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Two-dimensional flow past an infinitely long cylinder of nanoscopic radius in superfluid 4He at
zero temperature is studied by time-dependent density functional theory. The calculations reveal
two distinct critical phenomena for the onset of dissipation: 1) vortex-antivortex pair shedding from
the periphery of the moving cylinder and 2) appearance of cavitation in the wake, which possesses
similar geometry as observed experimentally for fast moving micrometer-scale particles in superfluid
4He. The formation of cavitation bubbles behind the cylinder is accompanied by a sudden jump in
the drag exerted on the moving cylinder by the fluid. Vortex pairs with the same circulation are
occasionally emitted in the form of dimers, which constitute the building blocks for the Benard-von
Karman vortex street structure observed in classical turbulent fluids and Bose-Einstein condensates
(BEC). The cavitation induced dissipation mechanism should be common to all superfluids that
are self-bound and have a finite surface tension, which include the recently discovered self-bound
droplets in ultracold Bose gases. These systems would provide an ideal test ground for further
exploring this mechanism experimentally.

PACS numbers: 67.25.dg,67.25.dk, 67.85.-d

I. INTRODUCTION.

One of the manifestations of 4He superfluidity at zero
temperature (T ) is the frictionless liquid flow through
capillaries at sufficiently low velocities. Based on the
well-known Landau criterion, the onset of dissipation
is related to the unusual form of the superfluid dis-
persion relation, ǫ(p), which exhibits roton minimum
ǫ(pmin) at pmin. The flow should become dissipative
when the velocity reaches the critical Landau value vL =
ǫ(pmin)/pmin = 59 m/s.1 Similarly, an object moving
in superfluid 4He should experience drag only above a
certain critical velocity threshold vc. It is well estab-
lished experimentally that objects moving already at
much lower velocities than vL experience drag due to the
emission of non-linear excitations in the form of quan-
tized vortices; see for example Ref. 1.

Multiple interacting vortices in a superfluid can form a
well-defined lattice or a more complicated vortex tangle,
depending on their geometry and circulation. At high
vortex densities, vortex reconnection events, which are
believed to be responsible for the large-scale behavior of
quantum turbulence,2–5 become increasingly important.
Quantum turbulence in 4He, 3He, and ultracold Bose-
Einstein condensates (BEC) is associated with the pro-
liferation of quantized vortices.6,7 From the experimental
point of view, vorticity can be created by stirring or ro-
tating the superfluid.8–10

Although quantized vorticity plays a key role in the

onset of dissipation in superfluid flows, a fundamental
understanding of their role in exerting drag on moving
objects and the dependence of the associated critical ve-
locity on the object size is still lacking. In this paper,
we identify a new, previously overlooked, energy dissi-
pation mechanism that takes place also well below vL.
The energy loss and the induced drag force on the object
in this mechanism originate from the formation of cav-
itation bubbles in the wake. Cavitation bubbles play a
crucial role in the appearance of drag as they may act
as vortex nucleation seeds through local distortions of
their surface and, more importantly, their nucleation and
growth provides a significant source of energy loss.

We have studied the onset of dissipation in superfluid
4He at T = 0 by simulating two-dimensional flow past an
infinitely long cylinder (wire) with a nanoscopic cross-
section using time-dependent density functional theory
(TDDFT). The employed 2D wire geometry is not only
simpler to simulate than the full three-dimensional case
associated with, e.g., a moving sphere, but it is also ap-
pealing because vibrating wire resonators are commonly
used to study quantum turbulence in superfluid 4He.11–13

II. THEORETICAL METHOD.

Within DFT, superfluid 4He is described by a com-
plex valued order parameter (effective wave function)
Ψ(r, t), which is related to the atomic density as ρ(r, t) =
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FIG. 1: Linear momentum per unit length around a cylinder
with radius R = 3 Å as a function of time. The curves shown
refer to different values of the cylinder velocity. In group
(I) they correspond to v = 0.44, 0.48, and 0.52 (in units of
vL). In group (II), from bottom to top they correspond to
v = 0.55, 0.57, 0.61, 0.66, 0.70, and 0.72. In group (III), the
velocities are from bottom to top v = 0.74, 0.79, 0.83, 0.89,
and 0.94.

