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The zero-temperature angles of magnetic moments in a helix or sinusoidal fan confined to the
xy plane, with respect to an in-plane magnetic field H, applied perpendicular to the z axis of a
helix or fan, are calculated for commensurate helices and fans with field-independent turn angles kd
between moments in adjacent layers of the helix or fan using the classical Jo-J1-J2 Heisenberg model.
For 0 < kd < 47/9, first-order transitions from helix to a fan structure occur at fields Hy as previ-
ously inferred, where the fan is found to be approximately sinusoidal. However, for 47/9 < kd < T,
different behaviors are found depending on the value of kd and these properties vary nonmonoton-
ically with kd. In this kd range, the change from helix to fanlike structure is usually a crossover
with no phase transition between them, although first-order transitions are found for kd = 37 /5 and
8m/11 and a second-order transition for kd = 37w /4. At a critical field H., the fan or fanlike struc-
tures exhibit a second-order transition to the paramagnetic state. The H. for a helix undergoing
a field-induced change to a fan or fanlike structure is found to be the same as for a sinusoidal fan
with the same kd and interlayer interactions. Analytical expressions for H. versus kd are presented.
We also calculated the average xz-axis moment per spin figave versus H, for helices and fans with
crossovers and phase transitions between them. When smooth helix to fanlike crossovers occur in
the range 47/9 < kd < 7, pizave exhibits an S-shape behavior with increasing H,. This predicted
behavior is consistent with pizave(Hz) data previously reported by Sangeetha, et al. [Phys. Rev. B
94, 014422 (2016)] for single-crystal EuCosP2 possessing a helix ground state with kd ~ 0.857.
The low-field magnetic susceptibility and the ratio Hy/H. are calculated analytically or numerically

versus kd for helices, and are shown to approach the respective known limits for kd — 0.

I. INTRODUCTION

The unified molecular field theory (MFT) for a spin lat-
tice containing identical crystallographically-equivalent
spins treats the magnetic and thermal properties of
collinear and coplanar noncollinear Heisenberg antifer-
romagnets (AFMs) on the same footing [1-3]. This for-
mulation has the added advantage that the theory is ex-
pressed in terms of readily measured quantities such as
the spin S, the ordering temperature Ty, the magnetic
susceptibility x at 7" = 0 and at Ty, the Weiss temper-
ature 0, in the Curie-Weiss law describing x(T° > In),
and for a planar helix as shown in Fig. 1, the turn angle
kd along the helix z axis between adjacent layers of ferro-
mangetically (FM) aligned spins in zero magnetic field H.
Here k is the wavevector of the helix along the z axis and
d is the distance between adjacent layers of moments
aligned ferromagnetically (FM) in the xy plane. The
theory quantitatively describes the thermal and helical
magnetic properties of EuCosP5 single crystals, which is
therefore considered to be a prototype for a helical AFM
obeying the unified MFT [4]. The MFT was recently ex-
tended to include the influences of magnetic-dipole and
uniaxial magnetocrystalline anisotropies on the thermal
and magnetic properties of Heisenberg AFMs [5, 6].

In zero field the angle ¢ between the x axis and the
FM-aligned moments within the zy plane in layer n is
given by the linear relation

bno = n ked. (1)

The above MFT was used to derive the anisotropic x(7T')

and thermal properties of collinear and coplanar non-
collinear AFMs in zero or low field at T" < Ty. In ad-
dition the average magnetic moment per spin fi ave with
high fields applied parallel to the helix z axis and the
associated critical field were derived. However, in those
studies the average magnetic moment i ave 0f a helical
AFM structure versus high in-plane magnetic field H,
was not calculated.

Previous work on the influence of a large H, on the
classical magnetic structure of a helix at 7" = 0 indicated
that with increasing H,, the circular hodograph on the
right side of Fig. 1 described by Eq. (1) first becomes
distorted, and then a transition to a fan structure may
occur at a field Hy in which the twofold rotational sym-
metry axis of the fan is aligned with the x axis [7-9].
It was also established that the wavevector of a helix
changes when a large in-plane field is applied [7]. A nu-
merical study of the phase diagram in the plane of the
nearest- and next-nearest layer interactions J; and J,
respectively (see Fig. 1), was carried out including the
field-dependent helix or fan wavevector [10].

From analysis of the short-range order at finite temper-
ature calculated by the transfer matrix method and zero-
temperature calculations of the minimum energy of com-
mensurate configurations, it was concluded that when the
turn angle is in the range 0 < kd < 7/2, the helix to fan
transition is first order, whereas for 7/2 < kd < 7 the
change is continuous [11]. We find differences from this
conclusion in both kd ranges. In particular, in the range
0 < kd < m/2, for kd = 4w /9 we find a smooth crossover
between the helix and fan phases with no phase transi-
tion. In the range 7/2 < kd < m, in addition to smooth
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FIG. 1: (Color online) Generic helical AFM structure [1].
Each arrow represents a layer of moments perpendicular to
the z axis that are ferromagnetically aligned within the xy
plane and with interlayer separation d. The wave vector k of
the helix is directed along the z axis. The magnetic moment
turn angle between adjacent magnetic layers is kd. The near-
est layer and next-nearest layer exchange interactions J; and
Ja, respectively, within the Jo-Ji-J2 Heisenberg MFT model
are indicated.

crossovers with no phase transitions, we find first- and
second-order transitions between the helix and fan phases
for kd = 87 /11 and kd = 37 /4, respectively.

When a helix undergoes a transition to a sinusoidal fan
structure in the zy plane in a high field H,, perpendicular
to the helix z axis, the angle ¢,, of ordered moment fi,
with respect to the positive x axis is

On = Omax sin(n kd), (2)

where ¢pax > 0 is the amplitude of the fan. We will
show that under the assumption that the helix and fan
wavevectors are the same and do not depend on the field,
when the helix undergoes a first-order transition to a fan
phase with increasing field, in general the fan phase is
not sinusoidal, although the actual fan structure can be
rather close to this structure depending on the value of
the helix and fan wavevector. In addition we find many
instances where the distorted helix instead undergoes a
continuous evolution instead of a phase transition into a
fan or fanlike structure.

Information about the helix and fan structures versus
applied field at zero temperature has been provided for
the continuum case in which kd — 0 (almost ferromag-
netic, see Fig. 1) [12]. In the helix structure in a field,
the angle ¢(z) of the xy-plane-oriented moments with
respect to the positive x axis versus position along the
helix z axis is given by the linear term (1) plus an ap-

proximately sinusoidal modulation described by [12]

o) =%~ (s (0= 37 <172)

(3)
where H. is the critical field at which the z component
of the moment reaches the saturation value. The value
Hy = H./2 is the field at which the structure changes
from helix to fan in a first-order transition. The result
for H,/H. = 1/2 for maximum modulation of the linear
term versus z/\ is shown in Fig. 2(a). The slightly dis-
torted sine-wave modulation is shown in Fig. 2(b), which
has an amplitude of only 1.6% of 2x. For the fan phase,
the ¢(z) is given by

O(2) = dmaxsin(2rz/N) (1/2< H,/H.<1), (4a)

where the amplitude ¢,.x of the sinusoidal fan is

4 [ HAN\Y? 1 H,
(bmax = § [(Hm> _1‘| (5 < FC < 1> . (4b)

A plot of ¢/7 versus z/\ for H,/H. = 1/2 for the fan
phase is shown in Fig. 2(c).

The transition from the distorted helix phase with the
moment angle in Eq. (3) and Figs. 2(a) and 2(b) to that
of the fan in Egs. (4) and Fig. 2(c) is qualitatively simi-
lar to the transition from a periodically-modulated linear
behavior to oscillating behavior for the simple pendu-
lum with decreasing kinetic energy of the pendulum bob
[13, 14].

In the above studies, the magnetic phase diagram at
temperature T = 0 showing the regions of stability of
the helix and fan phases within the exchange-interaction
parameter space was of primary interest, with very few
presentations of magnetization versus field data. Here we
significantly extend these studies to provide a detailed
comprehensive study of the ¢, (H;) and pigave(H,) from
H, =0 to H, = H. for a wide variety of discrete ratio-
nal kd values where we assume that kd is not affected
by the applied field. A planar anisotropy is assumed to
be present that is strong enough that the ordered mo-
ments remain in the xy plane for the applied field ranges
considered here.

