundary defects) of topological
insulators28. This circle of phenomena around the Majo-
rana zero mode has been generalized to the parafermion
zero mode17,18,40. In this paper, we discover that the
correspondence between some boundary defects and Z2

symmetry defects is a general phenomenon. This bulk-
boundary correspondence explains the projective non-
abelian statistics of parafermion zero modes, and allows
us to define projective statistics of boundary defects be-
tween certain gapped boundaries. We also generalize
the correspondence of genons and boundary defects in
abelian theories to general theories including non-abelian
ones.

Boundary defects such as parafermion zero modes and
genons are pursued as a mechanism to generate non-
abelian objects from abelian materials, whose existence
is more certain. Following Refs. 19 and 20, we pro-
vide local commuting Hamiltonians for realizing defects
between gapped boundaries for the untwisted Dijkgraaf-
Witten theories. We obtain a group-theoretical descrip-
tion of boundary defects and derive simple formulas for
their quantum dimensions.

The physical realizations of parafermion zero modes in
Refs. 17, 18, and 40 are experimentally accessible. Di-
rect analogues of those parafermion zero modes are real-
ized by our models using defects between different gapped
boundaries of the Zp toric code. Different gapped bound-
aries of the Zp toric code are abstractions of the super-
conducting segment and magnetically insulating segment
of the boundary of a fractional topological insulator disk,
where the parafermion zero modes emerge at the inter-
faces of different segments. Projective braid statistics
of these parafermions zero modes are computed in Refs.
17, 18, and 40 and implemented by a measurement only
protocol. The boundary defects in the toric code (p = 2)
is part of the surface code theory, and building a quan-
tum computer based on surface codes is experimentally
pursued9,27.

B. Previous Works

Boundary defects in abelian topological phases have re-
ceived much attention because their physical realization

provides a new way to “engineer” non-abelian objects in
an abelian parent state, and by now, a relatively complete
physical understanding has been achieved. The simplest
non-abelian boundary defect, emerging between gapped
boundaries of the Z2 toric code, was first considered in
Ref. 14 in the context of quantum codes. More recently,
similar non-abelian defects have been proposed to be re-
alized in fractional quantum Hall systems (e.g. FQH-
superconductor heterostructures17,18,40, “genons” in bi-
layer FQH systems2,6). A general discussion of such
boundary defects, based on the classification of gapped
boundaries in abelian phases30,31,37,39,44, can be found in
Refs. 7, 8, and 32.

The Hamiltonian for boundary defects in the
Dijkgraaf-Witten theory based on a finite group G is
a generalization of the gapped boundary Hamiltonians
presented in Refs.10,11,33. In particular, we generalize
the Hamiltonians of Ref.11 to gapped boundaries given
by non-normal subgroups of G, and we generalize Ref.10

by considering gapped boundaries of arbitrary shape on
the lattice.

The topological degeneracy associated with multiple
boundary defects can also be exploited for topological
quantum information processing, for which it is crucial
to be able to implement protected gate operations on the
degeneracy subspace. Although we do not know how to
physically “braid” the defects, the idea of measurement-
only braiding can be adopted to generate analogues of
braiding transformations for boundary defects13,18,40.

The higher category theory necessary for modeling
boundary defects can be found in Ref. 26, and mod-
eling of boundary defects using functors between module
categories is proposed in Ref. 34.

C. Main Results

Our main contributions include a general understand-
ing of how the ground state degeneracy of many bound-
ary defects can support non-abelian braid statistics pro-
jectively, and commuting local projector Hamiltonians
to realize boundary defects between gapped boundaries
in any untwisted Dijkgraaf-Witten theory. In particular,
this explains the projective braid statistics of parafermion
zero modes realized by FQH-superconductor heterostruc-
tures, which are computed in Refs. 17, 18, and 40.

The detailed contents of the paper are as follows. As
a motivational example, in Section II, we present com-
muting projector Hamiltonians that generate boundary
defects in Kitaev’s Zp toric code33 (p ≥ 2 is an arbi-
trary prime). Such boundary defects realize the same
projective braid statistics of the parafermion zero modes
(p > 2) and Majorana zero modes (p = 2). In Section III,
we provide the generalization of these commuting projec-
tor Hamiltonians to generate the defect between any two
gapped boundaries given by subgroups K1,K2 ⊆ G, in
any untwisted Dijkgraaf-Witten theory. We find that the
simple defect types are given by the set



3

{(T,R) : T ∈ K1\G/K2, R ∈ (K1,K2)rTir }. (1)

where (K1,K2)rT = K1 ∩ rTK2r
−1
T for some representa-

tive rT ∈ T . Furthermore, the quantum dimension of the
simple defect is given by:51

FPdim(T,R) =

√
|K1||K2|

|(K1,K2)rT | ·Dim(R). (2)

In Section IV, we model boundary defects using cate-
gory theory. Because the category of defects between two
specific gapped boundary types does not have the proper
tensor product (fusion) structure, we instead consider all
possible boundary excitations and boundary defects of
the topological phase together in the multi-fusion cate-
gory C. In this category, we can compute the topolog-
ical properties of boundary excitations or defects, such
as quantum dimensions and fusion rules. We then use
this model in Section V to extend the bulk-to-boundary
condensation functor19,20,36 to a correspondence between
bulk symmetry defects and boundary defects. We find
that bulk symmetry defects, when dragged to a gapped
boundary, will condense to boundary defects, just as bulk
anyons condense to boundary excitations. In particular,
when a symmetry defect carrying flux g ∈ G is brought to
a gapped boundary line, it causes one side of the bound-
ary line to undergo a g action (Figs. 9a, 9b); this turns
the symmetry defect into a defect between two gapped
boundary types.

This far-reaching and general understanding underpins
the projective braid statistics supported by the topolog-
ical degeneracy of boundary defects, and provides the
theoretical foundation for topological quantum computa-
tion using boundary defects. Specifically, we find in Sec-
tion VI that the projective braiding of boundary defects
between two gapped boundary types is be determined
by the G-crossed braiding of their bulk symmetry defect
counterparts, if the given boundary types are related by
the bulk G symmetry action. This explains the braiding
of boundary defects among themselves, with boundary
excitations, and with bulk anyons.

In Section VII, three important families of examples
in condensed matter physics and topological quantum
computation are studied in detail: (1) A boundary de-
fect version of Majorana and parafermion zero modes,
(2) a similar version of genons in bilayer theories, and
(3) boundary defects in D(S3).

D. Notations

Throughout the paper, all algebras and tensor cate-
gories are over the complex numbers C. All fusion and
modular tensor categories are unitary. Unitary fusion
categories are spherical. The Drinfeld center of a uni-
tary fusion category C is denoted Z(C). In the group-
theoretical case where C = VecG for some finite group G,

FIG. 1. Square lattice for the toric code Hamiltonian. For
the example vertex v (plaquette p), the edges in star(v)
(boundary(p)) are highlighted in red (blue).

we write D(G) = Z(VecG) = Z(Rep(G)) = Rep(D(G)),
where D(G) is the quantum double of G, VecG is the
category of G-graded vector spaces, and Rep(G) is the
representation category of G. In general, if G is any finite
group, we denote the set of irreducible representations of
G by (G)ir.

In this paper, gapped boundaries will always be ori-
ented so that the bulk of the topological phase is on
the left hand side when traversing the boundary; this
allows us to consider gapped boundaries as indecompos-
able left module categories. In general, the defects be-
tween gapped boundaries will be marked with an X in
figures, and bulk symmetry defects will be marked with
a Y in figures.
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II. MAJORANA AND PARAFERMION ZERO
MODES AS BOUNDARY DEFECTS

In this section, we present a Hamiltonian which gener-
ates boundary defects in Kitaev’s Zp toric code33, where
p ≥ 2 is an arbitrary prime. Such boundary defects are
one incarnation of the parafermion zero modes, and in
the special case where p = 2, they become Majorana
zero modes.

Let H be a p-dimensional Hilbert space with orthonor-
mal basis |0〉, |1〉, ... |p − 1〉. Given a square lattice as
in Fig. 1, on each edge of the lattice, we place a qudit
taking values in H. Define the generalized Pauli matrices
Xp and Zp such that
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FIG. 2. Definition of the Hamiltonian for parafermion zero
modes. Note the hole h1 includes all direct and dual ver-
tices on its border (the red/blue boldfaced lines on the lat-
tice) but NOT the edges on the border. The red lines are
rough boundaries, and the blue lines are smooth boundaries.
Parafermion zero modes are created at the four corners of h1
(purple crosses).

Xp|i〉 = |i+ 1〉 Zp|i〉 = ωp|i〉 (3)

where addition is done modulo p and ω = e2πi/p is the
pth root of unity. Because G = Zp is cyclic, Kitaev’s
Hamiltonian33 for the bulk of the Zp toric code is (up to
a constant):

Hbulk = −
∑
v

p−1∑
i=0

∏
j∈star(v)

Xi
p(j)−

∑
p

p−1∑
i=0

∏
j∈bd(p)

Zip(j).

(4)
In the above equation, we sum over all vertices v and all
plaquettes p in the lattice. Fig. 1 shows one example of
star(v) and bd(p). The operators Xp(j) and Zp(j) are
extensions of Xp and Zp, which act on the qudits at the
edge j, by tensoring the identities on the other qudits.

The hole Hamiltonian defined in Refs. 19 and 20 will
allow us to generate gapped boundaries and boundary
defects. In general, a gapped boundary type in a quan-
tum double model D(G) is determined by a subgroup
K ⊆ G up to conjugation and a 2-cocycle of K. Since
p is a prime, the group Zp has exactly two subgroups,
namely the trivial subgroup and Zp itself, and the coho-
mology class is trivial in both cases. In this section, we
consider K = Zp; the other case is almost identical.

