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Group/subgroup structural phase transitions are exploited in a wide variety of technologies, in-
cluding those that rely on shape-memory behavior and on transformation toughening. Here we
introduce an approach to identify symmetry-adapted strain and shuffle order parameters for any
group/subgroup structural transition between a high symmetry parent phase and its symmetrically
equivalent low-symmetry product phases. We show that symmetry-adapted atomic shuffle order
parameters can be determined by the diagonalization of an orbital covariance matrix, formed by
taking the covariance among the atomic displacement vectors of all symmetrically equivalent prod-
uct phase variants. We use this approach to analyze the technologically important tetragonal to
monoclinic structural phase transformation of ZrO2. We explore the energy landscapes, as calcu-
lated with density functional theory, along distinct paths that connect mZrO2 to tZrO2 and to
other mZrO2 variants. The calculations indicate favorable pairs of variants and reveal intermediate
structures likely to exist at coherent twin boundaries and having relatively low deformation energy.
We identify crystallographic features of the monoclinic ZrO2 variant that make it very sensitive to
shape changing strains.

PACS numbers:

I. INTRODUCTION

Group/subgroup structural phase transitions occur in
a wide variety of crystalline materials. They involve a
crystallographic transformation from a high symmetry
parent phase, usually stable at high temperature, to a
lower symmetry product phase whose space group is a
subgroup of that of the parent phase. Group/subgroup
structural transitions entail a change of the lattice vectors
of the parent crystal and are often also accompanied by
an internal shuffle of the atomic positions within the unit
cell. Due to the group/subgroup symmetry relation be-
tween the parent and product phases, there are always at
least two symmetrically equivalent product phases that
can form from the same parent crystal1–4.

Macroscopic single crystals of the parent phase often
decompose into several symmetrically equivalent product
phase variants that form a twinned microstructure in or-
der to minimize the otherwise large macroscopic strains
that typically accompany a homogeneous transformation.
For reversible structural transitions5, the twin bound-
aries of twinned microstructures are usually coherent in
the sense that there is crystallographic continuity at the
atomic scale when passing from one product phase vari-
ant to another variant. This property is beneficial in
shape memory applications where the forward and re-
verse transformations between parent and product phases
are repeated over many cycles. It also can allow for facile
twin boundary migration in response to external stimuli
such as stresses or, if the low symmetry product phase is
ferroelectric or magnetic, electric and magnetic fields.

The microstructural evolution during group/subgroup
structural transformations can be described at the con-
tinuum level with phase field models. A crucial ingredi-
ent for such models is a free energy expression that de-
pends on strain as well as relevant order parameters that

describe atomic shuffles. A distinction can be made be-
tween two categories of group/subgroup structural trans-
formations. In the first, the primary order parameter
is strain. The transformation is driven by a symmetry
change of the lattice vectors while the atomic positions
within the unit cell only adjust minimally in response
to the shape change of the unit cell. The second cate-
gory of group/subgroup structural transitions is driven
by symmetry-breaking internal shuffles of the atoms of
the unit cell, accompanied by only minor lattice strains.
The first category can be treated with phase field ap-
proaches, originally due to Barsch and Krumhansl, in
which the free energy surface has multiple local minima
corresponding to the low symmetry product phase vari-
ants in strain space6. The second category can be treated
with a generalization of the Allen-Cahn7 phase-field ap-
proach in terms of non-conserved order parameters8. In
both cases, some set of order parameters is necessary to
distinguish the various symmetrically equivalent product
phase variants and is defined such that they become zero
for the parent phase.

In this paper we introduce an approach to determine
symmetry-adapted strain and shuffle order parameters
that are specifically tailored for a given martensitic struc-
tural transition between a high symmetry parent phase
and all of its symmetrically equivalent product phase
variants. The approach relies on group-theoretical ar-
guments and only requires knowledge of the structure of
the parent and product phases. It yields the minimal set
of order parameters that describe both the parent phase
and all symmetrically equivalent product phase variants.
We apply the approach to analyze the tetragonal-to-
monoclinic phase transformation of ZrO2, one of many
stable oxides in the Zr–O chemistry9–13, and a system
whose crystallography is sufficiently complex to demon-
strate the utility of the approach.
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The tZrO2–mZrO2 phase transformation of ZrO2 is a
particular martensitic phase transition that is of tremen-
dous importance in a wide variety of applications, in-
cluding thermal barrier coatings14–16, solid electrolytes
in oxygen fuel cells17,18, and dental restorations19. The
transformation is exploited to enhance the fracture
toughness in ZrO2 based ceramics20–22. A complex
twinned microstructure emerges to self-accommodate the
large volume expansion (∼4%) and shear that accompany
the transformation23,24. Although mZrO2 is stable up to
1170◦ C, the tetragonal form can remain stable in a thin-
film morphology down to temperatures as low as room
temperature25–27, suggesting that the (meta)stability of
tZrO2 may be strongly influenced by strain. In par-
tially stabilized zirconia and tetragonal zirconia poly-
crystals, nucleation of monoclinic domains, which oc-
curs at lower temperatures, and especially in the pres-
ence of moisture28–30, is an important mechanism of ma-
terial degradation. Additionally, ZrO2, crystallographi-
cally very similar to HfO2, is a suitable as a high-k di-
electric in microelectronic applications31,32.

The paper is structured as follows. In Sec. II, we de-
scribe the crystallography of the different polymorphs of
ZrO2 and emphasize the layered nature of mZrO2, an
important crystallographic feature that has so far re-
ceived little attention. This is followed by the formula-
tion of strain order parameters that conveniently describe
the relation between the cubic, tetragonal and mono-
clinic variants of ZrO2. We then introduce an approach
to determine symmetry-adapted shuffle order parame-
ters. In Section III, we explore the energy landscapes,
as calculated with density functional theory, along both
tZrO2→mZrO2 and mZrO2→mZrO2 pathways. The cal-
culations indicate favorable pairs of variants and reveal
intermediate structures that are energetically favorable
compared to many other polymorphs of ZrO2.

II. CRYSTALLOGRAPHY OF
GROUP/SUBGROUP STRUCTURAL

TRANSITIONS: MONOCLINIC AND tZRO2

We describe an approach of constructing symmetry-
adapted strain and shuffle order parameters by introduc-
ing it within the context of the tetragonal to monoclinic
transformation of ZrO2. This transformation serves as
a nontrivial example that is both well-known and tech-
nologically important. Its crystallography is sufficiently
complex as to illustrate the utility of such generalized or-
der parameters for analyzing reversible phase transitions.
Therefore, we first describe the crystallographic relation-
ships between the tetragonal and monoclinic polymorphs
of ZrO2 in some detail before presenting the general ap-
proach.

