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Abstract:

Spatio-temporal modulations of the elastic properties of materials can be used to break time and
parity symmetry of elastic waves. We show that the form of the elastic band structure depends
not only on the spatial and temporal periodicity of a spatio-temporal modulation but also on its
shape through its Fourier components. We demonstrate that hybridization gaps open from
interactions between the Bloch modes of the periodic medium in absence of the temporal
variation of the modulation and the combined sinusoidal components of the Fourier
decomposition of the periodic modulation.



1. Introduction

Several approaches offer pathways to access the deliberate design of elastic media with broken
symmetry (inversion, time-reversal, parity, chiral, particle-hole); symmetry can be broken either
intrinsically or extrinsically. Symmetry breaking then may lead to non-reciprocity in wave
propagation [1]. Symmetry in intrinsic systems is broken by different “internal” degrees of
freedom such as through internal resonance [2] or symmetry-breaking structural features (e.g.,
inversion or chirality symmetry) [3-5] and without addition of energy from the outside. In contrast,
energy can be added extrinsically to break symmetry. In this case, symmetry of elastic waves can
be broken by moving fluids [6,7], gyroscopic inclusions [8], or directed and externally driven
spatio-temporal modulations of the elastic properties of the medium [9-13]. For the sake of
completeness, one may note that investigation of non-reciprocity in the propagation of
electromagnetic waves [14-19] has preceded their elastic counterparts.

Previous studies [9-13] have theoretically and computationally demonstrated that time-reversal
symmetry can be broken by creating a moving-superlattice-like spatial modulation of the elastic
constants in a one-dimensional elastic medium. The symmetry-breaking, in time-dependent
superlattice leads to bulk phonon modes with non-conventional topology, which do not possess
the conventional mirror symmetry in momentum space [9-13]. In all cases, the spatiotemporal
modulation results in effects such as frequency splitting of a monochromatic incident signal that
is analogous to Brillouin scattering [10]. In previous work, such as Ref. [9], sinusoidal modulations
were typically used. Here, we study how the shape of the periodic spatially-varying modulation of
a material’s elastic constants affects the nonreciprocal band structure. Using a one-dimensional
model of an elastic medium, we consider three different shapes of the spatiotemporal modulation.
These modulations, each traveling at the same velocity, are one-dimensional superlattices with
identical period in space but different shapes. The three modulations include a periodic set of
Gaussian functions, and two Fourier expansions (in terms of sinusoidal functions) of the Gaussian
modulation at different orders of truncation. The lowest order expansion corresponds to a single
sinusoidal modulation, and the higher order expansion includes multiple sinusoidal terms that will
be shown to simultaneously interact with elastic waves to open additional asymmetric band gaps
in the elastic band structure. We calculate the band structures associated with the three modulations
using the Spectral Energy Density (SED) method [20], and conduct a theoretical analysis, within
the framework of multiple time scale perturbation theory, of the origin of the symmetry breaking
and of formation of asymmetric band gaps. We demonstrate unambiguously in this paper that the
shape of the periodic spatiotemporal modulation which determines the number and characteristics
of the sinusoidal components in its Fourier series expansion leads to non-linear effects that involve
low order interactions between the elastic waves and the individual Fourier components, but also
importantly higher order interactions between elastic waves and combinations of Fourier
components. The principal result of the present study is therefore that interactions with multiple
Fourier components of a generally shaped modulation offer another pathways and a rich parameter
space to deliberately design elastic wave band structure with broken symmetry.



In section 2 of this paper, we present a one-dimensional model of an elastic medium subjected to
three related spatio-temporal modulations of the material’s stiffness. These modulations, each
traveling at the same velocity, are one-dimensional superlattices with identical period in space but
different shapes. The more general superlattice takes the form of a periodic set of Gaussian
functions. The other two superlattices represent Fourier expansions (in terms of sinusoidal
functions) of the general superlattice at different orders of truncation. The lowest order of
truncation actually corresponds to a single sinusoidal modulation. The present study demonstrates
clearly that the next order in truncation includes multiple sinusoidal terms that combine and
simultaneously interact with elastic waves to open additional asymmetric band gaps in the elastic
band structure. The results of SED calculations are reported in section 3. A theoretical analysis,
within the framework of multiple timescale perturbation theory, of the origin of symmetry
breaking and of the formation of asymmetric elastic band gaps due to the combined effect of
multiple Fourier components of the modulation is also reported in section 3. For the sake of
tractability, we consider the interaction of elastic waves with a modulation composed of only two
superposed sinusoidal Fourier components. The two components have different spatial
characteristics but are subjected to identical temporal evolutions. We demonstrate in this section
that the nonlinear interactions between elastic waves and the two combined sinusoidal components
indeed lead to a rich parameter space for the design and control of the conditions for breaking
symmetry of elastic wave band structures. Conclusions and contextualization of this work are
presented in section 4. In particular, having demonstrated that the shape of a modulation extends
the realm of parameters that can be used to tailor elastic band structures beyond the spatial and
temporal periodicities, this work suggests the possibility of creating on-demand functions such as
non-reciprocity than can be programmed into—and elicited from—a material’s “microstructure”
topography (shape of the modulation and therefore the components of its Fourier series) in addition
to its time evolution.