With this setup, the Hamiltonian for the hole as dis-
cussed in Refs. 19 and 20 is:

Hhole = −
∑
v

p−1∑
i=0

∏
j∈star(v)

Xi
p(j)−

∑
edges e

p−1∑
i=0

Xi
p(e). (5)

Finally, boundary defects are created through the fol-
lowing commuting Hamiltonian:

FIG. 3. Ground state degeneracy of the parafermion Hamil-
tonian. The ground state of Hparafermion is p-fold degenerate,
with a basis given by {|0〉, |1〉, ...|p − 1〉}, where |0〉 is the
ground state of the bulk Hamiltonian Hbulk, and |i〉 is ob-
tained from |0〉 by applying the operator Xi

p to all qudits
along the dark red line.

Hparafermion = Hbulk(B) +Hhole(h1) (6)

Here, the regions B and h1 are as defined in Fig. 2.
The hole h1 includes all vertices and plaquettes on its bor-
der (the red/blue boldfaced lines on the lattice) but NOT
the edges on the border. The red lines are rough bound-
aries, and the blue lines are smooth boundaries. The
Hamiltonian creates boundary defects (the parafermion
zero modes) at the four corners of h1 indicated by pur-
ple crosses in the figure. The fact that these defects are
parafermion zero modes is verified by the ground state
degeneracy: the ground state with four defects is degen-
erate with a basis {|0〉, |1〉, ...|p − 1〉}, where |0〉 is the
ground state of the bulk Hamiltonian Hbulk, and |i〉 is
the state |0〉 with the operator Xi

p applied to all qudits
along the dark red line in Fig. 3. This p-fold degeneracy
is consistent with the fusion rules of the parafermion zero
modes. In Section VII A, we also compute the projective
braiding statistics of these defects to further illustrate
that they correspond to parafermion zero modes.

Remark II.1. If we had used the special case p = 2
throughout this section, the bulk theory would be Ki-
taev’s Z2 toric code, and all the sums over i are unnec-
essary in Eqs. (4) and (5) and can be removed.

III. HAMILTONIAN REALIZATION OF
BOUNDARY DEFECTS

In the previous section, we presented a Hamiltonian to
realize boundary defects in the Zp toric code, which corre-
sponded to Majorana/parafermion zero modes. We now
consider the more general case: starting from any un-
twisted Dijkgraaf-Witten theory based on a finite group
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G, we write down a commuting projector Hamiltonian
for boundary defects. In particular, our Hamiltonian can
realize the defect between any two gapped boundaries
given by subgroups K1,K2 ⊆ G.

A. Hamiltonians for the bulk and gapped
boundaries

In writing down our commuting projector Hamiltonian
for defects, we will combine various projector terms from
Kitaev’s original quantum double models33 and some ex-
tensions of these as developed in Ref. 11 to enhance the
gapped boundary Hamiltonian of Refs. 19 and 20. Let
us briefly review these projectors and Hamiltonians that
will be essential for the rest of the section (for more de-
tails, see Sections 2.1-2.3 in Refs. 19 and 20)

As in the previous section, let us start with a square
lattice as shown in Fig. 151. Since we now start with an
arbitrary finite group G which may be non-abelian, we
note that the edges must be oriented; for convenience, we
orient them all down and to the right.

As before, a qudit is placed on each edge of the lat-
tice, whose Hilbert space is spanned by {|g〉 : g ∈ G},
so the total Hilbert space for the quantum system is
L = ⊗eC[G]. Instead of the generalized Paulis Xp, Zp,
we must now use new projector terms which correspond
to a multiplication/comultiplication in the group algebra
C[G]:

Lg0+ |g〉 = |g0g〉 Lg0− |g〉 = |gg−10 〉 (7)

Th0
+ |h〉 = δh0,h|h〉 Th0

− |h〉 = δh−1
0 ,h|h〉 (8)

where δi,j is the Kronecker delta function. These projec-
tor terms are defined for all elements g0, h0 ∈ G. Using
these projections, local gauge transformations and mag-
netic charge operators are defined as follows, on each ver-
tex v and plaquette p33:

Ag(v, p) = Ag(v) =
∏

j∈star(v)

Lg(j, v) (9)

Bh(v, p) =
∑

h1···hk=h

k∏
m=1

Thm(jm, p) (10)

Here, j1, ..., jk are the boundary edges of the plaquette
p in counterclockwise order, starting from the vertex v
(see Fig. 1), and Lg and Th are defined as follows: if
v is the origin of the directed edge j, Lg(j, v) = Lg−(j),
otherwise Lg(j, v) = Lg+(j); if p is on the left (right) of the

directed edge j, Th(j, p) = Th−(j) (Th+(j))33. Two linear

combinations of Ag and Bh are used to define Kitaev’s
Hamiltonian for the bulk of the Dijkgraaf-Witten theory:

A(v) =
1

|G|
∑
g∈G

Ag(v, p) B(p) = B1(v, p). (11)

The Hamiltonian for the Kitaev model is then defined as

HG = −
∑
v

A(v)−
∑
p

B(p). (12)

It is well known that all terms in the Hamiltonian HG

commute with each other, so that the spectrum of HG is
always gapped, giving a “topological” encoding of infor-
mation in the ground state manifold.

On a surface with trivial topology like the sphere or an
infinite plane, the ground state of HG is non-degenerate.
In Refs. 19 and 20, to introduce degeneracy into the
ground state, we extended this Hamiltonian to surfaces
with boundary, while still only using local commuting
projector terms. In general, such a gapped boundary in
the Dijkgraaf-Witten theory based on G is given by a
subgroup K ⊆ G up to conjugation and a 2-cocycle φ ∈
H2(K,C×). We considered the cases where φ = 1, but
a generalization is straightforward. In these cases, the
Hamiltonian was defined with some new projector terms
(first introduced in Ref. 11 for the special case of K
normal in G).

LK(e) :=
1

|K|
∑
k∈K

(Lk+(e) + Lk−(e)), (13)

TK(e) :=
∑
k∈K

T k+(e) (14)

The operators Lk+,− and T k+ are defined in Eqs. (7) and
(8). The choice of using only T+ in the definition of
TK is arbitrary, as using only T− would yield the same
operator.

A commuting Hamiltonian for the hole of a gapped
boundary was then defined as:

HK
G = −

∑
e

(TK(e) + LK(e)) (15)

In the above Hamiltonian, the sum runs over all edges
within (but not along) the boundary. Using this, a
commuting Hamiltonian was defined to realize n gapped
boundaries given by subgroups K1, ...Kn (see Fig. 4 for
example):

HG.B. = HG(B) +

n∑
i=1

HKi

G (hi). (16)

Here, HKi

G (hi) indicates that the Hamiltonian HKi

G is act-
ing on all edges, vertices, and plaquettes of the hole hi,
and similarly for HG(B). Note the vertices along the
borders of hi are part of the holes, while the edges are
not (black lines vs. blue or red dots in Fig. 4).
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FIG. 4. Example: defining HG.B. in the case of two holes on
an infinite lattice. Note the vertices on the boldfaced lines
are part of the holes, while the edges are not (black lines vs.
blue or red dots).

FIG. 5. Definition of the Hamiltonian HG.B., in cases where
some (e.g. h2) or all (e.g. h1) of the hole’s sides lie on the
dual lattice. The vertices and dual vertices on the boldfaced
lines are part of the holes, while the edges are not. For h2,
four boundary defects are created, one at each corner.

B. The commuting projector Hamiltonian for
boundary defects

In general, there are multiple ways to create de-
fects between different boundary types. The first and
simplest way is a direct generalization of the Majo-
rana/parafermion zero mode Hamiltonian of Section II:

In the previous section, we showed how to create
gapped boundaries, where the sides of the correspond-
ing holes hi lie on the lattice. More generally, any lat-
tice in the plane has a dual lattice formed by switching
vertices/plaquettes (e.g. dotted lines in Fig. 5). As dis-
cussed in Refs. 19 and 20, we can create also holes where
some or all of the sides lie on the dual lattice, such as h1
and h2, respectively, in Fig. 5. For both cases, we say
that the Hamiltonian HKi

G acts on vertices, plaquettes,
and edges within the shaded square, and on the vertices
and plaquettes of the boldfaced boundary of the square.
As before, however, HKi

G does not act on the edges of the
boldfaced square boundary. In general, the properties of
holes completely on the dual lattice such as h1 are almost
the same as those of holes on the direct lattice; the only
difference is up to an electric-magnetic symmetry in the

FIG. 6. Definition of the Hamiltonian Hdft. The line L con-
sists of all vertices and edges along the purple line which di-
vides the blue and red regions. The region r1 consists of all
vertices, plaquettes, and edges within the blue shaded rect-
angle, and all blue vertices on the border of the hole. r2 is
defined similarly. As before, the bulk B denotes all other ver-
tices, edges, and plaquettes (i.e. the black and white region).
Note that edges on the border of the hole are considered as
part of the bulk B. The resulting defects live on the orange
cilia.

model. However, holes such as h2 that are partially on
the dual lattice are of more interest. In this case, the
hole is essentially associated with two different boundary
types (e.g. two different subgroups K1,K2 ⊆ G), related
to each other by this symmetry; the Hamiltonian HG.B.

then creates defects between these two boundary types
at each corner of the hole where a lattice boundary line
meets a dual lattice boundary line. For the special case of
G = Zp, the two subgroups were K1 = {0} and K2 = Zp,
and the corresponding defect was the parafermion zero
mode.

However, the above procedure only allows us to cre-
ate very special kinds of defects: the two boundary types
involved must be the direct/dual lattice boundary types
corresponding to a common subgroup K ⊆ G. More gen-
erally, we would like to create defects between arbitrary
boundary types given by subgroups K1,K2 ⊆ G. This
can be done by defining a new commuting Hamiltonian
Hdft.

