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We theoretically study the dynamics of ferrimagnetic domain walls in the presence of
Dzyaloshinskii-Moriya interaction. We find that an application of a DC magnetic field can induce
terahertz spin-wave emission by driving ferrimagnetic domain walls, which is not possible for ferro-
magnetic or antiferromagnetic domain walls. Dzyaloshinskii-Moriya interaction is shown to facilitate
the teraherz spin-wave emission in wide ranges of net angular momentum by increasing the Walker-
breakdown field. Moreover, we show that spin-orbit torque combined with Dzyaloshinskii-Moriya
interaction also drives a fast ferrimagnetic domain wall motion with emitting terahertz spin-waves
in wide ranges of net angular momentum.

In modern communications, information is carried by
electromagnetic waves of which frequency is limited to
≈ 0.1 terahertz (THz), the frequency of oscillating cir-
cuits based on high-speed transistors [1]. On the other
hand, semiconductor lasers generate coherent light with
the frequency > 30 THz [2]. Terahertz gap refers to the
fact that no relevant technology exists in the frequency
range between these two limits (0.1 ∼ 30 THz). There-
fore, it is of critical importance to find relevant physical
phenomena that fill in the terahertz gap.

In this respect, antiferromagnets of which resonance
frequencies are in the THz ranges [3, 4] are of inter-
est [5, 6]. It has been reported that coherent THz
magnons or spin-waves are generated in antiferromag-
nets, driven by a laser [7, 8] or an electrical current [9, 10].
However, THz spin-wave excitations by a DC magnetic
field are in principle not possible for antiferromagnets as
their magnetic moments are compensated on an atomic
scale. In this work, we theoretically show that generation
of coherent THz spin waves can be achieved by a field-
driven domain wall (DW) motion in ferrimagnet/heavy
metal bilayers in which the interfacial Dzyaloshinskii-
Moriya interaction (DMI) is present.

As far as the terahertz gap is concerned, this DC field-
driven scheme could be beneficial as it allows a low-power
operation by avoiding laser-induced or current-induced
heating. It is also fundamentally interesting as THz spin-
wave emission is caused by a relativistic-like dynamics
of a ferrimagnetic DW. Relativistic kinematics refers to
kinematics compatible with the theory of relativity [11],
of which key ingredient is the Lorentz invariance with
limiting velocity c, the speed of light. When the disper-
sion of a wave satisfies the Lorentz invariance, a quasipar-
ticle corresponding to the wave follows an analogous rela-
tivistic kinematics with replacing the speed of light by the

maximum group velocity of the wave. When the velocity
of quasiparticle approaches the maximum group veloc-
ity, it undergoes the Lorentz contraction and its speed
saturates to the limiting velocity. An example of such
quasiparticles is an antiferromagnetic DW [10, 12, 13].
When the DW velocity approaches the maximum spin-
wave group velocity, the DW width shirinks with emit-
ting spin-waves [10]. Similarly, the dynamics of a ferri-
magnetic DW is also expected to exhibit the features of
relativistic kinematics provided that the net magnetiza-
tion and DMI, which break the Lorentz invariance of the
system, are sufficiently ineffective.

In this work, we show that such a relativistic-like DW
dynamics is achievable for a class of ferrimagnets, rare
earth (RE) and transition metal (TM) compounds, in
which the spin moments are antiferromagnetically cou-
pled. As RE and TM elements have different Landé-
g factors [14], RE-TM ferrimagnets have two distinct
temperatures; the magnetic moment compensation point
TM where net magnetic moment vanishes, and the an-
gular momentum compensation point TA where net an-
gular momentum vanishes. For RE-TM ferrimagnets,
resonance [15, 16], switching [17–21], domain wall mo-
tion [22–24], and skyrmion (or bubble domain) mo-
tion [25–27] near these compensation points have been
explored experimentally and theoretically. In particu-
lar, an experimental observation of a fast field-driven
DW motion at TA in GdFeCo single-layered ferrimagnets
was recently reported [23]. This observation reveals two
distinguishing features of RE-TM ferrimagnets at TA.
One is that the spin dynamics is antiferromagnetic and
thus fast because of zero net angular momentum at TA.
The other is that this fast antiferromagnetic dynamics is
achieved by a field because the net magnetic moment is
nonzero at TA and thus couples with a magnetic field.