2. Model and methods

We consider the propagation of longitudinal elastic waves along a one-dimensional material
supporting spatial and temporal modulations of its stiffness. The giant photo-elastic effects in
chalcogenide glasses [21] are exploited to practically achieve the desired stiffness modulations by,
for instance, illuminating the material with light of spatially and temporally varying intensity.
Illuminating GeSes chalcogenide glasses with near bandgap laser radiation of increasing power
results in a reduction of the longitudinal elastic constant (C11) by nearly 50%. Depending on the
power of the laser irradiating the glass, C11 values for GeSes can vary between 9.2 GPa (full-
power) to 18.4 GPa (zero-power) [21]. This photo-softening is athermal and reversible making it
ideal as a means to realize time-dependent modulations. We assume constant density for GeSes
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(4361 kg/m®), therefore the minimum and maximum values of C11 coincide with sound velocities
of 1452 m/s and 2054 m/s, respectively. The vibrational properties of the time-dependent elastic
superlattices are investigated numerically. We represent the chalcogenide glass by a discrete one-
dimensional mass-spring system with a spatial modulation of the stiffness of the springs that
propagates in time with the velocity +V (see schematic illustration in Fig. 1).

»

Spring constant
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>

Figure 1: Schematic representation of a one-dimensional mass spring system with periodically
varying stiffness (spring constant) moving at a velocity V.

Individual masses (m = 4.361-10° kg) are equally spaced by a= 0.1 mm. This mass corresponds
to that of a continuous segment of length a. The masses are connected by springs which spring
constant varies between f,,;, =920 and B4 = 1,840 KN/m. The range of values of spring
constants is therefore A = 920 kN/m.

For the calculation of the elastic band structure of the super-lattice, we use a one-dimensional
discrete chain model that contains N=3200 masses with Born-von Karman boundary conditions,
where the system takes the form of a ring. We have chosen the value of 100 inter-mass spacings
for the period of the stiffness modulation, such that the period L=100a. The system contains
Nc=32 cells of 100 masses each. This system is simulated using the method of molecular dynamics
(MD).

We consider three spatiotemporal modulations of the material’s stiffness with different but related
shapes, as is shown in Fig. 2. The first modulation, named Gaussian superlattice, shown in Fig. 2a,
is constructed from the sum of a periodic set of Gaussian functions, where the stiffness of spring
n is constructed from the following relation:

(=) )
U = Brax — ABXIZHT ( * L)

i=-T€
with x; = (i - %) L, x, = (n - %) a and o = 8a. T serves as a cut-off parameter which is a large
enough integer beyond which contributions to the variation in stiffness are negligible. The other

two super-lattices represent expansions of the general Gaussian super-lattice as series of sinusoidal
functions at different orders of truncation. The lowest order of truncation, shown in Fig. 2b,



corresponds to a single sinusoidal modulation with the same period as that of the Gaussian
modulation. It is formulated analytically as:

® = 0.75max — 0.50f sin (Zx, ) )

) =
The next order in truncation, shown in Fig. 2c, includes three sinusoidal terms:
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Figure 2: Illustration of the three super-lattices constructed by modulating the spring constant,
By over position, n.

The time-dependence of the three modulations is achieved by replacing x,, by x,, — Vit where tis

the time.

The dynamical trajectories generated by the MD simulation are analyzed within the framework of
the Spectral Energy Density (SED) method [20] for generating the elastic band structure of the
model super-lattice. Formally, for a three-dimensional system, the expression for SED is written

as follows:
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where T, represents the length of time over which velocity data is collected, N is the total number
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unit cell n,,, , in the a-direction and B is ... . For a specified wave vector (k), the spectrum relating
SED to frequency is found by adding the square of the absolute value of the Fourier transform of

of unit cells represented in the MD simulation, v, ( t) represents the velocity of mass m,, in

MNxyaz,

h
temporal Fourier transform is calculated using a Fast Fourier Transform algorithm. A SED value
represents the average kinetic energy per unit cell as a function of wave vector and frequency. A
peak in the spectrum relating SED to frequency signifies a vibrational eigenmode for wave vector
(k). In our one-dimensional system, the wave vector reduces to a wave number and we have 32
cells of 100 masses each. To ensure adequate sampling of the system’s phase space, our reported
SED calculations represent an average over 4 individual MD simulations each with time step
dt =1.5 ns and total simulation time of 22° time steps.

the discrete temporal signal f(t) = YN va(

Nyx,y,z

t) x (7)) for every [a,b] pair. The

3. Results and discussion

Figure 3 shows the calculated band structure of the Gaussian super-lattice, ﬁ,gl), with velocities V
=350 m/s.
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Figure 3: (a) Band structures resulting from a moving periodic Gaussian modulations, [3,(11). A
and A’ are band gaps arising from hybridization between zeroth order modes n=0 (static
modulation and see Fig. 4(a)) and first order modes (n=1) resembling Stokes and anti-Stokes
modes associated with Brillouin scattering due to the moving modulation. B and B’ are
hybridization gaps between second order Stokes and anti-Stokes modes (n=2) and zeroth order
modes. (b) Same band structure as (a) but with black, gray and white solid lines serving as guides
to the eyes and highlighting zeroth order, first order and second order modes, respectively. To
enhance the contrast, the contour plots represent the SED intensity at the power 1/400. The
frequency is in kHz and the wave number is in units of L.

