aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Analytical slave-spin mean-field approach to orbital
selective Mott insulators
Yashar Komijani and Gabriel Kotliar
Phys. Rev. B 96, 125111 — Published 7 September 2017
DOI: 10.1103/PhysRevB.96.125111


http://dx.doi.org/10.1103/PhysRevB.96.125111

Analytical slave-spin mean-field approach to orbital selective Mott insulators

Yashar Komijani''*, and Gabriel Kotliar!,
! Department of Physics and Astronomy, Rutgers University, Piscataway, New Jersey, 08854, USA

We use the slave-spin mean-field approach to study particle-hole symmetric one- and two-band
Hubbard models in presence of Hund’s coupling interaction. By analytical analysis of Hamiltonian,
we show that the locking of the two orbitals vs. orbital-selective Mott transition can be formulated
within a Landau-Ginzburg framework. By applying the slave-spin mean-field to impurity problem,
we are able to make a correspondence between impurity and lattice. We also consider the stability of
the orbital selective Mott phase to the hybridization between the orbitals and study the limitations
of the slave-spin method for treating inter-orbital tunnellings in the case of multi-orbital Bethe

lattices with particle-hole symmetry.

I. INTRODUCTION

Iron-based superconductors are the subject of in-
tensive study in the pursuit of high-temperature
superconductivity' 7 . These systems are interacting via
Coulomb repulsion and Hund’s rule coupling and they
require the consideration of multiple bands with crystal
field and inter-orbital tunnelling®®. Early DMFT stud-
ies, pointed out the importance of the corrlations'® and
Hund’s rule coupling'!, and reported a noticeable ten-
dency towards orbital differentiation, with the d,,, orbital
more localized than the rest'?. They also demonstrated
orbital-spin separation'3'®. Note that the orbital differ-
entiations has been recently observed in experiments!6.

Another perspective on the electron correlations in
these materials is that the combination of Hubbard in-
teraction and Hunds coupling place them in proximity
to a Mott insulator!” and, correspondingly, the role of
the orbital physics is provided by the orbital selective
Mott picture'®19. Ref.'® demonstrated an orbital selec-
tive Mott phase in the multi-orbital Hubbard models for
such materials, in the presence of the inter-orbital kinetic
tunneling. In such a phase, the wavefunction renormal-
ization for some of the orbitals vanishes. Such a phase
has been observed in angle-resolved photo-emission spec-
troscopy (ARPES) experiments??-21. Although desirable,
these effects have not been understood analytically in the
past, partly due to the fact that an analytical study is
difficult for realistic models. However, there are sim-
pler models, capable of capturing part of the relevant
physics, which are amenable to such analytical under-
standing, and this is what we study in this paper.

The mean-field approaches to study these problems
rely on various parton constructions or slave-particle
techniques. The latter include slave-bosons?%23, Kotliar-
Ruckenstein four-boson method?* and its rotationally in-
variant version®, slave-rotor?%, Z, slave-spin®’ 39 and its
U(1) version!®3! slave spin-1 method®? and the Z, mod-
2 slave-spin method?334. For a comparison of some of
these methods see Appendix A. While these methods are
all equivalent in the sense that they are exact represen-
tation of the partition function if the degrees of freedom
are taken into account exactly, different approximation
schemes required for analytical tractability, lead to dif-

ferent final results and therefore they have to be tested
against an unbiased method like the dynamical mean-
field theory (DMFT)36 44 in large dimensions or density
function renormalization group (DMRG)*? in one dimen-
sion.

We use the Z5 slave-spin in the following to study
the orbital selectivity with and without Hund’s coupling.
We briefly go through the method for the sake of com-
pleteness and setting the notations. By studying the free
energy analytically we show that close to the Mott tran-
sition the Hamiltonian can be described by a two-level
syystem and develop a Landau-Ginzburg theory for the
orbital selectivity. A Landau-like picture has been useful
in understanding the Mott transition in infinite dimen-
sions. Using a Landau-Ginzburg approach, we show how
the interaction in the slave-spin sector tend to lock the
two bands together in absence of Hund’s coupling and
that the Hund’s coupling promotes orbital selectivity. We
also apply the method to an impurity problem (finite-
U Anderson impurity) and its use as an impurity show
that the slave-spin mean-field result can be understood
as the DMF'T solution with an slave-spin impurity solver.
This puts the method in perspective by showing that the
mean-field result is a subset of DMFT. Additionally, we
study the effect on the orbital selective Mott phase pro-
duced by inter-orbital kinetic tunnelling and point out to
some of the limitations of the slave-spin for treating such
inter-orbital tunnelling in particle-hole symmetric Bethe
lattices. Finally, we study study the instability of the
orbital selective Mott phase by including hybridization
between the two orbitals.
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A. 7, Slave-spin method
We consider the Hamiltonian H = Hy + H;,;, where
Hy= Y tfdl.d, (1)
(i)

We must demand t%ﬁ = [tfia]* for this Hamiltonian
to be Hermitian. Unless mentioned explicitly, « is a
super-index that contains both spin and orbital degrees
of freedom. We replace the d-fermions with the parton



construction?”

d'iroz = ’é’iasza’ éiOé = Tixoz' (2)

T, = x,y,z are SU(2) Pauli matrices acting on an
slave-spin subspace per site/spin/flavour, that is intro-
duced to capture the occupancy of the levels. Slave-spin
states |fia) and [{;) correspond to occupied /unoccupied
states of orbital/spin « at site i respectively Away from
half filling,?® has shown that 7%, has to be replaced with
7t /2 + caTl, /2 where ¢ is a gauge degree of freedom
and is determined to give the correct non-interacting re-
sult. Here, for simplicity we assume p — h (particle-hole)
symmetry and thus maintain the form of Eq. (2). Note
that this parton construction has a Zs gauge degree of
freedom 7Y — —7®Y and f — —f, thus the name Z,
slave-spin. The representation (2) increases the size of
the Hilbert space. Therefore, the constraint

2f1Ta fia

is imposed to remove the redundancy and restrict the
evolution to the physical subspace. Using Egs. (2,3) it
can be shown that the standard anti-commutation rela-
tions of d-electron are preserved.