|Ψ(r, t)|2. In the cylinder frame of reference, the TDDFT
equation becomes
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where P̂x = −ih̄∂/∂x is the linear momentum opera-
tor along the x-axis and the functional Ec [ρ] was taken
from Ref. 14. This functional includes both finite-range
and non-local corrections that are required to describe
the T = 0 response of liquid 4He on the Ångström-scale
accurately.
The cylinder is represented in the calculations by a

repulsive external potential, V (r) = V0[1 + e(r−R)/σ]−1

with r =
√

x2 + y2, σ = 0.3 Å, and V0 = 5000 K. The
surface thickness of V (r), which is defined by the dis-
tance between the points where the potential drops from
0.9V0 to 0.1V0, is 1.2 Å. This can be compared with the
thickness of free superfluid 4He surface at T = 0, which is
∼ 5.2 Å.15 Hence this potential represents a hard cylin-
drical object with radius R aligned along the z-axis. In
the following, the liquid flow (or the cylinder motion) is
oriented along the x-axis with a given velocity v. Due
to the translational invariance, the problem reduces to
finding the fluid density and velocity field in the (x, y)-
plane. The details on solving the TDDFT equation can
be found in Ref. 16.
Previously, DFT models with various levels of com-

plexity have been used to study the motion of electrons
and ions in liquid 4He as well as the mechanism of vor-

FIG. 2: Calculated critical velocities vc1 (filled circles) and
vc2 (filled squares) as a function of the cylinder radius. The

solid line shows a fit of R−1/2 law to vc2 whereas the dot-
ted line is just provided as a guide to the eye. The Roman
numbers refer to the three different regions identified in Fig.
1.

FIG. 3: A snapshot of liquid helium density around a moving
cylinder (R = 3 Å) at constant velocity v = 0.66 vL (regime
II). The cylinder, located at the origin in the xy-plane, is
about to emit a vortex pair. The lengths are expressed in Å
and density contours in Å−3.

tex ring emission; see, e.g., Refs. 17–19 and references
therein.
To reduce the spurious transient effects due to a sudden

acceleration of the object in the liquid, the velocity was
increased slowly from zero up to the target value v (adi-
abatic acceleration). During this initial part of the simu-
lation, the accelerating cylinder produces a bow-shaped
wave moving with supersonic velocity in the front. This
dynamics is not considered here and the results presented
correspond to the steady-velocity regime.
Equation (1) was solved for wire radii R = 3, 6, 9, 12,

and 16 Å at several fixed values of velocity. The force
per unit length exerted on the superfluid by the moving
object can be calculated from the momentum transfer
rate to the fluid

Fd =
1

L

∂〈P̂x〉

∂t
=

1

L

∂

∂t

[
∫

drΨ∗(r, t)P̂xΨ(r, t)

]
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where L is the length of the wire. The onset of drag was
identified by observing the time dependence of 〈P̂x〉/L.

III. RESULTS AND DISCUSSION.

Figure 1 shows the time dependence of 〈P̂x〉/L for
R = 3 Å at selected values of flow velocity. According
to Eq. (2), the drag force acting on the moving object
corresponds to the slope of the curves shown. At vari-
ance with previously reported results for objects moving
in superfluid BECs, where a single critical velocity sepa-
rates inviscid flow from the onset of drag due to vortex
shedding,8,20 we find two distinct critical velocities for
superfluid 4He. These velocities, which in the follow-
ing are denoted by vc1 and vc2, separate three different
regimes: (I) inviscid flow, (II) vortex pair shedding, and
(III) cavitation bubble formation.
For object velocities v < vc1 (regime I), the fluid pro-

file around the object converges rapidly with time into
a stationary configuration. Both the density and the ve-
locity field for such configurations are fore-to-aft sym-
metric. This implies that the drag force on the object
is zero (flat portion of the curves (I) in Fig. 1), which
is the well-known D’Alembert paradox for classical flu-
ids. Fig. 1 also shows that in the other two regimes, the
time-dependent behavior of the total momentum is char-
acterized by transient periods where the wire experiences
a higher drag. due to the tendency of developing a cav-
ity around the object. Furthermore, depending on the
wire velocity, the slope may then either decrease and set-
tle to a lower value (regime II), or remain approximately
constant (regime III).
When the velocity exceeds vc1, singly-quantized lin-

