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We present a method to construct number-conserving Hamiltonians whose ground states exactly
reproduce an arbitrarily chosen BCS-type mean-field state. Such parent Hamiltonians can be con-
structed not only for the usual s-wave BCS state, but also for more exotic states of this form,
including the ground states of Kitaev wires and 2D topological superconductors. This method
leads to infinite families of locally-interacting fermion models with exact topological superconduct-
ing ground states. After explaining the general technique, we apply this method to construct
two specific classes of models. The first one is a one-dimensional double wire lattice model with
Majorana-like degenerate ground states. The second one is a two-dimensional p, + ip, supercon-
ducting model, where we also obtain analytic expressions for topologically degenerate ground states
in the presence of vortices. Our models may provide a deeper conceptual understanding of how
Majorana zero modes could emerge in condensed matter systems, as well as inspire novel routes to

realize them in experiment.

I. INTRODUCTION

Topological superconductors have become an active
research area in condensed matter and cold atom
physicst2. They provide examples of topological phases
that have been classified systematically®®. More prac-
tically, the non-Abelian statistics'®'2 of Majorana zero
modes and the robustness of degenerate ground states
against local perturbations have made topological su-
perconductors components of promising architectures for
fault-tolerant quantum computation'®. Experimental
signatures'* 7 of Majorana zero modes and topological
superconductivity in solid state systems call for more re-
alistic theoretical descriptions of the relevant physics, for
example the effect of interactions.

Most of the theoretical research in this area has be-
gun with non-interacting mean-field Hamiltonians with
an effective p-wave pairing term, from which one ob-
tains topologically-protected degenerate ground states
and Majorana zero modes. In nature, however, sizable
interactions typically challenge the validity of mean-field
theory. It is therefore important to understand better the
criteria for the aforementioned topological phenomena to
persist in the interacting case. Moreover, the mean-field
approximation breaks the number conservation, which
obscures the connection to realistic, number-conserving
systems.

Understanding the interplay of topology, number con-
servation, and interactions is challenging because the in-
teractions usually prevent exact solution by analytic or
numerical techniques. In one dimension, special tools are
available, and progress has been made using bosoniza-
tion'® 2% and numerical methods [density-matrix renor-
malization group (DMRG)]?!. Exactly solvable models in
this area are still rare??, and the two number-conserving
Majorana models?324 that have been proposed are one-

dimensional (1D). Having new families of exactly solv-
able models with realistic local interactions, especially in
higher dimensions, will therefore shed light on the charac-
terization of topological phenomena and Majorana zero
modes in intrinsically interacting and number-conserving
systems. In addition, these results provide new Hamilto-
nians that can be used to experimentally realize topolog-
ical states.

In this paper we take a bottom-up approach to these
fundamental issues: Starting from a general BCS-type
mean-field ground state |G), we show how to construct
number-conserving parent Hamiltonians that have |G) as
a ground state (with no approximation). This construc-
tion enables us to realize the physics of Majorana zero
modes in interacting number-conserving systems in an
exact manner. Following the general construction, we
build specific models including a 1D Majorana double
wire and a 2D p, + ip, topological superconductor, and
obtain analytic expressions for the degenerate ground
states in the presence of edges and vortices.

II. GENERAL CONSTRUCTION

Suppose we have an effective mean-field Hamiltonian in
some BCS-like theory in any dimension with or without
spin

1 *
Kmf = Z[fpa;f)ap —+ i(Apaﬁap + HC)]
p

= Z Epa;ap + const, (1)
P

where E, = (/&2 4+ |Ap[?, p indexes the single-particle

states (including momentum, spin, or any other quanti-



ties necessary), p denotes the time reversed state of p, and
Oy = Uplp — Upa;% are Bogoliubov quasi-particle operators
with |u,|® + [v,|* = 1 and v, /u, = —(E, — &,)/A%. The

BCS-like ground state of K¢ is (up to normalization)
/
Gaes) = [ apsl0), (2)
p

where the prime means each pair pp appears exactly once.