Plugging Eq. (2) in Hy, and imposing the constraint
(on average) via a Lagrange multiplier, we have

Hy= Yt

(if)ap

= Tiza +1, (3)

O fis8h0is = Nalflfia — (T +1)/2]

On a mean-field level, the transverse Ising model of slave-
spins can be decoupled from fermions. The decoupling is
harmless in large dimensions % as the leading operator in-
troduced by integrating over the fermions becomes irrel-
evant at the critical point of the transverse Ising model.
Therefore, writing Hy =~ H¢ + Hpg, we have

=> 7 { ZiaZjp — iﬂ + D AiaTia/2,
-

(ig)apB
Nia(flyfia = 1/2) (4)

Hp= Y

(ig) B
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t27Q with Q7 =

ized tunnelhng and \7;7” =t g(fw f;p) an Ising coupling
between slave-spins. The advantage of the parton con-
struction (2) is that the interaction H;,;{7} can be often
written only in terms of the slave-spin variables, so that
H = Hf + Hg and Hg = Hos + Hint.

Particle-hole symmetry - p—h symmetry on the orig-
inal Hamiltonian is defined as (n is a site index)

jab _ 3T 2 . .
where " = (2]02;5) the renormal-

dpo — (—1)"d]

nao?

d;rwz - <_1)ndna (5)

On a bipartite lattice, the nearest neighbor tunnelling
term preserves p — h symmetry, even in presence of inter-
orbital tunnelling. So, if the system is at half-filling the
Hamitonian is invariant under p — h symmetry. We have

to decide what p — h symmetry does to our slave-spin
fields. We choose

fna — (_l)nf);a

So, we see that if the original Hamiltonian had p — h
symmetry, we necessarily have \;, = 0.

Single-site approximation - The Hamiltonian Hg is a
multi-flavour transverse Ising model which is non-trivial
in general. Following?” 3% we do a further single-site
mean-field for the Ising model, exact in the limit of large
dimensions:

a7 Tnou Tha — _Tia (6)

Htis ~ (B2l + 21, () — (Bl (gis) . (D)
The last term together with the second term of Eq. (8)
contributes a —2 Z(U)Oxﬁ jz Qaﬁ We define z;o = (Zi0)
and Z;, = |zm|2 as the wavefunction renormalization of

orbital o at site 7. The slave-spin Hamiltonian becomes
(using the symmetry of j;;ﬁ )

Hos =Y (hl%ia + h.c), o=> T 25 (8)
pres B

In translationally invariant cases h;, and z;, become in-

dependent of the site index and jf;ﬁ depends on the dis-

tance between sites ¢ and j. Therefore, we can simply

write ho = )5 Japzp where

Jap =D Tty =215 <fz‘Tafj5>-
(i=9) J

In absence of inter-orbital tunnelling, 7 is a diagonal ma-
trix, corresponding to individual orbitals, where for each
orbital 7, = f_Dga depq (€) f(€)e is the average kinetic en-
ergy and depends only on bare parameters, unaffected
by the renormalization factor z. For semicircular band
(Bethe lattice), J = —0.2122D, while for a 1D tight-
binding model J1p = —0.318D with D = 2¢. Since the
operator 2, = 72 is Hermitian, we can write the slave-
spin Hamiltonian (for each site) as*’

Hg = Zaaﬂf + Hing (9)

where aq = 2} 5 Jap2p (at half-filling). The only non-
trivial part of computation is the diagonalization of Hg.
This is a 4™ dimensional matrix where M is the number
of orbitals. The free energy (per site) is

1 *
F = _B %:Tr log[—G -2 zn:ja[gzazﬁ

—%log {Tr[e_BHS}}. (10)

Here 8 = 1/T is the inverse temperature and the second
part comes from two constants introduced in Eqs. (4) and

(7). At zero temperature, the first term is just Japzazg
and the last term is Fg which depends on z via a. Hence,

F ==Y Jupzizs + Es({a}). (11)
ap

(ki)



II. ONE-BAND MODEL

In the one-band case the interaction is H;,; =
U, Mty where ;o = n;; — 1/2. Representing the
latter with 77 /2 and using translational symmetry we
obtain Hin, — (U/4)7{7{. Since we are in the para-
magnetic phase (a4 = ay), only sum of the two spins
2T = 747, enter (the singlet decouples) and the Hamil-
tonain can be written as Hg = 2aT% + S(T%)? — U/4,
creating a connection to the spin-1 representation of32.
Furthermore, we can form even and odd linear combina-
tions of the empty and filled states and at the half-filling,
only the even linear super-positions enters the the Hamil-
tonian. Thus, choosing atomic states of Hg as

_ M _ ) £10)
|1/J:i:0> - T? |/(/):|:1> - T (12)

with Eyrg = —U/4 and Fy; = U/4, the Hamiltonian
can be written as Hg = 2ar® + (U/4)7* where T are
Pauli matrices acting between [11o) and |[¢41), i.e. it
reduces to the Z, mod-2 slave-spin method®33%. In writ-
ing the states in Eq.(12) we have used a short-hand
notation (also used in the next section) |fi4db)) — )
and [4fy) — ), [f4fhy) — [) and so on. The in-
set of Fig. (1b) shows a diagrammatic representation of
the slave-spin Hamiltonian and two states decouple. The
ground state of Hg is that of a two-level system

Eg=——

TVI+ a0y (13)

with the level-repulsion @ = 2a and the zero-temperature
(free) energy is given by [factor of 25 due to spin]

F=2,|J|2*+ Es(2) (14)

The free energy is plotted in Fig. (la) and it shows a
second-order phase transition as U is varied. Close to
the the transition « — 0, we can approximate Fg =~
—2a? /U + 8a* /U3. Writing the first term of the free en-
ergy as +a?/8|7|, we can read off the critical interaction
Uc = 16|J|. Minimization of the free energy gives the
Gutzwiller projecion fomrula of Brinkman and Rice?®

f1-w?u<1
z={37" s (15

with uw = U/U¢ and is plotted in Fig. (1b). At finite
temperature this procedure gives a first order transition
terminating at a critical point 4.