We begin with deriving the equations of motion for
a ferrimagnetic DW based on the collective coordinate
approach [28]. The dynamics of a general collinear ferri-
magnet at sufficiently low temperatures can be described
by the following Lagrangian density [27, 29]

L = ρṅ2/2− δsa[n] · ṅ− U , (1)

where n is the unit vector along the collinear order, ρ
parametrizes the inertia of the dynamics, δs is the spin
density in the direction n, a[n] is the vector potential
generated by a magnetic monopole of unit charge satis-
fying ∇n × a = n, and U is the potential-energy density.
Here, the first term is the spin Berry phase associated
with the staggered spin density, which thus appears in
the Lagrangian for collinear antiferromagnets; the sec-
ond term is the Berry phase associated with the net spin
density δs, which is used to describe the dynamics of
uncompensated spins in ferrimagnets. We consider the
following potential-energy density:

U =A(∇n)2/2−K(n · ẑ)2/2 + κ(n · x̂)2/2

+Dŷ · (n× ∂xn)/2− h · n.
(2)

Here, the first term is the exchange energy with A > 0;
the second term is the easy-axis anisotropy along the z
axis with K > 0; the third term is the weaker DW hard-
axis anisotropy along the x axis with κ > 0; the fourth
term is the interfacial DMI; the last term is the Zee-
man coupling with h = MnetH, where Mnet is the net
magnetization in the direction n. The dissipation can
be accounted for by introducing (the spatial density of)
the Rayleigh dissipation function, R = sαṅ

2/2. Here, sα
is a phenomenological parameter quantifying the energy
and spin loss due to the magnetic dynamics. For exam-
ple, in the ferromagnetic regime, i.e., away from TA, it
can be considered as the product of the effective Gilbert
damping constant and the net spin density.
The low-energy dynamics of a DW can be de-

scribed by the two collective coordinates, the posi-
tion X(t) and the azimuthal angle φ(t). We consider
the Walker ansatz [30] for the DW profile: n(x, t) =
(sin θ cosφ, sin θ sinφ, cos θ), where θ = 2 tan−1{exp[(x−
X)/λ]} and λ =

√

A/K is the DW width. The equa-
tions of motion can be derived from Eqs. (1) and (2) in
conjunction with the Rayleigh dissipation function:

MẌ +Gφ̇+MẊ/τ = F, (3)

I φ̈−GẊ + Iφ̇/τ = −κ̃ sinφ cosφ+ D̃ sinφ, (4)

where M = 2ρA/λ is the mass, I = 2ρAλ is the moment
of inertia, G = 2δsA is the gyrotropic coefficient, τ =
ρ/sα is the relaxation time, F = 2hA is the force exerted
by an external field, κ̃ = 2κλA, D̃ = πDA/2, and A
is the cross-sectional area of the DW. From Eq. (3), we
obtain the steady-state solution of the DW velocity:

VDW =
Mnetλ

sα
H, (5)

where H is the external field applied along the z-axis.
In this steady state, the DW moves at a constant veloc-
ity VDW with a constant angle φ. When the field be-
comes sufficiently strong such that VDW exceeds a cer-
tain threshold Vmax, the DW begins to precess, engen-
dering the phenomenon known as the Walker Break-
down [31, 32]. The Walker Breakdown field HWB can
be obtained from Eq. (4) by

HWB = Vmax

sα
Mnetλ

. (6)

In the absence of DMI (D = 0), the threshold velocity is
given by Vmax = κ̃/2G and thus HWB = κ̃sα/2GMnetλ.
When DMI is much stronger than the DW anisotropy
in the y direction, i.e., |D̃| ≫ κ̃, then |Vmax| = |D̃|/G.
In this strong DMI limit, the Walker Breakdown field is
given by