Our goal is to construct a number-conserving Hamil-
tonian whose ground state is |Gpcs). To do this, we
first separate each «;, into creation and annihilation parts

ap =C)p — SIT) with C), = upa, and S}; = vpa;;, and define
App/ = S;O[p/ + S;/Oép. (3)

From ap|GBCS> = 0, we know that App/ ‘GBCS> = 0, thus
a parent Hamiltonian for |Gpcs) can be constructed by

I;[ = Z lepz;PsmALlpz AAPspu (4)

P1pP2p3p4

where the matrix Hp, p,.pyp, 18 Tequired to be Hermitian.
This construction suffices for |Gpcg) to be a zero-energy
eigenstate of H. To ensure it is a ground state, we require
that the matrix Hp, p,.psp, 1S positive-definite. Notice
that f{ conserves total particle IAlumber N =3, a;ﬂap
since Apy can be rewritten as Apy = S;C’p/ + S;,C’p,
which follows because SIT,S;, JrS;, S}; vanishes by fermionic

antisymmetry. Then the ground state of H with a defi-
nite particle number N is simply given by the projection
of |Gpcs) to the N-particle subspace |Gn) = Pn|Gpcs)-

III. THE DOUBLE WIRE MODEL

As a first specific example of this construction, we con-
struct one-dimensional models that reproduce the ground
states of Kitaev's 1D wire!, Hixitaey = Zj(—tc;ch +
Acjcjp1+H.e.) —uN, where t, i, and A denote the hop-
ping amplitude, the chemical potential and the supercon-
ducting gap, respectively. Kitaev’s model has a special
point at 4 = 0, A = t where the Hamiltonian can be
rewritten as a sum of mutually commuting local opera-
tors and the spectrum is non-dispersing!. To simplify our
calculation, we focus on this special point (though our
construction protocol is general and could be applied to
other points as well?®) where the Hamiltonian has doubly
degenerate ground states given by (up to normalization)

Ge) =exp | Y _cleh | 10), 1G°) =¢&[_olG),  (5)
i<j

125

e

=T _ 1 L ikj :
where ¢;, = 7L ijl eIl The superscripts e, o de-

note even and odd fermion parity, respectively.

We consider a double wire geometry that has two par-
allel one-dimensional chains, with fermion creation op-
erators on each chain given by a;. = C},p b} = c}z, re-
spectively. Our aim is to construct a number-conserving
lattice model on these two wires whose ground states
are direct products of the Kitaev ground states on each
wire, projected to fixed total particle number |Gy) =
Pn(|G4)®|Gp)). We will show that the resulting Hamil-
tonian also leads to Majorana-like edge modes and robust
ground state degeneracy.

The direct product of Kitaev ground states |G4)®|Gp)
is annihilated by Bogoliubov operators?®

eis kL .k
Oy = ﬁ (— sin §ckg + 1 cos 2CT;w> —(k = —k), (6)

where o = 1,2, and the quasimomentum k is quantized
mm

with open boundary condition k = %7, m = 1...(L —
1)%7.

Having identified the a4, and therefore the Ci, and
S,ia, Eq. (4) gives a family of parent Hamiltonians. There
are in principle infinite number of choices for Hp, p,.psp, -
However, most of these choices will lead to complicated
long-range interactions. To facilitate experimental real-
ization in cold atom systems, we are particularly inter-
ested in H), p,.psp, that lead only to spatially local inter-
action terms. We find one such example given by>®:

H,

P1p2;P3P4

1
= E Z £1€2§3§46£1k1+€2/€2+§3k3+€4k4
g=t1

X[POoy020505 T Q0010200504 — T (0010500204 + Ooy0400205 )]s

(7)

where p; = (k;,0;) and p,q,r are arbitrary real coef-

ficients, one obtains Hamiltonians H with interactions
25

that are local in real space®®,
L—1

H = Z {7t [(a;aﬂl + b;bj_g_l + HC) —1
j=1

1 1 1 1
£} = s = 5+ 20— Dok~ 3)

—(adf T+ BIL I+ yJi,jJX,j)} .8
where J||7j = bjaj — bj+1aj+1, J:J‘ = aj+105 —
bj+1bj, Jx j =bjt1a; —bjaj41 and «, B,y are real num-
bers determined by p, ¢, 7%° with constraint a+ 3+~ = 0.
In order for the matrix Eq. (7) to be positive-definite,
the «, 8,7 should satisfy a < 0,8 < t,v < t, which,
combined with o + 8 + v = 0, gives the triangle re-
gion that is shown in Fig. 1. The center of the triangle
a = —t, =+ =1t/2 reproduces the model in Ref. [23].
One possible experimental realization is for v = 0, where
the proposal in Ref. [21] can be used to realize each term.

