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It is believed that most (perhaps all) gapped phases of matter can be described at long distances by
Topological Quantum Field Theory (TQFT). On the other hand, it has been rigorously established
that in 1+1d ground states of gapped Hamiltonians can be approximated by Matrix Product States
(MPS). We show that the state-sum construction of 2d TQFT naturally leads to MPS in their
standard form. In the case of systems with a global symmetry G, this leads to a classification
of gapped phases in 14+1d in terms of Morita-equivalence classes of G-equivariant algebras. Non-
uniqueness of the MPS representation is traced to the freedom of choosing an algebra in a particular

Morita class.
classification of SPT phases.

PACS numbers: 71.27.+a, 02.40.Re

I. INTRODUCTION AND OVERVIEW

It is a widely held belief that the universal long-
distance behavior of a quantum phase of matter at
zero temperature can be encoded into an effective field
theory.2? In the case of gapped phases of matter, the
extreme infrared should be described by a Topological
Quantum Field Theory.

It has been rigorously shown that the ground state of
any gapped 14+1d Hamiltonian with a short-range inter-
action can be approximated by a Matrix Product State.
This representation is very efficient, especially in the
translationally-invariant case, and is well-suited to the
Renormalization Group analysis. In particular, it leads
to a classification of Short-Range Entangled Phases of
1+1d matter in terms of group cohomology.

It is natural to ask about the connection between these
two approaches to gapped phases of matter. In this note
we answer this question in the case of bosonic systems
with a finite symmetry G. For simplicity, we assume that
all elements of G act unitarily (i.e. we do not allow for
time-reversing symmetries). The case of time-reversing
symmetries and fermionic phases will be addressed in sep-
arate publications.5

In brief, the results are as follows. We show that a
standard-form MPS is naturally associated with a mod-
ule M over a finite-dimensional semisimple algebra A.
The universality class of the MPS depends only on the
center Z(A). On the other hand, every unitary 2d TQFT
has a state-sum construction which uses a semisimple
algebra as an input. Further, given a module M over
this algebra, one naturally gets a particular state in the
TQFT space of states. We show that this state is pre-
cisely the MPS associated to the pair (A, M). Since the
TQFT depends only on Z(A), we reproduce the fact that
the universality class of the MPS depends only on Z(A).

In the case of an MPS with a symmetry G, a similar
story holds. A G-equivariant MPS is encoded in a G-
equivariant module M over a G-equivariant semisimple
algebra A. Such an algebra can be used to give a state-
sum construction of a G-equivariant TQFT, while every

In the case of Short-Range Entangled phases, we recover the group cohomology

G-equivariant module M gives rise to a particular state.
This state is an equivariant MPS state. Again, different
A can give rise to the same TQFT. This leads to an
equivalence relation on G-equivariant algebras which is a
special case of Morita equivalence.

An indecomposable phase with symmetry G is there-
fore associated with a Morita-equivalence class of inde-
composable G-equivariant algebras. The classification of
such algebras is well known” and leads to an (also well-
known® ) classification of bosonic 1+1d gapped phases
of matter with symmetry G. In the special case of Short-
Range Entangled gapped phases, we recover the group
cohomology classification of SPT phases.

II. MATRIX PRODUCT STATES AT RG FIXED
POINTS

A. Matrix Product States

In this section, we review Matrix Product States
(MPS) and extract the algebraic data that characterizes
them at fixed points of the Renormalization Group (RG).
We find that a fixed point MPS is described by a module
over a finite-dimensional semisimple algebra. We discuss
the notion of a gapped phase and argue that they are
classified by finite-dimensional semisimple commutative
algebras. Given a fixed point MPS and the corresponding
semisimple algebra A, the commutative algebra charac-
terizing the gapped phase is the center of A, denoted
A=Z(A).

The models we consider are defined on Hilbert spaces
that are tensor products of finite-dimensional state spaces
A on the sites of a 1D chain. We are interested in Hamil-
tonians with an energy gap that persists in the thermo-
dynamic limit of an infinite chain. A large class of ex-
amples of gapped systems come from local commuting
projector (LCP) Hamiltonians; that is, H = > hs s41,
where the hg 41 are projectors that act on sites s, s +1
and commute with each other. Since the local projec-
tors commute, an eigenstate of H is an eigenstate of



each projector. It follows that the gap of H is at least
1. Thus LCP Hamiltonians are gapped in the thermo-
dynamic limit. In one spatial dimension, ground states
of gapped Hamiltonians are efficiently approximated by
an ansatz called a matrix product state (MPS),! which
we recall below.??> From each MPS, one can construct
a gapped parent Hamiltonian that has the MPS as a
ground state.? At RG fixed points, which we consider
below, the parent Hamiltonian is an LCP Hamiltonian.
To discuss and classify 1D gapped Hamiltonians, it suf-
fices to consider the parent Hamiltonians of the MPS that
approximate their ground states.

Consider a closed chain of N sites, each with a copy
of a physical Hilbert space A ~ C% and two copies V',
VE of a virtual space CP. We identify V¥ = V and
VE = V* and choose a Hilbert space structure on V.
Between each adjacent pair (s,s + 1) of sites, place the
maximally entangled state

D

W) 541 = Z iy @ |iy € VFE @ VA, (1)
i1

An MPS tensor?? is a linear map P : V@V — A. The
MPS associated to P is the state

[Yp) =(PL@P2®--- @ Py)
(|W>12 ® |W>23 Q- ® |W>N1) (2)

in AN, Since |¢p) lies in the image of P®Y, we do not
lose generality by truncating A to im P. We will assume
we have done so in the following. Equivalently, we assume
that the adjoint MPS tensor T' = P is injective?®. The
MPS wavefunction can be expressed as a trace of a prod-

of A, the conjugate state takes the form

d

(rl= > Te[T(ei) - Tleay)lir---in|  (3)

Gpein=1

There may be many different ways to represent a given
state in A®" in an MPS form. Even the dimension of
the virtual space V' is not uniquely defined. In general,
it is not immediate to read off the properties of the state
1 from the tensor T
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Figure 1: An MPS represented as a tensor network

For the tensor T, one can construct a LCP Hamiltonian
Hy, called the parent Hamiltonian®® of |17), which has
|th7) as a ground state. It is given as a sum of 2-site terms

hs,s+1 that project onto the orthogonal complement of
kerh = (P @ P)(V ® |w) @ V*). Explicitly,

Hr = Z R s+1 where

hsst1 =1 — (Ps ® Pyy1)d(PF @ PLy) (4)

where 0 is the projector onto (V, ® |w) ® V¥, 1) and P :=
(TSPS)’lTS is a left inverse of Ps. The local projectors
hs,s4+1 commute, so Hrp is gapped. |[¢7) is annihilated by
hs,s+1, Vs and therefore also by Hr.