For example, for the helix and fan structures in the
continuum limit kd — 0 discussed above that was stud-
ied in 1961 [12], the pzave(Hz) was not presented. How-
ever, this can be obtained by averaging cos[¢(z/\)] for
that structure over one wavelength A for each value of
H,/H.. Our result is shown for both the helix re-
gion 0 < H,/H. < 1/2 and the fan region 1/2 <
H,/H. < 1 in Fig. 3. For the helix phase, the mag-
netization is proportional to field with a susceptibility
(Mmave/ﬂsat)/(Hm/Hc) = 1/10 In the fan phase, pzave
for H,/H. = 1/2 is already near saturation and varies
nonlinearly upon increasing H, /H. to the value of unity.
A first-order transition in fizave(H,) between the helix
and fan phases occurs. The data in this figure are very
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FIG. 2: (Color online) (a) Phase angle with respect to the
+x axis of the moments in planes at height z along a helix
with an infintesimal angle kd between adjacent moment lay-
ers versus z/\ in an applied field hy/he = 1/2, which is the
boundary between the first-order transity with field between
the helix and fan phases. (b) The near-sinusoidal modula-
tion of the linear background kz phase of the helix in the field
he/he = 1/2. (¢) The phase ¢ of the moments in planes along
the z axis in the fan structure versus z/\ with h,/he = 1/2.
These data were generated using the information in Ref. [12]
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FIG. 3: (Color online) Our results for the reduced average
moment figave/fisat versus reduced field H,/H. for a helix or
fan with an infinitesimal difference kd between the moment
directions in adjacent moment layers. A first-order transition
between the helix and fan structures occurs at H,/H. = 1/2
[12].

similar to those in Fig. 30 below for our smallest discrete
value kd = /6.

In addition to the intrinsic interest in the properties of
helices and fans at high transverse fields, a primary mo-
tivation for the present work was to enable the high-field
laave(Hz) of real helix compounds at temperatures low
compared with their Ty to be fitted by theory. EuCosPo
has the ThCraSis structure with space group I4/mmm,
with the Eut? cations with spin S = 7/2 and spectro-
scopic splitting factor ¢ = 2 occupying a body-centered
tetragonal sublattice. Neutron diffraction measurements
on a single crystal demonstrated AFM ordering of the Eu
spins at Ty = 66.5(5) K with no contribution from the
Co atoms [15]. The magnetic structure is a planar helix
with the Eu ordered moments aligned in the ab plane of
the tetragonal structure (zy plane here), with the helix
axis along the perpendicular ¢ axis (z axis here). The
value of the AFM propagation vector corresponds to a
turn angle kd between the ordered moments in adjacent
layers of the helix at low temperatures given by

kd (15 K) = 0.852(4). (5)

This value of kd with 7/2 < kd < = indicates that
the dominant interlayer interactions are AFM [1, 2], and
dominant ferromagnetic (FM) intralayer interactions are
then inferred from x(7") measurements [4].

A detailed study of the magnetic and thermal proper-
ties of EuCosPs single crystals was carried out recently
[4]. The low-field x4, below Ty was analyzed in terms of
the above unified MFT and this theory was found [4] to
accurately fit the data with a kd value similar to the neu-
tron result in Eq. (5). However, the high-field M;,(Hp)
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FIG. 4: (Color online) Magnetization M, versus transverse
applied ab-plane magnetic field H,p, at a temperature of 2 K
for tetragonal EuCo2P2 with a zero-field c-axis helical mag-
netic structure (red data) [4]. The fit to the data by the
Myy(Hgzy) prediction for a helix with turn angle 67/7 with
saturation magnetization Msay = 7 pp/fu. and critical field
H. = 25.6 T is shown as the blue curve.

data, shown in Fig. 4 [4], did not agree with the conven-
tional wisdom that instead of an S-shaped metamagnetic
feature as seen in the data, a first-order transition should
occur with a distinct discontinuity in My, (Hap) at a tran-
sition field Hy < H., as in Fig. 3.

This conundrum called for new calculations of the
high-field pzave(H,) for the helix. Our calculations pro-
vide clear predictions for comparison with experiment.
They are also a benchmark for comparing the magnetic
structures and magnetization versus field data within this
model with the properties of more complicated systems
such as helices and fans with a field-dependent kd and/or
including quantum and/or additional anisotropy effects
to see what changes these additional features create in
the results. As a preview of our results, shown in Fig. 4
is a fit to the My, (Hyap) data for EuCosPs by our theo-
retical prediction with kd = 0.867, close to the value in
Eq. (5), which semiquantatively reproduces the S shape
of the data at the observed field.

Section II gives an outline of the general theory we use
to calculate the field dependences of the moment angles
and in-plane magnetization versus applied in-plane field
for the helix and sinusoidal fan. We assume for simplic-
ity that the turn angle kd is independent of in-plane field
and that the helix and fan are commensurate with the
spin lattice as noted above. In order to calculate the
magnetization versus field for a helix or fan, it is neces-
sary that the number of moment layers per wavelength
be an integer, which in turn requires that the wave vector
be commensurate with the spin lattice. However, from
calculations on commensurate helices/fans, we obtain re-

sults such as in Eq. (13¢) and Fig. 5 and in Eqgs. (21)
below that we infer also apply to incommensurate wave
vectors. The results for the dependences of the moment
angles and magnetization of a sinusoidal fan structure are
presented in Sec. ITI. Here we first discuss their depen-
dences on kd and the ratio Ji12 = J1/J2. Then we special-
ize to the cases where Jio takes the value associated with
a helix with the same kd. This allows direct comparison
of the sinusoidal fan properties with the high-field fan
phase of the helix. This is of special interest because the
moment angles in the field-induced fan originating from
the helix are solved independently rather than enforcing a
sinusoidal fan relationship on those angles. Therefore the
field-induced fan may not be sinusoidal and hence a com-
parison of the moment angles in that fan and the mag-
netization with the corresponding properties of a strictly
sinusoidal fan is of significant interest. The moment an-
gles in the helix and the transverse magnetization versus
transverse field are derived for specific values of kd in
Sec. IV. We find that for 47/9 < kd < 7, the evolution
of the moment angles with increasing field from a dis-
tored helix to a fan or fanlike structure with increasing
kd can be either a crossover, a second-order transition,
or a first-order transition with no obvious dependence of
their order versus kd. For this reason, plots of the phase
angles and magnetization versus applied field are given
for many kd values. A summary of our results on helices
with field-independent wavevector (that may transition
to fans with the same wavevector) is given in Sec. V,
where a phase diagram is constructed versus kd.

II. THEORY

In this paper we use the one-dimensional Jy-Ji-J3
model [1, 2] for both the helix and fan phases, where
Jo is the sum of the Heisenberg exchange interactions
between a representative spin and the other spins in the
same zy layer, Jj is the sum of the interactions between
the spin in one layer and the spins in either of the two
nearest-neighbor layers along the z axis, and Jy is the
sum of the interactions of the spin with the spins in ei-
ther of the two next-nearest neighbor layers, as shown in
Fig. 1. In this model, the energy E, of a spin S with
ordered moment fi,, consists of the sum of the exchange
and Zeeman terms, given in general by [2]

E, = ;{SJO +2SJ; [cos(¢n+1 — bn) (6)
+ cos(¢pn—1 — ¢n)| + 252 [ cos(dni2 — Pn)

+ cos(¢pn—2 — (;5”)} } — pinHy cos ¢,

where S is the spin angular momentum of a moment in
units of A, the prefactor of 1/2 is present because the
exchange interaction energy between a pair of spins is
equally shared between them, and ¢; is the angle between
moment ¢ and the positive : axis. A positive (negative) J



is AFM (FM). All energies are normalized by (positive)
SJa. Also, we define the variables
SJo Jo Ji guH,
Jop=5—=—, Ji2=—, hy= , 7
=g =g 2= 2 (7)
where pp is the Bohr magneton. The magnitude pu,, of
each spin n is

Hn = Hsat = gS,qu (8)

where fi5at is the saturation moment of a spin, Eq. (6)
becomes

SE—}; = %{Jw + 2J12 [cos(gan — On) (9a)
+ COS(¢H—1 - (bnﬂ + 2[COS(¢n+2 - ¢n)

+ COS(QZ/)an - (bn)} } — hy cos ¢n

The average energy per spin is

Eave 1
=— Sl 9b
SJQ T\ ngo SJQ7 ( )

where n) is the number of FM-aligned layers per helix or
fan wavelength A along the z axis.