The time dependent super-lattice with spatial modulation ,8,(11) and velocity V = 350 m/s
possesses a band structure which exhibits a number of features in the form of faint additional
bands and hybridization gaps. Note that the intensity of the bands relates to the sampling of the
modes. The SED intensities are calculated as averages over 4 individual MD simulations. While
this average is sufficient to observe all the modes relevant to this study, the relative intensity of
the different modes may not be sampled efficiently.

We have shown previously that the interaction between elastic waves with frequency v, and a
spatiotemporal modulation of the elastic constants leads to a frequency splitting that resembles
Brillouin scattering [10]. As will be demonstrated in the following theoretical analysis, the
frequency of the Brillouin modes contains harmonics of the frequency associated with the moving
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modulation: v, = v, £ nF, where F = % = % and n = 1,2,3,... These harmonic components

appear as faint Stokes and anti-Stokes bands parallel to the folded bands of the static superlattice.
The scattered modes hybridize with the static folded bands to form band gaps. The hybridization
gaps form asymmetrically with respect to the wave number origin. For instance, the gaps A and
A in Fig. 3(a) result from the hybridization between a first order Brillouin harmonic (n=1) and the
first and second zeroth order bands of a static superlattice. These gaps occur in the positive wave
number side of the Brillouin zone without an equivalent gap in the negative side. While observation
of gaps of type A and A’ had already been reported in reference [10], the primary result of this
study is the observation of hybridization between second harmonics (n=2) and the second and third
zeroth-order static bands which produces the gaps labelled B and B’. Similarly to the A and A’
gaps, the gaps B and B’ form only on one side of the Brillouin zone and in particular on its negative
side. This phenomenon, where frequency as a function of wave number v(k) # v(—k) has been
called spectral nonreciprocity [19].

The A, A’ asymmetric gaps of the type observed here are known to leads to an unconventional
topology of the bulk longitudinal modes in the temporally and spatially modulated systems [9].
Similarly, the B and B’ asymmetric gaps will also result in longitudinal modes with non-
conventional topology. The asymmetric band structure is characteristic of systems with broken
parity and time-reversal symmetry [9]. At frequencies within the gaps, bulk modes can only
propagate in one direction, that is, they possess non-reciprocity in their direction of propagation.
In that reference [9], we used finite difference time domain (FDTD) method to investigate the
transmission spectrum of a finite system with a sinusoidal modulation. The system was simulated
by applying a treadmilling spatio-temporal modulation onto a finite system. The relation between
the band structure and transmission can be understood as follows. First we consider a forward
wave (+k) with a frequency falling with the range of gap A that propagates from a homogeneous
region through a region subjected to the spatio-temporal modulation. The corresponding mode
with wave number —k has a negative group velocity and will be reflected by the modulated region.
A wave propagating in the backward direction (-k) has then a positive group velocity which leads
to transmission. Since the B and B’ gaps appear on the other side of the Brillouin zone relative to
the A and A’ gaps, transmission and reflection of elastic waves in the B and B’ frequency range
will occur in the opposite direction of what was observed for the A and A’ gaps. Of course non-
reciprocity is not complete as a small amount of transmission (reflection) will occur due to the
harmonic modes. Because of the non-reciprocity, modes with frequencies lying in the A, A’ gaps
showed immunity to backscattering by a mass defect embedded the region subjected to the spatio-
temporal modulation [9]. The B, B’gaps will also possess immunity to back scattering but in the
opposite direction to A and A’.
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Figure 4: Elastic band structures induced as a result of scattering by (a) static periodic Gaussian
modulation, (b) moving modulation composed of a single sinusoidal function, BY(LZ), with the same
spatial period as B,Sl), and (c) moving modulation /3,(13) composed of the first three sinusoidal

Fourier components of ﬁ,(,l). To enhance the contrast, the contour plots represent the SED intensity
at the power 1/400. Frequency is in kHz and wave number is in units of L.

We now provide an explanation for the observation of B and B’ hybridization gaps between second
order Stokes and anti-Stokes modes and zeroth order modes.

Figure 4(a) is characteristic of the band structure of a super-lattice that does not evolve in time. It
consists of the usual folded bands of 1D periodic systems with Bragg gaps opening at the edges of
the Brillouin zone and at the wave number origin. We note that the SED is less intense at the low
frequency due to poor sampling of long-wavelength modes in the MD simulation of a finite length

system. Figures 4(b,c) are band structures corresponding to the truncated modulations ﬁ,(f)
(3) moving with the same velocity V = 350 m/s.

n i)

and

In Fig. 4(b), the band structure of the system with the ﬂ,(lz) spatio-temporal modulation only shows
the A and A’ gaps and not the B and B’ gaps. We recall that this modulation has the same period
and velocity as the general Gaussian modulation but contains only the sinusoidal function:

sin (ZT"xn). Figure 4(c), shows that when one approximates the Gaussian periodic modulation

with a Fourier-like series of sinusoidal functions at several orders: sin (ZT” xn), cos (2 ZT”xn), and
sin (3 ZT"xn), one recovers the features A, A’ and more importantly B, B". The gaps B and B’ arise
from a mixing of different Fourier components of the Gaussian modulation. This mixing can be
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understood by considering a model of propagation of longitudinal waves in a one-dimensional
medium subjected to a spatio-temporal modulation of its stiffness, C(x, t) that is the superposition
of two sinusoidal functions. In the long-wavelength limit, the propagation of longitudinal elastic
waves obeys the following equation of motion:

?u(xt) 0 ou(x,t)
at? —a(c(x't) ox ) (4)

In Eq. (4), u(x,t) is the displacement field and p is the mass density of the medium. Here, the
variation of the stiffness contains the superposition of two sinusoidal functions of position and
time:

C(x,t) = Cy + 2C; sin(K;x + Qt) + 2C, sin(K,x + Qt) (5)

where C,, C,, and C, are positive constants. K; =2L—’_t where L; is the period of the stiffness

modulation i = 1,2. The frequency, Q, is associated with the velocity of the stiffness modulations,
V. We emphasize that the two modulations possess the same velocity. The quantities K; are
independent of V. The sign of Q determines the direction of propagation of the modulations. We
now assume that the K; values and the associated periods are related through L, = L, /2 (i.e., K, =
2K;). This model is equivalent to an expansion of the general modulation in terms of the first two
terms in equation (3). In equation (5), for the sake of simplicity, the second-order term is chosen
to be a sine function instead of the cosine function in equation (3). These modulations therefore
only differ to a global phase which does not impact the outcomes of the analytical model.

The periodicity of the modulated one-dimensional medium L = L, = 2L, suggests that we should
be seeking solutions of Eg. (4) in the form of Bloch waves:

u(x, t) = X Tgulk, g, t)e'k+ox (6)
where x € [0, L]. The wave number k is limited to the first Brillouin zone: ['T"%] and g = ZT”m
with m being a positive or negative integer. With this choice of form for the solution and inserting
Eqg. (6) into Eq. (4), the equation of propagation becomes:

%u(k+g, ) .
u;t:g ) + Ug(k + g)ZU(k +g, t) = lg{fl(k +g- Kl)U(k + g-— Kl,t)€+lﬂt + (lfz(k +g-—

K u(k+g — Ky, t)e " + hy(k+ g+ KDulk + g + K;,t)e ™ + ahy(k + g + K))u(k + g +
K, t)e %} (7)

where: f; (k) = Kik + k2, f,(k) = K,k + k2, hy(k) = K1k — k?, h,(k) = K,k — k2. InEq. (7),
we have defined: v?2 =% and e = &, Furthermore, we have introduced the ratio: a = % The

P 1
analysis of Eq. (7) is conducted within the framework of multiple time scale perturbation theory
[22]. To explain the main result of this paper, namely the observation of the B and B’ gaps, the
analysis has to be conducted up to fourth-order in perturbation. Details of this analysis are given
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in the appendix. Here, we summarize the important results that provide insight into the origin of
the features observed in the band structures of Fig. 3 and in particular the emergence of the gaps
B and B’.

To zeroth-order in perturbation, we obtain the usual dispersion relation: w3 = vZ(k + g)?
correspodning to folded bands. To first-order in perturbation, we find particular solutions of the
form: el(@o(k+gFK)EMTo pi(wolk+g+K)EMTo These particular solutions correspond to the first-
order (n=1) Brillouin harmonics observed in the band structures of Figs. 3 and 4(b,c). The second-
order expansion leads to a correction to the zeroth-order dispersion relation:

f1(k+g—Kq1)hq,(k+g) af;(k+g—K;)h, (k+g)
Swy(k + g) = g2 w3 (k+g—Kq)—(wok+9)-)2  wi(k+g—K,)—(wo(k+g)—Q)2
WK T 9) = e ther) ha (et g+K2) fy (k+9) aha (k+g+K) f> (k+9)

w§(k+g+K1)—(wo(k+9)+Q)? ~ wf(k+g+Kz)—(wo(k+g)+Q)?
This frequency shift is the signature of the formation of hybridization band gaps between the
zeroth-order modes and the first Brillouin harmonics at the resonance wave numbers. The
denominators of the resonance conditions: w3 (k") — (we(k'+ g) — )% =0 and wi(k") —
(wo(K"+ g) + Q)?> =0with k' =k + g—Kandk” = k + g + K determine the location of the
formation of the two hybridization gaps A and A’ observed in Fig. 3(d). For instance, in the case
of K = Kj, these conditions predict hybridization gaps where the lowest zeroth-order dispersion

branch (g = 0) and the branch (g = —ZL—") intersect a first-order harmonic Brillouin mode. The
two gaps form only on one side (positive or negative side) of the first Brillouin zone depending on
the sign of Q (i.e., the direction of propagation of the modulation of the stiffness) (see Fig. 5).
These two gaps occur at the same wave number: k,. As already noted, this leads to a band structure

that does not possess mirror symmetry about the frequency axis. For K = K, hybridization gaps
may occur at higher frequencies outside the range reported in Figs. 3 and 4.
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Figure 5: Schematic illustration of the band structure of the static super-lattice and of the Brillouin
harmonic bands involved in the formation of the hybridization gaps A and A’, and B and B'. The
gap A is formed at the intersection of w,(k) and wy(k — K;) — Q (i.e., when g = 0). The gap A’

forms at the intersection of w, (k - ZT”) and w, (k - ZT” + Kl) + Q =wy(k) + Q (i.e. when g =
- ZTH). The gaps B and B’ are occurring where the conditions wj(k + g — 2K;) —
(wo(k + g) —20)? and w3(k + g + 2K;) — (wo(k + g) + 2Q)? are satisfied. The B point is
the intersection between w, (k — ZT" + 2K1) = Wy (k + ZT”) and w, (k - ZT”) — 2Q. The B’ point
. . . 2 2 2

is the intersection between w, (k + Tﬂ — 21(1) = w, (k — T”) and w, (k + T”) + 2Q.