In general, Hr has other ground states. Consider a
state of the form

W)Y =(P1@Pa® - ®Py)
(|w>12®|w>23®---® ‘WX>N1) (5)

for some virtual state

D
Wy =D "Xyl @) eV eV (6)
=1

where X is a matrix that commutes with T'(a) for all
a € A. Note that |w') = |w) and so |}) = [¢7). The
states (5) are clearly annihilated by hgs+1 for s # N.
To see that they are annihilated by hxy1, note that ten-
sor T'(e;) X T (e;) is expressible as a linear combination of
tensors T'(e;)T (e;) if and only if X commutes with every
T(e;). The conjugate states have wavefunctions

W[ = Te[XT(es,) - T(es,)] (i in|  (7)

We will refer to these states as generalized MPS.

It turns out that all ground states of Hy can be written
as generalized MPS. One can always take T to be an
isometry with respect to some inner product on A and
the standard inner product

(M|N) =Tr[M'N] M,N € End(V) (8)

on End(V). For an orthogonal basis {e;} of A,
Tr[T(e;)'T(e;)] = 6;5. Consider the case N = 1. An
arbitrary state

W= ai il 9)
can be written in generalized MPS form (7) if one takes

X = ZajT(ej)T (10)

Thus generalized MPS with commuting X are the only
ground states. Neither the number of generalized MPS
nor the number of ground states depends on IN; thus, the
argument extends to all N.

Suppose the data (A1, V1,T1) and (As, Vo, Ts) define
two MPS systems with parent Hamiltonians H; and Hs.



Consider the composite system (41 @Az, V1@ Vs, T1 @T3).
It has P = P1 ® Py and § = 61 ® d2. Then

hags = La,@4, — P2OPL2 4,
=14, ® 14, — P*6P> @ P?6PS>
= (14, —P*6PL2) @ La, + 14, ® (La, — P?6PL?)
=ha, @14, + 14, ®ha, (11)

where the penultimate line follows from the fact that
P25P*2 is a projector. Therefore, the composite parent
Hamiltonian is

Hpyop=Ha, @14, +14, @ Hy,. (12)

B. RG-fixed MPS and gapped phases

Under real-space renormalization group (RG) flow,!?
adjacent pairs of sites are combined into blocks with
physical space A ® A. The MPS form of the state is
preserved, with the new MPS tensor being

T'(a®b) = T(a)T(b), (13)
where on the r.h.s. the multiplication is matrix mul-
tiplication. We also define P’ = T'f. Though an RG
step squares the dimension of the codomain of the MPS
tensor, the rank is bounded above by D2, and so the
truncated physical space im(P’) never grows beyond di-
mension D?.

An RG fized MPS tensor is an MPS tensor such that
P and P’ have isomorphic images and are identical (up
to this isomorphism) as maps. That is, there exists an
injective map p: A — A ® A such that

poP =P (14)
If we denote m = pf, this is equivalent to
T(m(a®b)) =T(a)T (D). (15)

Since T" was assumed to be injective, this equation
completely determines m. Similarly, the fact that matrix
multiplication is associative implies that m : A® A — A
is an associative multiplication on A. The map T :
A — End(V) then gives V' the structure of a module
over A. Since T is injective, this module is faithful (all
nonzero elements of A act nontrivially). The statement
that X commutes with 7" in the ground state of the par-
ent Hamiltonian is the statement that X is a module
endomorphism of V.

As previously stated, a state in A% may have multi-
ple distinct MPS descriptions. One can always choose T'
to have a certain standard form'® — regardless of whether
it is RG fixed. When this is done, the matrices T'(a) are
simultaneously block-diagonalized, for all a € A. More-
over, if we denote by T(® the o™ block, say of size
Lo % Lg, then the matrices T(%(e;) span the space of
Ly % Lo matrices. That is, 7(®) defines a surjective map
from A to the space of L, x L, matrices.

For an RG-fixed MPS tensor in its standard form, one
can easily see that A is a direct sum of matrix alge-
bras. Indeed, each block A% defines a surjective homo-
morphism 7% from A to the algebra of L, x L, matri-
ces, and if an element of A is annihilated by all these
homomorphisms, then it must vanish. Thus we get a
decomposition

A =d,A%, (16)
where each A% = (ker T%)* is isomorphic to a matrix
algebra. We stress that some of these homomorphisms
might be linearly dependent, so the number of summands
may be smaller than the number of blocks in the stan-
dard form of T'. An algebra of such a form is semisimple,
that is, any module is a direct sum of irreducible mod-
ules. More specifically, any module over a matrix algebra
of L x L matrices is a direct sum of several copies of the
obvious L-dimensional module. This basic module is ir-
reducible. If, for a particular A%, T contains more than
one copy of the irreducible module, the corresponding
blocks in the standard form of 7" are not independent.

The ground-state degeneracy is simply related to the
properties of the algebra A. Namely, the number of
ground states is equal to the number of independent
blocks in a standard-form MPS, or equivalently the num-
ber of summands in the decomposition (16). Since the
center of a matrix algebra consists of scalar matrices and
thus is isomorphic to C, one can also say that the number
of ground states is equal to the dimension of A = Z(A).

Two gapped systems are said to be in the same phase if
their Hamiltonians can be connected by a Local Unitary
(LU) evolution, i.e. if they are related by conjugation
with a finite-time evolution operator for a local time-
dependent Hamiltonian.!! Clearly, the ground-state de-
generacy is the same for all systems in a particular phase.
In fact, for 14+1d gapped bosonic systems, it completely
determines the phase.®1?

It is convenient to introduce an addition operation &
on systems and phases. Given two 14+1d systems with
local Hilbert spaces A; and As, we can form a new 1+1d
system with the local Hilbert space Ay & As. The Hamil-
tonian is taken to be the sum of the Hamiltonians of
the two systems plus projectors which enforce the condi-
tion that neighboring “spins” are either both in the A;
subspace or in the A; subspace. The ground state degen-
eracy is additive under this operation. A phase is called
decomposable if it is a sum of two phases, otherwise it is
called indecomposable. Clearly, it is sufficient to classify
indecomposable phases.

It is easy to see that if A decomposes as a sum of
subalgebras, the corresponding phase is decomposable.
Further, an indecomposable semisimple algebra A is iso-
morphic to a matrix algebra. The corresponding ground
state is unique. Moreover, while the parent Hamiltonians
for different matrix algebras are different, they all corre-
spond to the same phase,® i.e. are related by a Local
Unitary evolution. Hence the phase is determined by the
number of components in the decomposition (16), or in



other words, by Z(A).

III. TOPOLOGICAL QUANTUM FIELD
THEORY

We have seen above that an RG-fixed MPS state is
associated with a finite-dimensional semisimple algebra
A, and that the universality class of the corresponding
phase depends only on the center of A. On the other
hand, it is known since the work of Fukuma, Hosono,
and Kawai'® that for any finite-dimensional semisimple
algebra A with an invariant scalar product one can con-
struct a unitary 2D TQFT, and that the isomorphism
class of the resulting TQFT depends only on the center
of A. In this section we show that this is not a mere co-
incidence, and that the ground states of this TQFT can
be naturally written in an MPS form, with an RG-fixed
MPS tensor.