For a sinusoidal fan structure, the only variable to solve
for is the amplitude ¢max(ha, kd) which is obtained by
minimizing the energy with respect to ¢max for given val-
ues of h, and kd. For a helix, the ground-state moment
configuration is determined by minimizing F,.. with re-
spect to the ny values of ¢; in a helix for given values of
h, and kd. For both the fan and helix A\ is assumed to
be independent of h, since kd is assumed to be. We will
see that if a helical structure is assumed for low fields,
a fan or fanlike structure, if they occur, is automatically
generated with increasing h, when solving for the ¢;(h,)
that minimize F,... Thus we do not assume a sinusoidal
fan structure a priori for a field-induced fan. Indeed, we
find that the fan or fanlike structures obtained are never
perfectly sinusoidal except near the reduced critical field
h.. This observation is inferred from the fact that h. for
the field-induced fan or fanlike structure is identical to
that for the sinusoidal fan calculated separately.

In the following two sections we apply the above gen-
eral expressions first to the helix and then separately to
the perfectly sinusoidal fan.

A. Helix Phases

In this paper we assume that a helix is commensurate
with the spin lattice and that its wavelength A = n\d
is independent of the applied field and contains ny lay-
ers, where d is the distance between FM-aligned moment
layers along the z axis (see Fig. 1). The commensurate
wave vector k of the helix is given in general by
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FIG. 5: (Color online) Average energy per spin F,ve normal-
ized by SJ2 in field h, = 0 versus helix turn angle kd. The
solid blue curve is the exact variation predicted in Eq. (13),
whereas the red filled circles are from numerical calculations
of FEave(hsz)/SJ2 carried out later in Sec. IV.

where m is a positive integer and m/ny is an irreducible
fraction. The reason that the variable integer m is in-
cluded is because the helix or fan may be incommensu-
rate for m = 1 but commensurate for m > 1 (see Table II
below). Thus the magnitude of the turn angle between
adjacent moment layers along the helix is

kd = 2 (11)

nA
where 2m/ny < 1 so that kd < 7. A kd satisfying 7 <
kd < 27w would correspond to a helix with kd* = 27 —
kd that would have the opposite helicity but the same
magnetization versus x-axis field response.

The phase differences in Eq. (9a) for a helix in zero
field are

Ont1 — On = Tkd, Ont2 — Op = E2kd. (12)

Using the phase differences in Eq. (12), the energy per
spin in Eq. (9a) becomes

En

1
—— = — [Joz2 + 2J12 cos(kd) + 2 cos(2kd)] — hy cOS ¢y, .
SJy 2
(13a)
Minimizing the energy with respect to kd for h, = 0 gives

2, 7]

Jiz = —4 cos(kd) (hy =0), (13b)
so Eq. (13a) becomes
E, 1 ,
= [Joz — 8cos®(kd) + 2 cos(2kd)] (13c¢)

STy 2
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FIG. 6: (Color online) Zero-temperature phase diagram of
the Jo-J1-Jo Heisenberg model [2]. The phase angle 7/2 does
not correspond to a helix because it would require J; = 0,
resulting in two noninteracting AFM sublattices.

This variation is plotted as a solid blue curve in Fig. 5
after setting the reference energy Joo = 0. Also shown
as red filled circles are the values abtained from numeri-
cal calculations of Faye(hy) discussed later in Sec. IV for
which the kd values are listed in Table 5. The variation
in Fig. 5 is symmetric about kd = 7/2. Thus

Eave (hm - o,g _ kd) — Eave (hm -0, g + kd) . (14)

This equality is seen to describe the particular pairs
of discrete values kd = 1/5, 4/5; 1/4, 3/4; 1/3, 2/3,;
and 2/5, 3/5 for which we calculated E,ye(hy). Thus for
every helix with 0 < kd < 7/2, there is another helix
with 7/2 < kd < 7 with the same energy at h, = 0.

From Eq. (13b), the allowed domain of Ji2 for any
helix within the present model is

0< |J12| <4, (15)

where Jy > 0 and Jy2 can be of either sign but Ji2 = 0
is excluded. The phase diagram in the J;-J> plane at
T = H = 0 for the Jy-J;-J> model with m = 1in Eq. (11)
is shown in Fig. 6 [2]. The competing phases are the
FM phase (kd = 0), the collinear A-type AFM phase
(kd = m), and the helical phase (0 < kd < w). The
value of the reduced exchange constant Jyz in Eq. (13a)
is irrelevant to the phase diagram.

We describe the angle ¢,, of an ordered moment in an
xy layer of a helix with respect to the positive x axis by

Pn
Pn

nkd+ Ady(hy)

(n+%)m+A@mw (even ny),

(odd my), (16)

where n = 0, 1, 2, ..., n)x — 1. The reason for the
difference between these two equations is that for odd n\,
one moment is parallel to the field h, and is unaffected
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FIG. 7: (Color online) Illustration of the numbering of helix
and fan moments in hodographs with different values of inter-
layer turn angle kd. The numbers are the subscripts n of the
angles ¢, in Egs. (16) and (18), respectively. Here we took
Pmax in Eq. (18) for a fan to be 60°. The +z axis along which
the transverse magnetic field is applied is directed towards the
right and the z axis is pointed out of the page. However, for
a helix changing to a field-induced fan with increasing field,
the numbering of the moments in the helix is retained for all
fields.

by it, whereas for even nA, one moment would also have
to be antiparallel to the field and would not respond to
the field because there would be no torque on it.

For either even or odd ny, the expressions for ¢, in
Eqgs. (16) give a symmetrical distribution of moments
above and below the z axis in the xy plane, either with
or without an applied field h,, as shown for several he-
lix examples in zero field in Fig. 7. That is, for every
moment at angle 0 < ¢,, < 7 there is another moment
at angle —¢,,. This also holds in the presence of any z-
axis field. Hence the number of A¢y,(hy) values to be
solved for by minimizing the helix energy in Eq. (13¢) at
a given h, is either ny/2 (for even ny) or (ny — 1)/2
(for odd ny). The multidimensional minimization of
the energy to determine the unique values of A¢,, with
T < A¢, < 0 was carried out using the FindMinimum
utility of Mathematica for 3 < ny < 11 (odd ny) or
2 < ny <12 (even ny). Note: when a field-induced tran-
sition or continuous evolution from helix to fan occurs,
we label the angles ¢,, by the notation in Eq. (16) and
not by the notation for fans in Eq. (18) below.



Once the angles ¢,,(h,) are determined, the reduced
x-axis components (i, of the ordered moments fi,, and
the average z-axis moment per spin fiyave are obtained
for either the helix or fan as

,Uan/,UJsat = COSs ¢n7 (17)
1 77,)\—1
ﬂzave/ﬂsat = TL_)\ ZO Mna-
n—=

A helix is usually the stable phase at low fields with
respect to a fan or fanlike phase. The only exceptions
are for kd = 7/2, for which a helix phase does not exist,
and for kd = 7w and 27/3 for which the helix and fan
phases are identical if the values of Ji3 = 4 and 2 for the
helix, respectively, are used in the formulas for the fan
(see following section). The low-field susceptibility of the
helix x, = limp, 0[ttzave(ha)/tsat] /e can be obtained
from the low-field pigave(ha)/lisat Magnetization versus
field calculations. The more accurate method used here
for a helix with a given value of kd is to express the
average energy for the helix in Eq. (9a) in terms of the
¢n and h, variables and then minimize the energy with
respect to each of the ¢, with 0 < ¢,, < m which gives
ny/2 (even ny) or (ny —1)/2 (odd ny) equations. Each
of these is Taylor expanded about ¢, = 0 and h, = 0
and only the first-order terms retained. Then the ny/2
or (ny —1)/2 linear equations are easily solved for the ¢,
versus h, using Mathematica and from those one obtains
lzave to first order in h, using Eqgs. (17) from which x,
can be obtained to arbitrary accuracy. In Table IV below,
we quote Y, to six figures and also include the exact
analytic expressions for x,(kd) if obtained automatically
by Mathematica using the above method.

B. Sinusoidal Fan Phases

At sufficiently high fields, the solutions for the ¢,,(h,)
for a (distorted) helix structure change into values one
may associate with a fanlike structure. This change can
be either a continuous crossover, or a second-order tran-
sition for 47/9 < kd < 7, or a first-order transition
for 0 < kd < 47/9. However, because the ¢, values
of the fanlike structure are determined from exact cal-
culations for the helix (assuming that kd does not de-
pend on field), it is not a priori clear that these solutions
and the respective prave(h,) values correspond precisely
to those for a perfectly sinusoidal fan with a Jyo of the
helix with the same kd value as given in Eq. (13b). There-
fore in this section we first discuss how to compute the
On(hz) and pzave(hs) of sinusoidal fans with arbitrary
values of Ji2 and kd. Then we specialize to the values
Ji2 = —4 cos(kd) for comparison with the properties of
the corresponding high-field fanlike phases of the helix
with turn angle kd.