Since H preserves total particle number N = Ny + Np

and single wire fermion parity P45 = (—1)]{”‘»}37 ground



a+pB+v=0

FIG. 1: Parameter region of the double wire system. The con-
straint a + 3 + v = 0 restricts the parameter space to the 2D
plane drawn in this figure, where the coordinate («, 3,~) of
an arbitrary point P is given by the projections from P to the
«, 8,7 axes. The conditions a < 0,8 < t,y < t, which guar-
antee H to be positive definite, give a triangle region (shaded
area) in this plane.

states in each N-particle sector are doubly degenerate.
For example, if N is even, we have (up to normalization)

2
bbb | 10), |GR) = @by

G5 = | _(ala)

i<j

N-2)-

9)
This degeneracy is topologically protected in the sense
that all local perturbations in the bulk, even includ-
ing the ones that violate single wire parity, take the
form of an identity matrix when projected to the ground
state subspace. For example, using the same arguments
as in Refs. [23,24], we explicitly find that the energy
splitting AF due to perturbation a;-bj + H.c. scales as
AE ~ e/l (assuming j < L/2) for some finite length
scale ly.

IV. THE 2D p, + ip, MODEL

Majorana zero modes are expected to appear at cer-
tain boundaries and in the cores of vortices in p, + ip,
superconductors. We now show that Eq. (4) can be used
to construct number-conserving parent Hamiltonians for
Dz + 1y topological superconductors that share the same
ground state as the mean-field model

K:”vwl-wz_
S

2m (szaiwz + H~C~) + M¢z¢l:| d2z,

(10)
where S denotes an arbitrary region in the 2D plane with
complex coordinates z = x + iy, 0, = (0, —i0y)/2, 0; =
(0y +10y)/2, d*z = dzdy, and v, is the fermionic annihi-
lation operator at position z. The term A, 01, + H.c.
characterizes chiral p-wave pairing, and wi,v! is the
chemical potential term (which differs from the usual con-
vention by a constant). Although in principle we can con-
struct number-conserving parent Hamiltonians for all val-
ues of (m, A, ), in the following we only consider a spe-

mA and use natural units 2m = mA =1

cial point p =
for simplicity. Wlth an integration by parts, K can be
separated into a bulk Hamiltonian and a boundary term

K = Kpuik + Kpouna, with
Ko = / (20,401 — .)(20-05, — )2,
S

Kbound =

72‘% (7/11821/1de +7/)1827/}zd2)7 (11)
oS

where 0S denotes the boundary of S. Since Kbulk is
by construction positive-definite, the ground states of K
should be annihilated by the operator o, = 20;v, — 9!
for all z € S in order to minimize Kbulk (we will account
for the boundary term momentarily). The ground states
with even fermion parity can in general be constructed
as

1G°) = exp {1 / o(z )lol =2 | 0), (12)
2Js

where the two-particle wave function g¢(z,z’) satisfies
g(z,2") = —g(#/,2) and

20:9(2,2') = 6%(2 — 2), (13)

which guarantees that a,|G¢) = 0. To simultaneously
minimize the boundary term Kbound, the function g(z,2")
should satisfy certain boundary conditions that depend
on the geometry of the region S, which we will discuss
later.

A. Constructing a number-conserving parent
Hamiltonian

To find a parent Hamiltonian for the mean-field ground
state |G¢), we again follow our general construction given
in Egs. (3) and (4) where we identify C, = 20;¢, and

=1, leading to

4
Hbulk—/WZ1,Z2723,Z4 LAz H Zj

where W (z1, 22; 23, 24) is a positive-definite Hermitian
matrix. We further restrict ourselves to Hamiltonians
describing short-ranged interactions, i.e. W (21, 22; 23, 24)
tends to zero sufficiently fast when the distance between
any two points |z; — z;| becomes large. Furthermore, the

1) should be added into

ﬁbu}k to uniquely pick out the same set of ground states
as K

boundary term Kbound in Eq. (1

H = Hyu + Kpound- (15)

The new interacting Hamiltonian H harbors the topo-
logical p; + ipy ground state. It is number-conserving
because both ﬁbulk and Kbound preserve total particle
number.
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FIG. 2: Topological superconducting phase in an unbounded
2D plane with 2M vortices located at m1,m2,...,m2m. Here
we show the 2M = 4 case. In our gauge convention fermion
fields acquire a minus sign on going around each vortex.

As a specific example, we choose W (z1,29;23,24) =
e~ M==23152 (1) — 29)0%(23—24) /4 in Eq. (14) where A > 0,
after rearranging terms we get

H = /V@-vwzd?z (16)
S
+ 4 / e =1t (0,08, )b Dp dP 2d 2
S

It is also interesting to point out that with a differ-
ent choice of the coefficient matrix W (21, 22; 23, 24)%° we
are able to reproduce the Richardson-Gaudin p, + ip,
model?672? at the “Moore-Read” line, where the model
is known to be exactly solvable and exhibits a gapped
spectrum in a fixed particle number sector.