Spectral function - The Green’s functions of the d-

fermions Gy(7) = (—Td,(7)d}(0)) factorizes

Gao(7) % (=T fo (1) fH0)) (Trr3(T)75(0))  (16)

to the product of f-electron Green’s function and the
slave-spin susceptibility and thus the spectral function is
obtained from a convolution with the slave-spin function
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FIG. 1: (color online) (a) Free energy (at T' = 0) as a
function of z showing a second-order phase transition as
U/U¢ is varied. (b) Wavefunction renormalization

Z = |z|? as a function of U has the Brinkman-Rice
form. Inset: Diagrammatic representation of the
slave-spin Hamiltonian. Each dot denotes on atomic
state. Two states decouple and Hg is equivalent to that
of Z3 mod-2 slave-spin.

Aj(w) = Ay(w) * Ag(w), in which Ay is a semicircular
density of states with the width Z and within single-site
approximation Ag is

As(w) = Z6(w) + - 25w+ 2B5) + 5w —2E5)] (17)

The spectral density has the correct sum-rule (in con-
trast to the usual slave-bosons??23) since the commu-
tation relations of the slave-spins are preserved. How-
ever, the single-site approximation does not capture in-
coherent processes, and this reflects in sharp Hubbard
peaks in the Mott phase (Z = 0) where Ay = 0(w).
Also, the spatial independence of the self-energy im-
plies that the inverse effective-mass of “spinons” m/m =
Z[1 4+ (m/kp)OiX] is zero in the Mott phase. This is
again an artifact of the single-site approximation. Both
of these problems are remedied, e.g. by doing a cluster
mean-field calculation?®33 or including quantum fluctu-
ations around the mean-field value within a spin-wave

approximation to the slave-spins 33.

The fact that (beyond single-site approximation)
spinons disperse in spite of (%) — 0 and they carry
a U(1) charge as seen by Eq.(2), implies that vanishing
of (%) does not generally correspond to the Mott phase
in finite dimensions. However, in large dimensions, this
is correct®! and that is what we refer to in the following.

III. TWO-BAND MODEL

In absence of inter-orbital tunnellings, the free-energy
is

F =a3/2|7| + a3/2|7| + Es(a1, a2) (18)



where Eg is the ground state of the slave-spin Hamilto-
nian. For two bands we have the interaction

Hipy = U(R14nay + Niopftay)
+ U'(Rayiigy + 1y noy)
+ (U = J)(Ryhgy + Ruyngy) + Hxp  (19)

where o = nyq —1/2 = 72/2. The spin-flip and pair-
tunnelling terms are

Hxp = —Jx|[dl dy d dy, + df dydd,y ]
+Jpldldl dy dyy + dbedh dy(dyy]. (20)

This term mixes the Hilbert space of f-electron with that
of slave-spins. Following?”2° we include this term ap-
proximately by df . — 7 and d,, — 77, substitution so
that it acts only in the slave-spin sector. The justification
is that such a term captures the physics of spin-flip and
pair-hopping. Using the spherical symmetry U’ = U — J
this can be written as

U, . . . . U
Hipy = 5("” + i1y + Fior + finy)? — 5+ Hxp

—J[’flrﬁigi + Ny Nep + 2N14N24 + Qﬁliﬁgi] (21)

For Jx = J and Jp = 0 it has a rotational symmetry*°.
Alternatively, U/ = U — 2J and Jx = Jp = J has
rotational symmetry. The choice does not affect the
discussion qualitatively. We keep the former values in
the following.

Atomic orbitals - We start by diagonalizing the atomic
Hamiltonian in absence of the hybridizations. Close to
half-filling the doubly-occupied states have the lowest en-
ergy and are given by

_ [frifh2) £ [V1l2)

|¢:i:0> \/§ ) Ej:O =-U - ‘]/27
|¢i1>:|ﬂ1ll2>j§|lhﬂ2>’ Eiy=-U+J/27F Jx,
) = M1, 02) £ |01 1)2) By — —U+3J/2F Jp,

\/i )
These 3 doublets become the 6-fold degenerate ground
state when J — 0. The 1, 3-particle states are then next

oaa) = i) T2y
oan) = fo), T2y — o,
pas) = T2 ) =
i) = M) 100 g,

V2

and finally, there are two (empty and quadruple occu-
pancy) states at the top of the ladder

|w7> = |TTU>1 |TNl>2 , Er=XM+X+3U— 3J/2,
[1g) = |O>1 |O>27 Eg=—-X — X\ +3U—3J/2.

No Hund’s rule coupling - The hybridization causes
transition among atomic states. In the case of no Hund’s
coupling we can block diagonalize Hg into several sectors
and diagrammatically represent it as shown in Fig. (2).
Therefore, the calculation can be reduced from 16x16 to
5x5. The larger the level-repulsion, the lower the ground
state energy in each sector. The fact that the slave-spins
decouple into several sectors brings about the possibility
of possible ground-state crossings between various sectors
as the parameters ay and ay are varied. Here, however,
it can be shown that the sector C' has the lowest ground
state energy for arbitrary parameters.
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FIG. 2: Diagrammatic representation of the slave-spin
Hamiltonian Hg in the two-band model with J = 0 and

A1 = A2 = 0. Each dot represents an atomic state with a
certain energy, denoted on the left, whereas the connecting
lines represent off-diagonal elements of the Hamiltonian
matrix, all assumed to be real. We have used the short-hand
notation \/izpf/bD = 1q £ 1. Also note that a; = 2J;2;. The
Hamiltonian factorizes into several sectors.