For a sinusoidal fan along the z axis with the moments
aligned in the xy plane, the phase angle ¢,, with respect

to the +z axis versus moment layer number n for a field-
independent wavelength is defined as

On = Gmax sin(nkd)
bn = Omax Sin [(n—l— %) kd] (even ny),
(n=0,1, ...,nyx—1),

(odd ny), (18)

which differentiates between odd and even n) for the
same reasons as in Eqs. (16), where the amplitude of
the sinusoidal modulation of the phase is 0 < ¢pax < 7
which is determined for general values of the parameters
J12 and kd by minimizing the average energy per spin for
each value of the reduced field h,. The variations of ¢,
with n for several fan examples are shown in Fig. 7.

The energy of moment n where kd is assumed inde-
pendent of field is obtained from Eq. (9a) as

L = 1 [Jog + 212 cos(kd) + 2cos(2kd)} — hy, cos ¢,
Sy 2

(19)
where the turn angle kd between adjacent moment layers
along the z axis is given in Eq. (11), and the average
energy per wavelength of the fan is given by Eq. (9b) in
terms of the E,, values in Eq. (19). Thus for given values
of Ji2, kd, and h,, the single remaining parameter ¢myax
is found by minimizing F,ye.

However, for Ji3 = h, = 0, the values of ¢nax are de-
termined by solving fizave = 0 for ¢max using Eqgs. (17)
(i.e., there is no net magnetization of the fan). The re-
sults are listed in Table I for ny = 2x/kd values fom
2 to 23 for comparison with results below for nonzero
J12 and h;. One sees that the values asymptote rapidly
to an ny — oo limit given in the table caption. From
Eq. (19), the average energies of all sinusoidal fans with
Ji2 = hy = 0 but different kd have the same value Jy2/2.

IIT. FIELD-DEPENDENT RESULTS:
SINUSOIDAL FAN PHASE

A. General Results

Values of ¢max(hy = 0) versus kd = 2wrm/ny were cal-
culated for values of kd arising from the different combi-
nations of m and ny in Eq. (11) listed in Table II. The
critical field h. was usually determined numerically from
the criterion h. = limg,, —0(hy) using the FindRoot
utility of Mathematica. The results in general depend
on both Jio and h,. We also find that physical solu-
tions only exist for a range of Jio values that depend
on the value of kd. For each value of kd, we found
that h. varies linearly with Jio over the physical range
of Jio values listed in Table II. Exact analytic expres-
sions are obtained for ¢max and h. versus Jy2 and h, for
kd = w, 2m/3, w/2, and 7/3, as listed. Interestingly,
the values of ¢max(hy = 0) for kd = 7, 27/3, and /2
are seen to be identical with the corresponding values in
Table I for Jio = 0 and h, = 0.



TABLE I: Numerical values and/or analytic forms for the

angular amplitude ¢max for Jiz2 = h, = 0 versus num-
ber n) of moment layers per wavelength of the fan along
the z axis with turn angle kd = 27 /nx. The values of

¢max for both even and odd n, asymptote for large n
to the first zero of the zero-order Bessel function given by
Jo,1 = 2.404 825 557695 772 768 621 - - - .

nA Pmax nx Pmax
(rad) (rad)
2 1.570 796 326 794 90 3 2.418399 152 31229
4 2.221 44146907918 5 2.404 831 434 267 50
6 2.392 12378817231 7 2.404 825 558 225 55
8 2.404 470919537 39 9 2.404 825557695 79
10 2.404 819 681 417 96 11 2.404 825557 695 77
12 2.404 825491 997 91 13 2.404 825557 695 77
14 2.404 825557 165 99 15 2.404 825557 695 77
16 2.404 825557 692 54 17 2.404 825557 695 77
18 2.404 825557 695 76 19 2.404 825557 695 77
20 2.404 825557695 77 21 2.404 825557 695 77
22 2.404 82555769577 23 2.404 825557 695 77
Analytic Forms

2 /2

3 47 /33/2

4 7r/\/§

6 4 arctan ( 2V/3 — 3)

For some values of kd, only FM-polarized solutions of
lzave(hy = 0) are obtained. This is not relevant to cases
where a helix with the given kd transitions to a fan with
the same kd and Jy2 at finite h,, at which a finite mag-
netization of the fan would naturally occur. The lower
limit of a J15 range corresponds to the value at which the
critical field h, — 0, whereas the upper limit (if present)
is the maximum value at which a FM value of pizave — 0
(PM state), above which the FM value of pizave at hy, =0
would become negative. In the last column of Table II
is the Jio value of a helix with the same value of kd as
for the fan according to Eq. (13b). One sees that for
each value of kd, the helix value of Ji5 lies within the
physical range of Jio for the fan. We have verified that
within the physical range of Jyo2, the derived values of
®max correspond to minima (rather than maxima) of the
energy. Once @max(hy, Ji2) is determined, the magne-
tization isotherms pigave/fisat versus h, at T = 0 can be
generated for different values of Jy2 within the physical
range using Eqs. (17) and (18).

To illustrate sinusoidal fan structures and magneti-
zations, we present some representative plots of them.
Shown in Fig. 8 are plots of ¢max/7, the angles ¢, /m of
moments n with 0 < ¢, < m, and the average x-axis
moment per spin figave versus the reduced field hy/he
for (a) kd = m, nx = 2, (b) kd = 27/3, ny = 3, and
(¢) kd = w/2, ny = 4. The indices n of the ¢, are the
same as in, and dictated by, Eq. (18), examples of which
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FIG. 8: (Color online) The amplitude ¢max of the sinusoidal
fan and the moment angles ¢,, with 0 < ¢, < 7 with respect
to the +x axis, both normalized by 7 rad, and the normalized
average r-axis moment component per spin fiz,,.//isat VEISUS
reduced z-axis field hy/hc for fans with turn angles kd given
by (a) kd = m, (b) kd = 2n/3, and (¢) kd = w/2. The
subscripts n in ¢, are defined in Egs. (18). The fan properties
in (a) and (b) with the kd and Ji2 values of the respective
helices are identical with those of the helices. The parameters
of the fan in (c¢) have no helix counterpart, as explained in the
text.



TABLE II: The dependence on kd and Ji2 of the amplitude ¢max of the sinusoidal fan, the reduced critical field h., and
the physically-allowed range of the parameter Ji2 for the fan are listed for specific values of kd and ny, all determined by
minimizing the energy of the fan. In the allowed fan Ji2 range, a minimum value corresponds to the value at which h. = 0,
and the maximum value to the value at which a ferromagnetic pigave in hey = 0 goes to zero. For kd = 67 /11, 47 /7, and 3w/5,
only FM solutions are found. Shown in the last column is the value of Ji2 of a helix with the same value of kd. A positive
(negative) value of Ji2 = J1/J2 corresponds to an AFM (FM) value of the nearest-layer exchange Ji.

kd N Dmax(ha = 0) Omax (e, J12) he Physical Fan J12 Range J12 for Helix
T 2 /2 arccos(ha /4J12) 4.J12 Ji2 >0 4
107/11 11  depends on Ji2 depends on Ji2 0.3179 + 3.9191J12 Jiz > 0.5213 3.83797
8m/9 11  depends on Ji2 depends on Ji2 0.4685 + 3.8793J12 Ji2 > 0.6956 3.75877
6m/7 7 depends on Ji2 depends on Ji2 0.7534 + 3.8020.J12 J12 > 0.9160 3.60388
5 /6 12 depends on Ji2 depends on Ji2 1.0005 + 3.7321J12 Ji2 > 1.0050 3.46410
4w /5 5 depends on Ji2 depends on Ji2 1.3823 + 3.6182J12 Ji2 >1 3.23607
3m/4 depends on Ji2 depends on Ji2 2.0005 + 3.4142.J42 J12 > 0.5858 2.82843
8 /11 11 depends on Ji2 depends on Ji2 2.2851 + 3.3098.J12 J1o > 0.3441 2.61944
27/3 3 471'/33/2 % arccos [h’;(%m] 3(1+ Ji2) Ji2 > —1 2
3 /5 10  depends on Ji2 depends on Ji2 3.6186 + 2.6178J12 Jiz > —1.3823 (FM) 1.23607
Am )7 7 depends on Ji2 depends on Ji2 3.8024 + 2.4451.J1- Jiz > —1.5551 (FM) 0.890084
6m/11 11  depends on Ji2 depends on Ji2 3.9195 + 2.2846.J12 Jiz > —1.7156 (FM) 0.569259
/2 4 7r/\/§ V2 arccos [ﬁ] 2(2 + Ji2) Jig > =2 0
27 /5 5 depends on Ji2 depends on Ji2 3.6186 + 1.3819.J12 —2.6185 < J12 <1 —1.23607
4 /11 11 depends on Ji2 depends on Ji2 3.3095 + 1.1687.J12 —2.8317 < J12 < 0.6980 —1.66166
/3 6 2 arccos (%) 2 arccos (%) 34+ Jis —3< Ji2 <3(2— \/g) —2