ZrO2 exists in one of three polymorphs at ambient
pressure, depending on its temperature9. At high tem-
peratures, it adopts the high symmetry cubic form,
cZrO2, which has a thermally averaged crystal struc-
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FIG. 1: Ball-and-stick illustrations of the 12-atom conven-
tional cell of (a) cZrO2 and (b) tZrO2. Polyhedral models
of the conventional cell of (c) tZrO2 and (d) mZrO2, viewed
along the c axis. (e) Polyhedral models of the 8 equivalent
variants of the mZrO2 structure depicted in (c), depicted as
a 2 × 2 × 2 supercell of the conventional cell. Polyhedra are
centered at tetrahedral O sites.

ture that is identical to CaF2 (fluorite). As illustrated
in Fig. 1(a), cZrO2 consists of an FCC sublattice of Zr
atoms with oxygen filling all of the interstitial tetrahedral
sites. cZrO2 undergoes a phase transition upon cooling to
a tetragonal form, tZrO2, shown in Fig. 1(b), whereupon
the lattice parameter ratio c/a becomes greater than one,
and the oxygen sublattices undergo a cooperative shuffle,
increasing the size of the primitive cell from three atoms
in cZrO2 to six in tZrO2. Half of the (110) planes of
oxygen in the conventional unit cell shift along the pos-
itive c direction, with the remaining planes shift along
the negative c direction, thereby forming a checkerboard
ordering of up-down shuffled oxygens in the a–b plane of
the tetragonal phase. The conventional cells depicted in
Fig. 1(a) and (b) contain 4 and 2 primitive cells, respec-
tively, of cZrO2 and tZrO2. As the polyhedral model of
tZrO2 in Fig. 1 (c) illustrates, the O atoms remain within
the tetrahedral interstitial sites in tZrO2, despite a slight
off-centering.



3

Upon cooling, tZrO2 undergoes an additional transfor-
mation to the monoclinic phase, mZrO2, via a complex
cooperative motion involving both the Zr and O sublat-
tices. The transformation is accompanied by a lattice
strain that both increases the atomic volume and shears
the a–c plane. The change in periodicity doubles the
size of the primitive cell, so that the mZrO2 primitive
cell is the 12-atom conventional cell shown in Fig. 1(d).
The mZrO2 crystal can be viewed as a layered structure
consisting of alternating ‘O4’ sheets, having four-fold co-
ordination of O atoms, and ‘O3’ sheets, having 3-fold
coordination of O atoms. The O3 layers are formed as
O atoms cooperatively shift away from their tetrahedral
sites until they reside within a tetrahedral face. There
are a total of eight symmetrically equivalent mZrO2 vari-
ants that can form in this way, relative to a particular
tZrO2 crystal. Figure 1(e) shows the 8 mZrO2 variants
that can form from a tZrO2 crystal whose c axis is par-
allel to the Cartesian z axis. Each variant is given a
label (v, t), where v ∈ {e+4 , e

−
4 , e

+
5 , e
−
5 } denotes a shear

strain that uniquely specifies the orientation of the crys-
tal relative to tZrO2, and where t ∈ {1, 2} distinguishes
translational variants (i.e. O3-O4 layering versus O4-O3
layering, relative to the origin).

The displacement of O atoms away from their tetrahe-
dral sites in the O3 layers leaves a fairly open structure
when viewed along the c axis, as can be seen in Fig. 1(e).
In mZrO2 each Zr atom is neighbored by 4 O in its ad-
jacent O4 layer but only 3 O in its adjacent O3 layer, for
a total coordination of 7. To better accommodate this
reduced coordination, the lattice undergoes a monoclinic
shear in the a–c plane, which is compensated by a ±c
shuffle of b–c planes of Zr atoms. This combination of
shear and Zr displacement allows each O4 layer to lo-
cally resemble the tZrO2 structure while the O3 layers
concentrate a large portion of the lattice deformation.

In the next two sections, we introduce strain and shuf-
fle order parameters and apply them to describe the
crystallographic relationships of the eight symmetrically
equivalent mZrO2 variants relative to each other and rel-
ative to the tZrO2 parent phase from which they can
form.

A. Strain order parameters and the symmetrically
equivalent variants of mZrO2

Symmetrically equivalent orientational variants of a
product phase can be generated by applying the point
group operations of the higher-symmetry parent crys-
tal to one replica of the lower-symmetry product crys-
tal. The D4h point group of tZrO2 contains 16 symme-
try elements, while the C2h point group of mZrO2 is a
subgroup of D4h containing 4 elements. As such, the
application of the full tetragonal point group D4h to the
mZrO2 crystal must generate 4 symmetry-equivalent but
distinguishable orientations of the mZrO2 phase. Addi-
tional translational variants emerge if the primitive cell

of the product phase is a supercell of the parent primitive
cell. For each of the four orientational variants of mZrO2

there are two additional translational variants. This two-
fold multiplicity is due to the periodicity doubling that
occurs during the tZrO2–mZrO2 transition.

We define strain order parameters that can distinguish
orientational variants of the product phase by measuring
deformation of the crystal relative to the parent phase33.
A particular unit cell of the crystal is specified by the 3×3
matrix L, whose columns are 3 lattice vectors of the crys-
tal. A finite homogeneous deformation of the crystal de-
forms the lattice vectors according to L′ = UL, where the
right stretch tensor, U, is a symmetric, positive-definite
3×3 matrix. We define the six-dimensional vector of
symmetry-adapted strain order parameters

~e =


e1
e2
e3
e4
e5
e6

 ≡


(Hxx +Hyy +Hzz)/
√

3

(Hxx −Hyy)/
√

2

(2Hzz −Hxx −Hyy)/
√

6√
2Hyz√
2Hxz√
2Hxy

 , (1)

where Hi,j is an element of the Hencky strain tensor,
which is defined as the matrix logarithm of U. Given the
eigendecomposition U = VΣV>, the Hencky strain is
thus the symmetric matrix H = V ln(Σ)V>. The high
symmetry parent crystal structure is the reference rela-
tive to which strains are measured, such that H = 0 for
the parent crystal. Importantly, the Hencky strain de-
scribes volumetric crystal deformations (which are wholly
captured by e1) independently from shape changing (and
volume preserving) deformations.

The symmetry-adapted strain order parameters, ~e, are
especially convenient for identifying symmetry breaking
distortions of the crystal accompanying group/subgroup
structural transitions. Considering a cubic crystal with
its cubic axes aligned along the Cartesian coordinate
axes, the first order parameter, e1, describes symmetry
preserving volumetric changes of the crystal. The order
parameters e2 and e3 together describe cubic-tetragonal
and cubic-orthorhombic symmetry-breaking in a 2D sub-
space. This is illustrated in Fig. 2(a), in which the ori-
gin corresponds to the cubic reference crystal and the
solid (dashed) lines correspond to three symmetrically
equivalent compressive (tensile) tetragonal distortions.
Any point off the dashed or solid lines corresponds to
an orthorhombic distortion of the cubic reference crys-
tal. The last three strain order parameters, e4, e5, and
e6, correspond to shear deformations and together de-
scribe orthorhombic, rhombohedral, monoclinic, and tri-
clinic symmetry-breaking of the cubic reference crystal
in a 3D subspace33.

The strain order parameters allow intuitive depictions
of symmetric relationships among different variants of
the parent and product phases. Figure 2(a) shows the
relationship of the three equivalent tetragonal forms of
ZrO2 (c/a > 1, represented by blue diamonds), relative
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to the cubic crystal (corresponding to the origin), pro-
jected into the e2–e3 plane. The x-, y-, and z-oriented
tZrO2 variants reside at vertices of an equilateral triangle
in the e2–e3 plane. The diamond labeled z in Fig. 2(a)
corresponds to a tZrO2 variant having its c axis aligned
along the Cartesian z axis.