HWB =
|D̃|

G

sα
Mnetλ

=
π|D|

4δs

sα
Mnetλ

. (7)

We note that HWB is inversely proportional to G and
thus to the net spin density δs. As a result, the Walker
breakdown is absent at TA where the net spin density
vanishes, δs = 0. This suppression of the Walker break-
down at TA can be understood as a result of decoupling
of the DW position X and the angle φ at TA [23].
It is worthwhile comparing Eq. (7) to the Walker

breakdown field for ferromagnetic DWs in the strong
DMI limit [33]: HWB,FM = απDFM/2MFMλFM, which
can be obtained from Eq. (7) by taking the ferromagnetic
limit. From this comparison, one finds that in the vicin-
ity of TA, HWB for ferrimagnetic DWs is much larger
than that for ferromagnetic DWs because δs ≈ 0 and
|Mnet| ≪ MFM. Moreover, this very large HWB for fer-
rimagnetic DWs suggests that VDW can reach the max-
imum group velocity of spin-wave more easily without
experiencing the Walker breakdown and thus ferrimag-
netic DWs can generate THz spin-waves in wide ranges
of net angular momentum δs. Finally, the time averaged
velocity V̄ for a one period far above the Walker Break-
down is given as

V̄ =
Mnetλ

sα + δ2s /sα
H. (8)

To verify these theoretical predictions on the DW ve-
locity and THz spin-wave emission, we perform atom-
istic model calculations [10, 34] for two-sublattice ferri-
magnets, which correspond to RE-TM compounds. Two
sublattices possess the magnetization M1 and M2, which
are coupled by the antiferromagnetic exchange. The spin
densities are given by s1 = M1/γ1 and s2 = M2/γ2,
where γi = giµB/~ is the gyromagnetic ratio of the lattice
i, µB is the Bohr magneton, and gi is the Landé-g factor.
The parameters in the above descriptions for general fer-
rimagnets are given by δs = s1 − s2, Mnet = M1 −M2,
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FIG. 1. (color online) (a) A schematic illustration of a fer-
rimagnet in which neighboring spins are coupled antiferro-
magnetically. (b) The assumed magnetic moments of TM
(red) and RE (blue) elements as a function of the temper-
ature T . Black symbols represent net magnetic moment (=
MTM −MRE), and dark yellow symbols represent net angular
momentum δs. Zero δs corresponds to the angular momentum
compensation temperature TA (purple).

and sα = α1s1 + α2s2, where αi is the Gilbert damp-
ing constant for the lattice i. The one-dimensional dis-
crete Hamiltonian that we use for numerical calculations
is given by

H = Asim

∑

i

Si · Si+1 −Ksim

∑

i

(Si · ẑ)
2

+ κsim

∑

i

(Si · x̂)
2 +Dsim

∑

i

ŷ · (Si × Si+1)

− giµBµ0

∑

i

H · Si, (9)

where Si is the normalized spin moment vector at lattice
site i [i.e., an even (odd) i corresponds to a RE (TM)
atomic site], Asim, Ksim, κsim, and Dsim denote the ex-
change, easy-axis anisotropy, DW hard-axis anisotropy,
and DMI constants, respectively, and H is the exter-
nal field. We numerically solve the atomistic Landau-
Lifshitz-Gilbert equation:

∂Si

∂t
= −γiSi ×Heff,i + αiSi ×

∂Si

∂t
, (10)

where Heff,i = − 1
Mi

∂H
∂Si

is the effective field. We use
the following simulation parameters: Asim = 7.5 meV,
Ksim = 0.4 meV, κsim = 0.2 µeV, damping constant
αTM = αRE = 0.002, the lattice constant d = 0.4 nm,
and Landé g-factors gTM = 2.2 for TM, and gRE = 2
for RE element [14]. The relations for material param-
eters between Eqs. (2) and (9) are that A = 4Asim/d,
K = 2Ksim/d

3, κ = 2κsim/d
3, and D = 8Dsim/d

2.
Figure 1(b) shows the assumed temperature-dependent
change in the magnetic moment Mi and corresponding
δs. For simplicity, we assume other parameters are in-
variant with temperature.
Figure 2(a) shows VDW for D = 0 as a function of H .