(6) —3 < Ji2 £0.803848
2m )7 7 depends on Ji2 depends on Ji2 2.4455 + 0.7530J12 —3.2477 < J12 < —0.0917 —2.49396
w/4 8 depends on Ji2 depends on Ji2 2.0005 + 0.5858J12 —3.4151 < Ji2 < —0.5858 —2.82843
2w /9 9 depends on Ji2 depends on Ji2 1.6532 + 0.4679J12 —3.5332 < Ji2 < —0.9961 —3.06418
/5 10 depends on Ji2 depends on Ji2 1.3826 + 0.3820.J12 —3.6197 < J12 < —1.3706 —3.23607
2m /11 11  depends on Ji2 depends on Ji2 1.1697 + 0.3175J12 —3.6840 < Ji2 < —1.6933 —3.36501
/6 12 depends on Ji2 depends on Ji2 1.0007 + 0.2680J12 —3.7338 < Ji2 < —1.9689 —3.46410
2m/13 13 depends on Ji2 depends on Ji2 0.8643 + 0.2291.J12 —3.7732 < J12 < —2.2036 —3.54182
/7 14 depends on Ji2 depends on Ji2 0.7537 + 0.1981.J12 —3.8043 < J1o < —2.4037 —3.60388
2w /15 15  depends on Ji2 depends on Ji2 0.6623 + 0.1729J12 —3.8299 < Jip < —2.5748 —3.65418
/8 16 depends on Ji2 depends on Ji2 0.5863 + 0.1523.J12 —3.8510 < J1o < —2.7215 —3.69552
2m /17 17 depends on Ji2 depends on Ji2 0.5225 + 0.1351.J412 —3.8685 < J1o < —2.8480 —3.72989
/9 18  depends on Ji2 depends on Ji2 0.4684 + 0.1206J12 —3.8835 < Ji2 < —2.9576 —3.75877
2m /19 19  depends on Ji2 depends on Ji2 0.4221 + 0.1083J12 —3.8963 < Ji2 < —3.0528 —3.78327
w/10 20 depends on Ji2 depends on Ji2 0.3825 + 0.0979.J12 —3.9073 < J12 < —3.1361 —3.80423
2w /21 21 depends on Ji2 depends on Ji2 0.3479 + 0.0888J12 —3.9171 < J12 < —3.2093 —3.82229
w/11 22 depends on Ji2 depends on Ji2 0.3179 4+ 0.0810J12 —3.9251 < Ji2 < —3.2738 —3.83797
2m /23 23 depends on Ji2 depends on Ji2 0.2915 + 0.0741.J12 —3.9327 < J12 < —3.3309 —3.85167
0 o0 —4

are shown in Fig. 7. In all plots such as these shown in
this paper, there exist moment angles that are the nega-
tives of the ones shown at each h, (see Fig. 7). The pizave
is seen to be proportional to h, for each set of parameters
shown. This is a general characteristic of the sinusoidal
fan phase.

The plots in Figs. 8(a)-8(c) are valid for all Jy5 values
within the physical ranges listed in Table II for the given

sets of parameters. The dependences on Jio are taken
into account via the normalization of the horizontal axes
by the Jis-dependent critical fields h.. We also empha-
size that the behaviors in Figs. 8(a) and 8(b) are found
to be identical with those of helices with the same special
parameters and hence exhibit no phase transitions versus
field other than that at the reduced critical field h.. The
fan in Fig. 8(c¢) with a turn angle of kd = 7/2 has no helix
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FIG. 9: (Color online) Plots of (a) ¢ and (b) pa versus n for
kd = m/2 with ny, = 4 for three values of the reduced field
hz /he, showing that the physical moments with integer n lie
on sinusoids described by Eq. (18).

counterpart, because according to Eq. (13b) that would
require that J1, = 0 which would result in two noninter-
acting sets of next-nearest-neighbor collinear AFM lay-
ers, each with a response to a field given by the behavior
for kd = 7 in Fig. 8(a). Shown in Fig. 9 are plots of
¢n, versus n for kd = 7/2 with ny = 4, which show that
even though the fan is sinusoidal the actual angles for the
moments may not appear to be so.

In the fan phases appearing above the transition field
hy of a helix, the values of ¢, are not a priori prescribed
as in Eq. (18) for the sinusoidal fan. Instead, the set of
¢, for a given kd is found by multidimensional minimiza-
tion of the energy with the ¢, as independent variables
as discussed previously and could therefore be nonsinu-
soidal. Indeed, we infer that the fan structure of the
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helices above hy obtained by energy minimization is in-
deed sinusoidal for h, — he, since h. for the field-induced
fan is found to be identical to that of the sinusoidal fan
by itself. However, at smaller h, values in the fan phase,
deviations from the predictions of the moment angles for
sinusoidal fans are found as illustrated in Sec. IV below.

B. Fans with Helix J;2 Values

Helix structures can undergo a transition from the he-
lix phase to a fan phase at sufficiently large reduced
fields hy [7]. Therefore, a particularly interesting case
is when kd for the fan is the same as for a commensurate
helix and when J5 is the same as given by Eq. (13b) for a
helix with turn angle kd. Special cases of these equalities
are illustrated in Figs. 8(a) and 8(b). Although in general
the wavelength of a helix along the z axis depends on h,,
contrary to the assumption of this paper, when h, ap-
proaches the critical field h., the wave vector of the fan
is the same (kd) as for the corresponding helix in zero
field [7]. This is consistent with our result that h. for
the sinusoidal fan is the same as that found from energy
minimization of the helix in the field-induced fan regime,
both with the same values of kd and .J;2, as shown in the
following Sec. IV.

Plots of the fan amplitudes ¢n.x, moment angles ¢,
and reduced average x-axis moments fizave/[lsat VETSUS
the reduced field ratio h; /h for Jio values corresponding
to helix turn angles kd = 37 /4, 37 /5, 47/11, and 7 /6 are
presented in Fig. 10. Two of these kd values are greater
than 7/2 (AFM J;) and two are smaller (FM J;) and
were chosen to be representative of values for helices that
show clear helix to fan transitions (either first or second
order) in both ranges of kd as shown later. For kd 2
47 /9, we find that the helix-to-fanlike structure change
is usually but not always a smooth crossover rather than
a phase transition.