The application of additional symmetry-breaking
strains to the tZrO2 variant labeled z in Fig. 2(a) yields
the symmetrically equivalent variants of the product
mZrO2 phase. Deforming tZrO2 along +e2 (−e2) pro-
duces a crystal with orthorhombic symmetry by length-
ening (shortening) the x-oriented a lattice parameter and
shortening (lengthening) the y-oriented b lattice param-
eter, yielding the green square zx (zy) in Fig. 2(a). The
zx and zy deformations are symmetrically equivalent rel-
ative to the z-oriented tZrO2. Each orthorhombic strain
has 6-fold multiplicity relative to cubic symmetry, as il-
lustrated by the six green squares in Fig. 2(a). Fur-
ther deforming the orthorhombic crystal at either of the
points zx or zy in Fig. 2(a) along ±e4 or ±e5, respec-
tively, yields the monoclinic lattice of a particular mZrO2

variant, which can be uniquely specified in (e2, e4, e5)
space. Figure 2(b) shows the four orientational variants
of mZrO2 that can be obtained in this way. These four
variants are labeled e−4 , e+4 , e−5 , and e+5 , according to
their shear strain order parameter values.

B. Construction and description of monoclinic
order parameters

Although strain order parameters can distinguish ori-
entational variants of the product phase, additional order
parameters are needed to distinguish between product
phase variants that differ only in their atomic shuffles.
These shuffle order parameters are important descriptors
of structural transitions that are driven by symmetry-
breaking phonon mode instabilities. In this section we
develop a general approach to construct a minimal set of
shuffle order parameters that can distinguish all symmet-
rically equivalent shuffle displacement fields and that are
zero in the high symmetry parent phase. We first develop
the approach in the absence of any strains of the parent
crystal structure and focus only on the atomic shuffle
displacements. We then describe how this restriction can
be relaxed to generate a minimal set of order parame-
ters that also describes symmetry breaking strains of the
parent crystal structure.

We start by developing mathematical expressions for
the application of symmetry to atomic coordinates of the
parent crystal. The atomic coordinates within a partic-
ular periodic unit cell of the parent crystal containing N
atoms can be considered as the columns of a 3×N ma-
trix R = (~r1| . . . |~rN ). The application of a space-group
operation ŝ of the high symmetry parent crystal is given
by the affine transformation S(ŝ) R + ~τ(ŝ)~1(N)>, where
S(ŝ) is a 3 × 3 symmetry matrix describing a rotation,
reflection, inversion, rotoinversion, or identity operation,
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FIG. 2: Illustration of relationships among the conventional
cells of cubic, tetragonal, and monoclinic ZrO2. (a) Homoge-
neous lattice strains, relative to cZrO2, realized by the cubic,
tetragonal, and monoclinic phases, projected into the e2–e3
plane of deviatoric strain. Within this plane, the diamond
labeled ‘z’ corresponds to a tetragonal strain with major axis
along z, and squares labeled zx and zy are orthorhombic
strains of z with semimajor axis along x and y, respectively.
(b) Homogeneous lattice strains, relative to tZrO2, realized
by the tetragonal, and monoclinic phases, projected into the
e2–e3 plane of deviatoric strain. The diamond labeled ‘z’ in
(a) corresponds to the origin of (b).

~τ(ŝ) is a 3×1 translation vector, and ~1(N) is a N×1 vec-
tor of ones. Because ŝ is in the space group of the crystal,
the transformed coordinates will map back onto the orig-
inal coordinates of the crystal to within a translation of
the unit cell lattice vectors L. We introduce the notation
ŝ [R] = bS(ŝ) R + ~τ(ŝ)~1(N)>)cL, where b · cL specifies a
matrix operation wherein a lattice translation is applied
to each column of the operand to bring it within the
bounds of the unit cell, which need not be the primi-
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tive cell of the parent crystal. With this definition, every
column of ŝ [R] must correspond to a column of R, al-
though the order of columns may have been permuted.
This requires that

ŝ [R] = bS(ŝ) R + ~τ(ŝ)~1(N)>)cL = R P(ŝ) (2)

where P(ŝ) is a N ×N permutation matrix of ones and
zeros that has exactly one non-zero entry in each col-
umn and row. Such permutation matrices are orthogo-
nal, meaning that P(ŝ)> = P(ŝ)−1. The orthogonality
of P(ŝ) leads to the useful invariance relationship

R = bS(ŝ) R + ~τ(ŝ)~1(N)>)cL P(ŝ)>. (3)

Having described how symmetry of the parent crystal
acts on its ideal coordinates, we shall proceed to con-
sider how symmetry operations act on inhomogeneous
displacements of the atomic coordinates. If the ideal po-
sitions R of the parent crystal are perturbed by a (3×N)

displacement matrix, yielding R̃ = R+D, then direct ap-
plication of a space-group operation of the parent crystal
yields

ŝ
[
R̃
]

= bS(ŝ) R + ~τ(ŝ)~1(N)>)cL + S(ŝ) D, (4)

where, as before, the identities (columns) of the sites
have been permuted by P(ŝ). Using P(ŝ) to return the
columns to their original order yields (after substituting
the invariance relationship in Eq. (3)),

ŝ
[
R̃
]

P(ŝ)> = R + S(ŝ) D P(ŝ)> = R + ŝ [D] , (5)

The application of a symmetry operation of the par-
ent crystal to the displacement field D, therefore, yields
the symmetrically equivalent displacement field ŝ [D] =
S(ŝ) D P(ŝ)>.

It is convenient to express the displacement field D as

the 3N -dimensional vector ~D = (D1,1, D2,1, . . . , D3,N ),

in which case, application of symmetry to ~D is given,
element-wise, by

ŝ
[
~D
]
(i,j)

= S(ŝ)i,kD(k,l) P(ŝ)j,l = M(D)(ŝ)(i,j),(k,l)D(k,l).

(6)
Parentheses are used to denote composite indexing

due to the conversion from D to ~D, and the matrix
M(D)(ŝ)(i,j),(k,l) = S(ŝ)i,k P(ŝ)j,l, which is identical to
the Kronecker product of P(ŝ) and S(ŝ), fully describes

the effect of ŝ on the displacement field vector ~D.
We can now proceed to develop an approach that iden-

tifies a minimal set of shuffle order parameters relating a
high symmetry parent crystal to its symmetrically equiv-
alent product displacement fields. To this end, we equate
~D? to the displacement field needed to take the atomic
positions of the high symmetry parent phase to one par-
ticular variant of the low-symmetry product phase. We
can generate the orbit of all displacement fields that are

equivalent to a particular ~D? by multiplying this dis-
placement field by the matrices M(D)(ŝ) for each space
group operation ŝ of the parent crystal, that is unique
up to a lattice translation of the unit cell L. Because
the number of space group operations ŝ in the parent
unit cell are finite, there will also only be a finite number
m of symmetrically equivalent displacement fields within

the orbit of ~D?.

Phase field treatments of reversible structural phase
transformations commonly introduce a multidimensional

long-range order parameter ~ξ, with each element ξi cor-
responding to a particular equivalent variant of the low-
symmetry derived phase34,35. When the element ξi = 1

and all other ξj = 0 for j 6= i, ~ξ indicates that the crystal
exactly corresponds to the low-symmetry variant i. The
crystal corresponds to the high-symmetry phase when
all ξi = 0. The displacement vector for an arbitrary vec-

tor ~ξ is thus ~d (~ξ ) = Q(~D?)~ξ, where Q(~D?) is a 3N ×m
matrix whose columns are the members of the orbit of
~D?. Taking the scalar product of ~d (~ξ ) with itself yields
~d (~ξ )> ~d (~ξ ) = ~ξ>Q(~D?)>Q(~D?)~ξ, which, as is shown in
Appendix A, is invariant to the symmetry of the parent
crystal. This invariance suggests the importance of the
m×m orbital covariance matrix

C(~D?) = Q(~D?)>Q(~D?). (7)

The orbital covariance matrix is positive semidefinite
and symmetric, and, in general, its rank, r, may be less

than m. As such, we can write it as C(~D?) = VΛV>

where Λ is a r× r diagonal matrix of positive real eigen-
values and where V is a m× r orthogonal matrix whose
columns are their corresponding eigenvectors. In this

way, we have ignored any eigenvectors of C(~D?) that have
zero eigenvalues. If we define B = Λ1/2V> the orbital
covariance matrix can then be written as

C(~D?) = Q(~D?)>Q(~D?) = B>B. (8)

This expression motivates the definition of a new r-

dimensional order parameter vector ~η, related to ~ξ via

~ξ = B−1~η, and ~η = B~ξ, (9)

where B−1 = VΛ−1/2, such that the inner product ex-
pression becomes

~d (~ξ )> ~d (~ξ ) = ~ξ>B>B~ξ = ~η>~η. (10)

The related expression Q(~η) = Q(~D?)B−1 defines the
3N × r matrix whose columns are coordinate vectors
that describe special symmetry-adapted coordinates in
which to express displacements of atoms in the crystal.