Numerical minimization of the free-energy leads to
Fig. (3) which reproduces the results of>”. For t5/t; >
0.2 the metal-insulator transition happens at the same
critical U for the two bands and we refer to it as the
locking phase, whereas for t5/t; < 0.2 the critical U for
the bands are different Us < U; and we refer to it as
orbital selective Mott (OSM) phase.

In order to have the result analytically tractable we do
one further simplification and that is to project out the
zero and quartic occupancies per site, by dropping the
high energy site at the apex of sector C'. We expect such
an approximation to be valid close to the Mott transition
of the wider band, but invalid at low U. As a result
the sector C decouples into two smaller sectors Ct, each
equivalent to a two-level system with the level-repulsions

o \/a§(3/2 +v2) +a2(3/2 - V2)
£1/a2(3/2 = V2) + a3(3/2 + V2). (22)
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FIG. 3: (color online Wavefunction renormalizations Z;
(blue) and Z> (green) as a function of U/U¢y in absence of
Hund’s rule coupling J = 0. The states at the bottom row
correspond to doubly occupied sites. The middle-row states
have occupancy of 1 or 3 and the states at the top row
correspond to zero or four-electron fillings. (a) Moderate
bandwidth anisotropy t2/t1 = 0.5 shows locking. (b) Large
bandwidth anisotropy t2/¢1 = 0.15 can unlock the bands and
cause OSM transition (OSMT). We also reproduce the kink
in the wider-bandwidth (blue) band as the narrow band
transitions to the Mott phase?”, marked with an arrow. In
the OSM phase, the wavefunction renormalization of the
wider band follows the Brinkman-Rice formula (solid line).

The ground state energy of the slave-spin sector is deter-
mined with o inserted in the Fg expression (13) (after
an inert —U/4 energy shift). Note that this ground state
has the Z; symmetry a; <> as of the Hamiltonian Hg.
Es(ay) as a function of (a? — a2)/(a? + a3), is mini-
mized for a; = ag. Discarding empty and filled states
corresponds to truncating part of the Hilbert space and
thus leads to reduced wavefunction renormalization at
U ~ 0. In Fig. (4) we have compared our analytical so-
lution to that of the exact result. When ay = 0, Eq. (22)
gives & — 2a7 as in the single-band case and there-
fore, same critical interaction Ucq = 16 | J1] is obtained.
But for symmetric bands a; = as, it gives a = 2v/3a.
Following similar analysis as before, the free energy is
a?/|J| —2a?/U and we obtain Uc = 24|J| = 1.5U¢1 in
agreement with?"29,

Locking vs. OSM phase - We formulate the locking vs.
OSM question as the following. Under what condition,
a1 > 0 but as = 0 can be a minima of the Free energy. As
mentioned before, setting as = 0, v in Eq. (22) reduces to
the one-band @ — 2a;. Therefore, the Mott transition for
the wide band happens at the same critical U as before.
To have a non-zero a; solution, we must have U < U,;.
The point as = 0 always satisfies dF/das = 0. To ensure
that it is the energy minima we need to check that the
second derivative is positive

d’F 1 5
o =— -2 s, 23
da3 laso ~ 7] 1] (23)

which gives the condition |J2/J1| < 0.2.

We can better understand the transition by using an
order parameter. The trouble with the expression of «
is that it cannot be Taylor expanded when a; and as
are both small. However, we may assume as = raq,

tz/tl =0.2
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FIG. 4: (color online) A comparison of numerical
minimization of the free energy vs. the analytical two-level
system. Discarding the empty and full occupancy states
leads to underestimation of Z as U — 0 but close to the
Mott transition the approximation is accurate.

with r playing the role of an order parameter which
replaces ag, and write down a(ay,a2) = aja(r) where
a(r) = ay(ar — 1l,as — r). A finite r close to the
transition implies locking, whereas r = 0 or r = oo im-
plies OSM phase. Close to the transition of both bands
a = 0 justifying an expansion of Eq.(13) in the form

Es ~ —2a%/U + 8a*/U? and Eq. (18) becomes

_ a?Ww
2|7

a?(r)
4u

F(ay,r) +0(a"), Wiy(ru)=1+zr? —

Here, z=|J1/J2|, and u=U/Ugs;. The metal-insulator
transition for a; happens when the mass coefficient W
changes sign. For negative W, a? > 0 and we still have to
minimize the free energy with respect to r. At small r, we
can expand a(r) ~ 2+ 5r2. To zeroth order in r, the W-
sign-change happens at © = 1. Another transition from
r = 0 to r > 0 happens when the corresponding mass
term (z — 5/u)r? changes sign, giving the same critical
bandwidth ratio . = 5 as we had before. So we have two
equations W(r,u) = 0 and 9,W(r,u) = 0. The function
W is plotted in the figure and the transition from locking
r >0 to OSM phase r = 0 is shown.

Large Hund’s coupling - In presence of Hund’s cou-
pling the slave-spin Hamiltonian is modified to the dia-
gram shown in Fig. (6).

The ground state still belongs to the sector C. In the
limit of large J/U — 1/4, we may ignore all the gray lines
on the block C and find that the ground state is that of
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FIG. 5: The coefficient W (r,u) is shown for various u as
function of r = az/a1. Equations W = 0 and 9,W = 0 are
satisfied at the minimum of the red curve, which is (a) at a
finite » = 1 in the Locking phase, |Ji| = |J2|. (b) and zero
r =0 in the OSM phase, |J1| > 5|7|-
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FIG. 6: Diagrammatic representation of the slave-spin
Hamiltonian Hg in the two-band model at half-filling with
in presence of Hund’s rule coupling J. Various degeneracies
are lifted by J-interaction. In the limit of large Hund’s
coupling J/U — 1/4 we may only keep sector C' and neglect
all the gray lines.

a two-level system, Eq. (13) with the level-repulsion

a=2/a?+a3 (24)

It is remarkable that the (orbital) rotational invariance
of the model (even though absent in Hg) is recovered in
this ground state. When the two bands have the same
bandwidth, this formula predicts Us = Ugy. Since Eg
no longer depends on a3 — a3, there is no more compe-
tition between the two terms and an slight bandwidth
asymmetry leads to OSM phase. This can be formulated
again, following previous section, in terms of stability of

a a1 # 0 but as = 0 solution. We can check that

&2F 1 1
e . ) 25
42 oo = 7] 193] (25)

which gives |J2| < |J1| as the sufficient condition for
OSMT, i.e., any difference in bandwidth drives the sys-

tem to the OSM phasse. Alternatively, by expanding the
level-repulsion in this case a(r) ~ 2 + r? and plugging
it into W(r, u), we find that the critical bandwidth ratio
z. = |J1/J2] is equal to one.