We obtain the reduced critical field h. for the par-
ticular values Jio = —4 cos(kd) of the sinusoidal fan as
follows. The cosine terms in the average energy expres-
sion (9a) for E,, are expanded to fourth order in the ar-
guments ¢,, given in Eq. (18). Then the average energy
E.ve in Eq. (9b) is minimized with respect to ¢max, yield-
ing an expression for ¢« in terms of kd, ny, and the
reduced field h,. The fan to PM phase transition occurs
when ¢p.x — 0. Solving for h, = h. in the expression
Omax(kd,nx, hy) = 0 yields the following solutions for h.
in terms of kd and ny. The solutions for odd or even ny
are

- Num(odd or even)
“" Denom(odd or even)’

(20a)
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FIG. 10: (Color online) Plots as in Fig. 8 of sinusoidal fans with (a) kd = 37 /4, nx =8, (b) kd = 37/5, nx = 10, (c) kd = 47 /11,
nx = 11, and (d) kd = 7/6, n, = 12. For each kd the value of Ji2 must also be specified. These are chosen to be the values for
the helices with the same kd values using Eq. (13b) as given in each figure. The sinusoidal fan properties are similar to those
of helices with the same kd and Ji2 values above their respective helix to fan transition fields.

where
Num(odd) = 851n4(kd/2){ — 3+ 4ny + 3cos(2kdny) + csc(kd){ — sin(3kd) + sinkd(3 — 2nx)]}  (20b)
— 2{5cos(kdny) + 4cos[kd(1 — ny)]} cot(kd) sin(kdn,\)},
Denom(odd) = —1+ 2ny + csc(kd) sin[kd(1 — 2ny)]

Num(even) = 8 sin4(/€d/2){4n>\ sin(kd) + cos(2kd ny) sin(2kd) (20c¢)

— [4+ 4cos(kd) + cos(2kd)] sin(2kdny) — sin[2kd(1 + ny )] }

Denom(even) = 2nysin(kd) — sin(2kdny)

The critical fields h. calculated from Egs. (20) are  listed for 72 values of kd in Table IIT with both even
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TABLE III: Critical field h. for second-order transitions of the fan to the paramagnetic phase using the Ji2 for the helix with
the same turn angle kd obtained using Eq. (13b).

kd/m kd/m n he he kd/m kd/m n he he
(helix J12) (helix J12) (helix J12) (helix J12)
11/12  0.916667 24  16cos’(m/24)  1.54595e+01| 5/12  0.416667 24  16sin?(57/24)  2.19740e-+00
10/11  0.909091 11 16 cos*(7/22)  1.53585e+01 2/5 0.4 5 5(3 —V5)/2 1.90983e+-00
9/10 0.9 20 16 cos(7/20)  1.52265e+01| 8/21 0.380952 21 16sin*(47/21)  1.61117e400
8/9 0.888889 9 16 cos?(7/18)  1.50496e+01 3/8 0.375 16 16sin*(37/16)  1.52432e+00
7/8 0.875 16 16 cos* (/16) 1.48052e4+01|  4/11 0.363636 11 16sin*(27/11)  1.36696e+00
6/7 0.857143 7 16 cos* (7/14) 1.44547e4+01|  6/17  0.352941 17 16sin*(37/17)  1.22882e+00
5/6 0.833333 12 7+4V3 1.39282e+01|  8/23  0.347826 23 16sin?(47/23)  1.16612e+00
9/11  0.818182 22 16cos*(w/11)  1.35609e+01 1/3 0.333333 6 1 1
4/5 0.8 5 5(3 4+ /5)/2 1.30902e+01| 6/19  0.315789 19 16sin*(37/19)  8.21024e—01
7/9 0.777778 18 16 cos™(/9) 1.24757e+01|  4/13  0.307692 13 16sin*(27/13)  7.46272e—01
10/13  0.769231 13 16cos*(3m/26)  1.22292e+01|  3/10 0.3 20  16sin?(37/20)  6.79684e—01
3/4 0.75 8 2(3+2V2) 1.16569e+-01 2/7 0.285714 7 16 sin* (7 /7) 5.67040e—01
8/11  0.727273 11 16cos*(37/22)  1.09543e4+01|  3/11 0272727 22 16sin*(37/22)  4.76484e—01
5/7 0.714286 14 16 cos™ (/7) 1.05429e+01|  4/15  0.266667 15 16sin*(27/15)  4.37898e—01
7/10 0.7 20 16cos*(37/20)  1.00842e+01| 6/23  0.260870 23  16sin*(37/23)  4.03090e—01
2/3 0.666667 3 9 9 1/4 0.25 8 2(3 — 2V/2) 3.43146e—01
7/11  0.636364 22 16cos’(2r/11)  8.01360e+00| 4/17  0.235294 17 16sin*(27/17)  2.72465e—01
5/8 0.625 16 16cos*(37/16)  7.64725e+00|  2/9 0.222222 9 16 sin*(7/9) 2.18941e—01
8/13  0.615385 13  16cos*(5n/26)  7.33982e4+00| 4/19  0.210526 19 16sin*(27/19)  1.77847e—01
3/5 0.6 10 (74 3V5)/2 6.85410e-+00 1/5 0.2 10 (7—3V5)/2 1.45898e—01
10/17  0.588235 17 16cos*(77/34)  6.48887e+00| 4/21 0.190476 21 16sin*(27/21)  1.20772e—01
7/12  0.583333 24 16cos*(5w/24)  6.33850e4+00|  2/11 0.181818 11 16sin(7/11)  1.00802e—01
4/7 0.571429 7 16cos*(3m/14)  5.97823e+00|  4/23 0.173913 23 16sin?(27/23)  8.47748e—02
5/9 0.555556 18  16cos*(27/9)  5.50980e+00 1/6 0.166667 12 7T—4V3 7.17968e—02
6/11  0.545455 11  16cos*(5n/22)  5.21953e4+00| 2/13  0.153846 13 16sin*(7/13)  5.24813e—02
8/15  0.533333 15  16cos*(77/30)  4.87993e+00 1/7 0.142857 14  16sin*(w/14)  3.92287e—02
10/19  0.526316 19 16cos*(97/38)  4.68791e+00| 2/15  0.133333 15 16sin*(n/15)  2.98976e—02
1/2 1/2 4 4 4 1/8 0.125 16 16sin*(7/16)  2.31773e—02
10/21 0476190 21 16sin*(57/21)  3.42450e+00| 2/17  0.117647 17 16sin*(7/17)  1.82400e—02
8/17  0.470588 17  16sin*(4w/17)  3.29591e+00 1/9 0.111111 18 16sin*(7/18)  1.45479e—02
6/13 0461538 13 16sin*(37/13)  3.09382e+00| 2/19  0.105263 19 16sin*(x/19)  1.17431e—02
5/11  0.454545 22 16sin*(5m/22)  2.94250e4+00| 1/10 0.1 20 16sin(7/20)  9.58186e—03
4/9 0.444444 9 16sin(27/9)  2.73143e4+00|  2/21  0.0952381 21 16sin?(7/21)  7.89510e—03
10/23  0.434783 23 16sin*(57/23)  2.53793e+00| 1/11  0.0909091 22 16sin?(7/22)  6.56328e—03
3/7 0.428571 14 16sin*(37/14)  2.41789e4+00| 2/23  0.0869565 23 16sin*(7/23)  5.50051e—03
8/19  0.421053 19  16sin*(4w/19)  2.27717e4+00| 1/12  0.0833333 24 16sin*(7/24)  4.64420e—03

and odd ny < 24. We infer that from the list of ana-
lytic h. expressions for the discrete values in the ranges
0 < kd < 7/2 and /2 < kd < 7 in Table III, h. can
respectively be expressed for all cases as

kd
16sin [ —
s1n(2>

— kd
he = 16cos4<7T .

he

0<kd<m/2), (21a)

) (r/2 < kd < ). (21b)

Since Egs. (21) apply to all discrete values of kd in Ta-

ble III, we suggest that the same formulae also apply to
incommensurate (continuous) values of kd in the respec-
tive ranges. In the limit of small kd, Eq. (21a) gives
he = (kd)*  (kd — 0). (22)
For such small values of kd, the system is nearly ferro-
magnetic (see Fig. 6). A result equivalent to Eq. (22) was
obtained via a continuum model in Ref. [12].
Shown in Fig. 11(a) is a plot of h. versus kd/m over
the full range 0 < kd/7 < 1 according to the continuum
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FIG. 11: (Color online) (a) The critical field hc versus the turn
angle kd between adjacent layers of a sinusoidal fan structure
with Ji2 set to Ji2 = —4cos(kd) for helices, in units of ,
for the range 0 < kd < 1 described by Egs. (21). (b) The
percentage difference between h. and the limiting behavior
(kd)* for the region 0 < kd < 1/4.

8[ = 6 + hy + 8 cos(2mm/ny) — 2 cos(4mm/ny)]
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Egs. (21). Figure 11(b) shows the percentage difference
between h. and the limiting behavior (kd)* for kd — 0
in Eq. (22). For example, the h. value for the smallest
value kd = 7/12 in Table III is about 1.13% larger than
the limiting expression.