To define this new Hamiltonian, let us first consider a
picture such as Fig. 6. Suppose we would like to create
two defects, one at each endpoint of the line L. Specifi-
cally, we would like the boundary type to the left of L (i.e.
the blue portion) to be the one given by subgroup K1,
and the boundary type to the right of L (red portion) to
be given by K2. In Section III A, we defined the Hamilto-
nianHK

G for each subgroupK ⊆ G, and demonstrate how
to combine this with the original Kitaev Hamiltonian to
produce the gapped boundary Hamiltonian HG.B. for the
lattice with arbitrary holes/boundary types. Following
that model, we will now combine several Hamiltonians
HK
G and the original HG to form Hdft:

Hdft = HG(B)+HK1

G (r1)+HK2

G (r2)+HK1∩K2

G (L). (17)



7

FIG. 7. More general definition of the Hamiltonian
Hdft. There are n non-intersecting piecewise-linear borders
L1, ...Ln, which separate the hole into n+1 regions r1, ...rn+1.
Each Li is formed from a chain of edges on the lattice or its
dual. A total of 2n defects are created, one at each endpoint
of each border Li. Each border Li consists of all vertices and
edges that the corresponding purple line(s) cross, and includes
the vertex on the boundary of the hole (purple dots). Each
region rj consists of all vertices, plaquettes, and edges within
the corresponding blue shaded region, including the vertices
along the border of the hole (blue dots), but not along the
purple lines. The bulk B will denote all other vertices, edges,
and plaquettes (i.e. the black and white region). Again, we
would like to note that edges on the border of the hole are
considered as part of the bulk B.

Here, the region r1 consists of all vertices, plaquettes,
and edges within the blue shaded rectangle, and all blue
vertices on the border of the hole. r2 is defined similarly.
The line L consists of all vertices and edges along the
purple line that divides r1 from r2. As before, the bulk B
will denote all other vertices, edges, and plaquettes (i.e.
the black and white region). Again, we would like to note
that edges on the border are considered as part of the
bulk B. It is simple to check that the above Hamiltonian
is also a commuting Hamiltonian.

With this construction, we say that the boundary de-
fects live on the two cilia highlighted in orange in Fig.
647, where a cilium (pl. cilia) is defined as a pair (v, p)
of a vertex and a plaquette to which it belongs.

More generally, we may create as many defects as we
like on the boundary of a hole, and the border lines
between different boundary types need not be straight.
This is illustrated in Fig. 7. In this case, for each
i = 1, 2, ...n, let us define a(i), b(i) ∈ {1, 2, ...n + 1} to
be the numbers such that the regions on the two sides of
Li are ra(i) and rb(i) (it does not matter which is which).
Suppose each region rj is given by the subgroup Kj ⊆ G.
The general Hamiltonian Hdft is then defined as follows:

Hdft = HG(B) +

n+1∑
j=1

H
Kj

G (rj) +

n∑
i=1

H
Ka(i)∩Kb(i)

G (Li).

(18)

Here, the Hamiltonian H
Ka(i)∩Kb(i)

G is applied to all ver-
tices, plaquettes, and edges that the corresponding pur-

ple line(s) of Li cross, including the vertex or plaquette on
the boundary of the hole if applicable (purple dots in Fig.

7). The Hamiltonian H
Kj

G is applied to all vertices, pla-
quettes, and edges within the corresponding blue shaded
region, including the vertices and plaquettes along the
border of the hole (blue dots in Fig. 7), but not those
along the purple lines. The bulk Hamiltonian is applied
to all other vertices, edges, and plaquettes (i.e. the black
and white region). Again, we would like to note that
edges on the border of the hole are considered as part of
the bulk B.

The generalization to the case with many holes is
straightforward.

Remark III.1. Note that the above Hamiltonian cre-
ates boundary defects in pairs (corresponding to the two
endpoints of each purple line of Fig. 7). In general, de-
fects are quite similar to anyons, in the sense that they
live on cilia (as opposed to gapped boundaries/holes).
Hence, it seems impossible to create a single boundary
defect, unlike gapped boundaries.

C. Topological properties of boundary defects

We will now examine some topological properties of the
defects between different boundary types. Let us consider
again the simple case of two defects (the generalizations
are obvious). As before, the two regions r1, r2 are given
by subgroups K1,K2 ⊆ G, respectively.

In Refs. 19 and 20, we defined ribbon operators for
the bulk and boundary Hamiltonians and used them to
analyze topological properties of bulk and boundary exci-
tations. In principle, one may do the same with the new
Hamiltonians Hdft. The main purpose of this is to clas-
sify elementary excitations or simple defect types, which
are defined as follows: Typically, a Hamiltonian like HG

or HG.B. has a large space of possible excitations (sim-
ilarly, Hdft has a large space of possible defect types).
An elementary excitation type (or simple defect type) is
then one that cannot be changed under the action of local
operators, and can only be changed by applying global
ribbon operators. More details on this may be found in
Sec. 2.2 of Ref. 19.

For the case of HG.B., we performed a Fourier trans-
form on the boundary ribbon operator algebra to show
that the topological labels of the elementary excitations
on a subgroup K boundary are given by pairs (T,R),
where T ∈ K\G/K is a double coset, and R is an irre-
ducible representation of the stabilizer KrT = rTKr

−1
T

for some representative rT ∈ T . Similarly, in principle,
one may perform a Fourier transform on the boundary
defect ribbon operator algebra to obtain the correspond-
ing simple defect types. The simple defect types are given
by the set

{(T,R) : T ∈ K1\G/K2, R ∈ (K1,K2)rTir }. (19)
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As before, rT ∈ T is a representative of the double coset.
Here, we define the subgroup (K1,K2)rT = K1∩rTK2r

−1
T

to be the generalized stabilizer group. Furthermore, the
quantum dimension of the simple defect is given by:

FPdim(T,R) =

√
|K1||K2|

|K1 ∩ rTK2r
−1
T |
·Dim(R). (20)

A proof of this formula can be found in Ref. 45. Note
that in the case where K1 = K2 = K, the simple defect
types are the same as the elementary excitations on the
boundary.

Remark III.2. In this analysis, we only considered de-
fect types created using our Hamiltonian Hdft for holes
whose borders lie on the lattice. In the case of a corner
defect (e.g. h2 in Fig. 5), one should first determine the
subgroups that would give the corresponding boundary
types if all boundary lines were on the lattice and then
apply these formulas.

IV. ALGEBRAIC THEORY OF BOUNDARY
DEFECTS

In this section, we present an algebraic model for
the defects between different gapped boundary types.
Throughout the section, we will assume the reader is
familiar with the concepts of fusion categories, modu-
lar tensor categories, and indecomposable module cate-
gories. We refer the reader to Refs. 26 and 1 for these
basic concepts.

A. Gapped boundaries

Kitaev’s quantum double model based on a finite group
G provides a commuting Hamiltonian to realize a topo-
logical phase of matter with topological order given by
the modular tensor category B = D(G) = Rep(D(G)) =
Z(VecG) = Z(Rep(G))33. Alternatively, the Levin-Wen
Hamiltonian38 based on an input unitary fusion category
C gives rise to the topological order B = Z(C).

In Ref. 34, starting from the Levin-Wen model with in-
put fusion category C, a method is presented to construct
a gapped boundary for each indecomposable module cat-
egory M of C. The converse, that every gapped boundary
of the Levin-Wen model arises from an indecomposable
module, is also conjectured there. For a gapped bound-
ary given by the indecomposable module M, the excita-
tions of the boundary are given by objects in the functor
category FunC(M,M), and the elementary excitations are
the simple objects in this functor category. In this pa-
per, we categorically describe the defects between two
different gapped boundary types given by indecompos-
able modules Mi and Mj .

As discussed in Sec. III, we must define an orientation
for each gapped boundary, and without loss of generality,
we define the orientation so that the bulk is always on
the left hand side when we traverse the boundary. This
makes it so that the gapped boundary will always be
given by an indecomposable left module category of C.

B. Boundary defects and the multi-fusion category

It is proposed in Ref. 34 that in the Levin-Wen model
based on input fusion category C, the defect types be-
tween two gapped boundaries given by indecomposable
modules Mi and Mj are given by objects in the functor
category Cij = FunC(Mi,Mj).

The simple boundary defect types in a Kitaev model
based on group G between two boundaries given by sub-
groups K1,K2 ⊆ G are given by pairs (T,R), where
T ∈ K1\G/K2 is a double coset, and R is an irreducible
representation of the stabilizer subgroup (K1,K2)rT =
K1 ∩ rTK2r

−1
T . By Ref. 43, if C = Rep(G), B = Z(C),

and M1, M2 are indecomposable modules of C corre-
sponding by subgroups K1 and K2, respectively (with
trivial cocycles), the simple objects of the bimodule cat-
egory C12 = FunC(M1,M2) are given by pairs (T,R),
where T ∈ K1\G/K2 is a double coset, and R is an ir-
reducible representation of the subgroup (K1,K2)rT =
K1 ∩ rTK2r

−1
T . Because of this, we see that the bound-

ary defects between these two boundary types are exactly
given by the objects of the functor category C12 in the
Dijkgraaf-Witten theory.

In general, the category Cij is not a fusion category, as
there is no canonical way to define a tensor product and
dual within itself. However, if we consider all such func-
tor categories over the input fusion category C, we get
a n × n multi-fusion category C, where n is the number
of inequivalent indecomposable modules. Such a unitary
multi-fusion category has well-defined quantum dimen-
sions for all simple objects; in the Dijkgraaf-Witten case,
they are given by formulas of Section III.

C. Topological degeneracy

As in the case of bulk anyons, topological degeneracy
can also arise from the fusion of boundary defects. The
most interesting case is when we have n defects X12 ∈
C12, X23 ∈ C23, ... Xn1 ∈ Cn1, and we would like to fuse
them so that no boundary defect or excitation remains,
and the resulting boundary is in the ground state of one
of the boundaries (say the M1 boundary). The setup is
illustrated in Fig. 8. Then, the topological degeneracy is
given by the hom-space

Hom(1M1
, X12 ⊗X23 ⊗ ...⊗Xn1) (21)

where 1M1 is the tensor unit in the fusion category C11

(i.e. the trivial boundary excitation). This topological
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FIG. 8. Ground state degeneracy of n boundary defects on a
hole with n boundary types given by indecomposable modules
M1, ... Mn.

degeneracy may be used as a quantum memory or qudit
encoding for the purposes of topological quantum com-
putation (e.g. Ref. 15).