IV. TUNNELLING BETWEEN THE ORBITALS

A very interesting question is about the fate of or-
bital selective Mott phase upon turning on an inter-
orbital tunnelling. The band in Mott insulating phase
has one electron per site forming localized magnetic mo-
ment. There is a large entropy associated with this phase
and it is natural to expect that it would be unstable to-
ward possible ordering. A possible mechanism that can
compete with magnetic ordering, is the Kondo screen-
ing of the insulating band by the itinerant band, leading
to conduction in the former and opening a hybridization
gap in the latter band (effectively a new locking effect
coming from Kondo screening). Within single-site ap-
proximation, however, the form of the renormalized cou-
pling f?;ﬂ = z;‘at?-ﬂ z; implies that once an orbital goes
to the Mott phase, 1t automatically shuts down its cou-
pling to all the other orbitals. We speculate that this
effect might be responsible for the orbital selective Mott
transition solution found in'®. However, it is still a valid
question whether or not the critical interactions U for a
Mott transition are modified by inter-orbital tunnelling,
which we explore in the following.

Before treating inter-orbital tunnelling, we discuss
how the slave-spin method can be applied to the impurity
problem, and its relation to the lattice.

Impurity vs. Lattice and the DMFT loop

We can also apply the slave-spin method to an im-
purity problem. In particular, we can use the slave-spin
(as well as any other slave-particle) method as an im-
purity solver for the DMFT. We show in the following
that the slave-spin mean-field result corresponds to such
a DMFT solution with the corresponding slave-spin im-
purity solver. This puts the method on firm ground and
allows comparison between various methods.

First, consider a generic p — h symmetric impurity
model described by the Hamiltonian H = Hg + H;p
where

Hy=— Zt;:ﬁ(dgcw +h.c.) + Ze’gclﬁckﬁ. (26)
kap kB

Again «,f are superindices that include both orbital
and spin. We have assumed that the bath is diagonal
and discarded any local ‘crystal field’ d?{d2 for simplic-
ity. In the simple case of single-orbital impurity H;,; =
Ungngy. Via a substitution of Eq.(2), the hybridiza-
tion term becomes Hy = —37; s tzﬁ(fifa”ckﬁ + h.c.).
This problem can be written in a similar way as be-
fore H ~ H; + Hg where Hg is exactly what we had



in single-band lattice case. However, since the fngckB
interaction happens only on the impurity site, we do not
need the second single-site approximation here, and ob-
tain a, = —2 Zzg tg’g<f,1ack6>. In order to have a gen-
eral formalism that applies to both impurity and lattice,
as well as scenarios with inter-orbital tunnelling for which
Jap renormalizes and is difficult to compute, we regard a

and z as independent variables and write the free energy
of Eq. (10) as?”

F({z,a}) = Fy({z}) + Fs({a})

Z o Za- (27)

The saddle-point of F' with respect to a and z gives the
correct mean-field equations. Fy is the free energy of
the f-electron given by Fr = =T Trlog[— Gf (twn)]
where Gfl(zwn) = iwpl — 2V (iw,)z with  (iw,) =
>k tLGc(k,iwn)tk, the hybridization function. The
slave-spin part is given by Fs = Tr[e ?#s] where for
a single-orbital Anderson impurity, Hg = 2a7® + U7% /4,
as we had in the single-band case before.

The mean-field equations w.r.t z and a are, respec-
tively

Ao = Za f( )WIm [G?a (w + ”7)} ) (28)
dFg
Zo = o (29)

The first equation provides a relation between a and
z that generalizes aq = 23 5 Japzp (see appendix D).
Having expressions for Eg(a) we can eliminate a in fa-
vor of z, or vice versa, which is equivalent to a Legendre
transformation. In the appendix C, we apply these equa-
tions to the (single-orbital) finite-U Anderson impurity
problem and show the ‘transition’ to the Kondo phase as
the temperature is lowered.

In a lattice, the free energy has the same
form as Eq.(27) with the difference that Fy =
=T, Tr log[—Ggl(k, iwy,)] where the Green’s func-
tion is Gy (k,iw,) = [iw,1 — z'Epz]=!. Tt can be shown
that exactly same mean-field equations are obtained if G ;
in Eq. (28) is replaced with G¢<(iw,) — >, G§(k, iwy,).
Therefore, we conclude that the two problems (lattice
and impurity) are equivalent provided that the hybridiza-
tion function in the impurity problem is chosen such that
the impurity Green’s function and the local Green’s func-
tion of the lattice are equal, i.e.

liwnd =21 (iwn)z] ™' = [iw,1 = 2'Exz] ™", (30)

k

which is the DMFT consistency equation. Therefore,
slave-spin mean-field is equivalent to a DMFT solution
using the slave-spin method as the impurity solver. Also,
note that a lattice problem in the OSM phase, corre-
sponds to an impurity problem in which the hybridization
of one of the orbitals to the bath has been turned off>.