ear vortex-antivortex pairs (vortex dipoles) are nucle-
ated periodically on both sides of the wire cross-section.
The vortices eventually detach from the object and drift
downstream as vortex dipoles. The vortex core size is
comparable with the 4He healing length, ξ ∼ 1 Å. Their
appearance is accompanied by drag force acting on the
moving wire, which increases with velocity (group of
curves labeled (II) in Fig. 1). The oscillations in the
dotted curves after the initial period reflect the quasi-
periodic emission of vortex pairs. In this regime, the
cavity around the object largely recovers its circular ge-
ometry after each vortex emission event. As the velocity
is increased, the vortex shedding frequency is observed to
increase accordingly. Overall, this behavior is similar to
BECs where quasi-periodic vortex-antivortex pair emis-
sion events also take place.21–23 Vortex shedding from
an oscillating microsphere in 4He at mK temperatures
was also reported in Ref. 23, whose frequency increased
linearly with the velocity amplitude of the oscillating ob-
ject.
Finally, in regime (III) (v > vc2), the response of the

fluid environment close to the moving wire changes dra-
matically as empty cavities are formed in the wake. This
cavity formation is accompanied by simultaneous quasi-

FIG. 4: A snapshot of the liquid density around a cylinder
(R = 3 Å) moving at v = 0.79 vL (regime III). The cylin-
der is located at the origin in the xy-plane. The lengths are
expressed in Å and density contours in Å−3.

FIG. 5: An overview of the bubble shapes observed around
fast moving metal particles (diameter few microns) propagat-
ing from left to right in superfluid 4He at 1.7 K (saturated
vapor pressure). The data shown correspond to the observa-
tions made during the experiments described in Ref. 28.

periodic emission of vortex pairs. Note that the transi-
tion between regimes (II) and (III) is characterized by
a discontinuous jump in the drag force exerted on the
cylinder due to the formation of bubbles (see Fig. 1).
Cavitation is initiated by an asymmetric fore-to-aft

density profile such that the liquid density decreases sub-
stantially behind the moving wire, thus resulting in a re-
duction of the local pressure. If the velocity is sufficiently
high, this density decrease can trigger the formation of
bubbles around or behind the wire. A similar mechanism
is also responsible for cavitation in liquid 4He at negative
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FIG. 6: Time evolution of the liquid density around a moving
cylinder (R = 3 Å) at constant velocity v = 0.74 vL (regime
III). The snapshots are taken between t = 0.15 ns (top left
panel) and t = 0.65 ns (bottom right panel). The lengths are
expressed in Å and density contours in Å−3 according to the
scale specified in Fig. 4.

pressures.24–26

The critical velocities vc1 and vc2, where the tran-
sitions to the dissipative regimes (II) and (III) take
place, are shown in Fig. 2 as a function of R. At the
nanoscale, the velocities exhibit distinct dependencies on
the cylinder radius, but for large radii vc1 and vc2 seem
to converge towards a single value. Therefore, at the
mesoscale, the onset of vortex shedding and bubble cav-
itation should appear simultaneously at a common crit-
ical velocity value vc. Furthermore, vc decreases with
increasing R, which is in accordance with the existing
experimental data showing that the actual critical veloc-
ities are lower than vL (e.g., cm/s or even mm/s values
are usually measured).1,12

Figure 3 shows a snapshot taken during real-time evo-
lution of the system with R = 3 Å and v = 0.66 vL > vc1
(regime II).27 Singly quantized vortex pairs with oppo-
site circulation (vortex dipoles) are emitted behind the
moving wire. Note that for a spherical object in 3D, the
emitted vortex dipoles would be vortex rings instead.17–19

The overall vortex emission process is quasi-periodic, and
the frequency of vortex shedding events increases with
velocity v, which is consistent with experimental obser-
vations in superfluid 4He.23

For a cylinder with R = 3 Å, Fig. 4 shows a transient
image corresponding to v = 0.79 vL > vc2 (regime III). In
addition to vortex dipole emission, formation of a wide
dynamically evolving cavity is observed. Remarkably, in
spite of the fact that the shapes and volumes of such
cavities continuously change in time, their hydrodynamic