The order parameter vector ~η = Q(~η)> ~D? is thus a r-
dimensional vector whose components are the amplitudes

of these coordinates that reproduce ~D?. By construction,

any element of the orbit of ~D? can be written exactly as a
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FIG. 3: Depiction of displacement fields due to order pa-
rameters η2, η3, η5, and η7. Displacement magnitudes are
exaggerated by a factor of 2 to aid visualization.

linear combination of the symmetry-adapted coordinates
~η, but this is not true of an arbitrary displacement field.

The method of identifying internal shuffle order param-
eters introduced above can easily be extended to gener-
ate order parameters that describe both a displacement

field ~D? and a homogeneous strain ~e?. In this more com-
plex scenario, we utilize the compound strain/shuffle vec-

tor ~S? = (e?1, . . . , e
?
6, D

?
1 , . . . , D

?
3N ), obtained by concate-

nating the homogeneous strain vector ~e? and displace-

ment field vector ~D?. The columns of the matrix Q(~S?)

are comprised of these compound vectors for each sym-
metrically equivalent variant. The symmetry matrices
M(D)(ŝ) must be altered slightly to reflect the change in

Q(~S?).

C. Qualitative nature of order parameters for the
tZrO2→mZrO2 transformation

We illustrate the above approach to identifying
symmetry-adapted order parameters for the tZrO2 to
mZrO2 group/subgroup transformation. The approach
generates eight order parameters that can distinguish be-
tween tZrO2 and any of the eight variants of mZrO2. Ta-
ble I shows the values of the eight order parameters for
each mZrO2 variant. Rows of the table correspond to
the 8 order parameters and columns correspond to the
distinct mZrO2 variants generated by the space group
of tZrO2. Figure 3 shows the displacement fields cor-
responding to η2, η3, η5, and η7, which, when summed
together, yield the mZrO2 internal shuffle for the (e−5 , 1)
variant.

Each symmetry-adapted order parameter ηi corre-
sponds to the amplitude of a symmetry-adapted displace-
ment field combined with a homogeneous strain. We have
normalized the eight order parameter such that they are
either ±1 or 0 for each monoclinic variant. Table I lists

the RMS strain and RMS atomic displacement contribu-
tion for each order parameter in order to quantify the
degree to which each order parameter describes either
homogeneous or local deformations of the crystal. Order
parameters that have a homogeneous strain component
or that have the same value for all translational vari-
ants of a particular orientational variant correspond to
Γ-point collective modes of the crystal, with the associ-
ated displacement vector (if it is nonzero) describing an
optical-mode polarization vector. Order parameters that
do depend on the translation of the product-phase vari-
ant (and, thus, cannot have a homogeneous strain compo-
nent) correspond to non-Γ modes in the tZrO2 Brillouin
zone. The periodicity-doubling that occurs from tZrO2

to mZrO2 dictates that any non-Γ mode must be at the
M point of the tZrO2 Brillouin zone. Based on Table I,
we can thus identify η1-η4 as Γ-point modes and η5-η8 as
M -point modes.

Table I also reveals information about the symmetry-
breaking properties of each order parameter. For ex-
ample, η2 has the same value across all variants, and
thus must preserve the tetragonal symmetry of the crys-
tal. In contrast, η1 distinguishes between e4-type and
e5-type variants, and thus corresponds exactly to the ho-
mogeneous strain order parameter e2. Similar arguments
allow us to identify (η3, η4) as describing tetragonal-
monoclinic symmetry-breaking at Γ, (η5, η6) as de-
scribing tetragonal-orthorhombic symmetry-breaking at
M , and (η7, η8) as describing tetragonal-monoclinic
symmetry-breaking at M .

Although in the example considered here, the dimen-
sionality of the symmetry-adapted order parameter vec-
tor, ~η, is exactly equal to the number of mZrO2 variants
relative to tZrO2 (i.e. eight), in general there can be
more product phase variants than independent order pa-
rameters. For example, if we use the higher symmetry
cZrO2 crystal as the parent phase instead of tZrO2, we
can describe 6 equivalent tZrO2 variants (comprised of
two translational variants for each of the three orienta-
tional variants depicted in Fig. 2(a)) and 48 equivalent
mZrO2 variants (i.e., 8 for each tZrO2 variant). These
variants can all be described within the 12-atom conven-
tional cell, which has 6 strain and 33 displacement de-
grees of freedom. The space of symmetry-adapted order
parameters, therefore, cannot exceed 39 dimensions. In
fact, the approach described in the previous section shows
that the combined set of 54 tZrO2 and mZrO2 variants
can all be described within a 30-dimensional order pa-
rameter space. In many cases essential thermodynamic
features of the structural transition can be captured in
a lower-dimensional order parameter space in which all
variants are distinguishable, even if some structural in-
formation is discarded. In the case of the eight mZrO2

variants relative to tZrO2, this is possible using as few as
four of the symmetry-adapted order parameters shown
in Table I (e.g., η3, η4, η5, and η6).
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(e−4 ,1) (e−4 ,2) (e+4 ,1) (e+4 ,2) (e−5 ,1) (e−5 ,2) (e+5 ,1) (e+5 ,2) RMSS RMSD

η1 1 1 1 1 -1 -1 -1 -1 0.011 0.000
η2 1 1 1 1 1 1 1 1 0.028 0.143
η3 -1 -1 1 1 0 0 0 0 0.121 0.227
η4 0 0 0 0 -1 -1 1 1 0.121 0.227
η5 1 -1 1 -1 0 0 0 0 0.000 0.290
η6 0 0 0 0 1 -1 1 -1 0.000 0.290
η7 1 -1 -1 1 0 0 0 0 0.000 0.313
η8 0 0 0 0 1 -1 -1 1 0.000 0.313

TABLE I: Table of monoclinic order parameters, evaluated in each of 8 mZrO2 variants. Each variant is labeled (V, T ), where
V labels the monoclinic lattice orientation and T labels the lattice shift of the monoclinic ordering within the supercell. The
RMS strain (RMSS) and RMS atomic displacement (RMSD) of each order parameter coordinate is also shown.

III. ENERGY LANDSCAPES ALONG PATHS
CONNECTING THE PARENT AND

SYMMETRICALLY EQUIVALENT PRODUCT
VARIANTS

Having established symmetry-adapted strain and shuf-
fle order parameters that can distinguish between tZrO2

and the symmetrically equivalent variants of mZrO2, we
next explore the minimum energy pathways connecting
these crystal structures.