B. Degenerate ground states with vortices

It is known that vortices in the mean-field model
Eq. (10) have localized Majorana zero-modes'?3% giving
rise to topologically-protected ground state degeneracy
and non-Abelian statistics. It would be interesting to
see whether these important properties survive in our
number-conserving model, as these properties are crucial
for the realization of topological quantum computation'®.
One remarkable feature of our model is that the analytic
expressions of the degenerate ground states could be ex-
actly obtained even though the vortices break translation
invariance. These explicit expressions give us deeper in-
sight into the topological properties of the ground states
and manifest the non-Abelian statistics of vortices.

We consider the geometry shown in Fig. 2, with 2M
vortices lying in an unbounded 2D plane located at
N1,M2, - -, 20, respectively. We assume that the core of
each vortex is localized inside a radius ry much smaller
than the minimal distance between any two vortices. We
use the gauge convention in which the superconduct-
ing order parameter is the same everywhere [i.e. still
consider the same Hamiltonians in Eqs. (10) and (14)]

while fermion fields are anti-periodic around each vortex

T — T
Vos2n = —Vp-

In the mean-field model Eq. (10) there is a Majo-
rana zero-mode 7; with 'y]T- = ~; and [vj,f(] = 0 lo-
calized at the j'" vortex. In total we have 2M lo-
calized Majorana modes 71,72, ..., Y2an which could be
combined to M independent fermion operators a; =

4

(y2j—1 + i725)/2, leading to 2™ degenerate mean-field
ground states |ni,ng,...,na) with n; = 0,1, 1 < j <
M. In our number-conserving model defined in Eq. (15),
the ground states with N particles are obtained by pro-
jecting the mean-field ground states to the N-particles
sector. Only those mean-field states with fermion parity
equal to (—1)" survive this projection, therefore we are
left with 21 fold degeneracy in each sector.

As an example, we consider the 2M = 4 case and as-
sume N to be even. One of the mean-field ground states
|G12,34) could be constructed by Eq. (12) with

1 [ 51(2)

dn(z = 2') | f31(2")

G12,34(2,2") = +(ze 2|, (A7)

where f32(z) = /EzmG-r)

that g12,34(2,2’) is anti-periodic around each vortex, in
accordance with our gauge convention. From the identity
20; 2 = 2n6%(z — 2') it is easy to see that gi2,34(z,2')

satisfies Eq. (13), and it can be checked that the state

|G12,34) also minimizes Kpouna up to some small cor-

rections®!. Applying the projection operator Py, we

get an N-particle ground state with multiparticle wave
function (up to normalization) 1234(21,22...28) =
Pf{g12,34(zi, 2j)}, where Pf denotes the Pfaffian of the
anti-symmetric N x N matrix gi12,34(%,%2;). The wave
function 12 34 is very similar (but not identical) to one of
the Moore-Read Pfaffian states with four quasiholes!®!!,
which were constructed to describe the excitations in the
v = 5/2 fractional quantum hall effect (FQHE). By per-
muting the indices 1,2, 3,4 we get two other degenerate
ground states with wave functions 1324(21 ... 25) and
14,23(71 ... 2n). However, using the same method in
Ref. [11] we can prove that these three states are linearly
dependent and the space spanned by them is actually two
dimensional, consistent with our previous argument.

The non-Abelian statistics of the mean-field ground
states of the p, + ip, model have been well-studied in
Ref. [12]. Braiding the j*® and the (j + 1)'* vortices
adiabatically gives rise to a unitary rotation Bjo =
exp(§7j+17;) on the ground state subspace. It should
be expected that the particle number projected ground
states of our number-conserving model have the same
non-Abelian statistics as the unprojected mean-field
states, since the particle number fluctuations of the
mean-field states are negligible in the thermodynamic
limit, and the Berry’s matrices of the braiding process
should be the same. The rigorous proof of this argument
will be the subject of future work.

is introduced to guarantee

V. PHASE DIAGRAM AND EXCITATION
SPECTRUM

We now briefly discuss to what extent does our con-
struction gives gapped phases of matter and comment on
the low energy excitations of our models.