Note that a similar discussion can be applied to other
slave-boson/spin techniques. For example, KR slave-
boson has been previously applied to Andersion impu-
rity problem by K. Schonhammer ®! resulting in similar
mean-field equations as we derived here. Following the
same route, KR slave-boson mean-field solution of the
lattice can be shown to be equivalent to the result of a
DMFT loop with the KR slave-bosons as the impurity
solver. The relation between KR slave-bosons and the
slave-spins are discussed in Appendix A. See also Ap-
pendix B for a discussion of Eq. (30) at low-energies.

A. Inter-orbital tunnelling

Slave spins have been used to study Iron-based
superconductors'® where the inter-orbital tunnelling are
important. We study this tunnelling effect in the specific
case with p — h symmetry and without orbital-splitting
(which allows for analytic calculations). The cases that
go beyond such conditions, as arising in the models for
the iron-based superconductors'®, remain to be explored
and are left for future work.

A troublesome feature of the slave-spins is that
they break the rotational symmetry among the orbitals.
Within the p — h symmetric Bethe lattices that we study
here, this rotational variation leads to ambiguities in
presence of inter-orbital tunnellings, as we point out here.

Let us consider a 1D chain with two orbitals Hy =
— 3, (Dh, TDpy10 + hee), with D = (dy ds)", no
Hund’s coupling in H;,;, and a dispersion

t11 ti2

T= (tlz l22 ) (31)
We have chosen t15 = t; and all the elements real (and
positive)to preserve the p — h symmetry. Strictly speak-
ing, in 1D the mean-field factorization that led to Eq. (4)
and the consequent single-site approximation are both
unjustified. The choice of dimensionality, here, is only
for the ease of discussion and not essential to the con-
clusions. As long as the dispersion matrix can be diago-
nalized with a momentum-independent unitary transfor-
mation (as well as any Bethe lattice, see the appendix
D), the following discussion applies. Diagonalizing the
tunnelling matrix gives E,:f = —2t* cos k with

t t t t 2
= 11;— QQi\/( 1142- 22) CdetT (32)

Er = —2Tcosk,

Including renormalization just changes t,3 — fag. We
can simply use the diagonalized form of the tunnelling
matrix to calculate Fy at T'= 0. Assuming det T > 0,

Fy = Z/dkEi F(E)

—2(1?11 + EQQ)/W



Note that t15 does not enter the free energy. Inserting
this expression into Eq. (27) and setting dF/dz; = 0, we
can remove a; in favor of z;. This seems to imply that
there is a finite threshold (topological stability) for inter-
orbital tunnelling: as long as det T > 0, introducing ¢12
does not change anything in the problem and it simply
drops out and OSM phase is stable against inter-orbtital
tunnelling. For large t15 eventually det T < 0. So, we get
tt > 0 and t~ < 0 and the second band is inverted and
Fy becomes

_ 2
Fr— 2" —t7) /7= —4\/(tut22) + |£12|2.
T 2
(33)
Hence, t15 has non-trivial effects on renormalization.

On the other hand, we could have used the rotational
invariance of H;,; and done a rotation in d; — do ba-
sis to band-diagonalize Hy with the bandwidths T —
diag{t*,t™}, before using slave-spins to treat the inter-
actions. It is clear then that ¢15 always has non-trivial
effects by modifying t*. For example we could start in
the locking phase where ¢~ /t* > 0.2, and by increasing
t12 slightly get to the OSMT phase ¢~ /t* < 0.2, without
changing the sign of det T. This paradox exist for any
p — h symmetric lattice with diagonalizable tunnelling
matrix. The root of the problem is that our expression
in Eq. (9) is not invariant under rotations between vari-
ous orbitals. Therefore, the critical value where the OSM
phase persists, is basis-dependent. This ambiguity calls
for the use of unbiased techniques to understand the role
of inter-orbital tunnelling on OSMT. It might be that
the model we studied analytically here is a singular limit
which can be avoided by breaking p — h symmetry and
inclusion of crystal field in more realistic settings'®. This
remains to be explored in a future work.

As discussed in?®, the way to achieve rotational-
invariance is to liberate the f-electrons that describe
quasi-particles from the physical d-electrons. This is
achieved by a do — >~ 5 2o f representation which leads
to a wavefunction-renormalization matrix zep = (£.3)
with off-diagonal elements. So far, we have not been
able to generalize the slave-spin to a rotationally invari-
ant form and we leave it as a future project.

V. ON-SITE INTER-ORBITAL
HYBRIDIZATION

Even though models for the Iron-based supercon-
ductors have finite crystal level splitting and no on-
site hybridization, it is interesting to introduce a hy-
bridization between the two orbitals within the current
formalism?”. This is interesting, because the on-site hy-
bridization, does not suffer from the singe-site approx-
imation (Z;02:8) # (Zia) (Zig), as opposed to the inter-
orbital tunnelling and (2;,2;3) appears as an independent
order parameter, which leads to the emergence of Kondo
screening as we show in this section.

We can include a term )" J(vlgdlylgdm% + h.c.) to
the Hamiltonian. In order to preserve the p—h symmetry,
v12 has to be purely imaginary. The modifications to the

mean-field Hamiltonians are
AHf = Z(ﬁlel,lufn,ZU + hC) — 251412212 (34)

AHg = Aypri,73, (35)
where ’[)12 = ’012212 with Zlg = <leo7.§o> and A12 =

V19 Zn<fl’10_f20> + h.c.. Zijo and Ajs are are related
to each other via the Hamiltonian above and they are
independent of ¢ in the paramagnetic regime. Alter-
natively, we can regard them as independent and im-
pose the mean-field equation Z15 = 9Fs/0A12 to elim-
inate A2 by a Legendre transformation. Assuming a
small Aj5 we can compute the change in slave-spin en-
ergy using second-order perturbation theory. The re-
sult is of the form AEs = 7(A;2)? where v is (in
absence of Hund’s coupling) a positive constant which
contains all the matrix elements and the inverse gaps
v= Zja’n" <w0|7f;07§0|wj> (EJ - E0)71 <wj‘7_1a:ﬂ/7_2za"w0>
where E; and [¢;) are the eigenvalue/states of the Hg
solved in the previous section. Eliminating Aqs in favor
of Z15 we find that the free energy of the system is
2 €kl — fwy, 1214
F(Zl,ZQ,Z12)—_6%L:T‘I'IOg( _iziz €k2_iwn>

(215)?