Energies were calculated with the PBE
parameterization36 of the generalized gradient ap-
proximation to density functional theory as implemented
in the Vienna Ab Initio Simulation Package (vasp)37,38.
Projector augmented wave38,39 pseudopotentials with
valence-electron configurations of 4s2, 4p6, 5s1, 4d3 and
2s2, 2p4 for Zr and O, respectively, were used. The
plane wave basis energy cutoff was set to 600 eV. All
calculations were performed in the 12-atom conventional
cells of ZrO2, using a 7× 7× 7 Monkhorst-Pack k-point
mesh40. Solid-state nudged elastic band (SSNEB)
calculations were performed using the vasp Transition
State Theory Tools (vtst)41–43.

A. Energy barriers between symmetrically
equivalent monoclinic variants of ZrO2

The transformation of tZrO2 to mZrO2 often results
in a twinned microstructure in which several symmet-
rically equivalent variants of mZrO2 coexist to self-
accommodate the large strains acommponying the struc-
tural transformation. The twin boundaries can be co-
herent, with the crystal structure varying continuously
across the boundary. In the vicinity of the boundary, the
local atomic environments are no longer monoclinic, re-
sulting in an energy penalty that may be mitigated by
local atomic relaxations and a broadening of the bound-
ary. We can obtain a sense of this energy penalty as
well as the most favored local crystal structure of co-
herent twin boundaries by considering the minimum en-
ergy paths that connect each symmetrically unique pair
of mZrO2 variants.

(e5, t)
+

(e4, t)
-

(e5, t)
-

(e4, t)+

e4
e2

e5

0.929

a b

c

(e5, 1)- (e5,2)-

FIG. 4: SSNEB energy barrier between the (e−5 , 1) and (e−5 , 2)
mZrO2 variants, illustrated in Fig. 1(e). The structure corre-
sponding to the path midpoint is also depicted.

We calculated the SSNEB minimum energy path for
each pair ofmZrO2 variants that is distinct relative to the
symmetry of the z-oriented tZrO2 variant. The distinct
variant pairs can be represented by the following proto-
typical examples: (e−5 , 1) → (e−5 , 2), which corresponds
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0.823

a
b

c

(e5, 1)- (e5, 1)+

(e5, t)
+

(e4, t)
-

(e5, t)
-

(e4, t)+

e4
e2

e5

FIG. 5: SSNEB energy barrier between the (e−5 , 1) and (e+5 , 1)
mZrO2 variants, illustrated in Fig. 1(e). The structure corre-
sponding to the path midpoint is also depicted.

to a change in translational variant, while fixing orien-
tational variant; (e−5 , 1)→ (e+5 , 1), which corresponds to
reversing the sign of the monoclinic shear, while fixing
the translational variant; (e−5 , 1)→ (e+5 , 2), which corre-
sponds to reversing both the translational variant and the
sign of the monoclinic shear; and (e−5 , 1)→ (e−4 , 1), which
corresponds to changing the monoclinic shear plane. In-
terestingly, the (e−5 , 1) → (e−4 , 1) pathway is equiva-
lent to the (e−5 , 1) → (e−4 , 2), (e−5 , 1) → (e+4 , 1), and
(e−5 , 1) → (e+4 , 2) pathways, which can be inferred from
careful consideration of Figs. 1(e) and 2(b) and inspec-
tion of the order parameter values in table I.

Figures 5-7 show the results of SSNEB energy calcula-
tions along these prototypical trajectories. Energies are
plotted with respect to the generalized per-atom distance
along the trajectory, which is calculated between each
pair of NEB images using the method described in43.
This distance metric yields a lower bound on the gen-
eralized length of the continuous trajectory. For each
trajectory, the relaxed crystal structure of the midpoint

a b

c

0.788

(e5, 1)- (e5, 2)+

(e5, t)
+

(e4, t)
-

(e5, t)
-

(e4, t)+

e4
e2

e5

FIG. 6: SSNEB energy barrier between the (e−5 , 1) and (e+5 , 2)
mZrO2 variants, illustrated in Fig. 1(e). The structure corre-
sponding to the path midpoint is also depicted.

image is illustrated as an inset. To aid visualization,
the orientation of these illustrations is rotated relative to
Fig. 1(e). Each trajectory is symmetric about its mid-
point, as is clear in Figures 5-7.

Figure 4 shows the SSNEB trajectory from (e−5 , 1) to
(e−5 , 2), corresponding to reversing the O3–O4 stacking
sequence without changing the strain state. If these two
variants coexist coherently along the [010]m or [001]m di-
rections, the transition zone would correspond to an anti-
phase boundary, since variants have identical orientations
relative to the high symmetry tZrO2 but their internal
crystal structures differ by a non-lattice translation along
[100]m. The energy barrier along (e−5 , 1)→ (e−5 , 2) is 102
meV/ZrO2, while the relaxed midpoint of the (e−5 , 1) →
(e−5 , 2) trajectory has an energy of 99 meV/ZrO2 relative
to mZrO2. The structure of the (e−5 , 1) → (e−5 , 2) mid-
point, shown as an inset in Fig. 4, consists entirely of 3-
fold-coordinated oxygen layers that form a–b planes and
alternate between two different orientations along the c
axis. The midpoint has monoclinic point-group symme-
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try and is described by a 6-atom primitive cell with an
atomic volume 9.7% larger than that of mZrO2. Further-
more, the a and c lattice vectors of the midpoint struc-
ture are 5% and 7% longer, respectively, than in the end
states. This result suggests that an anti-phase boundary
separating (e−5 , 1) and (e−5 , 2) would locally desire a sub-
stantially larger volume than that of the adjacent mon-
oclinic crystals and will be under compressive stresses,
thereby having a higher energy than predicted here for
the unstressed state.

Figure 4(b) shows the path traveled in (e2, e4, e5) along
the (e−5 , 1) → (e−5 , 2) SSNEB trajectory. Since the path
connects a pair of mZrO2 variants that differ only by
an internal translation, the path starts and ends at the
same strain state, corresponding to the e−4 mZrO2 orien-
tation. Despite this, both the volume-conserving strain
order parameters e2 and e4 vary substantially along the
trajectory from (e−5 , 1) to (e−5 , 2). Figure 4(b) also shows
all symmetrically equivalent paths.

The SSNEB trajectory from (e−5 , 1) to (e+5 , 1), shown
in Fig. 5(a), corresponds to reversing the sign of order
parameters η3 (which reverses the sign of the monoclinic
shear) and η7. This mZrO2 variant pair can be related as
twins across the (100)m or (001)m plane. The energy bar-
rier along (e−5 , 1) → (e+5 , 1) is 114 meV/ZrO2, while the
relaxed midpoint structure relaxes to tZrO2 (Fig. 6(a),
inset), which has an energy of 112 meV/ZrO2 relative to
mZrO2. Figure 6(b) shows the (e2, e4, e5) pathway cor-
responding to the (e−5 , 1) → (e+5 , 1) SSNEB trajectory.
The path passes through the strain state of tZrO2, the
point where the symmetrically equivalent paths intersect.
The volume of the intermediate tZrO2 is 6% smaller than
that of mZrO2.