FIG. 7: Snapshots taken during the time evolution of a mov-
ing cylinder (R = 3 Å) at constant velocity v = 1.05 vL. The
lengths are expressed in Å and density contours in Å−3 ac-
cording to the scale specified in Fig. 4.

drag remains approximately constant. This is evidenced
by the fact that the slopes of the solid lines in Fig. 1
(regime III) do not vary significantly as a function of
time.
Very similar cavity shapes that appear in regime

III have been observed in recent experiments where
micrometer-scale metal particles were injected into bulk
superfluid helium by laser ablation.28 The main features
of the observed fast propagating particle-bubble systems
were the elongated cavity geometry and the widened flat
or cone-shaped tail structure (see Fig. 5), which are both
clearly reproduced by the present simulations. Note that
an exact match between the cavity geometries in the ex-
periments and the present simulations is not expected
due to the different object geometries (i.e., sphere vs.
cylinder), the presence of gaseous insulating layer be-
tween the particle and the liquid (i.e., insulating Leiden-
frost layer29), and the difference in length scales (nm vs.
µm). Regarding the latter point, Fig. 2 shows that both
vortex emission and cavitation processes in these exper-
iments should take place at the same value of vc.
In addition to the velocity dependent cavity shapes

formed around the particles, a trail of slowly drifting cav-
itation bubbles were also observed behind the fast par-
ticles propagating in the liquid.28 This is a direct con-
sequence of particle-cavitation bubble splitting, which is
reproduced by the present simulations as demonstrated
in Fig. 6. When the bubble detaches, the leading portion
hosts the object and the trailing bubble is left empty. As
shown by the two bottom panels of Fig. 6, the trailing
bubble eventually collapses and leads to the emission of
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shock waves.
For completeness, we have also considered the case

where the velocity is slightly above vL (see Fig.7). Sim-
ilarly to the previously described regime (III), vortex
dipoles are emitted intermittently from the rear section
of the cavity, but at an increased rate. As time proceeds,
the wake region becomes turbulent due to the superpo-
sition of a large number of vortices and sound waves.
Furthermore, the bubble formed behind the cylinder be-
comes more elongated than in the case of lower velocities.
The moving object may also emit closely spaced vortex

dimers in the wake, i.e., bound pairs of vortices with the
same direction of circulation, which are different from the
vortex dipoles discussed above. Once formed, each dimer
structure remains bound and rotates around its center of
mass while moving away from the cavity that hosts the
wire.
The formation of vortex dimers behind the object is the

hallmark of well-known phenomenon in classical fluid dy-
namics at large Reynolds numbers, i.e. the Benard-Von
Karman (BvK) vortex street, where an incompressible
flow past an object produces an asymmetric wake down-
stream consisting of quasi-periodically nucleated vortex
dimers. Such BvK vortex street structures have been
observed experimentally in BECs and simulated by the
time-dependent Gross-Pitaevskii (GP) equation,8,30 but
so far were never observed in superfluid helium.

In the recent experimental literature there are indeed
examples of measurements where multiple critical veloc-
ities were observed, associated with the drag exerted on
oscillating forks/wires in superfluid 4He. We review them
in the following for the sake of clarity, although the ex-
planations put forward to justify these multiple velocities
(and in general to explain the rise of quantum turbu-
lence in superfluid 4He) are usually based on different
forms of vortex emissions and entanglement. The mech-
anism associated with cavitation bubbles emerging from
our calculations has never been an ingredient of such ex-
planations.
In superfluid 4He quantum turbulence is usually asso-

ciated with a dense dynamically evolving tangle of singly
quantized vortices. An immersed mechanical oscillator,
which moves faster than a system dependent critical ve-
locity threshold, can create such turbulence and experi-
ence the associated increase in drag.