BelowHWB, VDW increases linearly withH , in agreement
with Eq. (5) (solid lines). For H > HWB, the Walker
breakdown occurs except for T = TA at which VDW keeps
increasing because of the absence of the Walker break-
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FIG. 2. (color online) (a) Domain wall velocity as a func-
tion of the external field H in the low-field regime (µ0H < 10
mT). Symbols indicate the calculation results and solid lines
indicate Eq. (5). (b) Walker Breakdown field HWB as a func-
tion of net angular momentum δs at various DMI constants
Dsim. Domain wall velocity in the high-field regime for (c)
Dsim = 0 and (d) Dsim = 0.25 meV. Solid straight lines in (c)
indicate Eq. (8). A red solid line in (c) and solid curved lines
in (d) represent Eq. (14). Horizontal dashed lines in (c) and
(d) represent vg,max [Eq. (12)].

down. Figure 2(b) shows HWB as a function of δs at var-
ious DMIs. Two features are worth mentioning. First,
HWB diverges at TA (i.e., δs = 0). Second, HWB for a
finite DMI becomes much larger than that for D = 0, in
agreement with Eq. (6) (solid lines). Figure 2(c) shows
VDW in the high field regime for D = 0. The numerically
obtained values of VDW at TA (green symbols) deviate
from Eq. (8) (a green solid line), which predicts a linear
increase in VDW with H . This deviation is a manifesta-
tion of the relativistic-like dynamics of ferrimagnetic DW,
as we will explain below in detail. For Dsim = 0.25 meV,
however, the nonlinearity appears in all tested ranges of
T [or δs; Fig. 2(d)]. It means that the relativistic-like
dynamics occurs in wide ranges of T , resulting from the
largely enhanced HWB near TA.

For the cases showing the nonlinearity, we observe the
spin-wave emission from DW [Fig. 3(a)]. The spin–wave
frequency is in THz ranges [Fig. 3(b)]. To elaborate the
nonlinearity of VDW on H and associated THz spin-wave
emission, we derive the spin-wave dispersion for ferrimag-
nets on top of the uniform ground state, n = ẑ. Starting
from the Lagrangian density Eqs. (1) and (2), we derive
the equation of motion by using the spin-wave ansatz
nx + iny = δn exp[i(ωt− kx)] where δn(≪ 1) is the am-
plitude of spin wave, and k is the wavenumber. Following
mathematical procedure, we finally get the dispersion of



spin wave given by

ω± =
±δs +

√

δ2s + 4ρ(Ak2 +K − h)

2ρ
, (11)

where the upper (lower) sign corresponds to the right-
handed (left-handed) circular mode. The spin-wave dis-
persion is reduced to that of ferromagnets ω = Ak2 +
K − h in the limit ρ → 0, and that of antiferromagnets
ω2 = (Ak2 +K − h)/ρ in the limit δs → 0. We note that
DMI does not contribute to the spin-wave dispersion as
it is effective only for the y-component of magnetization,
which is negligible for perpendicularly magnetized ferri-
magnets. From the dispersion [Eq. (11)], we obtain the
maximum spin-wave group velocity vg,max as

vg,max = A/ds, (12)

where s = (s1 + s2)/2. We note that vg,max is indicated
by horizontal dashed lines in Figs. 2(c) and (d). With
vg,max, the nonlinear dependence of VDW on H is read-
ily interpreted based on the relativistic-like kinematics
of a DW, similar to the dynamics of an antiferromag-
netic DW [10]: vg,max acts as the speed of light [13] and
the DW width shrinks as VDW approaches vg,max via the
Lorentz contraction. The Lorentz contraction of DW is
described by