The (e−5 , 1) and (e+5 , 2) mZrO2 variants differ both by
a translation of the internal shuffle and the sign of the
monoclinic shear strain and can be related as twins across
the (100)m or (001)m plane. Figure 6(a) shows the SS-
NEB trajectory from (e−5 , 1) to (e+5 , 2), corresponding to
reversing the sign of order parameters η3 (which reverses
the sign of the monoclinic shear) and η5. The energy bar-
rier along this pathway is 112 meV/ZrO2, while the en-
ergy of the relaxed midpoint structure is 102 meV/ZrO2

relative to mZrO2. The structure of the (e−5 , 1)→ (e+5 , 2)
midpoint, shown as an inset in Fig. 5(a), consists entirely
of 3-fold-coordinated O and 6-fold-coordinated Zr but
exhibits less prominent layering along [001], when com-
pared to the (e−5 , 1) → (e−5 , 2) midpoint. The midpoint
structure has orthorhombic point-group symmetry and is
described by a 12-atom primitive cell with an atomic vol-
ume 5.6% larger than mZrO2. The (e2, e4, e5) pathway
corresponding to the (e−5 , 1)→ (e+5 , 2) SSNEB trajectory,
shown in Fig. 5(b) reveals that only e2 and e4 are acti-
vated, with a significant deviation in the orthorhombic
strain order parameter e2.

The final symmetrically distinct path describes a
change of the active shear order parameter from e4 to
e5. Figure 7(a) shows the SSNEB trajectory from (e−5 , 1)
to (e−4 , 1), corresponding to a deformation that results

0.736

a
b

c

(e5, 1)- (e4,1)-

(e5, t)
+

(e4, t)
-

(e5, t)
-

(e4, t)+

e4
e2

e5

FIG. 7: SSNEB energy barrier between the (e−5 , 1) and (e−4 , 1)
mZrO2 variants, illustrated in Fig. 1(e). The structure cor-
responding to the path midpoint is also depicted. The path
is symmetrically equivalent to the paths joining (e−5 , 1) to
(e−5 , 2), (e+5 , 1), and (e+5 , 2)

in an effective 90◦ rotation of the mZrO2 crystal about
the c axis of the parent tZrO2 crystal. The energy bar-
rier along this pathway is 82 meV/ZrO2, which is signif-
icantly lower than the other trajectories between mZrO2

variants. We fully relaxed its structure such that forces
were less than 1 × 10−5 eV/Å, and verified its dynami-
cal stability by calculating the 6 × 6 compliance tensor
and 36× 36 ionic Hessian tensor to confirm that neither
tensor has negative eigenvalues. The relaxed midpoint of
the (e−5 , 1)→ (e−4 , 1) trajectory, shown as an inset in Fig.
7(a), has an atomic volume within 0.2% of that of mZrO2

and has an energy of 52 meV/ZrO2 relative to mZrO2,
which is half that of tZrO2. The midpoint structure has
a 6-atom monoclinic primitive cell, with the monoclinic
shear occurring in the (110) plane, relative to the crys-
tal axes shown in Fig. 7. It exhibits layering of 3-fold-
coordinated and 4-fold-coordinated O atomic layers along
its monoclinic c axis, so that, as in mZrO2, all Zr atoms
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are coordinated by 7 O atoms. This monoclinic structure
is very closely related to the orthorhombic polymorph
identified in Ref.44, which was obtained by relaxing an
unstable phonon mode of the volume-expanded tZrO2

crystal. That orthorhombic structure can be constructed
by stacking the (e−5 , 1)→ (e−4 , 1) midpoint structure with
its (001)m shear-compensating twin, doubling the period-
icity of the cell. Figure 7(b) shows the relatively complex
path traveled in (e2, e4, e5) along the (e−5 , 1) → (e−4 , 1)
trajectory that is necessary to visit the large shear state
of the midpoint structure. Due to the symmetry of the
tZrO2 parent phase, the (e−5 , 1)→ (e−4 , 1) pathway is one
of 16 equivalent ones from a e4-type variant to a e5-type
variant, regardless of the signs of their monoclinic shear
or their relative translations.

B. The tZrO2-mZrO2 transition

Candidate structural pathways for the tZrO2→mZrO2

transition can be identified systematically by consid-
ering the symmetrically distinct pairs of tZrO2 and
mZrO2 variants. Each distinct structural pathway re-
sults in a particular orientation relationship between
tZrO2 and mZrO2. There are three orientation rela-
tionships between tZrO2 and mZrO2 that have been ex-
tensively discussed in the literature45. Each of these
can be achieved by a deformation of the tetragonal unit
cell followed by a rigid rotation of the resultant mono-
clinic crystal structure. The first, denoted as Type 1,
refers to the (001)m ‖ {100}t and [010]m ‖ [001]t orien-
tation relationship, in which the tetragonal lattice vec-

tors (~a(t),~b(t),~c(t)) become the monoclinic lattice vectors

(~c(m),~a(m),~b(m)) after deformation, with ~b(m) aligned
along ~c(t)1. A subsequent small rotation of the mZrO2

crystal by∼ 5◦ about [010]m then aligns the (100)m plane
of mZrO2 with the (010)t plane of tZrO2. Type 2 refers
to the (100)m ‖ {100}t and [010]m ‖ [001]t orientation re-
lationship and can be achieved with an identical deforma-
tion of the tetragonal unit cell as that of Type 1, but with
a subsequent rotation of ∼ −5◦ about [010]m to align
(001)m with (100)t. Type 3 refers to the (100)m ‖ {100}t
and [010]m ‖ 〈010〉t orientation relationship and has the
distinction of enabling the closest mapping of the mZrO2

crystal onto the tZrO2 crystal, in a least-squares sense.
The relationship between the tZrO2 and mZrO2 crystals
as depicted in Fig. 1(c) and 1(d) are an example of the
Type 3 orientation relationship.

It is insightful to consider the deformations needed to
achieve the different orientation relationships in strain
order parameter space. Referring to Fig. 2(a), there are
three distinct ways to pair a particular tZrO2 variant (e.g.
z) with one of the mZrO2 orientational variants that can

1 We use the standard convention that |~a(m)| < |~c(m)| and that

both ~a(m) and ~c(m) are orthogonal to ~b(m).

emerge from the same cZrO2 crystal (i.e. zx, zy, xy,
xz, yx and yz). The z → zx correspondence is equiv-
alent to the z → zy correspondence, while the z → xz
and z → xy are equivalent to the z → yz and z → yx
correspondences, respectively. The deformation of the
tetragonal unit cell to realize the Type 1 and 2 orienta-
tion relationships is that of the z → xz (or equivalently
the z → yz) correspondence, while the deformation for
the Type 3 orientation relationship is that of the z → zx
(or equivalently the z → zy) correspondence. The sym-
metrically distinct z → xy (or equivalently the z → yx)
correspondence will result in a distinct (100)m ‖ (001)t
and [010]m ‖ [100]t orientation relationship that has not
been named in the literature. We will refer to this orien-
tation relationship as ‘Type 4’.

We calculated SSNEB trajectories between each dis-
tinct tZrO2–mZrO2 variant pair, relative to cZrO2, thus
capturing all of the different lattice correspondences.
Each trajectory was initialized using the linear inter-
polant from the z tZrO2 variant to a particular variant
of mZrO2. Of these, energies for the trajectories having
the lowest barriers are shown in Figs. 8(a)-(c). Figures
8(d)-(g) shows the homogeneous strain along each path,
projected into the e2–e3 plane of deviatoric strain order
parameters.