All models constructed by Eq. (4) sit on a critical point
between a phase separated state (upon adding attractive
density-density interactions) and, potentially, a topologi-
cal superconducting state (repulsive interactions). In the
double wire model for example, right at the critical point,
the phase separation state |ERS ;) = Ii<z)2 a}b}\()) has
a finite excitation energy A (the energy of the domain
wall, independent of system size L), if a small nearest-
neighbor interaction —v > (nfnf , + nbnb. ) is added,
the energy of |[EXS ;) would be A—v(L—2), while the en-
ergy of the homogeneous superconducting ground state is
approximately —v(L —1)/2. Thus when L — oo, with an
infinitesimal attraction v > 0 the phase separation state
would be favored, while for repulsive interaction v < 0
the topological superconducting state has lower energy.
This was also numerically verified for a special case of
the double wire model in Refs. [23,32].

There are gapless Goldstone excitations in the dou-
ble wire model Eq. (8) and the p, + ip, model Eq. (16)
provided that w(z — 2’) is sufficiently short-ranged, while
the exponential decay of the one-particle correlation func-
tion indicates that single particle excitation is gapped in
both models?32%. The presence of Goldstone excitation
is a universal feature of neutral topological superconduc-
tor'®, which belongs to the gapless symmetry-protected
topological phase?334. In charged superconductors how-
ever, the Anderson-Higgs mechanism would lift the Gold-
stone mode way up to the plasma frequency and the
system would have a gapped excitation spectrum. This
means that we can gap the Goldstone mode in our cur-
rent construction by either coupling our system to quan-
tized electromagnetic gauge field or allowing long-range
interactions, an extreme example is that a special case of
Eq. (14) reproduce the Richardson-Gaudin models?¢-29
at the “Moore-Read” line, whose exact solution shows a
gapped spectrum.

VI. CONCLUSION

We have constructed infinite families of number-
conserving, interacting Hamiltonians with exact BCS-like
ground states, with specific models including a 1D Ma-
jorana double wire and a 2D p, + ip, topological super-
conductor. In the p, + ip, model we obtained analytic
expressions of degenerate ground states with four vor-
tices, and pointed out their similarity to the Moore-Read
Pfaffian states with four quasiholes constructed in the
v = 5/2 FQHE context. Our models give us a deeper
theoretical understanding of topological phenomena in
interacting systems, set a viable framework for building
more realistic models of topological superconductors, and
may provide useful guidelines for experimental realiza-
tion of Majorana zero modes.
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Appendix A: The Double wire model

In this section we first present the detailed derivations
of Egs. (5-8) in the main text, and then we discuss some
alternative derivations of the parent Hamiltonian.

1. Diagonalization of Kitaev’s Hamiltonian in
momentum space with open boundary

To obtain the Bogoliubov operators in Eq. (6) and the
form of ground states in Eq. (5) in our main text, here we
present the momentum space diagonalization of Kitaev’s
Hamiltonian with A =¢

HKitaev = Z t(*C;{Cj+1 + CjCj41 + HC) — ,U,N (Al)
J
To this end we search for Bogoliubov eigenmodes defined
as

L

ap = Z(u?cj + vfcj)
j=1

(A2)

Being the eigenmodes of Hjgaey With energy Ejy > 0,
they satisfy [ag, Hkitacv] = Eray, which gives difference
equations on u?, v;"
(By 4+ puf = —t(uf_y +uf) + o) —vfpy),
(Er — H)U;'c = t(”?—l + Uf-u) + t(“?-u - U§—1)7 (A3)
with boundary conditions

k_ .k .k _ .k
Uy = Vg, ULy1 = —VUp4q- (A4)

To solve these equations, we notice that the ansatz solu-
tions

uéﬂ = /\(k)ei(kj—gk) —/\(—]f)e_i(kj_ek),

@;? — ilkj=0k) _ ,—i(kj—0y) (A5)
with  A(k) = _i% and E, _
V2 +4tpcosk + 412 satisfy Eq. (A3). The bound-

ary conditions in Eq. (A4) give constraints on the
quasi-momentum k and the real parameter 0

E(L+1) = 20, +mm, meZ,
2Asink
Ey 4+ p+ 2tcosk’

tanf, =



where 0 < k < m and 0 < 0, < 7/2.
operators are (up to normalization)

The Bogoliubov

ay = e (i cos chik —sinfer) — (k= —k). (A7)
As an aside, we mention that if we replace Eq. (6) in
our main text by Eq. (A7) and use the same matrix in
Eq. (7), then, still following our general construction, we
can get a bigger family of number-conserving, short-range
interacting Hamiltonians with ground states |G°) de-
pending on p/t, and this method can be generalized to
construct parent Hamiltonians for Kitaev’s ground states
at arbitrary points (¢, A, 1) (even including points in the
topologically trivial phase).