The dependence of ¢pax on h,, kd and n) is deter-
mined by setting the derivative of the energy with respect
t0 Pmax to zero and solving for ¢pa.x from the resultant
expression. For commensurate helices and fans, all pos-
sible kd values are written as

where m and n) are positive integers with 2m < n) so
that kd < w. Here we solve for the critical behavior of
Dmax(hz) for h, close to he by expanding the energy to
fourth order in ¢nax and then setting the derivative of
the energy with respect to ¢max to zero. Solving the
resultant expression for ¢max yields

(he = h,).  (24)

I2nax (h’x) =

As anticipated in Ref. [7], the critical behavior ob-
tained from Eq. (24) is mean-field-like as expected for
the present classical treatment, with

h

Pmax = A(hs) (1 - h—”c”>1/2 (he = hZ), (25a)

=22+ hy + 28cos(2mm/ny) — 8cos(dmm/ny) + 4 cos(6mm/ny) — 2 cos(8mm/ny)

where the amplitude A(h,) in radians is given by

4
A(hy) = \/3 + 2 cos(kd) + cos(2kd)

(25b)

To plot the field dependence of ¢, ax from these expres-
sions, one needs to first insert the appropriate he(m,ny)
from Table IIT or Egs. (21) into Eq. (25a).

For kd < 1 (close to the ferromagnetic limit, see



Fig. 6), a Taylor series expansion of Eq. (25b) to low-
est order in kd gives

A(hy) = \/g [1 + (kZ)T (kd < 1).  (26)

For m = 1, keeping only the first term in the expansion
and combining this with Eq. (25a) for m = 1 gives the
small-kd continuum limit as

2 h 1/2
¢max = g (1 - h_$> (hiﬂ — h;7 m = 1)7 (27)

where h, is given by Eq. (22).

IV. FIELD-DEPENDENT RESULTS: HELIX
PHASES WITH CROSSOVERS OR
TRANSITIONS TO FAN PHASES

In general, the helix phase competes with the fan phase
in high fields [7]. However, in our treatment we minimize
the energy of the helix with respect to all angles ¢,, inde-
pendently, so there is no specification in the minimization
about whether the system is in the helix or fan phase at
a particular value of h, or in some sort of transition be-
tween them. One cannot avoid obtaining a fan phase if
the energy minimization for a particular field gives a set
of ¢,, values corresponding to a fan, and correspondingly
also for the helix phase. However, as already noted, a
fan phase obtained this way does not have an exact si-
nusoidal fan configuration except in the limit h, — he.
This observation is explicitly illustrated later in Figs. 17,
18, 23, and 30. Irrespective of the differences between
the fan moment angles and those of the sinusoidal fans,
the average moment per spin versus field appear to be
identical for each kd.

In the following two sections we discuss the structures
and magnetizations versus transverse field of the two cat-
egories of helices with J; > 0 (AFM) and J; < 0 (FM)
with 7/2 < kd <7 and 0 < kd < 7/2, respectively, ac-
cording to Eq. (13b). Because we find that these prop-
erties vary nonmonotonically with kd, it is necessary to
present the results for many kd values to illustrate the
variety and evolution of the results. As part of these
studies, we examined how the angles ¢,, of the individual
moments with respect to the +z axis along which the
field is aligned evolve with increasing field, as part of the
energy minimization used to determine them. Therefore,
the subscript n in ¢, refers to the helix convention in
Egs. (16) and Fig. 7 for all fields, even when the helix
changes into a fan with increasing field.

A. w/2<kd<m: AFM J1 >0

Figures 12-20 show how the helix angles ¢,, and the
reduced average moment fiyaye/[lsat PET SPIN Versus re-
duced field h, change as kd is reduced from 107/11 to
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67/11. The dominant behavior is a smooth crossover in
the ordering of the ¢, angles from their initial helical
values to a distribution approximating a sinusoidal fan
for h, — he. This smooth evoluation in ¢, (h;) is ac-
companied by a smooth variation in pgave(hs) as shown,
which is not proportional to h, but rather shows an S-
shaped modulation of varying strength depending on kd
that is strongest for kd = 67/7 where a first-order tran-
sition almost occurs. We have previously shown a fit of
the prediction for kd = 47/7 in Fig. 14(b) to the mea-
sured magnetization data for EuCoyPs in Fig. 4, which
also shows an S-shaped behavior. The fit is not perfect
in the S-shaped region, but it illustrates that a helix to
fan transition in real materials need not be first order as
often assumed previously but can be a smooth crossover
instead, as suggested in Ref. [11].

Several kd values in the range 7/2 < kd < 7w were
found to show interesting variations in the properties dif-
ferent from smooth crossovers from helix to fan with in-
creasing field. The data for kd = 37/4 in Fig. 16 exhibit
a second-order transition at reduced field hy = 7.03 from
a helix to fan structure with increasing h,. The second-
order nature of the transition is clearly established from
the field dependences of the ¢,, in Fig. 16(a). It is also
apparent from the discontinuity in dpgzave/dh, at hy as
illustrated in Fig. 16(c). For this kd, the variations of
the ¢y, (h;) in the fan field range follow rather closely the
prediction for the respective sinusoidal fan, as shown in
Fig. 16(d).

On the other hand, the ¢, (h,) data for kd = 87/11 in
Fig. 17(a) exhibit discontinuities with field at hy = 5.46
indicative of a first-order transition. The magnetization
data in Fig. 17(b) show a small discontinuity at h¢, re-
flecting a weak first-order transition. Expanded plots of
the ¢, (h;) in the fan region are shown in Fig. 17(c).
Except for the region h, — h., the data are not well de-
scribed by sinusoidal fan angles as shown by the dashed
black curves. A stronger first-order transition is found
in the magnetization versus field for kd = 37/5 in
Fig. 18(b), where again the expanded plots of the ¢, (h;)
data in Fig. 18(c) are not well described by the sinusoidal
fan model except for h, — he.

Finally, Fig. 19 for kd = 47/7 demonstrates that the
behaviors of ¢, and pizave With field do not vary monoton-
ically with kd. In particular, instead of first-order transi-
tions found for the previous two kd values, the ¢,, values
now vary smoothly with h, indicating a smooth but dis-
tinct crossover at a field h, = 2.57 between the helix and
fan phases as shown in Fig. 19(a). This behavior is re-
flected in the data for pizave(hs) in Figs. 19(b) and 19(c).
These data show that fizave(h,) almost undergoes a first-
order transition at h,. On the other hand, the next data
set for kd = 67/11 in Fig. 20 again show smooth crossover
behaviors more characteristic of the data for kd = 107 /11
to 47/5 in Figs. 12-15.
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¢1 of the corresponding moments with respect to the +x axis
versus reduced in-plane field h, for a helix with turn an-
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FIG. 13: (Color online) (a) The angles ¢7, ¢7, ¢3, and ¢1
of the corresponding moments with respect to the +x axis
versus reduced in-plane field h, for a helix with turn angle
kd = 87/9. (b) Average magnetic moment per spin in the field
direction normalized by the moment magnitude, fizave/ltsat,
versus hg.
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kd = 8m/11. (b) Average normalized magnetic moment per
spin in the field direction, pig/fisat, versus hy, showing a weak
first-order transition at field h¢. (¢) Expanded plots of the ¢,
and iz /psat in the field-induced fan range (solid lines). The
predictions for a sinusoidal fan with the same kd and .J12 are
shown as black dashed lines.

18

£=)
&
=
0 2 4 6 8
h)( = guBHx‘UZ
1.2 : : : . , '
i PM ]
| kd = 3n/5
” n =10 / |
A fan .~
0.8 | g _
. ! h =321 =686
3 1
v 06| 1/ .
:LX [ 4
0.4} / _
heli:f//
0.2 + A g
-//’ (b)
0.0 - ' - . ; : :
0 2 4 6 8
n = guBHxN2
151 i\‘h: =321 field-induced fan (c) A
3 kd = 3n/5
393 q)? u)( BVSIHSBI
& 1.0}
ix
=3
1]
S 05fF
S
0.0 - N -
3 4 5 6 7

h)( = guBHJ(!JZ
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B. 0<kd<m/2: FM J; <0

When moving into the regime of FM (negative) val-
ues of Ji, with decreasing kd we again find a smooth
crossover between helix and fan phases as revealed for
kd = 47/9 in Fig. 21. However, this crossover results
in a stronger S-shape to the pizave(h,) data than found
above in the region 7/2 < kd < 7, as shown in Fig. 21(b).
It is clear from Fig. 21(a) that the fan angles are not si-
nusoidal except for h, — he.

On the other hand, Figs. 22-30 for discrete values kd =
27/5 to 7/6 exhibit strongly first-order transitions at hy.
In all such cases, the ratio hi/h. ~ 0.5, even though
he decreases by more than a factor of 20 from 1.91 to
0.0718 over this kd range. Furthermore, the ¢,,(h, > hy)
data are approximated by sinusoidal fans, as shown for
kd = 4w /11 and «/6 in Figs. 23 and 30, respectively,
where again the sinusoidal fan model is most accurate
for hy — he.