A. State-sum construction of 2d TQFTs

A (closed) 2D TQFT associates a space of states A to
an oriented circle, and a vector space A®" to n disjoint
oriented circles. Further, suppose we are given an ori-
ented bordism from n circles to [ circles, i.e. a compact
oriented 2d manifold ¥ whose boundary consists of [ cir-
cles oriented in the same way as > and n circles oriented
in the opposite way. A 2d TQFT associates to ¥ a lin-
ear map from A®" to A®!. This map is invariant under
diffeomorphisms. Also, gluing bordisms taking care that
orientations agree corresponds to composing linear maps.

Let us mention some special cases. If 3 is closed (i.e.
has an empty boundary), then the 2D TQFT associates
to it a linear map C — C, i.e. a complex number Zy,
called the partition function. If ¥ is a pair-of-pants bor-
dism from two circles to one circle, the corresponding
map m : A® A — A defines an associative, commuta-
tive product on A. The cap bordism defines a symmetric
trace function Tr : 4 — C such that the scalar product
n(a,b) = Tr(ab) is symmetric and non-degenerate. These
data make A into a commutative Frobenius algebra. It is
known that a two-dimensional TQFT is completely deter-
mined by the commutative Frobenius algebra structure
on A.14716 The state-operator correspondence identifies
A with the algebra of local operators. This Frobenius al-
gebra encodes the 2- and 3-point functions on the sphere,
from which all other correlators, including the partition
function, can be reconstructed.

In 2d there is an essentially trivial family of unitary
oriented TQFTs parameterized by a positive real num-
ber A\. The partition function of such a TQFT on a
closed oriented 2d manifold ¥ is AX(X), while the Hilbert
space attached to a circle is one-dimensional. Such 2d
TQFTS are called invertible, since the partition function
is a nonzero number for any X. Since, by the Gauss-
Bonnet theorem, x(X) can be expressed as an integral of

scalar curvature, tensoring a 2d TQFT by an invertible
2d TQFT is equivalent to redefining the TQFT action
by a local counterterm which depends only on the back-
ground curvature. One usually disregards such countert-
erms. In what follows we will follow this practice and
regard TQFTs related by tensoring with an invertible
TQFT as equivalent.

Every unitary oriented 2d TQFT?” has an alternative
construction called the state-sum construction,'® which
is combinatorial and manifestly local. The input for this
construction is a finite-dimensional semisimple algebra A,
which is not necessarily commutative. To compute the
linear maps associated to a particular bordism X, one
needs to choose a triangulation of ¥. Nevertheless, the
result is independent of the choice of the triangulation.
The connection between the not-necessarily commutative
algebra A and the commutative algebra A is that A is
Z(A), the center of A. From the perspective of open-
closed TQFTs, A is the algebra of states on the interval
for a particular boundary condition. The scalar product
on A is also fixed by the structure of A.

Let us describe the state-sum construction for the par-
tition function Zs, of a closed oriented 2D manifold X,
following FHK.'? Fix a basis e;, i € S, of A. We define
the following tensors:

Cijr = Tra PP Py

(17)
Here P; : A — A is the operator of multiplication by e;.
The tensor 7;; is symmetric and non-degenerate (if the
algebra A is semi-simple); the tensor Cj;j is cyclically
symmetric. We also denote by 0% the inverse to the
tensor 7;;. Note also that ;. is related to the structure
constants C*, in this basis by

Th'j = 7’](6i, ej) = TI‘A PZ'PJ',

Cijk = Zﬁilcljk- (18)
7

Let T'(X) be a triangulation of ¥. A coloring of a 2-
simplex F' of T(X) is a choice of a basis vector e; for
each 1-simplex E € 0F. A coloring of T'(X) is a coloring
of all 2-simplices of T'(X). Note that each 1-simplex of
T'(X) has two basis vectors attached to it, one from each
2-simplex that it bounds. The weight of a coloring is the
product of Cjj over 2-simplices and 7%/ over 1-simplices,
where the cyclic ordering of indices for each 2-simplex is
determined by the orientation of 3. The partition func-
tion is the sum of these weights over all colorings.

Topological invariance of Zy, can be shown as follows.
It is known that any two triangulations of a smooth man-
ifold are related by a finite sequence of local moves.!” In
two dimensions, there are two moves - the 2-2 move and
the 3-1 move, depicted in Figure 2 - which swap two or
three faces of a tetrahedron with their complement. In-
variance of the state-sum under the 2-2 “fusion” move
reads

CiPCpit = CjPCy!t (19)



Figure 2: The 2-2 and the 3-1 Pachner moves

Similarly the 3-1 move reads
Gy Crt*Cl iy = Cis* (20)

These axioms are satisfied by any finite-dimensional
semisimple algebra A;'? therefore, the partition sum is
a topological invariant?®.

B. Open-closed 2d TQFT

So far we have discussed what is known as closed 2D
TQFTs. That is, the boundary circles were interpreted
as spacelike hypersurfaces, and thus each spatial slice had
an empty boundary. The notion of a TQFT can be ex-
tended to incorporate spatial boundaries; such theories
are called open-closed TQFTs. In such a theory a spa-
tial slice is a compact oriented manifold, possibly with
an nonempty boundary. That is, it is a finite collection
of oriented intervals and circles. A bordism between such
spatial slices is a smooth oriented surface with corners:
paracompact Hausdorff spaces for which each point has
a neighborhood homeomorphic to an open subset of a
half-plane. Surfaces with corners are homeomorphic, but
typically not diffeomorphic, to smooth surfaces with a
boundary.

The corner points subdivide the boundary of the bor-
dism into two parts: the initial and final spatial slices,
and the rest. We will refer to the initial and final spa-
tial slices as the cut boundary, while the rest will be re-
ferred to as the brane boundary. The cut boundary can
be thought of as spacelike, while the brane boundary is
timelike. Bordisms are composed along their cut bound-
ary (hence the name), while on the brane boundary one
needs to impose boundary conditions (known as D-branes
in the string theory context, hence the name). More pre-
cisely, if C is the set of boundary conditions, one needs to
label each connected component of the brane boundary
with an element of C.

An open-closed 2d TQFT associates a vector space
Ve to every oriented interval with the endpoints la-
beled by M, M’ € C, and a vector space A to every
oriented circle. To a collection of thus labeled compact
oriented 1D manifolds it attaches the tensor product of

spaces Vi and A. To every bordism with corners la-
beled in the way explained above, it attaches a linear
map from a vector space of the ‘incoming” cut bound-
ary to the vector space of the “outgoing” cut boundary.
Gluing bordisms along their cut boundaries corresponds
to composing the linear maps.

Just like in the case of a closed 2d TQFT, one can
describe algebraically the data which are needed to con-
struct a 2d open-closed TQFT. We refer to Moore and
Segal'® for details. Suffice it to say that each space Vs
is a (possibly noncommutative) Frobenius algebra, and
each space Vs is a left module over Vi and a right
module over Vs . That is, to every element x € Vi
one associates a linear operator TM(:E) Vv = Vv
so that composition of elements of Vs corresponds to
the composition of linear operators: TM(z)TM (2') =
TM(z2") (and similarly for Vapar).  Also, for every
M € C there is a map M : A — Vy which is a
homomorphism of Frobenius algebras. The dual map
iy Vi — A is known as the generalized boundary-
bulk map. In particular, if we act with ¢, on the identity
element of the algebra Vjsyr, we get a distinguished el-
ement ¥y € A called the boundary state corresponding
to the boundary condition M. Geometrically, 1y is the
element of A which the open-closed TQFT associates to
an annulus whose interior circle is a brane boundary la-
beled by M, while the exterior circle is an outgoing cut
boundary.