D. Fusion of boundary defects

Let us suppose we have two boundary defects: X12

between indecomposable modules M1 and M2, and X23

between M2 and M3 (e.g. Fig. 8). As discussed in
the previous sections, X12 ∈ C12 = FunC(M1,M2), and
X23 ∈ C23 = FunC(M2,M3). Then, the fusion rules in
the multi-fusion category C = {Cij} tell us that fusing
X12 and X23 gives the new defect

X13 = X12 ◦X23 ∈ C13 = FunC(M1,M3) (22)

which is the composition of the original two defects.
In general, of course, the result may not be a sim-
ple object in C13, and we may see the decomposition
X13 = ⊕x13∈C13

nx13
x13, where the coefficients nx13

would
be given by the fusion rules of C.

V. SYMMETRY DEFECTS AND THE
BULK-EDGE CORRESPONDENCE

With this algebraic theory of boundary defects, we
now present a bulk-edge correspondence between sym-
metry defects in the bulk3 and defects between gapped
boundaries, namely crossed condensation. This gener-
alizes the notion of bulk-to-boundary condensation as a
tensor functor19,20,36, and the nomenclature follows the
definition of G-crossed braiding of symmetry defects in
Ref. 3.

A. Gapped boundaries as Lagrangian algebras

In Section IV A, we stated that gapped boundary types
in the topological order B = Z(C) can be given by inde-
composable modules M of C. In examining bulk-edge

correspondences, it is useful to take an alternative and
equivalent view of gapped boundaries as Lagrangian al-
gebras A in B, which are defined as follows:

Definition V.1. A object A with a multiplication m :
A⊗A→ A in a modular tensor category B is a conden-
sible algebra if:

1. A is commutative, i.e. A ⊗ A
cAA−−−→ A ⊗ A

m−→ A

equals A ⊗ A
m−→ A, where cAA is the braiding in

the modular category B.

2. A is separable, i.e. the multiplication morphism m
admits a splitting µ : A → A ⊗ A a morphism of
(A,A)-bimodules.

3. A is connected, i.e. HomB(1B,A) = C, where 1B

is the tensor unit of B.

A condensible algebra is Lagrangian if it is also a maximal
such algebra, i.e.: if

4. The Frobenius-Perron dimension of A is the square
root of the dimension of the modular tensor cate-
gory B,

FPdim(A)2 = Dim(B). (23)

In the mathematical literature, condensible algebras are
often known as special symmetric Frobenius algebras.

By Proposition 4.8 of Ref. 24, there exists a one-to-
one correspondence between the indecomposable mod-
ules of C and the Lagrangian algebras of B, so it follows
that gapped boundaries may equivalently be determined
by Lagrangian algebras. Physically, because only bulk
bosonic anyons in B may appear in the decomposition
A = ⊕anaa of A into simple objects, the gapped bound-
ary may be viewed as a collection of these bulk bosonic
anyons which can condense to vacuum on the boundary
19 and 20.

B. Condensation as a tensor functor

In Refs. 19 and 20, we used a tensor functor, namely
a quotient procedure, to describe the bulk-to-boundary
condensation of anyons to boundary excitations and give
the bulk-edge correspondence between these two types
of excitations. Before we generalize that discussion to
boundary defects, let us review the definition of this quo-
tient functor41:

Definition V.2. Let S be a tensor category, and let A

be any object in S. The pre-quotient category Q̃ = S/A
is the category such that:

1. The objects of Q̃ are the same as the objects of B.

2. The morphisms of Q̃ are given by

HomS/A(X,Y ) = HomS(X,A⊗ Y ). (24)
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We would like to describe the result of condensing bulk
anyons in B to the gapped boundary A using the cate-
gory B/A. However, one minor problem with this pre-

quotient category is that the resulting category Q̃ may
not be semisimple. The following definition/proposition
of Ref. 42 is hence needed to fully describe the conden-
sation products:

Definition V.3. Let S be a tensor category and let A be

an object in S. Let Q̃ = S/A be the pre-quotient category
formed via Definition V.2. Let us form the canonical
idempotent completion Q of Q̃ as follows:

1. The objects of Q are given by pairs (X, p), where

X ∈ Obj Q̃ and p = p2 ∈ End
Q̃

(X).

2. The morphisms of Q are given by

HomQ((X, p), (Y, q)) = {f ∈ Hom
Q̃

(X,Y ) :

f ◦ p = q ◦ f}. (25)

Then, by Proposition 2.15 of Ref. 42, the new category
Q is semisimple and the desired quotient.

In Refs. 19 and 20, condensation to a gapped bound-
ary given by the Lagrangian algebra A is mathematically
described as the procedure

F : Z(C) = B
quotient−−−−−→ B/A = Q̃

I.C.−−→ Q. (26)

(Here, I.C. is the idempotent completion). The proof
that the quotient category Q is indeed the excitation cat-
egory FunC(M,M) (where M is the indecomposable mod-
ule corresponding to A) is given in Ref. 24. Furthermore,
the right adjoint I of this procedure, which is given by the
composition of the adjoint of the idempotent completion

and the adjoint Ĩ of the quotient functor, is exactly the
inverse condensation procedure where a boundary exci-
tation leaves the boundary and enters the bulk.

C. Symmetry defects in the bulk

Symmetry defects in the bulk of topological phases
were studied extensively in Ref. 3; we briefly review the
material that is relevant to our discussion here.

Starting from a braided tensor category B, a braided
tensor auto-equivalence φ : B → B is an invert-
ible monoidal functor that permutes the simple objects
φ(a) = a′ while preserving all topological properties
(e.g. quantum dimension and twist). A global symmetry
group G48 of B is then a group with an equivalence class
of homomorphisms [ρ] : G → Autbr⊗ (B) from G to the
group of braided tensor auto-equivalences of B, where the
equivalence relation is under natural transformations of
B. Given a braided tensor category B, the Picard group
Pic(B) is the group of invertible (bi-)module49 categories
over B. By Ref. 25, there is an isomorphism

Autbr⊗ (B) ∼= Pic(B). (27)

Given a global symmetry G of B = Z(C), if all obstruc-
tions vanish, one can introduce symmetry defects into the
bulk anyon theory3. This enriches the topological phase
so that it is now described by a G-graded fusion category
BG = ⊕g∈GBg, where B0 = B is the original modu-
lar tensor category, whose simple objects are the original
bulk anyons. By the isomorphism (27), each Bg is an
invertible bi-module category in Pic(B) corresponding to

the braided tensor auto-equivalence ρg ∈ Autbr⊗ (B), and
simple objects (g-defects) in Bg are the symmetry defects
which carry a “flux” g. The fusion and associativity of
these defects respect the multiplication of G, so that a
g-defect and h-defect fuse to a gh-defect; specifically, the
G-graded fusion3 of two defects is given by the tensoring
of bi-modules over B. Finally, the (right-handed) braid-
ing of defects in BG is a G-crossed3 braiding50:

(28)

In the above equation, following the notation of Ref. 3,
ag indicates that a ∈ Bg, g = g−1, gh = ghg−1, and
gbh = ρg(bh). The R symbols R

agbh
cgh in the G-graded

category are the maps for the counter-clockwise exchange
of topological charges bh and ahg from the fusion channel

bh ⊗ ahg → cgh to the fusion channel ag ⊗ bh → cgh. In

particular, note that the braiding results in a h-action
on ahg, which potentially changes its topological label.

A similar definition exists for the left-handed braiding.

D. Crossed condensation

We now describe the bulk-edge correspondence be-
tween certain types of boundary defects and symmetry
defects in the bulk.

Let Mi, Mj be indecomposable module categories of
the input fusion category C (assume i 6= j). Suppose Mi

and Mj are such that Cii = FunC(Mi,Mi) and Cjj =
FunC(Mj ,Mj) are equivalent as fusion categories. The
category Cij = FunC(Mi,Mj) is an invertible Cii−Cjj bi-
module, and we assume that Cij is a nontrivial element in
the Brauer-Picard group BrPic(Cii) of invertible Cii−Cii
bi-modules. Theorem 2.4 of Ref. 16 tells us that C and
Cii are Morita equivalent. By Ref. 25, we then have the
isomorphisms
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(a) (b)

FIG. 9. Crossed condensation. (A) A symmetry defect Y−
and its dual Y+ in the bulk. (B) After the crossed condensa-
tion, the bulk symmetry defect turns in to a boundary defect.
Furthermore, the condensation procedure modifies one side
of the gapped boundary Ai by the Z2 action to produce the
gapped boundary Aj .

BrPic(Cii) ∼= Autbr⊗ (Z(Cii)) = Autbr⊗ (Z(C)). (29)

It follows that the equivalence of Cii and Cjj induces a
Z2 symmetry in the bulk theory Z(Cii) = Z(C).

As discussed in the previous section, if all obstructions
vanish, we can construct a Z2-graded fusion category
BZ2

= B0 ⊕ B1 where B0 = B = Z(C) is the original
category and B1 is the nontrivial (i.e. not B) bi-module
category in Pic(B). Using the definition of the quotient
category discussed in Section V B, we can study what
happens to a bulk symmetry defect when it is dragged to
the gapped boundary given by indecomposable module
Mi. Specifically, let Ai be the corresponding Lagrangian
algebra. Taking S = BZ2

in Definitions V.2 and V.3, we
adopt the procedure of Eq. (26) and perform a quotient
by Ai followed by the idempotent completion to obtain
the semi-simple category Q(Z2,Ai) which describes the
condensed objects.