The discontinuity in fizave/ftsat at h, = hy increases
strongly with decreasing kd from 0.547 for kd = 27 /5 in
Fig. 22 to 0.839 for kd = /6 in Fig. 30. This mono-
tonic increase in the discontinuity with decreasing kd is
consistent with the value for the continuum model with
kd — 0 in Fig. 3, for which the discontinuity has a value
of 0.875.
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FIG. 27: (Color online) (a) The angles ¢1—¢4 of the corre-
sponding moments with respect to the 4z axis versus re-
duced in-plane field h, for a helix with turn angle kd = 27/9.
(b) Average normalized magnetic moment per spin in the field
direction, pigave/pisat, versus hg.
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duced in-plane field h, for a helix with turn angle kd = = /5.
(b) Average normalized magnetic moment per spin in the field
direction, pigave/pisat, versus hg.
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FIG. 30: (Color online) (a) The angles ¢o to ¢5 of of the
respective moments with respect to the +x axis versus re-
duced in-plane field h, for a helix with turn angle kd = 7 /6.
(b) Average normalized magnetic moment per spin in the field
direction, fizave /fisat, versus hy. (¢) Expanded plots of the an-
gles and average moment in the field-induced fan regime in
(a) and (b) (solid lines). Also shown are the predictions for a
sinusoidal fan with the same kd and Ji2 (dashed lines).
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V. SUMMARY OF HELIX DATA WITH FIXED
TURN ANGLE kd

A summary of our data for the helix phase and helix to
fan transitions where kd is independent of field for the full
range 0 < kd < 7 is given in Table IV. The data include
the first- or second-order (as noted) reduced transition
field h¢ and the critical field h. at which the normalized
average magnetization per Spin fiyave/lsat Saturates to
the value of unity obtained from energy minimization. If
the data for a given value of kd exhibit only a crossover
from helix to fan with increasing h,., the hy column entry
reads “none”. Also included for each value of kd in the
table are the critical field for the sinusoidal fan by itself
obtained from Egs. (21), the ratio hy/hc, and the initial
reduced susceptibility xz(hz — 0) = fzave/hs of the
helix.

Table IV shows that h. determined from energy mini-
mization, where the ¢, were free to vary independently
to obtain the minimum energy, and the value h.pa, for
the sinusoidal fan with the same kd and Ji5 given by the
value Jj2 = —4 cos(kd) for the helix, are identical. This
indicates that the field-induced fan structure of the helix
approaches a sinusoidal fan with the same kd and Jyo for
hy — he, as previously inferred [7].

From the data in Table IV, one sees that . increases
rapidly with decreasing kd. For the limit kd — 0, Enz
predicted [12]

1
= ————. 28
Xe = 10(kd) (282)
For the series kd = 27/n), one obtains
Yo = ™ 6.416 x 10-5nd (28b)
TU102m)d T -

Plotted in Fig. 31(a) are the values of x,/n} versus ny
from the data in Table IV for the series kd = 27 /n) with
ny = 5 to 12. Also shown as the horizontal dashed line
is the continuum limit for ny — oo given by Eq. (28b).
One sees that the continuum limit ny — oo is already
approached within ~ 20% by ny = 12.

Enz also made a prediction that the kd — 0 limit of
the ratio hy/he is

h
L —1/2

7 (28¢)

The ratios hy/he from Table IV are plotted in Fig. 31(b)
versus ny, again for the series kd = 27/n,, and are seen
to fairly closely approach the continuum limit of 1/2 (hor-
izontal dashed line) with increasing ny even by ny = 12.

The zero-temperature phase diagram obtained from
the data in Table IV is shown in Fig. 32, where the 11
first-order transitions and the single second-order transi-
tion are indicated by filled squares and a filled circle, re-
spectively. It apears that the region 0 < kd < 27/5 forms
a continuum of phases where the helix phase undergoes
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FIG. 31: (Color online) (a) Normalized magnetic suscepti-
bility per spin XrJg/gZp,zB divided by n3, where ny is the
number of layers per helix wavelength and the angle between
the ordered moments in successive layers of the helix along
the z axis is 2m/na. (b) The ratio of the first-order helix to
fan transition field Ay and the fan to paramagnet critical field
he. The horizontal blue dashed lines in (a) and (b) are the
respective ny — oo continuum limits in Egs. (28) [12].

a first-order transition to a fan phase at a reduced field
ht/he that smoothly increases with decreasing kd, reach-
ing the continuum limit of 1/2 in Eq. (28¢) for kd — 0.
On the other hand, the first and second-order transitions
for 3w/5 < kd < 3mw/4 are nestled between kd values
that show continuous crossovers between the helix and
fan phases, and further surprises may be in store if ad-
ditional rational values of kd are explored in the range
A7/9 < kd < 1.
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TABLE IV: Phase transition fields for the helix to fan (hy) if present, and helix or fan to the paramagnetic phase (hc), obtained
by minimizing the energy of the helix or field-induced fan. The critical field for the fan phase with Ji2 set to the value for the
helix, taken from the exact data in Table III and Egs. (21), are listed as hcran. Also shown are the initial reduced susceptibilities
of the helix phase Xz = fwave/he. Exact solutions are given if obtained. “N/A” means “not applicable”.

kd kd/ na hy he Re Fan hy /he Xz (ha — 0)
(helix — fan) (helix/fan) (helix Ji2) (helix)
™ 1 2 none 16 16 N/A 1/16 = 0.0625

10m/11 0.909091 11 none 15.359 15.3585 N/A 0.0352993

87/9 0.888889 9 none 15.050 15.0496 N/A 0.0374703

6m/7 0.857143 7 none 14.455 14.4547 N/A 0.0421042

5m/6 0.833333 12 none 13.929 13.9282 N/A (11 — 6+/3) /13 ~ 0.0467458
4 /5 0.8 5 none 13.091 13.0902 N/A (1 —1/+/5)/10 ~ 0.0552786
3m/4 0.75 8 7.028° 11.657 11.6569 0.6029 (1 —1/v/2)/4 ~ 0.0732233
8m/11 0.727273 11 5.459" 10.955 10.9543 0.4983 0.0832981

2m/3 0.666667 3 none 9 9 N/A 1/9 ~ 0.111111

31/5 0.6 10 3.205" 6.860 6.85410 0.4672 (3 —+/5)/6 ~ 0.127322
4 /7 0.571429 7 none 5.979 5.97823 N/A 0.127887

6m/11 0.545455 11 none 5.220 5.21953 N/A 0.126732

/2 0.5 4 N/A N/A 4 N/A N/A

47 /9 0.444444 9 none 2.732 2.73143 N/A 0.130047

2m/5 0.4 5 0.8758" 1.910 1.90983 0.4585 (141/+/5)/10 ~ 0.144721
47 /11 0.363636 11 0.6475° 1.367 1.36696 0.4737 0.168098

/3 0.333333 6 0.4777° 1 1 0.4777 1/5=0.2

2m /7 0.285714 7 0.2732° 0.5671 0.567040 0.4818 0.291547

/4 0.25 8 0.1661° 0.3432 0.343146 0.4840 (14+1/v/2)/4 ~ 0.426777
27/9 0.222222 9 0.1063" 0.2190 0.218941 0.4854 0.616267

/5 0.2 10 0.0710° 0.1460 0.145898 0.4863 (34 +/5)/6 ~ 0.872678
2m /11 0.181818 11 0.04905" 0.10081 0.100802 0.4866 1.210426

/6 0.166667 12 0.03497" 0.07180 0.0717968 0.4870 (11 + 6v/3) /13 ~ 1.645562

ot ot oo ot 0* ot 1/2 [12] oo [12]

®Second-order transition

bFirst-order transition
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FIG. 32: (Color online) Reduced magnetic field hy/hc versus
normalized turn angle kd/m phase diagram determined from
the data in Table IV. The red solid vertical lines represent the
field stability range of the (distorted) helix structure, whereas
the vertical dashed blue lines represent the fan phase which
can be approximated by a sinusoidal fan phase. Field-induced
first-order transitions are denoted by filled squares. The sin-
gle second-order transition is denoted by a filled circle. The
helix to “fan” notation denotes a continuous evolution from
the helix to a fanlike structure that is quite different from a
sinusoidal fan. The structures and properties of the helix and
fan are indistinguishable for each of kd/m = 2/3 and 1.
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