Although the Type 1/Type 2 orientation relationships
are symmetrically distinct from Type 4, all three re-
lationships have degenerate SSNEB pathways, with a
30 meV/Zr barrier relative to tZrO2. This is shown
in Fig. 8(a). By contrast, the SSNEB pathway corre-
sponding to the Type 3 orientation relationship, shown in
Fig. 8(b), has an energy barrier of only 2 meV/Z relative
to tZrO2. This behavior can be understood by consider-
ing the SSNEB pathways in strain order parameter space.
The Type 1/Type 2 strain pathway (Fig. 8(d)) and the
Type 4 strain pathway (Fig. 8(e)) can both be broken
into two distinct parts. The first is a pathway between
two tZrO2 variants, and the second is a pathway from a
tZrO2 variant to one of its nearest mZrO2 variants, which
is identical to the Type 3 pathway (Fig. 8(e)). The pre-
dicted barriers for the different pathways are consistent
with findings in Ref.46, and the tZrO2–tZrO2 midpoint
structure, whose energy corresponds to the maximum of
Fig. 8(a), is nearly identical to the intermediate structure
reported in that work. Structural details of the tZrO2–
tZrO2 pathway midpoint are reported in the Supplemen-
tary Information.

We also considered a trajectory for the Type 3 orien-
tation relationship that passes through the low-energy
monoclinic intermediate state in Fig. 7. We denote
this trajectory as Type 3b as it is distinct from that of
Fig. 8(b) and Fig. 8(e). The Type 3b trajectory, shown
in Fig. 8(c), has an energy barrier of less than 1 meV/Zr,
relative to tZrO2, but faces a barrier of 31 meV/Zr to
escape the energy well corresponding to the intermediate
state. The strain pathway in (e2, e3) space for this tra-
jectory is shown in Fig. 8(g) and deviates only slightly
from the Type 3 pathway of Fig. 8(e). This path has sim-
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FIG. 9: NEB energy barriers between tZrO2 and mZrO2 shuf-
fles calculated at the mZrO2 lattice vectors (blue squares) and
at the tZrO2 lattice vectors (red triangles).

ilarities to one discovered by Guan et al.46 that is also of
the type 3 classification but that passes through an inter-
mediate energy-basin corresponding to an orthorhombic
crystal. That intermediate orthorhombic crystal, how-
ever, differs from the monoclinic intermediate structure
identified here and has an energy of 66.5 meV/Zr above
mZrO2. This is about 15 meV/Zr higher in energy than
the monoclinic crystal depicted in Fig. 7, when the re-
laxed energies of both structures are calculated using
PBE.

The calculations along pathways connecting tZrO2 and

mZrO2 of Fig. 8(a)-(c) allowed full relaxations of the
strain. Both tZrO2 and mZrO2, however, often exist
in microstructures that may impose states of large local
strain. In order to assess the effect of strain on the stabil-
ity and kinetic accessibility of mZrO2 relative to tZrO2

we calculated energies along NEB trajectories between
the tZrO2 and mZrO2 internal shuffles at two fixed lat-
tice deformation states. Figure 9 shows the NEB energy
along Type 3 trajectories connecting tZrO2 and mZrO2

for two fixed deformations. The internal coordinates of
the endstate structures were relaxed at the imposed lat-
tice deformations before initializing each trajectory.

The red triangles in Figure 9 were calculated using the
tZrO2 lattice vectors and volume. Although the mZrO2

internal shuffle increases significantly in energy at the
imposed tZrO2 lattice, becoming unstable relative to the
tZrO2 shuffle, it remains at a metastable minimum that
is separated from the tZrO2 shuffle by a barrier of 12
meV/ZrO2. The blue squares in Fig. 9 were calculated
using the mZrO2 lattice vectors and volume. The im-
posed strain increases the energy of the tZrO2 shuffle
slightly, such that there is no energy barrier with respect
to the mZrO2 shuffle. The tZrO2 shuffle is thus dynam-
ically unstable under an imposed mZrO2 strain. Inter-
estingly, the energy penalty due to imposing the mZrO2

strain on the tZrO2 internal shuffle (∼20 meV/ZrO2) is
significantly smaller than the increase in energy due to
imposing the tZrO2 strain on the mZrO2 internal shuffle
(∼250 meV/ZrO2). The increased stiffness of the mZrO2

shuffle with respect to shear is likely due in part to the
distinct topology of the mZrO2 structure. The shear
strain accompanying the tZrO2-mZrO2 transformation
is essential for accommodating the two distinct oxygen
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bonding environments (O3 and O4) in the mZrO2 phase.
Straining the monoclinic unit cell of mZrO2 to that of
tZrO2 by ‘undoing’ the combined shear (e4/e5) and devi-
atoric (e2) strains to obtain a tetragonal lattice requires
that the triangles forming O3 layers undergo significant
deformation.

IV. DISCUSSION AND CONCLUSION

Symmetry-adapted strain and shuffle order parameters
are natural variables in Landau free energy descriptions
that can feed into modern phase field approaches of struc-
tural phase transitions6,34,47–55. The order parameters
introduced here are capable of distinguishing between
different phases and phase variants, including phase vari-
ants that have the same orientation but differ by a trans-
lation vector of the parent unit cell. This makes it pos-
sible to describe not only the martensitic transformation
from the parent to the product phase, but also the forma-
tion and evolution of twinned microstructures consisting
of different orientational and translational variants. Past
treatments of the tZrO2–mZrO2 transition already used
strain order parameters similar to those introduced here.
Fadda et al., for example, introduced a free energy ex-
pression in terms of strain order parameters e2 and e6 to
describe the four orientational variants of mZrO2 relative
to tZrO2 in a Type 2 orientation relationship56–58.

While capable of capturing many attributes of the
product phases, thermodynamic descriptions that de-
pend only on strain fail to describe the wide variety of in-
terfaces, including antiphase boundaries and twin bound-
aries, that are present in coherent microstructures. Fur-
thermore, in the presence of shuffle degrees of freedom
there is the possibility of multiple local minima in the
free energy surface for a fixed strain state. A clear exam-
ple of this is the constant-strain NEB calculation shown
in Fig. 9 where two local minima exist as a function of
internal shuffle degrees of freedom when the unit cell vec-
tors are fixed to those of the tetragonal crystal (i.e. the
red triangles). Similar metastable local minima in the
(free) energy at fixed strain exist when a cubic lattice is
imposed on the tZrO2 shuffle44. The existence of multiple
local minima as a function of shuffle degrees of freedom
for fixed strain is likely to play an important role in the
kinetics of microstructure evolution.

The functional dependence of a free energy on strain
and shuffle order parameters must be invariant to the
symmetry of the parent crystal. Methods for construct-
ing symmetry-invariant free energy expressions are well
established33,59 given the particular symmetry represen-
tation of the variables that the free energy depends
on. The construction of symmetry representations for
the combined strain and shuffle order parameters is de-
scribed in Appendix A. Free energy models can be con-
structed phenomenologically using available experimen-
tal information or by fitting the coefficients of symmetry-
invariant polynomial expressions to first-principles data

obtained via statistical mechanics approaches that are
capable of describing the anharmonic vibrational excita-
tions responsible for the structural phase transition60–62.

The strain and shuffle order parameters derived specif-
ically for the tZrO2 to mZrO2 phase transition facilitate
the analysis and interpretation of the structural path-
ways connecting different variants of mZrO2 by simpli-
fying the enumeration of symmetrically distinct pairs
of monoclinic variants that can coexist in twinned mi-
crostructures. Our analysis of the minimum-energy paths
between pairs of monoclinic variants has identified low
energy forms of ZrO2 with local atomic structures that
are likely to exist along twin boundaries. These calcula-
tions have revealed the importance of O3 layers (layers
in which each oxygen is coordinated by three Zr) in low
energy forms of ZrO2, including intermediate distorted
structures between different variants of mZrO2. In par-
ticular, the monoclinic shear strain of the Zr sublattice
that is a feature of mZrO2 is crucial to producing layers
having three-fold oxygen coordination.