By Eq. (24), since Ai is an object in the trivial flux
sector, only objects in the same flux sector of BZ2 can
be identified with each other in this process; hence, we
may write Q(Z2,Ai) = Q0(Ai)⊕Q1(Ai) for the results of
condensing the two sectors. Furthermore, since the ob-
jects in Q0(Ai) are simply the results of condensing the
objects in B0 (i.e. the bulk anyons), Q0(Ai) is the cat-
egory of boundary excitations on the gapped boundary
Ai, i.e. Q0(Ai) = Cii. Similarly, the bulk symmetry de-
fects arising from the Z2 symmetry Cii ∼= Cjj condense to
the boundary as boundary defects in Q1(Ai) ⊂ Cij . We
conjecture Q1(Ai) = Cij .

The generalization of Eq. (26) to the crossed conden-
sation procedure is hence

F : BZ2

quotient−−−−−→ BZ2
/Ai = Q̃(Z2,Ai)

I.C.−−→ Q(Z2,Ai) = Cii ⊕ Cij .
(30)

Similarly, the right adjoint I of F describes the result
of pulling a boundary excitation in Cii or a boundary
defect in Cij to the bulk: it becomes a bulk anyon in B0

or a bulk symmetry defect in B1, respectively (see Fig.
5.1).

We have now described how bulk anyons correspond
to boundary excitations, and how bulk symmetry defects

correspond to boundary defects. This leads to one in-
teresting puzzle: how can a bulk symmetry defect con-
dense to a boundary defect Xij ∈ Cij , when Xij must
be located at a defect site between two different gapped
boundary types Ai and Aj , and we only have one gapped
boundary type Ai in the picture (e.g. Fig. 9a)? This can
be explained perfectly by viewing the Z2-crossed braid-
ing of symmetry defects (see Eq. (28)) in the context of
gapped boundaries.

In Section V A, we mentioned that viewing the gapped
boundary as a Lagrangian algebra Ai = ⊕anaa describes
the bulk bosonic anyons that can condense to vacuum
on the boundary. As discussed in Section V C, when
a bulk anyon a is exchanged counter-clockwise with a
symmetry defect in the flux sector Bg, a undergoes a
g-action (potentially changing to a different topological
label a′ = ρg(a)). The same occurs in our context: the
condensation procedure pushes the bulk symmetry de-
fect slightly below the boundary (i.e. to a cilium within
the boundary, to use the terminology of Section III).
Because of this, the gapped boundary line (or the La-
grangian algebra Ai) undergoes a Z2 action, transform-
ing one side of the boundary to the gapped boundary
type Aj = ⊕anaρ1(a), as in Fig. 9b (ρ1 is the action
by the non-identity Z2 element). Specifically, since the
boundary is oriented left-to-right in Fig. 9a (Sec. IV), by
Eq. (28), the right hand side undergoes the action and
is the one changed to Aj .

Through this correspondence, we see how an object
in the invertible bi-module category B1 of B = Z(C) =
Z(Cii) = Z(Cjj) becomes an invertible Cii−Cjj bi-module
when condensed to the boundary. We believe this is re-
lated to the fusion of domain walls, as the defect line con-
necting Y− to Y+ in Fig. 9a is essentially a (nontrivial)
domain wall between B and itself, and this condensation
procedure describes the fusion of the domain wall with
the gapped boundary Ai (i.e. a domain wall between B
and Vec).

While we have focused here on the case of Z2 sym-
metries in the bulk, the generalization to arbitrary bulk
symmetry groups G is straightforward. In that case, we
would start with the G-graded category BG = ⊕g∈GBg,
which describes the bulk anyon theory when enhanced
with symmetry defects. In condensing a symmetry de-
fect in the sector Bg, the gapped boundary would un-
dergo a g-action, modifying the right hand side of the
boundary in Fig. 9b to Ajg = ⊕anaρg(a). Each de-
fect sector Bg in the bulk would be sent to the category
Cijg = FunC(Mi,Mjg ) of boundary defects, where Mjg

is the indecomposable module corresponding to the La-
grangian algebra Ajg . Because ρg preserves the topo-
logical properties of objects in B, the fusion categories
Cjgjg = Q(1,Ajg ) will be isomorphic to Cii = Q(1,Ai),
and the boundary defect categories Cijg will again be the
invertible Cii − Cii bi-module categories in the Brauer-
Picard group BrPic(Cii). The generalized crossed con-
densation functor would then be
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F : BG
quotient−−−−−→ BG/Ai = Q̃(G,Ai)

I.C.−−→ Q(G,Ai) = ⊕g∈GCijg .
(31)

VI. BRAIDING OF BOUNDARY DEFECTS

In this section, we discuss the projective braiding of
certain boundary defects using the algebraic theory of
Section IV. Our computation of the projective braiding
uses the crossed condensation theory of Section V and
the G-crossed braiding of Ref. 3. We then discuss possi-
ble physical implementations of this braiding using forced
measurements as in Ref. 13 and their potential applica-
tions to topological quantum computation. We also show
how bulk anyons may be braided with boundary defects.

A. Assumptions and setup

Let B = Z(C) be a bulk anyon system which is a quan-
tum double/Drinfeld center. Suppose B has a global
symmetry group G as discussed in Section V C, and sup-
pose we have a gapped boundary given by Lagrangian
algebra Ai (or equivalently, indecomposable module Mi

of C). We can then form the G-graded fusion category
BG = ⊕g∈GBg.

Fix some g ∈ G; since Ai ∈ B = B0 ⊂ BG, we can
form a second Lagrangian algebra

Aj = ρg(Ai) (32)

which determines another gapped boundary type. In the
following, we consider the braiding of defects in Cij =
FunC(Mi,Mj) with those in Cji.

By Ref.16, we have the isomorphism

Z(C) ∼= Z(C) = B

where C is the multi-fusion category of all boundary exci-
tations and defects. It follows that the global symmetry
group G of B also acts on the boundary defects. In par-
ticular, the next section discusses the braiding of bound-
ary defects in Cij and Cji in separate cases, depending
on whether the defects in Cij are fixed by the action of
g ∈ G.

B. Braiding amongst boundary defects: the main
definition/theorem

We now present a definition/theorem governing the
braiding of boundary defects in the multi-fusion category
C.

Definition/Theorem VI.1. Let Ai and Aj be two La-
grangian algebras (gapped boundaries) in B = Z(C),
and let Mi and Mj be the corresponding indecompos-
able module categories. Suppose Ai and Aj are related
by a global G symmetry of B, as in Eq. 32. Then there is
a projective G-crossed braiding of the boundary defects
in Cij with those in Cji, and with the boundary excita-
tions in Cjj . Furthermore, there is a canonical choice of
this braiding and a systematic method to compute the
projective representation, discussed in Section VI C.
In particular, if all defects in Cji are fixed by the action
of g ∈ G as discussed in the previous section, the projec-
tive G-crossed braiding is simply a projective braiding of
boundary defects.

The proof of this theorem will be given in the next sec-
tion, where we provide a systematic computation of the
projective braiding. We first present a straightforward
yet important corollary:

Corollary VI.2. Let Mi, Mj be indecomposable module
categories of the input fusion category C. Suppose in ad-
dition that Cii = FunC(Mi,Mi) and Cjj = FunC(Mj ,Mj)
are equivalent as fusion categories, and Cij 6= Cii. As
discussed in Section V D, there is then a Z2 symmetry in
the bulk B. If all boundary defects in Cji are fixed by the
Z2 action, the boundary defects in Cij can be projectively
braided with those in Cji, and with the boundary excita-
tions in Cjj. Furthermore, there is a canonical choice
of this braiding and a systematic method to compute the
projective representation, discussed in Section VI C.

C. Computing the projective braiding

Because neither the multi-fusion category C nor its
components Cii, Cij are modular categories, there is no
obvious way to braid boundary defects by looking sim-
ply at these categories. However, in Section V D, we
developed a correspondence between boundary defects
Xij ∈ Cij and bulk G symmetry defects . Since we know
the G-graded category BG = ⊕h∈GBh has a canonical
G-crossed braiding for the bulk, we solve the boundary
defects braiding problem by mapping the defects into the
bulk, and using this G-crossed braiding.

In Section V D, we provided a functor F which de-
scribed the condensation of a bulk object in BG to a
boundary excitation or boundary defect, and the adjoint
I of F described the “inverse condensation” of a bound-
ary excitation or defect into the bulk. Suppose Xij ∈ Cij ,
Xji ∈ Cji. Then, the canonical G-crossed braiding of
these two defects posited in the main definition/theorem
is given by

Xij ⊗Xji
I⊗I−−→ I(Xij)⊗ I(Xji)

G×braid−−−−−→ ρg(I(Xji))⊗ I(Xij)
F⊗F−−−→ ρg(Xji)⊗Xij .

(33)
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FIG. 10. Six boundary defects on a ring. The mathematical
braiding of two defects X12 and X21 may be implemented
physically by introducing ancilla boundary defects and using
forced measurements.

Specifically, the boundary defects are first brought into
the bulk to I(Xij), I(Xji) ∈ Bg, then braided in BG =
⊕hBh via the G-crossed braiding (ρg is again the action
of g ∈ G), and finally condensed back to ρg(Xji), Xij

on the boundary. The projective G-crossed braiding of
the two defects is computed precisely as the G-crossed
braiding of their images in the bulk BG.

The same computation holds when the boundary de-
fect Xji is replaced by a boundary excitation Xjj ∈ Cjj ,
so Eq. 33 also provides the braiding of Xij with Xjj

posited in the main definition/theorem.

Finally, it is clear that if all elements in Cji are fixed
under the action of g ∈ G, then ρg(Xji) = Xji, so this
projective G-crossed braiding of the two defects is simply
a projective braiding.