Interestingly, two critical velocities have been observed
for superfluid 4He in Refs.12,31. The first velocity thresh-
old was assigned in Ref.12 to the formation of a layer
of quantized vortices near the surface of the oscillator.
These vortices remain attached to the oscillator and do
not dissipate significant amounts of energy. The second
critical velocity was attributed to the spreading of vor-
tex loops into the bulk and/or the formation of turbulent
vortex tangle. In the oscillating quartz fork experiments
described in Ref.31 the transition to fully developed tur-
bulence was found to be preceded by another transition,
at lower velocity, whose nature however remains unclear.
Furthermore, a third critical velocity threshold has

been observed recently13. This was tentatively attributed
to the formation of a peculiar pattern of entangled quan-
tized vorticity that develops on a length scale larger than
for the second critical velocity. Note that cavitation was
explicitly excluded in Ref. 13 as a possible source for the
observed turbulent behavior.
Finally, we address the dependence of the critical ve-

locity on the wire radius found in our calculations. The
upper critical velocity for cavitation, vc2, appears to fol-
low the vc ∝ R−1/2 law as indicated by the solid line in
Fig. 2. This behavior is similar to the onset of drag when
liquid 4He is forced to flow through a cylindrical chan-
nel of diameter d where the critical velocity was found
to scale as vc ∼ d−1/2.32 Deviations from such inverse
square-law behavior are expected when the object radius
becomes comparable to the healing length (ξ ∼ 1 Å for
4He33). This is indeed what is observed for R = 3 Å as
shown in Fig. 2.
Note that within a simplified model based on incom-

pressible and inviscid flow past a cylinder, the liquid ve-
locity reaches its maximum value at the sides of the cylin-
der, and is twice as large as the velocity of the object
itself. Based on the Landau criterion for the onset of dis-
sipation, the value of vc should then, in fact, be smaller
than vL but independent of R. This is at variance with
our observations as well as other published results as dis-
cussed in the following.
In BECs, the experiments of Kwon et al.20, where vor-

tex shedding was produced by a laser beam of “radius”
R moving through the condensate, show instead a 1/Rs

dependence of the critical velocity with s < 1. Several
studies have, however, suggested a scaling law vc ∝ 1/R.
For example, the superfluid Reynolds number Res was
introduced34–36 by replacing the kinematic viscosity ν
with quantized circulation κ = h/m in the definition of
Reynolds number, Re = Dv/ν, yielding Res ∼ mvD/h
where D is the characteristic size of the system. This
model has been employed to analyze oscillating sphere
data in superfluid 4He in the mK regime,34,36,37 where
a critical Res value for the appearance of turbulent be-
havior was determined. Similar conclusions were also
drawn from simulations for the onset of turbulent flow
in BECs.33,34 The existence of a threshold value for Res
implies that the associated critical velocity vc must scale
as 1/R, which is different from our result for superfluid
helium. At present, the situation regarding the scaling
law thus remains inconclusive.

IV. CONCLUSIONS.

We have simulated the motion of cylindrical nanowires
in superfluid 4He at T = 0 by TDDFT where two dis-
tinct critical velocity thresholds were identified. When
the first critical velocity value is exceeded, quantized vor-
tex dipoles are emitted behind the object and, for certain
velocities, bound vortex dimers also appear. The latter
represent the basic building blocks for the quantum ver-
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sion of BvK vortex street, which is observed here for the
first time in simulations directly applicable to superfluid
helium. The second critical velocity threshold, which is
accompanied by a sudden jump in the drag force, corre-
sponds to the formation of cavitation bubbles behind the
object, showing that the formation of cavitation bubbles
plays an important role in the onset of dissipation below
vL in superfluid 4He, which is at variance with the ac-
cepted view that only vorticity should be responsible for
such behavior.
The two critical velocities apparently converge towards

a common value for large wire radii, which is found to
scale approximately as vc ∼ R−1/2. Furthermore, the re-
sulting bubble shapes appearing above the critical veloc-
ity vc were found to be in accordance with recent experi-
ments where the bubble elongation, tail structure forma-
tion, and breakup processes were observed in superfluid
4He.28

It is worth noticing that the reported cavitation dis-

sipation mechanism is not applicable to cold gas BECs
because they are not self-bound and have no surface ten-
sion. However, the recently observed self-bound droplets
in ultracold dipolar bosonic gas38,39 could provide an in-
teresting test ground for exploring this mechanism fur-
ther.
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