Surprisingly, the intermediate structure between
mZrO2 variants that differ most in their strain state (i.e.
the (e−5 , 1)/(e−4 , 1) variant pair) has a very low energy,
suggesting that the twin boundary separating such vari-
ants may be energetically favorable. The intermediate
structure of this variant pair has monoclinic symmetry
and an energy that is lower than tZrO2 and many or-
thorhombic polymorphs of ZrO2. The (e−5 , 1)/(e−4 , 1)
variant pair is associated with a (110) twin boundary,
which is commonly observed in mZrO2. The broken
symmetries and abrupt changes in bonding environments
near twin boundaries and antiphase boundaries can have
an influencing role in mass transport and material degra-
dation. Our results suggest that these interfaces likely
have distinct and varied structure, which may merit fur-
ther investigation via methods suited to systematic ex-
ploration of the thermodynamic and kinetic properties of
interfaces63–65.

The strain and shuffle order parameters for ZrO2 also
help clarify the nature of different pathways connecting
tZrO2 and mZrO2. Strain order parameters are conve-
nient metrics of deformation for exploring different orien-
tation relationships between tZrO2 and mZrO2. The de-
viatoric strains, e2 and e3, when referenced relative to the
cubic form of ZrO2 are especially useful as descriptors to
map different pathways that take tZrO2 to mZrO2. The
Type 1 ((001)m ‖ {100}t and [010]m ‖ [001]t) and Type 2
((100)m ‖ {100}t and [010]m ‖ [001]t) orientation relation-
ships between tZrO2 and mZrO2 require the same defor-
mation of the tetragonal unit cell and therefore follow
the same path in e2 and e3 space. The strain to achieve
these orientation relationships is substantially larger than
that needed to achieve the Type 3 ((100)m ‖ {100}t and
[010]m ‖ 〈010〉t) orientation relationship. Plots of mini-
mum energy tZrO2 to mZrO2 pathways in (e2, e3) reveal
that the pathways associated with Type 1 and Type 2 ori-
entation relationships are quite long and include two dis-
tinct tZrO2 variants, relative to cZrO2. The Type 3 ori-
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entation relationship, in contrast, relates a mZrO2 vari-
ant to the tZrO2 variant that is closest in (e2, e3). Such a
‘nearest neighbor’ crystallographic relationship in strain
order parameter space is often the most facile choice for
symmetry-breaking phase transitions since other possi-
ble relationships typically extend outside the Ericksen-
Pitteri neighborhood of the parent crystal5,66,67. The
Type 3 orientation relationship is commonly observed in
experimental measurements of the tZrO2–mZrO2 phase
transition23,45,68 and recent theoretical analysis indicates
that the Type 3 orientation relationship may be kineti-
cally favorable compared to other observed orientation
relationships46.

The approach introduced here to identify symmetry-
adapted strain and internal shuffle order parameters for
the tZrO2–mZrO2 structural transition can be applied
to any group/subgroup structural phase transition. The
strain order parameters are expressed as linear combi-
nations of the Hencky strain components in a way that
naturally describes symmetry lowering deformations of
a parent crystal unit cell having any point group sym-
metry ??. The combined strain and internal shuffle or-
der parameters naturally emerge from the diagonaliza-
tion of an orbital covariance matrix, formed by taking
the covariance among the atomic displacement vectors of
all symmetrically equivalent product phase variants. In
the language of group theory, the linear combinations of
Eq. 1 project the Cartesian strains onto subspaces that
transform according to irreducible representations of the
point group of the parent crystal, while the combined
strain/shuffle order parameters project the total crystal
deformation onto subspaces that transform according to
irreducible representations of the space group of the par-
ent crystal. The method is easy to implement, relying
on only basic symmetry information, and bears similar-
ities to the widely used statistical technique of principal
component analysis69. The resulting order parameters
yield a minimal set of descriptors that are, by construc-
tion, adapted for the space group of the high-symmetry
parent reference crystal and optimized for describing the
particular transformation under consideration.
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Appendix A: Symmetry properties of orbital
covariance matrix and strain order parameters

An important property of C(~D?) is that it is invariant
to the symmetry of the parent crystal. The application

of any space-group operation ŝ to Q(~D?) simply has the
effect of permuting its columns. In matrix form, this
implies

ŝ
[
Q(~D?)

]
= M(D)(ŝ) Q(~D?) = Q(~D?) W(ŝ), (A1)

where W(ŝ) is a m×m permutation matrix. Due to the
orthogonality of M(D)(ŝ) (i.e., M(D)(ŝ)> = M(ŝ)−1,)

C(~D?) transforms as

ŝ
[
C(~D?)

]
= W(ŝ)>Q(~D?)>Q(~D?) W(ŝ) (A2)

= Q(~D?)>M(D)(ŝ)>M(D)(ŝ)Q(~D?)

= Q(~D?)>Q(~D?)

which shows that C(~D?) is invariant to the space group
of the parent crystal.

Due to the properties of group invariants70, diagonaliz-

ing the group-invariant matrix C(~D?) also simultaneously
block-diagonalizes the symmetry representation W(ŝ) of
the group to which it is invariant. Thus,

M(η)(ŝ) = B W(ŝ) B−1 (A3)

is a block diagonal matrix that describes the applica-
tion of ŝ to transform a vector ~η onto an equivalent vec-
tor ~η′ = M(η)(ŝ) ~η. This block-diagonalization implies
that the symmetry-adapted order parameters can be par-
titioned naturally into several symmetry-invariant sub-
spaces (corresponding to the blocks of the symmetry rep-
resentation). Because the orbit of a particular symmetry-
adapted coordinate vector, generated by the parent space
group, is restricted to its particular symmetry-invariant
subspace, it, in many cases, has higher symmetry than
any of the product phase variants that it is used to de-
scribe (and from which it was derived). Each symmetry-
adapted order parameter subspace is thus associated with
a particular type of symmetry-breaking deformation of
the parent crystal.

We note that, if the product phase is described in a
larger supercell than the parent phase, the shape of the
product supercell may break certain symmetries of the
parent phase (e.g., a 2× 1× 1 supercell of a cubic super-
cell can be though of as having tetragonal symmetry).
However, we can always specify the unit cell L? to be the
smallest ‘mutually commensurate’ supercell of the parent
crystal (i.e., the smallest supercell that can accommo-
date all equivalent product phase variants). Importantly,
a mutually commensurate supercell always preserves all
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symmetries of the parent crystal and is the smallest such
supercell that is also able to accommodate the displace-

ment field ~D?. The mutually-commensurate supercell L?

is the unit cell that should be used when applying Eqs. (2)
and (3), so that the resulting order parameters are, by
construction, invariant to any lattice translation of L?.
To account for translations generated by L(P ) that are
not generated by the larger cell L?, we use the effective
symmetry group S/L? when applying symmetry, which
is a factor group of the space group generated by the left

cosets in S of the translation group of L?. This group
has a finite number of elements (typically a few tens or
hundreds), unlike the space group itself, making the ap-
plication of symmetry a tractable endeavor. The result-
ing symmetry-invariant free-energy expression is not in-
variant to arbitrary permutations of atoms, as has been
proposed in some formulations of the problem71,72, but is
instead invariant to all symmetries relevant to reversible
deformations of the crystal (i.e., deformations within the
Ericksen-Pitteri neighborhood5,66,67).
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