One may wonder if it is possible to reconstruct the
open-closed TQFT from the closed TQFT. The answer
turns out to be yes if A is a semisimple, i.e. if every mod-
ule over A is a sum of irreducible modules.'®? Then C is
the set of finite-dimensional modules over A, and Vi, is
the space of linear maps from the module M to the mod-
ule M’ commuting with the action of A (i.e. Vasps is the
space of module homomorphisms). Conversely, one can
reconstruct the algebra A from any “sufficiently large”
brane M € C: if we assume that the module M is faith-
ful (i.e. all nonzero elements of A4 act nontrivially), then
A= Z(VMI\I)-

The state-sum construction generalizes to the open-
closed case.? Let us describe it for a semisimple A, and
assuming that the bordism ¥ only has a brane boundary.
Each connected component of 0¥ is then labeled by a
brane M € C. We pick a sufficiently large brane My such
that A = Z (Vi ). Let A = Vagar,. We also choose a
basis fljtw, 1 € Sy in each module M. Denote the matrix
elements of the action of A on M by Tﬂ‘jﬂ,i. We choose a
triangulation of ¥, which also gives us a triangulation of
each connected component of the boundary. 2-simplices
of ¥ are labeled as before. Label boundary 0-simplices on
any M-labeled boundary component by the basis vectors
fiw . Thus each boundary 1-simplex is labeled by a basis
vector of A and a pair of basis vectors of a module. We
assign a weight to each 2-simplex and each interior 1-
simplex before. We also assign a weight to each boundary
1-simplex as follows. Suppose the boundary 1-simplex is
labeled by e; € A and fiw, fM € M. Then the weight of
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Figure 3: An elementary shelling representing 77,7, = CETY, (21). The thick line is a physical boundary.
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Figure 4: An elementary shelling representing T,ijkag =Tk (22).

the boundary 1-simplex is T4;,;. The total weight is the
product of weights of all 2-simplices and all 1-simplices
(both interior and exterior).

Due to the introduction of brane boundaries, there
are two more moves, called the 2-2 and 3-1 elementary
shellings and depicted in Figures 3 and 4, that must be
considered when demonstrating topological invariance.?’
They yield conditions

Tf{piTlffuj = Olij]l\ZVk (21)
and
L ik
T]l\ipjTIf[ukCg = Tf&m (22)

respectively. The first one is the definition of a module,
and the second one follows from the semisimplicity of
A. Therefore the state-sum is a well-defined open-closed
TQFT. Moreover, such structures are precisely those re-
quired to define a topologically invariant state-sum.

C. Unitary TQFTs and semisimplicity

The state-sum construction defines a perfectly good
topological invariant for any finite-dimensional semisim-
ple algebra A; however, if it is to model an actual physical
system, its space of states must carry a Hilbert space
structure, and linear maps corresponding to bordisms
must be compatible in some sense with this structure. To
be precise, for any oriented bordism ¥ whose source is a
disjoint union of n circles and whose target is a disjoint
union of [ circles, let —X denote its orientation-reversal.
—> has [ circles in its source and n circles in its target.
A 2d TQFT attaches to ¥ a linear map A®" — A%
and to —¥ a linear map A®' — A®". A unitary struc-
ture on a 2d TQFT is a Hilbert space structure on A
such that the maps corresponding to > and —X are ad-
joint to each other. For an open-closed 2D TQFT, we
require that the state-space assigned to each boundary-
colored interval has a non-degenerate Hermitian metric,

and that cobordisms with nonempty brane boundary also
satisfy the Hermiticity condition. In particular, the prod-
uct m and coproduct u are adjoints. It then follows from
the Pachner moves that p is an isometry. Likewise, the
module structure T is an isometry.

Let (a,b) denote the Hilbert space inner product of
a,b € A. Since A also has a bilinear scalar product 7, we
can define an antilinear map

x: A=A a—a’, (23)
such that (a,b) = n(a*,b). It can be shown that this map
is an involution (i.e. a** = a) and an anti-automorphism
(i.e. (ab)* = b*a*).'® This can also be expressed by
saying that A is a x-algebra. Conversely, one can show
that any commutative Frobenius *-algebra such that the
sesquilinear product n(a*, b) is positive-definite gives rise
to a unitary 2d TQFT.!8

A corollary of this result is that for a unitary 2d TQFT
the algebra A is semisimple. To see this, note first
that any nonzero self-adjoint element a, a a*, can-
not be nilpotent. Indeed, if n is the smallest n such that
a™ = 0, then a®>™ = 0, where m = |(n + 1)/2|. Then
(a™]a™) = (1]a®™|1) = 0, and therefore a™ = 0. Since
n < m, repeat with n’ = m until n = 1, i.e. a = 0.
Now we can use a result'® which says that a x-algebra
with no nilpotent self-adjoint elements (apart from zero)
is semisimple.

By the Artin-Wedderburn theorem, a finite-
dimensional semisimple algebra over complex numbers

Figure 5: The Poincare dual of a triangle



Figure 6: The dual 2-2 and 3-1 Pachner moves

is isomorphic to a sum of matrix algebras. Since A is
also commutative, this means that it is isomorphic to
a sum of several copies of C. Frobenius and *-algebra
structures exist and are unique up to isomorphism. This
means that the only invariant of the 2d TQFT is the
dimension of A, i.e. the ground-state degeneracy of the
corresponding phase.

As discussed above, for a semisimple algebra A bound-
ary conditions correspond to finite-dimensional modules
over A. It is easy to see that for the open-closed TQFT
to be unitary, the algebra Vjs3s must also have a Hilbert
space structure such that

T(a)" =T(a*). (24)

Such a structure always exists and is unique. Thus a
boundary condition for a unitary 2d TQFT can be simply
identified with a module over 4. One can use any faithful
module over A as an input for the state-sum construction.

D. State-sum construction of the space of states

We have discussed above the state-sum construction of
the partition function Z(X) for an oriented 2d manifold
¥ without boundary (or more generally, with only brane
boundary). More generally, one also needs to describe in
similar terms the state space A and a linear map A®" —
A®! for every bordism ¥ whose source is a disjoint union
of n circles and target is a disjoint union of [ circles. That
is, one needs to describe Z(X) for the case when ¥ has
nonempty cut boundary.