D. Physical implementations and applications

In the previous sections, we have developed a math-
ematical description of the braiding of boundary de-
fects under the conditions of Definition/Theorem VI.1.
However, since we do not know an immediate and suit-
able way to physically implement this braiding or the
crossed condensation procedure, we now discuss a po-
tential mechanism to simulate the braiding using forced
measurements and ancilla boundary defects. In the spe-
cial case of parafermion zero modes, Ref. 40 has pre-
sented a similar realization in a fractional quantum Hall-
superconductor setup.

Let us start with six boundary defects on the bound-
ary of a disk, as shown in Fig. 10. The fusion of bound-
ary defects was discussed in Section IV D as composi-
tion of functors in the multi-fusion category C. By this
fusion rule, the result of fusing X12 ⊗ X21 to a defect
X11 = ⊕x11∈C11

nx11
x11 in C11 need not be a simple ob-

ject; because of this, we assume that we can perform
“forced measurements” which physically project to a spe-
cific fusion channel X12⊗X21 → x11. With this assump-
tion, Ref. 13 shows how one may use three X12 boundary

defects and one X21 boundary defect (i.e. two X12 ancil-
las) to simulate the braiding of X12 with X21.

In Section IV C, we discussed how the topological
degeneracy of boundary defects could be used to en-
code a topological quantum memory for the purposes
of topological quantum computation. In that setting,
the above physical implementation of boundary defect
braiding could provide topological quantum gates. Such
topological operations may be of significant interest in
specific cases such as the boundary defect realization of
Majorana zero modes or genons (see Section VII).

E. Braiding bulk anyons with boundary defects

Thus far, we have discussed how to braid certain
boundary defects with each other. In fact, if we assume
the defect category Cij satisfies the conditions of Def-
inition/Theorem VI.1, it is also possible to braid bulk
anyons with boundary defects. Specifically, the braiding
of the bulk anyon a with a boundary defect Xij ∈ Cij
again uses the crossed condensation theory:

a⊗Xij
Id⊗I−−−→ a⊗ I(Xij)

G×braid−−−−−→ I(Xij)⊗ ρ1(a)
F⊗Id−−−→ Xij ⊗ ρ1(a).

(34)

As before, we pull the defect out of the boundary to
I(Xij) ∈ B1, and then use the Z2-crossed braiding of
BZ2 = B0 ⊕ B1 to braid it with a ∈ B0, and finally
condense I(Xij) back to the boundary. Note that the
bulk anyon a will undergo the Z2 action in this procedure,
and may be permuted to a different topological label.

VII. IMPORTANT EXAMPLES

A. Majorana and Parafermion Zero Modes
Revisited

In Section II, we presented a local commuting projec-
tor Hamiltonian to realize Majorana/parafermion zero
modes as corners of gapped boundaries in the Zp toric
code. We now revisit this example by using the theory of
Sections IV-VI to investigate the algebraic/topological
properties of these boundary defects and further illus-
trate their equivalence with Majorana/parafermion zero
modes.

1. Algebraic theory

Let us first construct the multi-fusion category C =
{Cij = FunC(Mi,Mj)} that contains all the boundary
excitations and defects.

The topological order of the Zp toric code is given
by the modular tensor category D(Zp) = Z(Vec(Zp)) =
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C A1 A2

A1 = 1 + e + ... + ep−1 / K1 = {1} VecZp

{√
p
}

A2 = 1 + m + ... + mp−1 / K2 = Zp

{√
p
}

Rep(Zp)

TABLE I. Multi-fusion category C for the input category
C = VecZp . The diagonal entries are functor fusion categories
Cii = FunC(Mi,Mi). The off-diagonal entries are abelian
semisimple categories Cij = FunC(Mi,Mj); for these cate-
gories, we provide the quantum dimensions of the simple ob-
jects in curly braces.

Z(Rep(Zp)), where the simple objects are of form eimj

(i, j = 0, 1, ...p − 1), and the fusion rules are ei1mj1 ⊗
ei2mj2 → ei1+i2mj1+j2 (addition is done modulo p).
As discussed in Section II, the Zp toric code has only
two gapped boundary types corresponding to subgroups
K1 = {0}, K2 = Zp; Refs. 19 and 20 show that these
correspond to Lagrangian algebras A1 = 1+e+ ...+ep−1

and A2 = 1 +m+ ...+mp−1, respectively. Let Mi be the
indecomposable module category over VecZp

correspond-
ing to Ai. Table I presents the quantum dimensions of
the simple objects in each component of C.

2. The bulk-edge correspondence

We now examine the bulk-edge correspondence be-
tween boundary defects and symmetry defects in the
Zp toric code. As seen in Table I, the two bound-
ary excitation fusion categories are isomorphic: C11 =
Vec(Zp) ∼= Rep(Zp) = C22, so we hope to find a cor-
respondence between boundary defects in C12 and Z2

symmetry defects in D(Zp). Let τij denote the one sim-
ple object of Cij (i.e. the simple defect where Ai is on
the left of Aj); let 1, X, ...,Xp−1 denote the simple ob-
jects (i.e. boundary excitations) in C11 with fusion rules
Xi ⊗Xj → Xi+j(modp).

By Ref. 3, we can enhance B = D(Zp) by introducing a
symmetry defect sector B1 corresponding to the electric-
magnetic Z2 symmetry. There are p simple objects τ0,
τ1, ... τp−1 in B1, each of quantum dimension

√
p, which

differ by fusion of an e or m anyon. The condensation
of bulk anyons/symmetry defects to the boundary Ai is
then given by:

eimj → Xj , τi → τ12 (35)

Similarly, the adjoint of the condensation (i.e. bound-
ary excitations/defects leaving the boundary) is given by:

mj → ⊕p−1i=0 e
imj , τ12 → ⊕p−1i=0 τi. (36)

The same computation may be done for the gapped
boundary A2 and the boundary defects τ21 ∈ C21; the
result is the same with e,m switched.

C A1 A2

A1 1 2n−1

A2 2n−1 1

TABLE II. Ground state degeneracy of 2n defects on the edge
of a disk, between the 1 + e and 1 + m boundaries of the Z2

toric code.

3. Braiding

Using the above bulk-edge correspondences, we can
now apply the method of Section VI to compute the pro-
jective braiding of the simple defect τ12 ∈ C12 with the
simple defect τ12 ∈ C21. In the case of p = 2, the R
symbols for the Z2-crossed braiding in BZ2

3 tell us that
this projective braiding gives a π/16 phase, which is also
consistent with the braid statistics of the Majorana zero
mode.

4. Exact degeneracy

While the asymptotic degeneracy of many boundary
defects on the boundary of a disk is determined by the
quantum dimension of the defect, the exact degeneracy
has to be obtained differently. Table II shows the ex-
act degeneracy of 2n boundary defects on the edge of a
disk, for the case of D(Z2). Below, we explain how this
degeneracy may be obtained by counting fusion channels.

Excitations on a gapped boundary Ai form a fusion
category Cii. The vacuum is the condensate, while excita-
tions are like solitons. Notice that the fusion of boundary
excitations are not necessarily commutative. Mathemat-
ically, the boundary fusion category Cii is the representa-
tion category Rep(Ai) of the Lagrangian algebra Ai that
characterizes the condensate. By Ref. 16, Z(Cii) must
recover the bulk topological order.

Consider two different Lagrangian algebras Ai,Aj , and
denote a boundary defect between Ai and Aj as τij .
For each Ai, we can find the boundary fusion category
Rep(Ai) with simple objects {ti} , and the fusion coeffi-
cients {ntia }:

a→
∑
i

ntia ti. (37)

These coefficients can be systematically computed for
Dijkgraaf-Witten theories.

The fusion of τij with τji physically shrinks the Aj seg-
ment (sandwiched between two Ai segments) to a point.
The result should be an excitation of the Ai boundary,
so we can write

τij ⊗ τji =
∑
ti

N ti
τijτjiti. (38)

Similarly, τji ⊗ τij can be defined.
We now provide a heuristic method to determine the

coefficients N ti
τijτji . We first find the “zero modes” of the
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a

a1 a2

A1 A2
⌧12

FIG. 11. Illustration of a defect site absorbing a bulk anyon
a.

boundary defects. Zero modes are bulk anyons which
can be fused into the boundary defect. Namely, if a ∈
A1 ⊗ A2 (i.e. there exists a1 ∈ A1 and a2 ∈ A2 such
that a ∈ a1 ⊗ a2), a is a zero mode of τ12 (and τ21). The
absorption process of a by a defect site τ12 is illustrated
in Fig. 11. We conjecture that

Conjecture VII.1. The simple object ti appears in τij⊗
τji if and only if all a in the lifting of ti (i.e. ntia 6= 0)
are zero modes of τij (or τji).

The Z2 toric code D(Z2) has four anyon types
1, e,m, ψ = e ⊗ m. Condensation to the boundary
A1 = 1 + e is given by

1/e 7→ (1 + e) m/ψ 7→ (m+ ψ). (39)

where (1 + e) is the vacuum, and (m + ψ) = X is the
single simple boundary excitation. Similar results hold
for condensation to the boundary A2 = 1 +m.

On the interface between an e-boundary and an m-
boundary, the defect site can absorb a ψ particle. Fusion
of τ12 and τ21 then amounts to shrinking the m-segment
inside an e-segment, and the result is an excitation in the
e-segment:

τ12 ⊗ τ21 = 1 +X. (40)

We may then use this fusion rule to compute the exact
degeneracy of 2n boundary defects on a disk, by counting
the number of fusion trees with total charge 1. We denote
the number of fusion trees with a total charge a by Da

n.
We get the recursion relation

(
D1
n

DX
n

)
=

(
1 1
1 1

)(
D1
n−1

DX
n−1

)
. (41)

Since D1
1 = DX

1 = 1, we have

(
D1
n

DX
n

)
=

(
1 1
1 1

)n−1(
1
1

)
. (42)

which gives D1
n = DX

n = 2n−1.