!/

+Eg(21,22) + (36)
Here EY is the value of Eg(ai,a2) — ), a;2z; in absence
of hybridization v15 in which a; and ay are eliminated in
favor of z; and z3. Also, we have redefined |v12| Z12 —
Ziy and 7 Juia|* = 7.

Eq. (36) is nothing but the free energy of a Kondo
lattice at half-filling®® with renormalized dispersions €z
and €x2. In a Kondo lattice, this form of the free energy
appears using Zj, as the Hubbard-Stratonovitch field
that decouples the Kondo coupling +'S; - di&'dl. Here
Sy = d;&dz is the spin of the Mott-localized band and
~" plays the role of the Kondo coupling. As a result of
this coupling, a new energy scale Tk ~ D exp[—1/7'] ap-
pears, with D ~ min(2¢,,, Uc), below which the Kondo
screening takes place which in the p — h symmetric case
gaps out both bands but away from p — h symmetry mo-
bilizes the Mott localized band. Either way, we conclude
that orbital selective Mott insulating phase is unstable
against hybridization between the two orbitals in agree-
ment with?”. However, even though a true selective Mot-
tness is unstable, orbital differentiation, reflected as large
difference in effective mass can exist!'6.

VI. CONCLUSION

In conclusion, we have used slave-spin mean-field
method to study two-band Hubbard systems in pres-



ence of Hund’s rule coupling. We have developed a
Landau-Ginzburg theory of the locking vs. OSMT.
We discussed the relation between slave-spins and
the KR boson methods (Appendix). We have also
applied the method to impurity problems and shown a
correspondence between the latter and the single-site
approximation of the lattice using the DMFT loop. Fi-
nally, we have discussed the limitations of the slave-spin
method for multi-orbital models with both particle-hole
symmetry and inter-orbital tunnelling and shown that
the orbital selective Mott phase is unstable against
on-site hybridization between the two orbitals. As
possible future extensions of this work, it is certainly
interesting to study the nature of the Mott transition at
finite temperature and seek explicit solutions of Eq. (36).
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C.-H. Yee, and in particular, a detailed reading of the
manuscript and constructive comments by Q. Si. The
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After completion of this manuscript, we became aware
of another work® which contains a Landau-Ginzburg
theory of OSMT in presence of the inter-orbital tun-
nelling. The conclusions of the two work agrees wherever
there is an overlap.

VII. APPENDIX
A. A. Various slave-particle methods

For a one band model, KR introduces four bosons and
uses the representation 2; = P¥[ple +dip_,]P~, where
pl, el and d' are (hardcore) bosonic creation operators
for o-spinon, holon and doublon, respectively and P* are
projectors that depend on the occupations of the bosons
and are introduced to normalize the probability ampli-
tudes over the restricted set of physical states. On the
other hand, a SU(2) spin-variable 7, can be represented
by two Schwinger bosons a, and b, satisfying the con-
straint al,a, + bl b, = 1 (hardcore-ness), via

2 =alb, +bla, (37)

On an operator level, the two methods have the same
Hilbert space as depicted in Table (I) for the case of one
orbital. Average polarization of the spin along various di-
rection in the Bloch sphere corresponds to condensation
of a and b bosons.

A trouble with the slave-spin representation is that
the f-quasi-particles carry the charge of the d-electron
and thus the disordered phase of the slave-spins (in which
the f-electrons still disperse beyond single-site approxi-
mation) is not a proper description of the Mott phase.
As a remedy, it has been suggested®! to replace 7% in
Eq. (2) with 7% and fixing the problem of non-unity of

a}aT b}b,r ai% bIb¢ ele P;IH PI}% d'd
110|110 1101010
0 1 1 0 0 1 0 1]0
1 10| 0|1 0| 0 110
0|1 ] 0|1 0| 0] 0|1

TABLE I: Comparison of the Schwinger boson
representation of the slave-spin (left) and
Kotliar-Ruckenstein slave-bosons (right).

Z in the non-interacting case by applying fine-tuned pro-
jectors 2t = Pt7tP~. We note that this looks quite
similar to KR.

For M spinful orbitals, KR requires introducing 4
bosons (only one of them occupied at a time) whereas
only 2M slave-spins are required (each with the Hilbert
space of 2). Thus the size of the two Hilbert spaces are
the same 22M = 4M

B. B. General low-energy considerations

Generally, for a lattice with the Green’s function
Ga(k,w) = [wl —Ex — q(k,w)] ™, (38)
at low-energies we can expand the self-energy
diat(k,w) = (0,0)+k-0; (0,0)+wdy, (0,0)+:--.

Within single-site approximation, the second term is
zero. Denoting the third term as 9, 4 ~ 1 —Z~! and
assuming Z = zz" we can write

Ga(k,w) ~ z[wl — 2'E,z) 12T, (39)

which simply means G (w) = [wl — Ex] "

Comparing to Eq. (16), this means that the correla-
tion functions of the slave-particles are just decoupled
<2m(7')73j.3> — z}z3 within single-site approximation,
also discarding any time dynamics at low-energies. For
the tunnelling matrix, we simply have t = ztz. In the
following we discuss such low-energy approximations on
the DMFT loop. The Green’s function of an impurity
and a local site on a lattice are, respectively

iwnl - d,imp(iwn) = G;’imp(lwn% (40)
Gd,loc(iwn) = Z[lwn - Ek - d,lat(ka Z‘wn)]71~ (41)
k

interaction part of the self-energy

dimp(iwn) = (iwy) +  41(iwy,), the DMFT approxi-
mation identifies g 7(iw,) = qiat(k, iw,). Again ex-
panding 4(w) ~ (1 —Z 1w we have

Separating the

G imp(iwn) = Z[iwnl —  (iw,)] " 1zf, (42)



with  (iw,) = 2! (iwn)z in
Grimpliwy) = [iw,1 —  (iw,)] ™t
approximation for Gg ;0. leads to

agreement with
Using the same

Gytoelitn) = 2 [iw, — Ex] 'z (43)
k

the DMFT self-consistency loop is Gy oc(iwn) =
G, imp(iwy) or

> liwn — Ex] ™ = fiwn 1 = (iwn)] " (44)
k

Within the slave-spin approach there are no interactions
fiat =0 (45)

and Eq. (44) is satisfied as it does for any non-interacting
problem. Note that this is Eq. (30).