Consider a bordism ¥ with a nonempty cut bound-
ary. For simplicity let us assume that there is no brane
boundary; the general case is a trivial generalization, but
requires a more cumbersome notation. We choose a trian-
gulation 7 of 3. It induces a triangulation of each bound-
ary circle. We label the edges of 2-simplices with basis el-
ements of A, as before. The only difference is that bound-
ary 1-simplices have only one label rather than two. If we
assign the weights to every 2-simplex and every internal
1-simplex as before and sum over the labelings of inter-
nal 1-simplices, we get a number Z7(X) which depends

on the labelings of the boundary 1-simplices. Suppose
some boundary circle is divided into N intervals. Then
a labeling by e;,,...,e;, corresponds to a vector

e, ®...Q0ey €A®N. (25)

We can think of the number Z7(3) computed by the
state-sum as a matrix element of a linear map

ANt @ @ A®Ne 5 ABML g @ A®M (26)

where Ny, ..., N, denote the number of 1-simplices in the
source circles, and My, ..., M; denote the number of 1-
simplices in the target circles of ¥. It can be shown'? that
the map Z7(X) does not depend on the triangulation
of ¥, provided we fix the triangulation of the boundary
circles.

Z7(X) is not yet the desired Z(X) because it de-
pends on the way the boundary circles are triangulated.
To get rid of this dependence, we need to restrict this
map to a certain subspace in each source factor A®N:
and project to a certain subspace in each target factor
A®M;  Both tasks are accomplished by means of pro-
jectors Cy : A®N — A®N_ The projector Cy is simply
Z1y (C), where C' is a cylinder and Ty is any triangula-
tion of C such that both boundary circle are subdivided
into N intervals. The image of each C) is a certain sub-
space of A®Y isomorphic to Z(A).13 Restricting Z7(%)
to these subspaces and then projecting to the image of
each Cy; gives us the desired map

Z(E): A" - A% (27)

where A = Z(A).

E. MPS from TQFT

Let us consider the special case when 3 is an annulus
such that one of the circles is a cut boundary, while the
other one is a brane boundary corresponding to an A-
module M. Let T'(a) € Hom(M, M) represent an action
of a € A in this module. For definiteness, we choose the
cut boundary to be the source of ¥, while the target is
empty. Thus Z(X) is a linear map A — C. Tt is the dual
of the boundary state corresponding to the module M.

Let us now pick a triangulation of the annulus such
that the cut boundary is divided into N intervals. Then
Z7(X) is a linear map A®Y — C which depends only
on 7 and N. We claim that this map is the dual of the
MPS state with the dual MPS tensor given by T : A —
Hom(M, M).

To see this, it is convenient to reformulate the state-
sum on the Poincare dual complex. This complex is built
from the triangulation 7 (X) by replacing k-cells with
(2 — k)-cells, as in Figure 5. The dual of a triangula-
tion is not a simplicial complex but a more general cell
complex; since we will only be interested in the edges
and vertices of this dual complex, we will refer to it as



Figure 8: The dual shelling of (22), representing 77 T C;;x = T

a skeleton for ¥. The Pachner moves are the same for
skeleton as for triangulations, see Figure 6. Recall that
for a unitary TQFT, one can choose 7;; = d;5, so that
indices may be freely raised and lowered; nonetheless,
keeping track of index positions now will pay off later
when we generalize to equivariant theories. Choose a di-
rection for each edge; the state-sum does not depend on
this choice. Choose these directions so that all edges on
incoming boundaries are incoming and all edges on out-
going boundaries are outgoing. To define a state-sum on
a skeleton, label its non-boundary edges with elements e;
and assign structure coefficients C' to each non-boundary
vertex according to orientation and using lower indices
for incoming arrows and upper for outgoing. With these
conventions, the Pachner moves algebrize to (19) and (20)
as before. To incorporate brane boundaries, color brane
boundary edges by elements v, and attach the module
tensor T" to each boundary vertex. The boundary moves
recover (21) and (22). The dual state-sum is naturally a
tensor network: it defines a circuit between the incom-
ing and outgoing legs. Note that the “virtual” module
indices are all contracted, so these legs are physical.

Consider the triangulation, shown in Figure 9a, of the
annulus with boundary condition 7" on one of its bound-
ary components. Its state-sum defines a state in the phys-
ical space AN. We claim that this state is the fixed point
MPS |¢p7). The proof of this fact is straightforward: by
Pachner invariance, the annulus and MPS tensor net-
works are equivalent, see Figure 9.

More generally, one can insert a local observable on the
brane boundary of the annulus. Such a local observable
is parameterized by X € Hom(M, M) which commutes
with T'(a) for all @ € A. The corresponding dual state is
Tr [XTTT~ . ~T}, i.e. it is a generalized MPS state, with
A being the physical space.

Since the linear operators T'(a) satisfy T(a)T(b) =
T(ab), all these MPS states are RG-fixed MPS states.
The RG-step is described by the algebra structure on A,
m: A® A — A. Moreover, the MPS is automatically in a
standard form. The module T': A — End(V) is semisim-
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ple, so it has a decomposition into simple modules 7(®) :
A — End(V(®). The collection of spaces End(V(®)
form a block-diagonal subspace of End(V). Since V()
is simple, T(®) surjects onto the block End(V(®)). More-
over, as we have seen, unitarity of the TQFT enforces
that T is an isometry.

The parent Hamiltonian of the MPS on an N-site
closed chain has a TQFT interpretation as well: it is
the linear map Oy = Z75, (C) : A®N — A®N assigned
to a triangulated cylinder C' whose boundary consists of
two circles triangulated into N intervals. As previously
stated, Oy projects onto a subspace A = Z(A) C A%V,
precisely the space of ground states of the parent Hamil-
tonian. In the continuum TQFT, topological invariance
requires that the cylinder is the identity; this is consis-
tent with our already having projected to A in defining
the continuum state spaces.

We have seen that a unitary TQFT is completely de-
termined by its space of states A on a circle and that
each finite-dimensional commutative algebra A defines a
unitary TQFT. Therefore, the classification of unitary
TQFTs is quite simple: there is one for every positive in-
teger n, in agreement with the MPS-based classification
of gapped phases.> ®

IV. EQUIVARIANT TQFT AND EQUIVARIANT
MPS

In this section, we generalize the relation between 2D
TQFT and MPS states to systems with a global sym-
metry G. We show that both G-equivariant TQFTs
and G-equivariant RG-fixed MPS states are described
by semisimple G-equivariant algebras. In particular, we
show that invertible G-equivariant TQFTs correspond to
short-range entangled phases with symmetry G, and that
both are classified by H?(G,U(1)).



(a) Annulus with upper boundary colored by module T

(¢) The move (21) applied to (b)

(b) The Poincare dual of (a)

(d) The move (22) applied to (c)

Figure 9: The equivalence of the annulus to the tensor network representation of an MPS

A. G-equivariant Matrix Product States

Let G be a finite symmetry group acting on the
physical space A via a unitary representation R, g +—
R(g) € End(A). A G-invariant MPS tensor is a map
P .U ®U* — A equivariant in the following sense:

R(g)P(X) =P (Q(9)XQg™") (28)

where the linear maps Q(g) € End(U) form a projective
representation of G. Let T' = PT. In terms of T, the
equivariance condition looks as follows:

T(R(g)a) = Q(9)T(a)Q(g)~", (29)

for any a € A and any g € G. The dual MPS state
corresponding to T is

(| = | > Try(T(es,) ... Tlei))(ir-..in|  (30)

It is easy to see that the state ¢ is G-invariant, thanks to
the equivariance condition on P. More generally, let X €
End(U). Note that End(U) is a genuine (not projective)
representation of G. Then the generalized MPS state
Tr[XTT...T] transforms in the same way as X.