The particular solutions to second-order in perturbation contain terms of the form
ei(wo(k+gT-K1¢K2)iZQ)ro’ ei(wo(k+g¢2K1)iZQ)‘co’ ei(wo(k+g$2K2)iZQ)r0 which correspond to second
harmonic Brillouin modes. To third-order in perturbation, third-order harmonics appear. These
are of the form: e{(@olk+9-2K1—K2)+30)70 Wyith varying signs combinations of 39, K; and K,. The
third-order solution also contains terms of the form: e!(@o(k+g+K2)-0%0 \whjch when driving the
fourth-order equation, leads to secular terms. Elimination of these secular terms results in a
correction of the zeroth-order dispersion relation that includes additional resonant terms. Some of
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these resonant terms are proportional to «, that is they only arises due to a combination of effects
from the two sinusoidal components of the modulation of the stiffness.
The complete set of secular driving terms proportional to « include resonances of the type:

1

w3 (k+g-K1—-K)—(wo(k+g)-20)2 (83.)
1

w3 (k+g—2K,)—(wo(k+g)-2Q)? (8b)
1

w2(k+g-2K;)—(wo(k+g)—20Q)2 (8C)
1

wi(k+g+Ky+K)—(wo(k+g)+2Q)2 (8d)
1

w3 (k+g+2K;)—(wo(k+g)+2Q)? (88)

: (8f)

w2 (k+g+2K;)—(wo(k+g)+20Q)2

These resonances can correct the dispersion relation in an asymmetric way and may lead to
asymmetric band gaps within the Brillouin zone resulting from hybridization between a zeroth-
order mode and second Brillouin harmonic bands shifted in frequency by 2Q. The gaps labelled B
and B’ in Figs. 3 and 4 result from the resonance conditions (8b) and (8e) (see Fig. 5). Because
K, > K;, the other resonance conditions may lead to gaps at frequencies higher than the range of
frequencies studied in this paper.

In this theoretical analysis, we limited ourselves to the interaction between two sinusoidal
components of the spatio-temporal modulation of stiffness. Other hybridization modes will arise
from combination of additional sinusoidal functions in the expansion of a general periodic
function. The content of a Fourier series representing some general periodic modulation of
stiffness can therefore be viewed as a means of designing specific symmetry breaking features in
the band structure of an elastic material.
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4. Conclusions

We have demonstrated the significant effect of changing the shape of spatiotemporal stiffness
modulation on the nonreciprocal band structure of elastic waves propagating in a one-dimensional
elastic medium. A spatial modulation composed of periodic arrangements of Gaussian functions
leads to a number of features in the elastic band structure that include harmonic modes reminiscent
of Brillouin scattering and hybridization band gaps. The hybridization gaps result from interactions
between the Bloch modes of the medium subjected to the static modulation and the sinusoidal
components of the Fourier decomposition of the modulation. We show with a theoretical model
that two Fourier components of some general periodic modulation can combine to lead to new
gaps that were not present when considering a single sinusoidal modulation. Shaping the spatio-
temporal modulations of stiffness can then be employed as a tool for elastic band structure design
i.e., designing specific symmetry breaking band features. This concept vindicates the notion of
functional on-demand elastic materials. By deliberately modifying material’s properties (e.g.,
stiffness) using an external and contact or non-contact stimulating field we can envision the
possibility of creating on-demand writable and rewritable artificial “microstructures” through
spatio-temporal modulations. Rewritable “microstructures” extend the geometric scale and
dynamic range of the conventional arrangement of “phases,” “interfaces,” and “defects” that a
material can support by overcoming thermodynamics and kinetic microstructural constraints. By
combining spatio-temporal control with intrinsic materials properties, we enable the creation of
on-demand functions than can be programmed into—and elicited from—a material’s
“microstructure” topography and time evolution. Such an approach extends the realm of materials
properties far beyond those achievable with conventional materials microstructural design. Using
the dynamic coupling between the programmed “microstructure” and individual materials
properties (e.g., photonic, electronic, phononic, magnonic, etc.) as a steering wheel, offers a vast
array of pathways to access by design: materials with broken symmetry (time-reversal, parity,
chiral, particle-hole); new topological classes of materials; Dirac materials; the controlled transport
reciprocity and manipulation of electron, photon, and phonon trajectories in materials.
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Appendix

For the sake of analytical simplicity in the context of multiple time scale perturbation theory, we
treat € in Eq. (7) as a perturbation and write the displacement as a fourth-order power series in the
perturbation, namely:

u(k + 9,70, 71, T2, T3, Ta) = Ug(k + 9,70, T1, T2, T3, T4) + €Uy (k + 9,70, T1, T2, T3, T4) +
e2uy(k + 9,70, 71, T2, T3, Ta) + 3uz(k + 9,70, T1, T2, T3, Ta) He*us (kK + 9,70, 71, T2, 73, Ta)  (AD)

In Eq. (A.1), u; with i =0,1,2,3,4 are displacement functions expressed to zeroth-order, first-,
second-, third- and fourth-order in the perturbation. We have also replaced the single time variable,
t, by five variables representing different time scales: z,, = €™t = €"t, withn = 0,1,2,3,4. We can
subsequently decompose Eq. (7) into five equations: one equation to zeroth-order in &, one
equation to first-order in &, a third equation to second-order in ¢, a fourth equation to third-order
in &, and a fifth equation to fourth-order in «.