FIG. 12. Definition of the Hamiltonian Hgn. The region r1
(resp. r2) consists of all blue (red) vertices, plaquettes, and
edges. The bulk B consists of everything else (black and
white). The genons are created on the two orange cilia.

B. Genons

Another important application of boundary defects is
its equivalence to genons in a bilayer TQFT. As discussed
in Ref. 6, a genon in a bilayer TQFT is a defect in the
Z2 symmetry that interchanges the two layers of the the-
ory. Genons have been studied extensively in Refs. 2
and 6, and can allow for universal quantum computation
(see Refs. 4 and 6). However, these groups have almost
exclusively constructed genons for bilayer abelian group
TQFTs, and did not provide an exactly solvable Hamilto-
nian realization. In this section, we extend these works in
two ways: We first present a commuting projector Hamil-
tonian to realize genons in D(G×G) as boundary defects,
where G is a finite abelian group. We then generalize the
discussion of genons to bilayer TQFTs starting from an
arbitrary input unitary fusion category C.

1. Hamiltonian realization in Dijkgraaf-Witten theories

The Hamiltonian to create boundary defect genons is
a special case of the general defect Hamiltonian Hdft, in
the case where the input group is G×G (i.e. all data qu-
dits on edges take values in the Hilbert space C[G×G])
for some finite abelian group G. In this situation, we be-
gin with a hole in the lattice, divided into two regions, r1
and r2, as pictured in Fig. 12. The region r1 consists of
all vertices and plaquettes within and on all boundaries
of the blue shaded rectangle, and all blue edges, includ-
ing the ones on the thick blue dividing line between the
two regions. The vertices and plaquettes of the region r2
are all those within the red shaded rectangle and on the
upper, right, or lower boundaries of the rectangle; the
edges of r2 are all red edges. To create genons, we con-
sider two specific subgroups of G×G, namely the trivial
subgroup K1 = {1G} × {1G} and the diagonal subgroup
K2 = {(g, g) : g ∈ G} (1G is the identity element of G).

We apply the Hamiltonian HK1

G×G to the region r1, and

the Hamiltonian HK2

G×G to the region r2; as always, the
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bulk Hamiltonian HG×G is applied to the bulk B. Hence,
the Hamiltonian to produce two boundary defect genons
is given by

Hgn = HG×G(B) +HK1

G×G(r1) +HK2

G×G(r2). (43)

Of course, the generalization to producing multiple
boundary defect genons on the same hole is straightfor-
ward.

By Section III, the simple defect types that can be
created by Hgn are given by pairs (T,R), where T ∈
K1\G/K2 is a double coset, and R is an irreducible rep-
resentation of (K1,K2)rT = K1 ∩ rTK2r

−1
T for some rep-

resentative rT ∈ T . Since K1 is trivial, (K1,K2)rT is
always trivial, and there are exactly |G| double cosets T ,
one corresponding to each rT = (1G, g), g ∈ G. By Eq.
(20), the quantum dimension for each simple boundary
defect genon is

Dim(T,R) =

√
|K1||K2|

|K1 ∩ rTK2r
−1
T |
·Dim(R) =

√
|G| (44)

This agrees precisely with the prediction of Section X.H
in Ref. 3, which states (for group-theoretical cases)
that there should be exactly |G| defects. In particular,
the boundary defect genon given by rT = (1G, 1G) and
the trivial representation corresponds precisely with the
“bare defect” described in Ref. 3; it is consistent with
the result that bare defect genon is a direct sum of all
simple objects in the modular tensor category formed by
giving C[G] a braided structure (and hence has quantum

dimension
√
|G|).

2. Algebraic theory: the general case

Let us now consider any system with topological order
B given by the Drinfeld center of a bilayer D of a modular
tensor category C. This can be done as follows: Since E =
C�C is already a modular tensor category, let us choose
a Lagrangian algebra A of E. We now construct two
gapped boundaries (Lagrangian algebras) A1234, A1423

in the MTC B:

A1324 = A13 �A24

A1423 = A14 �A23
(45)

Here, Aij is the Lagrangian algebra corresponding to A
when considered in the modular tensor category Eij =

Ci�Cj ∼= E. As indecomposable module categories of B,
we have

M1324 = M13 �M24

M1423 = M14 �M23
(46)

where Mij is the indecomposable module category in Eij
corresponding to the Lagrangian algebra Aij . To gener-
alize the language used by Ref. 6, A1324 represents the
intralayer gapped boundary, while A1423 represents the
interlayer gapped boundary. Then, the boundary defect
genon corresponds to a simple defect between these two
gapped boundaries, i.e. it is a simple object in the func-
tor category FunD(M1324,M1423).

3. The bulk-edge correspondence

We mentioned earlier that the genons in Refs. 2 and
6 were defects in Z2 symmetry of D(G × G) that inter-
changed the two layers of the bilayer TQFT. In our re-
alizations, however, our “boundary defect genons” have
been boundary defects between two gapped boundaries
in D(G × G). While our realization may seem differ-
ent from the traditional definition, by Section V D, the
boundary defect genons are related to the Z2 symmetry
defect genons simply by the condensation procedure F
and its adjoint I (see Eq. (30)).

Genons play a very important role in quantum com-
putation, as their braiding, when combined with anyons,
has the power to give universal quantum computation
(see Ref. 5). By Section VI, our boundary defect genons
would yield the same braiding statistics as the Z2 sym-
metry defect genons and can also be braided with bulk
anyons. Hence, this realization may also be of great im-
portance to topological quantum computation.

C. D(S3)

As another example, let us consider the simplest non-
abelian group-theoretical case, namely the Dijkgraaf-
Witten theory with G = S3. In this case, the topolog-
ical order of the resulting Kitaev model is given by the
modular tensor category B = D(S3) = Rep(D(S3)) =
Z(Rep(S3)). As discussed in Ref. 22, there are 8 simple
objects in this category, A,B, ...,H. The fusion rules22

are given in Table III.

1. Algebraic theory

As discussed in Refs. 19 and 20, D(S3) has four gapped
boundary types, corresponding to the four subgroups of
S3 up to conjugation or the four Lagrangian algebras of
D(S3). These four Lagrangian algebras, along with all
the corresponding fusion categories Cii = FunC(Mi,Mi)
and the data of the abelian semisimple categories Cij are
shown in Table IV.
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⊗ A B C D E F G H
A A B C D E F G H
B B A C E D F G H
C C C A⊕B ⊕ C D ⊕ E D ⊕ E G⊕H F ⊕H F ⊕G

D D E D ⊕ E
A⊕ C ⊕ F B ⊕ C ⊕ F

D ⊕ E D ⊕ E D ⊕ E⊕G⊕H ⊕G⊕H

E E D D ⊕ E
B ⊕ C ⊕ F A⊕ C ⊕ F

D ⊕ E D ⊕ E D ⊕ E⊕G⊕H ⊕G⊕H
F F F G⊕H D ⊕ E D ⊕ E A⊕B ⊕ F H ⊕ C G⊕ C
G G G F ⊕H D ⊕ E D ⊕ E H ⊕ C A⊕B ⊕G F ⊕ C
H H H F ⊕G D ⊕ E D ⊕ E G⊕ C F ⊕ C A⊕B ⊕H

TABLE III. Fusion rules of D(S3)

C A1 A2 A3 A4

A1 = A + B + 2C / K1 = {1} VecS3

{√
3,
√

3
} {√

2,
√

2,
√

2
} {√

6
}

A2 = A + B + 2F / K2 = Z3

{√
3,
√

3
}

VecS3

{√
6
} {√

2,
√

2,
√

2
}

A3 = A + C + D / K3 = Z2

{√
2,
√

2,
√

2
} {√

6
}

Rep(S3)
{√

3,
√

3
}

A4 = A + F + D / K4 = S3

{√
6
} {√

2,
√

2,
√

2
} {√

3,
√

3
}

Rep(S3)

TABLE IV. Multi-fusion category C for the input category C = VecS3 . The diagonal entries are functor fusion categories
Cii = FunC(Mi,Mi). The off-diagonal entries are abelian semisimple categories Cij = FunC(Mi,Mj); for these categories, we
provide the quantum dimensions of the simple objects in curly braces.

2. The bulk-edge correspondence and braiding

Let us now examine the bulk-edge correspondence be-
tween boundary defects and the Z2 symmetry defects
of D(S3). D(S3) has one Z2 electric-magnetic symme-
try given by interchanging the two topological charges
C and F . By Ref. 3, the flux sector B1 contains four
symmetry defects of quantum dimension

√
3, and two of

quantum dimension 2
√

3. Our theory of crossed conden-
sation then tells us that upon condensing to the gapped
boundary A1 (resp. A2), the first four would condense

to simple boundary defects of quantum dimension
√

3 in
C12 (C21), while the last two would decompose as the di-
rect sum of two such simple boundary defects. Similarly,
the C ↔ F symmetry between A3 and A4 allows us to
say the same about condensing these symmetry defects
onto the gapped boundaries A3,A4.

Through these bulk-edge correspondences and the re-
sults of Section VI, we may also compute the projective
braiding of boundary defects in C12 with those in C21, and
similarly between boundary defects of C34 and C43. These
braidings will be given by the Z2 crossed braiding of bulk
symmetry defects. As discussed in Ref. 3, fully gauging
the C ↔ F symmetry of D(S3) yields the bilayer theory

SU(2)4 × SU(2)4, so we expect the projective braiding
statistics of these boundary defects to be related to the
braiding in the SU(2)4 theory. Since the SU(2)4 anyon
theory has been made universal for topological quantum
computation21, we believe these boundary defects could
also be of importance for such purposes.

3. Sequential condensation

Through the above bulk-edge correspondence, we can
now easily understand the boundary defects in C12/C21

and C34/C43 by considering the bulk Z2 symmetry defects
associated with the C ↔ F symmetry of D(S3). We now
present a mechanism—sequential condensation—which
potentially allows us to understand some of the other
cases.