B. G-equivariant TQFT

Roughly speaking, a definition of a G-equivariant
TQFT is obtained from the definition of an ordinary
TQFT by replacing oriented manifolds with oriented
manifolds with principal G-bundles. This reflects the in-
tuition that a model with a global non-anomalous sym-
metry G can be coupled to a background G gauge field.
(For a finite group G, there is no difference between a G
gauge field and a principal G-bundle.)

Some care is required regarding marked points and
trivializations. Namely, each source and each target cir-
cle must be equipped with a marked point and a trivial-
ization of the G-bundle at this point. This means that

the holonomy of the gauge field around the circle is a well-
defined element g € G, rather than a conjugacy class. A
G-equivariant TQFT associates a vector space A, to a
circle with holonomy ¢g. A generic G-equivariant bordism
has more than one marked point, and the holonomies be-
tween marked points along chosen paths are well-defined
elements of G as well. Of course, these holonomies de-
pend only on the homotopy classes of paths. For exam-
ple, a G-equivariant cylinder bordism has two marked
points (one for each boundary circle) and depends on
two arbitrary elements of G. On the other hand, a G-
equivariant torus, regarded as bordism with an empty
source and empty target, has no marked points and de-
pends on two commuting elements of G defined up to an
overall conjugation.

One can describe a G-equivariant TQFT purely alge-
braically in terms of a G-crossed Frobenius algebra.!®'®
This notion generalizes the commutative Frobenius alge-
bra A and encodes the linear maps Z(X,P) in a fairly
complicated way.

We will use instead a state-sum construction of 2D
equivariant TQFTs which is manifestly local. Its start-
ing point is a finite-dimensional semisimple G-equivariant
algebra A. This is an algebra with an action of G that
preserves the multiplication m : A ® A — A. That is, G
acts on A via a linear representation R(g), g € G, such
that

m(R(g)a ® R(g)b) = R(g)m(a D). (31)

This condition implies that the group action also pre-
serves the scalar product n defined in (17):

n(R(g)a, R(g)b) = n(a,b). (32)

The condition (32) says that R(g) is orthogonal with re-
spect to 1. As a consequence, if R(g) commutes with
the anti-linear map (23), it is unitary with respect to the
Hilbert space inner product.

A large class of examples of G-equivariant algebras is
obtained by taking A = End(U), where U is a vector



space, and G acts on U via a projective representation
Q(g). Tt is clear that this gives rise to a genuine action
of G on End(U) which preserves the usual matrix multi-
plication on End(U). Moreover, the standard Frobenius
structure

n(a,b) = Tr(ab) (33)

is clearly G-invariant.

A G-equivariant module over a G-equivariant algebra
A is a vector space V' with compatible actions of both A
and G. That is, for every a € A we have a linear map
T(a):V — V such that T'(a)T(a") = T(aa’), and for ev-
ery g € G we have an invertible linear map Q(g) : V — V
such that Q(g)Q(¢") = Q(gg’). The compatibility condi-
tion that they satisfy reads

T(R(g)a) = Q(9)T(a)Q(g) " (34)

If we take A = End(U), where U is a projective repre-
sentation of G with a 2-cocycle w € H?(G,U(1)), then U
is not a G-equivariant module over A unless w vanishes.
However, if W is a projective representation of G with a
2-cocycle —w, then U @ W is a G-equivariant module.3°

Equivariant TQFTs admit a lattice description as well.
It is simplest to describe a Poincare dual formulation in
the sense of Section 3.5; spaces in this formulation also
have direct interpretations as tensor networks. A trivial-
ized background gauge field is represented on a skeleton
as a decoration of each oriented edge with an element
g € G. Flipping the orientation of the edge replaces
g with g=t. We require that the field is flat: that the
product of the group elements around the boundary of
each face is the identity element.?! In a basis e;, i € S
of A, the weight of a coloring of the skeleton is the prod-
uct of the structure constants C* over vertices (with
the cyclic order given by the orientation) and a factor
n(R(g)ei, e;) = R(g)*in;r for each edge directed from i
to j labeled by g. The partition sum is the sum of these
weights over all colorings; we emphasize that the group
labels represent a background gauge field and are not
summed. To incorporate brane boundaries, choose a G-
equivariant module V over A. Fix a basis f,, of V. For
each brane boundary vertex, label its adjacent boundary
edges each with a basis element, so that each boundary
edge has a total of two labels. The weight of a skeleton
with a brane boundary is a product of C’s and R’s as well
as a module tensor T for each brane boundary vertex and
a matrix element Q(g)*, for each brane boundary edge.

As before, topological invariance of the state-sum
amounts to checking the conditions (19), (20), (21),
and (22). These are satisfied by any finite-dimensional
semisimple A. In order for the equivariant state-sum to
constitute a well-defined equivariant TQFT, it must also
be independent of the choice of trivialization of the back-
ground gauge field; in order words, it must be gauge in-
variant. A gauge transformation by h € G on a vertex
acts by changing the decorations of the three edges whose
boundary contains the vertex: incoming edges with g be-
come hg, outgoing gh™', as in Figure 10. Invariance
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Figure 10: A gauge transformation at the vertex by h

under a gauge transformation on a vertex in the interior
is ensured by axioms (31) and (32) of a G-equivariant al-
gebra. For vertices in the brane boundary, the analogous
result follows from the G-equivariant module condition
(34).3? Finally, invariance under simultaneously reversing
an edge direction and inverting its group label is enforced
by the axiom (32).

C. (G-equivariant semisimple algebras

The classic Wedderburn theorem implies that every
finite-dimensional semisimple algebra is a sum of matrix
algebras. Let us discuss a generalization of this result to
the G-equivariant case following Ostrik” and Etingof®.

First, we can write every G-equivariant semisimple al-
gebra as a sum of indecomposable ones, so it is sufficient
to classify indecomposable G-equivariant semisimple al-
gebras. A large class of examples is given by algebras
of the form End(U), where U is a projective representa-
tion of G. Another set of examples is obtained as fol-
lows: let H C G be a subgroup. Consider the space of
complex-valued functions on G invariant with respect to
left translations by H, i.e. f(h~'g) = f(g) forall g € G
and all h € H. The group G acts on this space by right
translations:

(R(9))g") = f(g'g) (35)

Pointwise multiplication makes this space of functions
into an associative algebra, and it is clear that the
G-action commutes with the multiplication. This G-
equivariant algebra is indecomposable for any H.