Rotation - Using the vector D for the d-electrons, in
presence of inter-orbital tunnelling we may sometimes
be able to eliminate such inter-orbital tunnelling by a
rotation to D = UD,. Since D = zF, we assume the
same rotation in the F-space F' = UFL (otherwise they
would contain inter-orbital tunnelling) and the two z-s
are related by z = U'zLU. Assuming that U is a SO(2)
matrix, and z+ is diagonal, we find

Z:z++z1_z+—z<—cos2a sin2a> (46)

Fimp =21 (iwy)Z, £1=0,

2 2 sin2a  cos2a

which has off-diagonal elements. Note that if one of the
z4+ elements vanishes, e.g. z_ = 0, we can factorize z

Z=Z+< co'sa )(cosa —sina>. (47)
—sina

Then, it can be seen that Z = zz! — 2,z has the same
form. This basically means one linear combination of f
electrons is decoupled (localized) and the itinerant spinon
band carries characters of both d; and do bands. This
basis-dependence of the orbital Mott selectivity is again
an artefact due to lack of rotational invariance.

C. C. Finite-U Anderson model

Here, we apply slave-spins to the finite-U Anderson
impurity model. The slave-spin part of the Hamilto-
nian is as we had in the one band case. We can use
Eq. (27) to eliminate a in favour of z. In the wide
band limit for the conduction band, we have G (iw,) =
[iw, —iAgsign(w,)]~! where Ax = mpt?22, and the free
energy is

b W
P = =2 [ 2 fw)tmflog 1Ak —w)]+ By (2). (49

EY is obtained by eliminating a from Eg(a) — 2;az part
of the free energy in Egs. (13) and (27) and is equal to
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Ey = —%\/ 1 — 22. Here, we have done a simplification to
replace Fg with its zero temperature value (ground state
energy) while maintaining the temperature dependence
of the Fy. We expect this approximation to be valid in
the large-U limit especially close to the transition. The
mean-field equation w.r.t z is

/Dd F(w)Re | — LU
¢ -D W w—iAg 4pt2 /1 — 22

Close to the transition, the second term is effectively like
a z/pJ with J(z2) = (4t2/U)V/1 — 22. At zero tempera-
ture the left-side simplifies

z AK

+——=zlog—- =0, 50
pJV1 — 22 gTK(Z) (50)

where Tk (z) = De~/?/2). So to have non-zero z we
must have Ax = Tk which determines z. Also, we can
go to non-zero temperature. We just replace the log-term

in above expression with its finite-temperature expression
from Eq. (49)

=0 (49)

1A7K
zlog —

“Re [&(iAK) - &(D)} + p%(z) =0 (51)

This is solved numerically and the result shown in
Fig. (7). It shows a Kondo phase z > 0 for T' < T}

1

—t/U=1
= t/U=0.75

e SN\ H
N \\\\ —1/0=0.25
<1 N\
\

FIG. 7: (color online) The order parameter z for the
Anderson model calculated from numerical evaluation of
Eq. (51). Tf = De~/?’ where J = 4t*>/U. Note that this is
off with a factor of 4, an artifact of slave-spin method. We
have used D = 100U whereas t/U is varied.

D. D. Stability of OSMT against interorbital
tunnelling in a Bethe lattice

Using equations of motion, the coefficient J,3 defined
after Eq. (4) can be related to the correlation function of
the electrons at the same site, The result is

g =t Y [ SR fwed @) (32

™



where A!"(w) is the na orbital-element of the local
spectral function matrix. This together with a®* =
235 JP28 leads to Eq.(27). In a Bethe lattice we

can use recursive methods®* to compute A;’;’B . When
the tunnelling matrix is hermitian and there is no chem-
ical potential or crystal field, the procedure is especially
simple. We diagonalize the renormalized tunnelling ma-
trix t = UtPU~'. Then the retarded and the spectral
functions are

Glw)=t7U (WU™Y,  Aw)=UAP (W)U (53)
where diagonal matirix = contains A-elements that sat-
isfy \; + A\, ! = w/t%, with the retarded boundary condi-
tion. AP is diagonal matrix of semicircular density states
whose width are given by the eigenvalues of t. By plug-
ging this into Eq. (53) and (52) and using

/;wa(w)wAﬁ(w) =—0.2122 x 2 ‘iD‘
™

we see that if the eigenvalues of the matrix t all have
the same sign, then U(|tP| = tP?)U~! = t. This is the
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generalization of the protection of OSM phase against
inter-orbital tunnelling, discussed in the 1D case in the
paper. For the case of two bands,

dett >0 = TP = —0.2122 x 217>,
dett<0 =  J9*=-02122 x 2P*R*P (54)

i.e. for dett > 0, the J-matrix does not have any off-
diagonal elements and the diagonal elements are propor-
tional to the bare diagonal hoppings (as before), but if
dett < 0, there is a matrix R = U (r%) U~! inside the
J-matrix which does depend on renormalization.

Again in this problem, one could have done the ro-
tation in d,-sector before using the slave-spins, in which
case, inter-orbital tunnelling would have an effect and
could cause OSM transition. Therefore, the stability
found above is basis-dependent. This ambiguity is absent
when p— h symmetry is broken and the tunnelling matrix

cannot be diagonalized independent of the momentum!®.
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