When a condensible algebra M has a condensible sub-
algebra N , the condensation of M can be done sequen-
tially by condensing N first. In D(S3), besides the La-
grangian algebras, there are also smaller condensible al-
gebras such as A+B,A+C and A+F . The quotient pro-
cedure of Section V B generalizes easily when we replace
the Lagrangian algebra by a condensible sub-algebra. We
first briefly explain how condensations of these smaller
algebras work, and then use the results to obtain an in-
tuitive understanding of boundary defects on defect sites.

Let us first consider the condensation of the A+B al-
gebra. Since B is the gauge charge of the Z2 subgroup
of S3 = Z3 o Z2, D(S3) can be viewed as the gauging
of a Z2 symmetry in the quantum double D(Z3), where
the symmetry action can be canonically inferred from
the semi-direct product structure. Therefore, this con-
densation results in D(Z3). In particular, C and F split
into e, ē = e2 and m, m̄ = m2, respectively. The Z2 au-
toequivalence exchanging C and F becomes the one of
D(Z3) exchanging e and m.

For the A + C algebra, one can show that the sim-
ple objects of the condensed theory are given by A +
C (the vacuum), B+C,D and E, all of which are abelian.
We recognize that the resulting theory is simply D(Z2).
By the C ↔ F symmetry, we can obtain the condensa-
tion of A+ F as well.
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Returning to Lagrangian algebras, we now consider
A1 = A + B + 2C. We can condense it in two steps:
first condense A + C. In the condensed phase, we fur-
ther condense the abelian boson corresponding to B+C,
which then confines everything. In terms of the structure
of the gapped boundary, we first form a domain wall be-
tween D(S3) and D(Z2), followed by a gapped boundary
between D(Z2) and the vacuum.

The condensation process of A+B+2C or A+B+2F
can also be carried out as follows: first condense A+B,
and then condense e or m in the resulting D(Z3) theory,
corresponding to the algebra A+B+2C and A+B+2F
in the original theory.

Condensation of A + C + D can be done in a similar
way. First we condense A+C (notice that A+D is not a
condensible algebra), resulting in D(Z2), then condensing
the boson D confines everything.

This multi-step picture is particularly useful when we
consider boundary defects between gapped boundaries.
Take A+B+2C and A+B+2F as the first example. First
condensing A + B, we obtain D(Z3). Next we condense
e or m to form a boundary to vacuum. It is clear that
the defect site between A + B + 2C and A + B + 2F is
essentially the one between an e-type boundary and an
m-type boundary in the D(Z3) intermediate layer. So we
expect that these defect sites harbor a Z3 parafermion
zero mode, which agrees with the quantum dimension
and crossed condensation formulas. See Fig. 13 for an
illustration.

D(S3)

D(Z3)
A + B

1 + e + e2 1 + m + m2

A + B + 2C/A + B + 2F

FIG. 13. Illustration of the two-step construction for the A+
B + 2C/A + B + 2F boundary defects.

This method also allows us to go beyond the crossed
condensation procedure, e.g. to explain the boundary
defects between A + B + 2C and A + C + D. Here, we
first condense A + C to get D(Z2), and then the defect
site is between an e-type edge (i.e B+C) and an m-type
edge (i.e. D). So we expect Z2 Majorana zero mode to
localize at the defect sites. Similar results are true for
A+B+2F and A+D+F defect sites because of C ↔ F
symmetry in D(S3). We see that these results agree with
the quantum dimension formulas, although they are not
directly explained by crossed condensation.

4. Exact degeneracy

Following the methods of Section VII A 4, we may also
compute the exact degeneracy of boundary defects in the

C A1 A2 A3 A4

A1 1 3n−1 2n−1 6n−1

A2 3n−1 1 6n−1 2n−1

A3 2n−1 6n−1 1 1
2
(3n−1 + 1)

A4 6n−1 2n−1 1
2
(3n−1 + 1) 1

TABLE V. Ground state degeneracy of 2n boundary defects
on the edge of a disk, for gapped boundaries of D(S3).

D(S3) theory. Table V tallies the exact degeneracy ob-
tained using two different methods: by exact diagonaliza-
tion of the Hamiltonian with multiple boundary defects
on a disk, and by counting fusion channels. In the fol-
lowing, we demonstrate the counting of fusion channels
for several example cases.

Case I: Boundary defects between A3 = A+C +D and
A4 = A+ F +D.

In this case, the excitations on the A3 gapped bound-
ary are given by

1 = (A+ C +D), X = (B + C + E),

Y = (D + E + F +G+H).
(47)

Notice that dX = 1, dY = 2. Obviously, X and Y are
confined, so they represent (solitonic) excitations on the
boundary. The excitations 1, X and Y form a fusion
category with fusion rules of Rep(S3):

X ⊗X = 1, X ⊗ Y = Y ⊗X = Y,

Y ⊗ Y = 1 +X + Y.
(48)

To compute the fusion rule for τ34 ⊗ τ43, we apply
our Conjecture VII.1. We claim that the following fusion
rule gives the correct degeneracy:

τ34 ⊗ τ43 = 1 + Y. (49)

Here, because B is not a zero mode of τ34, X does
not appear in the right hand side. Another argument for
this is the following: X is morally the B anyon, which
has −1 braiding with D. So naively, one can imagine
a Wilson line of D terminating on the left and right of
the A4 segment to measure whether the two boundary
defects fuse into an X. However, we notice that D is also
condensed in A4. So one can say that in a sense there is
no “defect site” for D.

Let us now compute the degeneracy with the bound-
ary defect fusion rule. Consider a configuration with
A3−A4−A3−A4−· · ·−A3, with 2n boundary defects.
Fusing all neighboring τ34 and τ43 results in n excitations,
each of which is either 1 or Y . Now the question is to
count the number of fusion trees with total charge 1. We
denote the number of fusion trees with a total charge a
by Da

n, with the n external lines being 1 or Y . We find
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the following recursion relation:D1
n

DX
n

DY
n

 =

1 0 1
0 1 1
1 1 2

D1
n−1

DX
n−1

DY
n−1

 . (50)

Since D1
2 = 2, DX

2 = 1, DY
2 = 3, we haveD1

n

DX
n

DY
n

 =

1 0 1
0 1 1
1 1 2

n−22
1
3

 (51)

and arrive at D1
n = 1

2 (3n−1 + 1). Furthermore, DX
n =

1
2 (3n−1 − 1), DY

n = 3n−1.

Case II: Boundary defects between A3 = A+C+D and
A1 = A+B + 2C.

Similarly, by examining the lifting and zero modes,
we argue that

τ31 ⊗ τ13 = 1 +X. (52)

This time, Y does not appear because its lifting F and
G are not zero modes of τ31. This fusion rule of course
leads to the degeneracy 2n−1.

Case III: Boundary defects between A3 = A + C + D
and A2 = A+B + 2F .

In this case, the lifting and zero modes give us the
fusion rule

τ32 ⊗ τ23 = 1 +X + 2Y. (53)

The reason for the multiplicity 2 in front of Y is the
following: recall that Y = (D+E+F +G+H). For each
bulk anyon in the lifting of Y , there are two topologically
distinct ways to absorb it on the defect site. For example,
consider bringing a G (or H) anyon close to the defect
site. We can split G into C⊗F and condense C and F on
the two sides of the defect site. Because the multiplicity
2 of F in the algebra A2, there are two ways that this
process can happen. This is true for all anyons in the
lifting of Y .

To compute the degeneracy, we first find the recursion
relation: D1

n

DX
n

DY
n

 =

1 1 2
1 1 2
2 2 4

D1
n−1

DX
n−1

DY
n−1

 . (54)

We have D1
2 = 6, DX

2 = 6, DY
2 = 12, so solving the

recursion relation gives D1
n = 6n−1, DX

n = 6n−1, and
DY
n = 2 · 6n−1.

VIII. CONCLUSIONS AND OPEN PROBLEMS

Motivated by the boundary defect realization of Ma-
jorana and parafermion zero modes, we developed a gen-
eral exactly solvable Hamiltonian realization for bound-
ary defects in Dijkgraaf-Witten theories based on any

finite group G. By studying these boundary defects alge-
braically through a multi-fusion category, we developed
a bulk-edge correspondence between symmetry defects in
the bulk and certain defects between gapped boundaries,
which also allowed us to obtain a projective braiding be-
tween the defects on the boundary. Finally, we consid-
ered several examples of importance to condensed matter
physics and topological quantum computation.

We conclude by discussing a few potential generaliza-
tions of our work. First, while gapped boundaries be-
tween a topological phase B and the vacuum are math-
ematically equivalent to gapped domain walls between
two different topological phases via a folding trick, it
would still be interesting to study defects between dif-
ferent types of gapped domain walls as a generalization.
Another direction is to generalize our Hamiltonian Hdft

to the twisted Dijkgraaf-Witten model, and later to the
Levin-Wen model using quantum groupoids.

In general, given an abelian topological phase of mat-
ter, two prominent ways to generate non-abelian objects
are (1) to introduce gapped boundaries, and (2) to intro-
duce symmetry defects. Our analysis of boundary defects
and the bulk-edge correspondence gives a way to intro-
duce both together, and elucidates a precise relationship
between them. We believe this would be especially im-
portant for applications to topological quantum compu-
tation. An interesting question here would be to find
universal gate sets and their physical implementations
for qudits based on degeneracy of many boundary de-
fects, or more generally, to find such gate sets based on
the combined degeneracy of gapped boundaries, bound-
ary defects, and symmetry defects. One possible way
may be to obtain surface code implementations of bound-
ary defects in general Dijkgraaf-Witten theories (beyond
G = Zp) using our Hamiltonian Hdft.

While the degeneracy of many boundary defects can
be counted through the fusion channels, it would be in-
teresting to understand the degeneracy using ribbon op-
erators. Such an understanding would shed light on the
projective braid statistics of boundary defects, and point
to potential physical realizations of quantum gates.
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