The most general indecomposable G-equivariant
semisimple algebra is a combination of these two
constructions called the induced representation
Ind$End(U).”® One picks a subgroup H C G and
a projective representation (U, Q) of H. Here U is a
vector space and @ is a map H — End(U) defining a
projective action with a 2-cocycle w € H?(H,U(1)).
Then one considers the space of functions on G with val-
ues in End(U) which have the following transformation
property under the left H action:

f(hg) =Q(h)f(9)Q(h)~! (36)

It is easy to check that the right G translations act on
this space of functions. Pointwise multiplication makes



this space into a G-equivariant algebra, and one can show
that it is indecomposable. To summarize, indecompos-
able G-equivariant semisimple algebras are labeled by
triples (H,U, @), where H C G is a subgroup, and (U, Q)
is a projective representation of H. All these algebras are
actually Frobenius algebras: the trace function A — C is
given by

> Truf(g) (37)

geG

A G-equivariant module over such an algebra A is ob-
tained as follows. Start with an H-equivariant module
(M, Q) over End(U). Here M is a module over End(U)
and Q : H — End (M) is a compatible action of H on M.
As explained above, M must have the form U® W, where
W carries a projective action S(h) of H with a 2-cocycle
—w. Then consider functions on G with values in M
which transform as follows under the left H-translations:

m(h'g) = (Q(R)@S(h))m(g), m:G—UW. (38)

The group G acts on this space by right translations, and
it is easy to see that the pointwise action of A = (H, U, Q)
makes it into a G-equivariant module over A. One can
show that any G-equivariant module over such an A is a
direct sum of modules of this sort.

R(r)®N (7| = D Te[XTT(es,) - -
= Zﬂ [(XTT(h-ei)

_ZTr

Let us now consider the case when H is a proper sub-
group of G and A = Ind$End(U), for some projective
representation U of H. If we choose right H-coset repre-
sentatives go, a € H\G, and a basis ¢; in End(U), then
a basis in A is given by ef. Similarly, if f, is a basis
in an H-equivariant module U ® W, then a basis in the
corresponding G-equivariant module M is f}.

The action of A on M is diagonal as far as the a index
is concerned. Therefore the dual state corresponding to
a triangulated annulus with g¢; ;41 = 1 for all ¢ vanishes

11
D. G-equivariant MPS from G-equivariant TQFT

It is sufficient to consider indecomposable TQFTs and
G-equivariant algebras. Let us begin with the case H =
G. Then the algebra A = (G, U, Q) is isomorphic to the
algebra End(U), and a G-equivariant module over it is
simply a vector space M with a G-equivariant action of
End(U). In other words, M = U ® W, where U carries
a projective representation of G with the 2-cocycle w,
and W carries a projective representation of G with a
2-cocycle —w.

Consider an annulus whose outer boundary is labeled
by a brane M and whose inner boundary is a cut bound-
ary. Let us triangulate both boundary circles into N
intervals. Let g; +1 be the element of G labeling the in-
terval from the (i+1)'" to the i*" points on the boundary.
We also assume that the holonomy of the gauge field be-
tween the points labeled by 1 on the two boundary circles
is trivial. We get the the following dual state:

(Yr| = ZTTU®W (€i,)Q(g1,2) - -

~T(ein)Qgn,1)] (i - in|. (39)

Note that although T'(e;) is an operator on U ® W, it has
the form T'(e;) ® 1yw. Therefore, if g; ;41 = 1 for all 4,
the trace over W gives an overall factor dim W, and up
to this factor we get the equivariant MPS (30). Inserting
an observable X € End(U) on the brane boundary, we
get a generalized equivariant MPS. The case when X €
End(U @ W) does not give anything new, since the trace
over V factors out.
The generalized equivariant MPS (cf. eq 7)

(W= Tr[XTT(e;,)- -

may be charged under the action of h € G:

T(e;, )} (i1 -+ +in] (40)

T(ei, )] (A" ir) - (W i)
HXTQMT (i) -+ T(es,)] (i -+ +in (41)

unless all a indices are the same. Then

(Gr| =dim(W) > Try[T(e;)- -
azl, ,ZN

--T(eiN)]<i1ai2a ---iNa|. (42)

This state has equal components along all |H\G| direc-
tions. We can get a state concentrated at a particular
value of a by inserting a suitable observable X € End(M)
on the brane boundary. Such an observable must com-
mute with the action of A, so it must have the form



Xk = f(a)okoy. Choosing the function f(a) to be sup-
ported at a particular value of a gives a generalized MPS
state supported at this value of a.

The symmetry group G acts transitively on H\G. This
suggests that we are dealing with a phase where the sym-
metry G is spontaneously broken down to H, so that we
get | H\ G| sectors labeled by the index a. To confirm this,
consider the partition function of this TQFT on a closed
oriented 2-manifold ¥ with a trivial G-bundle. After we
choose a skeleton of X, we can represent this G-bundle by
labeling every 1-simplex with the identity element of G.
In addition, every 1-simplex is labeled by a pair of basis
vectors of A. Since both the multiplication in the alge-
bra A and the scalar product are pointwise in H\G, the
partition function receives contributions only from those
labelings where all a labels are the same. Furthermore,
turning on a gauge field which takes values in H does not
destroy this property. We conclude that the theory has
superselection sectors labeled by elements of H\G, and
each sector has unbroken symmetry H.

R(h)®N (Yr4| = (Trw [S

9D TeQ(
S(g)] ZTr

= (Trw (S (9)]) (

Note that the g-twisted sector becomes the hgh~!-
twisted sector.

Now suppose H is a proper subgroup of G. Since T
acts pointwise in the a label, while G acts on a € H\G
by right translations, the annulus state vanishes unless
the holonomy around the circle is in H. This confirms
once again that H is the unbroken subgroup. Indeed,
when the holonomy does not belong to the unbroken sub-
group, there must be a domain wall somewhere on the
circle. Its energy is nonzero in the thermodynamic limit,
so the TQFT space of states must be zero-dimensional
for holonomies not in H.

If A, denotes the space of states in the g-twisted
sector, the space A = @44, has an automorphism
ap = R(R)®N for each h € G such that a,(A,) C
Apgn-1. A is the G-graded vector space underlying the
G-crossed Frobenius algebra that defines the associated
G-equivariant TQFT.1518

w(h™', gh) ZTT
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E. Twisted-sector states

Now let us not assume that g; ;41 = 1, but instead
allow the gauge field around the circle to have a nontrivial
holonomy. Let us take H = G first, i.e. the case of
unbroken symmetry. Consider the MPS (39). Applying
a gauge transformations (by ¢1,2923- - grk—1,k at vertex
k) to the boundary vertices it can be written as

Z Troew[Q(g)T (ei,) - - - T'(eiy )]
®hy R(gl.,z e geo1k) " Ukl (43)

where g = g1,292,3-- - gn,1 is the holonomy of the gauge
field. This is LU equivalent to the state

S Trvewl Q)T (en) -

1bT7q|

{Urgl = T(ein)] (i1 - in|
(44)
so we have effectively set g; ;41 = 1 for all ¢ # N and
gn,1 = g. Note that Q = Q ® S, so the trace factors into
a product of a trace over U and a trace over W. The

latter gives us an overall factor, and we have

)] Z Tru[Q(g)T (i) - -

- Tleiy))(in - in|. (45)

W’T,gl =Tr

This state transforms under h € G into

ezl) e Tei ) (R -in) -+ (h™1 i)
Q(9QM)T (ei,) - - T(es, )] (i1 - - inl
Q(h'gh)T(ei,) - T(e;,)] (i1 iy (46)

F. Morita equivalence

We have seen that to any semisimple G-equivariant al-
gebra one can associate a G-equivariant 2d TQFT. But
different algebras may give rise to the same TQFT. In
particular, we would like to argue that the TQFT corre-
sponding to an indecomposable algebra A = (H,U, @),
where (U, Q) is a projective representation of H, depends
only on the subgroup H and the 2-cocycle w, but not on
the specific choice of (U, Q).