At the p = 0 point we get especially simple expressions

k
E,=2 60— k=10

mr o =1.
2 L "

..(L-1), (A8)
which leads to the single wire version of Bogoliubov op-
erators in Eq. (6) after normalization. To verify that the
expressions given in Eq. (5) are indeed the ground states
of Hkitaev, we show that |G¢) and |G°) are annihilated
by all . We have

L
1
ck|G¢) = ﬁz —ikic, exp{Zc ., 110)
j=1

1<j’
1 —ikyj . . e
= ﬁze kngH(J/—J)CHG»
J:3’

_k 1+ (=™ e
= [’L cot 501.—k — WCZ:OHG >7 (AQ)

where sgn(z) = x/|z| for  # 0 and sgn(0) = 0. It follows
that

[eig sin gck —(k— k)} |G°)

= {elgzcos];c o — (k= k)] G, (A10)
leading to a|G®¢) = 0. Furthermore, it can be easily
checked that {cl_,, ax} = 0 for all k = mn/L, 1 <m <
L — 1, thus o|G°) = akcL=0|Ge> = —czzoak|Ge> =0.
We conclude that Eq. (5) indeed gives us the ground
states of Hiitaev at the point ¢t = A, u=0.

L-1

2. Detailed derivation of Eq. (8)

To verify that the combination of Egs. (4) and (7) in-
deed give the local form of Eq. (8), we first notice that

ke = Cio _SZJO'
k
els k k

_ t i

=% (10052 _kgsm2ckc,) — (k= —k)
L—-1

= E E sin kj(0j+1,a- + C;r‘+17g — Cjo C;r’a)’
Jj=1

(A11)
where k = %, m = 1...(L—1). Using the completeness
and orthonormality of sin k7,

L
—djj, (A12)

> sinkjsinkj’ = 5

k

we have

4
N1 Z(C’kg — S,w) sin kj
\ k

T T
= Cj+1 o+ Cj+1,a — ng + Cja

Cjo—S1 , 1<j<L-1,

jo

(A13)

where Cjo = Cjt1,0 — Cjos S]TU = ,c;[HJ — c;fa. By
applying the identity

Z §1§2£3£46§1 k1+&2ka+E3ks+8aka
E]‘ =+1

16 L—1
=+ > sin ki j sin kyj sin ksj sin kaj,
j=1

(A14)

the parent Hamiltonian given in Egs. (4) and (7) can
then be expanded in position space (we use the shorthand

Zk Zkl,kQ,kS,Im and Z 20'170'270'3504)

A 16
H = Z Hy poipspa LIPQAPSM = ZZsmklj sin koj sin ksj sin k4j
P1pP2pP3pa k,o j=1
X [p501020304 + q5010260’304 - T(601035020’4 + 5010460203)} (Ck;lo'l Sk202 + Ck2g Skldl)(sk3o30k404 + Sk4g4ck3173)

= Z Z o, SINE17)(Skyo, sin kg])(S,~c oy SN K37) (Chyoy sin k)

k.o j=1
X [p501020304 + 40010200504

- T(5010350204 + 6010450203>]



Cl 84,1

jo1~J92% jos

L—
Z Z Cj04 [p501020304 + q5010260304

o =1

(2t — B —7) Z [CF180jST;Caj + (a = b)] + (v — )
=

L—1
H(B+7) D (CLSy; + CF S0 (STCus + 85, Cay),

7j=1

where 8 = —(q+7r)/2, v = (¢—r)/2 and t = (p+q—3r)/2.
By expanding the last line of Eq. (A15) we get the form
of Eq. (8) in the main text (with a =r= -8 — ).

3. Positive region of H

We now prove that the matrix Hp, p,.p5p, given in
Eq. (7) is positive-definite in the triangle region shown
in Fig. 1 in the main text. Notice that Hy, p.psp, =

Hi kgikska © Aorosiosoq With orbital part Hi,kgkgk,
i‘;‘ JL 1 Sinkqj sin koj sin ksj sin kqj [see Eq. (A14)] and

spin part Aoioyi050, = p501620304 q6010250304 -
7(0010500004 + 9010400505)- The orbital part is always

positive, since for any vector fir we have

*
§ fklkng1k2;k3k4fk3k4

kikokska

L

16 . .. . .. .