λDW = λeq

√

1− (VDW/vg,max)2, (13)

where λeq is the equilibrium DW width. The in-
ertial DW mass also varies with the Lorentz factor
1/

√

1− (VDW/vg,max)2, i.e., M = 2ρA/λDW. Figure
3(c) shows that the DW width decreases as VDW ap-
proaches vg,max while the inertial mass increases with
VDW. With the Lorentz contraction, we modify Eq. (5)
relativistically as

VDW = vg,max

√

1− (λDW/λeq)2, (14)

which is represented by a red solid line in Fig. 2(c) and
solid lines in Fig. 2(d). Excellent agreement between
numerically obtained VDW and Eq. (14) confirms the rel-
ativistic dynamics of ferrimagnetic DWs.
We also show that spin-orbit torque drives a fast rel-

ativistic motion of ferrimagnetic DWs. We suppose that
charge current flows along x direction in adjoining heavy
metal layer, at which spin accumulation resulting in spin-
orbit torques is manifested at the interface. We consider
damping-like torque only for simplicity. Using the collec-
tive coordinate approach [10], we obtain the steady-state
solution of ferrimagnetic DW velocity as

VDLT =
λDWπsB̃DLT

2α
, (15)

where B̃DLT = ~θSHJ/2etzs1s2 is the effective field corre-
sponding to the damping-like torque, θSH is the effective
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FIG. 3. (color online) (a) Configuration of domain wall and
spin-waves for the staggered vector n. The inset shows over-
all shape of domain wall. (b) The frequency of emitted spin-
waves as a function of H with finite δs. (c) Domain wall
width and mass as a function of VDW/vg,max at TA. The or-
ange solid line indicates Eq. (13). (d) Domain wall velocity as
a function of the current density J at several temperatures.
Symbols represent calculation results and solid lines repre-
sent Eq. (15). Dashed lines represent relativistic modified
solutions, Eq. (14).

spin-Hall angle of ferrimagnet/heavy metal bilayer, J is
the current density, e is the electron charge, and tz is
the ferrimagnet-thickness. Numerical simulation includ-
ing the damping-like torque for Dsim = 0.25 meV [Fig.
3(d)] shows that spin-orbit torque combined with DMI ef-
fect is highly efficient for ferrimagnetic DW motion and
the relativistic-like dynamics occurs for all tested ranges
of T (or δs). This spin-orbit-torque-driven ferrimagnetic
DW motion also accompanies with THz spin-wave emis-
sion (not shown).

Finally, we discuss about the origin of spin-wave emis-
sion from ferrimagnetic DWs. Two mechanisms have
been proposed: Cherenkov-like process [35] and internal
DW structure distortion [36]. The former occurs when
DW velocity matches spin-wave phase velocity. In anti-
ferromagnets or ferrimagnets near TA, the phase velocity
is always higher than the group velocity as one finds from
the dispersion [Eq. (11)]. Therefore, this Cherenkov pro-
cess is irrelevant to our case. For ferrimagnetic DWs,
instead, the spin-waves can be emitted by releasing the
DW energy enhanced through the Lorentz contraction as
in the case of antiferromagnetic DWs [10].

In conclusion, we have shown field-driven THz spin-
wave emission for ferrimagnetic DWs, which is not pos-
sible for ferromagnetic or antiferromagnetic DWs. In
ferrimagnet/heavy metal bilayers in which the interfa-
cial DMI arises naturally, the field-driven THz spin-wave
emission can be observed in wide ranges of T (or δs),
thereby largely enhancing the experimental accessibility



to our prediction. Moreover, an in-plane current can also
excite THz spin-waves in wide ranges of T (or δs) through
the combined effect between spin-orbit torque and DMI.
Our finding suggests that ferrimagnetic DWs are poten-
tially useful for high-speed and high-frequency spintron-
ics devices.
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