To show this, note first of all that the partition func-
tion vanishes if the holonomy does not lie in H (this again
follows from the fact that multiplication in the algebra A
is pointwise with respect to the a index). Thus it is suf-
ficient to consider oriented 2-manifolds with H-bundles.
Further, if U and U’ are projective representations of H
with the same 2-cocycle, then U’ = U @ W, where W is
an ordinary representation of H. Thus we only need to
show that the partition functions corresponding to alge-



bras (H,U, Q) and (H,U®W, Q®S) are the same, where
S : H — End(W) is a representation of H. But it is clear
from the state sum construction that the two partition
functions differ by a factor which is the partition function
of two dimensional H-equivariant TQFT corresponding
to the algebra (H,W,S).

We reduced the problem to showing that the
H-equivariant TQFT constructed from the algebra
(H,W,S) is trivial when (W, S) is an ordinary (not pro-
jective) representation of H. This is straightforward: the
equation S(hy)...S(hy,) = S(h1...hy,) and the flatness
condition for the H gauge field imply that the partition
function is independent of the H-bundle, and for the triv-
ial H-bundle the partition function is the same as for the
trivial TQFT with A = C.

From the mathematical viewpoint, G-equivariant al-
gebras with the same H and w are Morita-equivalent.>>”
Thus we have shown that Morita-equivalent algebras lead
to identical G-equivariant TQFTs.3

G. Stacking phases

Consider two gapped systems built from algebras A;
and A,. Recall from Section IT A that the stacked system
(12) is built from the tensor product algebra 4; ® A,.
Although we have not discussed parent Hamiltonians of
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G-equivariant MPS, an analogous stacking operation can
be defined for G-symmetric gapped phases by way of the
connection to TQFT. Now suppose A; and As are G-
equivariant algebras. It is clear from the G-equivariant
state sum construction that the partition functions for
the algebra A; ® As are products of those for A; and A,
and that the Hilbert spaces are tensor products. Thus the
MPS ground states, which determine a phase and which
are realized in TQFT, stack like the tensor product of
G-equivariant algebras.

It is a tedious but straightforward exercise to check
that the result of stacking the phase labeled by subgroup-
cocycle pair (H,w) with the phase (K, p) is the phase

(HNK,w|lgnk + P|HﬂK)®[G:HK] (47)

where w|pnx denotes the restriction of w to the intersec-
tion subgroup H N K and [G : HK] denotes the index of
the subgroup HK in G, assuming H and K are normal
in G.

Let us consider a simple example: take G = Zy X Zo =
(a,b), where a and b are commuting elements of order
2. For the subgroup H = G, there are two cohomology
classes w € H?(ZyxZs,U(1)). Let w; denote the nontriv-
ial class. For each of the other subgroups H = (a), (b),
(ab), 1, there is a unique cocycle. Thus the classification
of Zo X Zy-equivariant phases is like Figure 11.

According to (47), the stacking rules are

181=1, 1Qw=w, 1®8A=A, 1®B=B, 18C=C, 180=0
wRRw=1, Ww®A=A, w®B=B, w(C=C, w®0=0
AR A=A%2 BeB=B% (CoC=C%, AB=0, BC=0, CRA=0
A®0=0" B®0=0"? C®0=09 000=0%
H. Symmetry Protected Topological Phases (H,w) type of phase name

({(a,b),1) trivial 1
({(a, b),w1) |symmetry-protected| w
Finally, let us discuss the case of Short-Range Entan- ({(a),1) | broken symmetry | A
gled (SRE) phases with symmetry G. According to one ((0),1) | broken symmetry | B
definition,?’ an SRE phase is one that is invertible un- ((alb), 1) Eroien Symmezry g

der the aforementioned stacking operation. Such phases (1,1) roxen Symmetty

have a one-dimensional space of ground states for every
G-bundle on a circle. Since the space of states of a de-
composable TQFT on a circle with a trivial bundle has
dimension greater than one, a TQFT corresponding to
an SRE phase must be indecomposable. We showed that
when H is a subgroup of GG, the space of states is zero-
dimensional whenever the holonomy does not lie in H.
Hence an equivariant TQFT built from an indecompos-
able G-equivariant algebra (H,U, Q) cannot correspond
to an SRE unless H = G.

These SRE phases are all Symmetry Protected Topo-
logical (SPT) phases - phases that are trivial if we ignore

Figure 11: Indecomposable phase classification for the
G = ZQ X ZQ

symmetry. A G-equivariant algebra of the form End(U),
where U is a projective representation of G, is simply
a matrix algebra if we ignore the GG action. Hence the
corresponding non-equivariant TQFT is trivial; the cor-
responding Hamiltonian is connected to the trivial one by
a Local Unitary transformation. Hence SPT phases with
symmetry G are labeled by 2-cocycles w € H?(G,U(1)).



This is a well-known result.?>®
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It is hard to make this rigorous since neither the notion of
a phase of matter nor that of an effective field theory has
been formalized.

We only consider translationally-invariant MPS.

More generally, the tensors Ps may depend on the site in-
dex s. But any translationally-invariant state has an MPS
representation with a site-independent tensor.”.

To avoid confusion, we stress that injectivity of 1" is unre-
lated to the notion of an injective MPS in the sense of'°. In
particular, while we will always assume that T is injective,
we will not assume that the the ground state of the parent
Hamiltonian is unique.

There is a more general notion of a parent Hamiltonian
where h is any operator with this kernel; however, we will
always take h to be the projector.

More precisely, every equivalence class of unitary oriented
2d TQFTs, in the sense explained in the previous para-
graph.

In two dimensions, there is no difference between topolog-
ical and smooth manifolds.

This might seem like a rather uninteresting case, since by
the Wedderburn theorem every commutative semisimple
algebra is isomorphic to a sum of several copies of C. But
as explained below unitarity forces A to be semisimple.
Also, in the case of TQFTs with symmetries and fermionic
TQFTs the classification of semisimple algebras is more
interesting.

In fact, the category of projective representations of G
with a 2-cocycle —w is equivalent to the category of G-
equivariant modules over End(U), and the equivalence
sends a projective representation W to U @ W.

In the triangulation picture, we require the product of all
group elements corresponding to edges entering a particu-
lar vertex to be the identity element.

Here it is crucial that linear transformations Q(g) form an
ordinary (i.e. not projective) representation of G.

More accurately, algebras with the same H and w, up to
congugation in G, are Morita-equivalent. In physical con-
texts, however, it is typical to keep track of the embed-
ding of the unbroken symmetry H in the full symmetry
group G. Therefore, the classification of physical gapped
G-symmetric phases is slightly more refined than that of
Morita classes.

Strictly speaking, we only showed this for closed 2d
TQFTs, but the argument easily extends to the open-
closed case.
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