Iz g E Jrrky SiNK1j sinkoj sin kzjsinkaj fr,n,
k1k2k3k4j:1

16 <~ .
2 5 =0,
j=1

where f; = >,/ few sinkjsink’j. For the spin part
Aoyoaios04, We write it in the matrix form (assume the

order aa, ab, ba, bb)

(A16)

p+qg—2r 0 O q
0 —-r —r 0
A= 0 —r —r 0
L q 0 0 p+gqg—2r
2t—y—p 0 0 v—8
. 0 —-a —« 0
o 0 —a -« 0
L v=8 0 0 2t—n-§
= A1 P Ao, (A17)
with A\ = {_g _g} acting on (ab,ba) and Ao =
[Qt_—’y’y_—ﬁﬁ 2tz_75—6 acting on (aa,bb). Thus X is

positive-definite if and only if both A; and \; are positive-
definite. The condition that A; is positive-definite gives

- r(5010350204 + 5010450203)]

L-1

> ChSa;SEiChy +

Jj=1

(a <> b)]

(A15)

—a > 0, while g is positive-definite gives |y — 8] <
2t — v — (B, which simplifies to o < 0, 5 < t, 7 < t,
leading to the triangle region in the main text.

4. Alternative derivations of the parent

Hamiltonian

The derivation of H presented above enables us to see
how the double wire model follows from our general con-
struction and can be generalized to arbitrary points of Ki-
taev’s model. However, for the double wire parent Hamil-
tonian constructed in our main text, simpler derivations
exist. Actually, Eq. (A13) gives us annihilators of the
double wire ground state |G4) ® |Gg) in position space.
Thus we can directly build the parent Hamiltonian H
using the real space version of Egs. (3) and (4) with

Cijo = Cjti,0 — Cjo, SJT(7 = —c;Hﬁ - c}a (or equiva-
lently, directly go to the last line of Eq. (A15) without
working in momentum space at all), leading to the same
Hamiltonian Eq. (8) in our main text. This derivation is
a direct generalization of the one given in Ref. [23].
Another simple derivation is based on using an alterna-
tive basis of single wire ground states (at A = ¢, u = 0)3°

(G") = (14nel) (1+ne) - (14ne])|0), n = +1, (A18)
and observing the following properties

clel 1|GT) = ninia|GT),

Cit16|G") = nin |G,

cleip1|G) = minipa|G"),

Cz+lci|Gn> = ﬁini+1|G’7>, (Alg)

where n; = 1 —n;. With this, it is easy to check that the

number-conserving single wire operator [(c} cijr1+He)+
2(n; — 3)(nj11 — 3) — 1] annihilates |G").
interwire couplings, we notice that

To include

T ;
J||,jJ||7J'|GnA 5
Jl,jJX7j|GTIA7nB>

Jl,j J_jlGnane) =

= (U]D — U;3p))|G"7AanB>’ (A20)
where UJD = njnj+1n j+1, [7;3:”) = [n%n

J J+1(n? +
nb, ) + (a < b)), and |G"417) = |G) @ |GFP) is the
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FIG. 3: Diagrammatic representation of interaction terms in
the double wire parent Hamiltonian in Eq. (8). Double arrows
represent pair hopping while wavy lines represent interactions.

double wire ground state constructed by direct product
of single wire ground states. Therefore

(aJ]

T BIL T T T )| GPAE) = 0, (A21)

=,jY=:J
for «a + 8+ v = 0. It then follows that the Hamilto-
nian constructed in Eq. (8) in the main text satisfies
H|Gnam5) = 0, i.e. |GT478) is an eigenstate of H with
zero energy. This method can only tell us that |G"4:5)
is an eigenstate of H. To find the positive region of
H (where |G"413) become its ground states), we still
have to turn to other means.

In Fig. 3 we draw a pictorial representation of the inter-
action terms of the parent Hamiltonian Eq. (8), including
two types of nonlinear terms: interactions and correlated
pair tunnelings.

Appendix B: Relation of our construction to the
Richardson-Gaudin models

As mentioned in our main text, by suitably choosing
the coefficient matrix in Eq. (14) we are able to repro-
duce the Richardson-Gaudin p, + ip, model?6 28 at the
“Moore-Read line”. In this section we present this rela-
tion in detail.

The Richardson-Gaudin p, + ip, model is defined by
the Hamiltonian

Hre = Hy — Gb'b, (B1)
where G > 0 is a coupling constant and
o = 3 uiu, &= uln
w2 o k o
1 .
bT = 5 Z(kz - Zky)w]z"/}ik» (B2)
k

where we use complex coordinates k = k, + ik,, k =
kg —ik, to denote momentum (for simplicity we use anti-
periodic boundary condition in this section to avoid sub-
tleties with the & = 0 mode). At the “Moore-Read line”

1/G = L+1— M [where M is a positive integer, and L is
the total number of (k, —k) levels], it has been found?6-28
that the ground state is exactly the Moore-Read Pfaffian
state with M Cooper pairs

(B3)

M
[oar) = ( Zk m WN) 0).

The state |157) turns out to coincide with the projected
mean-field ground state [1has) = Py—2ar|G€), where |G)
is the mean-field ground state given in Eq. (12) in our
main text, and gy = 1/(ky+1ik,) is exactly the solution to
Eq. (13) in momentum space with anti-periodic boundary
condition. By our construction we know that |¢5) is the
exact 2M-particle ground state of the number-conserving
Hamiltonian Eq. (14) and it should therefore be expected
that Eq. (14) includes Hrge as a special case. To prove
this, we rewrite Eq. (14) in momentum space where the
annihilators are Agg = wikk"wk/ —|—¢ik,kwk and the par-
ent Hamiltonian is

B>

kikokska

W k1, ka; k3, k4)(7_€11/1;il¢—k2 + 7@#’221/1—1@1)

(¢T_k3 katbr, + 1, sty )-

We choose W (ky,ko; ks, ka) = OkyksOkok, /8, and after

normal-ordering, we get

H:HML+1—g§fma (B5)

Notice that (L + 1 — %) is a positive-definite, invertible
operator that commutes with H. Thus we can redefine

1 1
————H = Hy— ———fb.
L+1-7%

Hpo =
L+1-%

(B6)

Comparing with Eq. (B1) we find that Hig and Hge
are exactly the same when restricted to a fixed particle
number sector N = 2M.

As an aside, we point out that in the 1D case, our
construction can also reproduce the Richardson-Gaudin-
Kitaev chain?® at the “Moore-Read line”

1
B Z sinz(k/2)c;fcck
k

1 I kK 4
— Z S 5 S 5ckc_kc_k/ck/,
ok

HRGK = (B?)

B L+1-M4¢4

if we do the similar calculation as in Egs. (B4-B6) for the
1D ground state

(B8)

M
1 1
[Ym) = (2 > SinkCLCTk> |0).

k 2

(B4)



Appendix C: Calculation of the single particle
correlation function for the p, + ip, model

In this section we calculate the single particle corre-
lation function of the particle-number projected ground
states

(Gonrg1 | Vit |Ganry1)
1 —ik-(r—r’
= ﬁE :e el )<G2M+1|"/}1t"/}k|G2M+1>v (C1)
k

where for simplicity we use periodic boundary condition
and |Gapr41) is the unique ground state with 2M + 1
particles, L is the system size and M is the number of
Cooper pairs. Notice that the projected ground state can
be represented as

|Gonr1) = C7V2Por14|G)

(GlfrPari11|G) _

G LG = _
(Ganr 1|k |Ganrg1) (Gl Porra|C)

where

TT (kP +€2) = exp

k

k
2

— expg— [(A2 +& )ln(A2 +§2)

where we have introduced an ultraviolet momentum cut-
off |k| < A. The total number of states is therefore
Q = 7A?/(38)%, and the filling fraction is defined as

v =2t — 4”5\22]%;1). The integrals of Eq. (C4) are of
the form ¢ f(£)e™&)d¢ where h(€) = In g(¢)—(2M+1) In¢

and can be calculated using the saddle point approxima-
tion in the thermodynamic limit: M — oo, A,v fixed.
The result is

& 1

<G2M+1|¢k¢k|G2M+1> WP+ +O(M), (Co)

where &, is the saddle point of the exponent h(€) satis-
fying h' (&) = 0, which can be simplified to

A2 A2
1 a )8
n (1 + e > 1/50 (Cn

J

S (kP + €2)

&Ing?],

(C2)

- C—1/2i7§
27 Jjg)-

where N is the particle number operator, C is a normal-
ization factor, and

(k+vlyl))
—
=l Il e

|0) (C3)

is the mean-field ground state, where k = k, + ik, and
the prime means each pair (k, —k) appears exactly once.
Thus

1 &2

1
o WQ@‘K] / Via-l gzwg@df} Bte

~ L2 2 | 272
A exp [2(2@2 /|k|<Aln(|k: +&°)d k]

(C5)

(

Substituting Eq. (C6) into Eq. (C1), we get (in the ther-
modynamic limit)

1 2 fg —ik-(r—r’
<%MHWW”%MH>:Ewﬁ/dﬁmu§$ o

-0 Ko(Eolr — '), ()

where Ko(z) is the modiﬁed Bessel function of the
second kind. Since Ky(z Vaze ¥ as x — oo,

(Gonrs1| i |Ganri) decays exponentlally fast as |r —
r'| — oo. The exponential decay of the single particle
correlation function suggests that single particle excita-
tion spectrum is gapped3.
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