The zeroth-order equation:

0%y (k+9,T0,T1,T2,T3,T4)

g + v2(k + g)*uy(k + g,70,T1,T2,T3,T4) = 0 (A.2)
has solution
uo(k + 9,70, T1, T2, T3, Ta) = ag(k + g, 71, T2, T3, T4) e @o(K+T9)T0 (A.3a)
with the eigen value:
w3 = v2(k + g)? (A.3b)

To first-order, the equation of motion is:
02Uy (k+9,70,T1,72,73,74) +2 92ug(k+9,T0,T1,72,73,T4)
at3 0741079
i{f1(k +9—K)uglk + g — Ky, )et™ 0 + af, (k + g — Ky)ug(k + g — Ky, t)e Mo +
hi(k + g + KDug(k + g + Ky, £)e % + ahy (k + g + Ko)ug(k + g + Ko, )%} (A4)

+ v2(k + g)*u (k + 9,70, T1, T2, T3, Ta) =

Inserting the zeroth-order solution (Eq. (A.3a)) into Eq. (A.4) will make the second term on the
right-hand side of the equation lead to a secular term. We eliminate this term by making wu,
independent of z,. Subsequently, we will make displacements at all order independent of ;. In
anticipation of the appearance of similar secular terms in the fourth-order equation of motion, we
will also make all displacements independent of z5. In fact, we eliminate dependencies on the time
scales with odd powers of «.

With this, the solution of Eqg. (A.4) is composed of a homogeneous solution and a particular
solution:
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wy (k+ 9,70, 72,7T4) = U (k + 9,70, 72, T4) + Uy p(k + 9,70, T2, 7o) = g (k + g, 72, T4)e @ok+ 970 4
: [rlk+g—Ki)ao(k+g—Ki,75,T4) ei(@o(k+g—K)+Q)g : afp(k+g—Kp)ao(k+g—Kp T5,T4) i(@o(k+g-K)+Q)To 4

W3 (k+g)—(@olk+g—Ky)+)? © w§ (k+9) = (wo (k+g—Kz)+0)?
hl(k+g+K1)a0(k+g+K1 T2, T4_) l(wo(k+g+K1) Q)TO ahz(k+g+K2)a0(k+g+K2 T2, T4) l((l)o(k‘l'g‘l'Kz) Q)TO A 5)
w§(k+g)—(wo (k+g+Ky)~ 9-)2 w§(k+g)—(wo(k+g+K;)—Q)? .

Note that the fractions in Eq. (A.5) may diverge. One may add a small imaginary term (damping)
to the denominators to eliminate the divergence. The zero limit of the imaginary term would be
eventually taken. For the sake of presenting the most compact equations, we have elected in the
subsequent derivations to omit this damping term.

To second-order, the equation of motion takes the form:

0%uy(k+9,70,72, 0%ug(k+9,70,72, .
uy( aitz)‘ro T2,T4) +2 uO(aT;ga:_(;TZ T4) + Ug(k + g)zuz(k +g, TOITZ'T4-) — l{f1(k +g-— Kl)ul(k +g-

Kl,To,Tz,T4)eiQTO + afz(k + g — Kz)ul(k + g — Kz,To,Tz,T4)eiQTO + hl(k + g + Kl)ul(k + g +
Kl' To,Tz,T4)e_iQTO + ahz(k + g + Kz)ul(k + g + Kz,To, Tz,T4)e_iQT°} (AG)

We need to insert Eq. (A.5) into Eqg. (A.6). Eq. (A.6) is separated into two equations. The first
equation is used to eliminate secular terms:

Zazuo(k+g,ro,‘r2,‘54) _ _ fi(k+g—K)hy(k+g)ao(k+9,72.T4) plwolk+g)To _
91,07, w§(k+g—K1)—(wo(k+g)—Q)?
af,(k+g—Ky)hy(k+g)ag(k+9,72,T4) elwo(k+9)To _ hl(k+g+K1)f1(k+g)ao(k+g T2 T4)eiw0(k+g)‘ro _
w3 (k+g—Ky)—(wo(k+g9)—-0)2 w§(ke+g+K1)—(wo (k+9)+Q)?
ahy(k+g+Ky) fa(k+g)ao(k+9,7T2,T4) eiwo(k+9)To (A?)

w3 (k+g+Ky)—(wo(k+g)+Q)2

This equation will lead to a second-order correction to the zeroth-order eigen value (Eq. (A.3b)).
To do this, we express the zeroth-order amplitude in the complex form: ay(k + g,7,) =
ay(1,)el?k+9)T . With this, ug(k + 9,70, T2, Ts) = ap(T4)e @ok+9T0pi(k+9)T2 —

o (T4)ei[wo(k+g)+<p(k+g)£2]ro = a (T4)eiw’6(k+g)ro_

Then one obtains a correction to wy(k + g), leading to a frequency shift and damping. This
frequency shift is most pronounced for values of the wave number leading to strong resonances
and is given by:

Swo(k + g) = wo(k + g) — wo(k + g) = % =

f1Ue+g—K1hy (k+g) af,,(k+g—Ka)hy (k+g)
£ W} (et g—K)—(wo (@) =0 0§ et g—K2)—(wo(k+g) )’ (AS)
2wo(k+9) hi(k+g+K1)f(k+g) ahy (k+g+K2)f,(k+g) '
w2 (k+g+K))—(wo(k+9)+2)°  wi(k+g+Kz)—(wo(k+g)+2)°
The second-order equation takes the form:
%’T‘g‘m +v2(k+ g)*uy(k+g,7) = A, + Ay + A3 + A, (A.9)

where
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Ay ={ify(k + g — K)ay(k + g — Ky, 1)el@ok+g-KD)+D)7
+ lafz(k + g - Kz)al(k + g — KZ’T)ei((‘)O(k+g_K2)+Q)TO
+ ihl(k +g+ Kl)al(k +g+ Kl,-[)ei(a’o(k‘l'g"'lﬁ)—ﬂ)fo
+iahy(k + g + Ko)ay(k + g + Ky, 1)eH(@olktg+iz)—0To}

and

wi(k + g —K;) — (wo(k + g — Ky + K;) — Q)?

3 ah,(k+g+K)fi(k+g—K; +Ky)aglk+g—K; +K;,7) (@0t g—Ky +E))To
wik+g+K,)— (wo(k+g—K +K,)+ Q)2

_afpk+g-K)h(k+ g+ K —Kag(k+ g+ K — Ky, 7) o i(@o(k+g+K;~K2))To
Wik + g — K3) — (wo(k + g + Ky — K;) — Q)2

_ hl(k + g + Kl)afz(k + g + Kl - Kz)ao(k + g + Kl - Kz,T) ei(wo(k+g+K1—K2))To
wik+g+K)— (wo(k + g+ Ky —Kp) + Q)2

4, = {_f1(k +9—Kahy(k+g— K+ K)ag(k+ g — Ky + K3, 7) o i (@o(k+g—Ky+K;))To

and

4, = _filk+ g —K)afp(k+g - K = Kag(k+ g — Ky — Kp,7) o i(@o(k+g—Ky—K>)+20)70
wi(k+g—Ki) — (wo(k + g — K; + Kp) + Q)2
_ afZ(k +9 - KZ)fl(k +9—K — KZ)aO(k +9—K — KZ'T) ei(wo(k+g—K1—K2)+ZQ)To

wi(k+g—K;) — (wo(k + g — K; — K3) + Q)2
_filk+g—K)fitk + g = 2Ki)ag(k + g = 2K;, 1) o i(@o(k+g-2K) +2),
wi(k + g —K;) — (wo(k + g — 2Ky) + Q)?
_afp(k+g - K)afp(k+ g —2K)ag(k + g — 2K,,7) o i(@o(k+g-2K)+2)7,
wi(k +g = Kp) — (wo(k + g — 2K;) + Q)2

and

Ay
_ {_ hi(k+ g+ K)ah,(k+ g+ K, + Ky))ag(k+ g+ K, +K,,7) pi(@olktg Ky +K)-20)T0
wik+g+K)—(wolk+g+K +K,)—Q)>2
3 ah,(k+g+K)h(k+g+K, +Kyay(k+g+K +K,,1) pi(@o kg +)~20)To
wik+g+K)— (wolk+g+K +K,)—Q)2
3 hi(k+g+K)hi(k+g+ 2K)ag(k + g + 2Ky, 1) pi(wolk+g+2K)-20)7,
wik+ g+ K)— (wo(k + g+ 2K;) — Q)?
3 ah,(k+ g+ Ky)ah(k + g + 2K;)ag(k + g + 2K;, T) ei(wo(k+g+2K2)—ZQ)To}
wik+g+K,)— (wo(k+ g+ 2K,) — Q)2

For the sake of compactness, in the preceding relations we have replaced the dependency on
To, T2, T4 DY @ single symbol: 7.
We now seek the solution of Eq. (A.9) in the form of the sum of a homogenous part and a particular

part:
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Uz = Uz e (A.10)
The homogenous solution is:
Uy p(k + 9,7) = ay(k + g, 7)e@ok+a)To

The particular solution, u,,, includes several parts arising from the driving terms A;, A,, A3, and
A,. The term A, leads to the following contributions to the particular solution:

1 .
(€Y) — . k+ag—K k+g—K i(wo(k+g—K1)+Q)T
uZ.p {(Ug(k + g) _ ((l)o(k + g— Kl) + Q)z lfl( ) 1)a1( g 1/ T)e

1

+

wg(k + g) — (wo(k + g — K3) + Q)2
_ KZ,T)ei(wO(k+g_K2)+Q)T°
N 1

wi(k + g) — (wo(k + g + K1) — Q)2
+ Kl'-[)ei(wo(k"'g"'l(ﬂ—ﬂ)fo
N 1

wg(k + g) — (wo(k + g + K3) — Q)2

+ K, T)ei(wo(k+g+K2)—Q)T0}

laf,(k+g—K)a(k+g

ihy(k+g+K)a(k+g

iah,(k+ g+ Ky)a(k+g

The term A, leads to the following contributions to the particular solution:

(2)
Up

B 1 fitlk+g—K)ah,(k+g— K, +Ky)ag(k+9g— K, +K,,1)
Cwik+g)—wik+g—K +K) wi(k+g—Kp) — (wo(k + g — K; + K,) — Q)2

ah,(k+g+K)fitk+g—K, +Kyaglk+g—K; +K,,7)
wik+g+K,)— (wo(k+g—Ki +Ky)+ Q)32

+ 1 af,(k+g—K)h(k+g+ K, —Ky)ag(k+ g+ K; — K, 7)
wik+g9) —wik+ 9+ K —Ky) wi(k+ g —Ky) — (wo(k + g + Ky — K;) — Q)2

hi(k+g+K)af,(k+g+ K, —Ky)ag(k+ g+ K, —K,, 1)
wi(k+g+K)— (wolk +g+K—K,) + Q)2

} el(wo (k+g—K1+K3))To

} el(wo (k+g+K;1—K3))To

The term A; gives:
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(3)
Up

_ 1 {_f1(k+g_K1)af2(k+g—K1—K2)ao(k+9—K1—K2;T)
wi(k+g) — (wo(k + g — K; — Kp) + 20)? wi(k+g—Ki) — (wo(k + g — K; — Kp) + Q)2

_af(k+g-K)fi(k+ g9 —Ki —Kyag(k+ g —Ki —K;,7)
wi(k+g—K;) — (wo(k + g — K; — Kp) + Q)2

} ei(wo(k+g—K1—K2)+29.)ro

. 1 fl(k +9 - Kl)fl(k +9 - 2K1)a0(k +9 - 2K1'T) ei(wo(k+g—2K1)+29-)T0
w(k+ g9) — (wolk + g —2K;) +20)?  w§(k+g—K;) — (wo(k + g — 2K;) + Q)?
1 af,(k+ g — Ky)af,(k+ g — 2K)a0(k + g — 2K, T)

e i(wo(k+g—2K,)+2Q)71,

Wil + g) — (ol + g — 2K) + 2002 wZ(k + g — Kp) — (wo(k + g — 2K,) + Q)2
The term A, leads to:

(4
Uy

B 1 hi(k+g+K)ah,(k+g+ K, +Kyagk+g+ K, +K,,7)
T w2k + g) — (wo(k + g + Ky + Ky) — 29)2{_ wik+g+K) — (wolk+ g + K +K,) — Q)2
ah,(k+g+K)h(k+g+ K, +Kyag(k+g+K, +K,,1)
B wik+g+K) — (wolk + g + Ky + K;) — Q)2
1 hi(k+ g+ K)hi(k+ g+ 2K))ag(k+ g+ 2K, 7)
w2k +g) — (wolk + g +2Ky) —20)2  w2(k+g+Ky) — (wo(k + g + 2K;) — Q)2
1 ah,(k + g + Ky)ah(k + g + 2K,)ag(k + g + 2K,, 1)
T Wik + g) — (wolk + g+ 2K,) —20)2  wi(k + g + Ky) — (wo(k + g + 2K,) — Q)2

} ei(wo(k+g+K1+K2)—ZQ)‘ro

ei(wo(k+g+2K1)—ZQ)ro

ei(wo(k+g+21(2)—2mro

The wave equation to third-order is given by:

0%us(k+g,7) 2 0%u4(k+g,7)
72 + 0107
0 0072

af,(k+ g —K)u,(k+ g — Ky, 7)e! 0 + hy(k+ g + K)Du,(k + g + K;, 1)e 0 + ahy(k + g +
K)u,(k + g + Ky, 1)e %} (A11)

+v2(k+ g)*uz(k + g, 1) = i{fl(k +g9—KDu,(k + g — Ky, 1) +

This equation is rewritten in the form:

%uz(k + g,7) o 0%u;(k + g,7)

+v2(k+ g)*us(k + g,7) = i{B; + B, + B3 + B,}

at3 01,07,
We find:
9%uy(k+g,1) _ 0a;(k+g,7) . iwo(k+g)T . filk+g—K;) . _
i, o, Lotk g L eterg ey 20iP(k + g
ip(k+g—K1)T2; _ i(wo(k+g—K)+Q)T : af,(k+g—Ks) . _
Ky)e U2j(wo(k + g — K;) + Q)et®o 1 o+ lwg(k+g)—(w0(k+g—1<2)+n)2 apgipk+ g
ip(k+g—Kz)T2; _ i(wo(k+g—Ky)+Q)T : hqi(k+g+K;) .
Ka)e Pi(wolk + g = Kp) + ettt ’ ot lw(z](k+g)—(w0(k+g+1(1)_g)z aoip(k +g +
Ky e k+9+K0T2 (0 (k 4 g + K;) — Q)el(@olk+g+K)-0)o 4 j__ thy(ktg+ 1) agip(k + g +

wi(k+g)—(wo(k+g+K;)—Q)?
Ky)el?k+a+K)t2j (¢ (k + g + Kp) — Q)el(@olk+g+K)-Mt0 (A 12)
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We now use Egs. (A.5) and (A.10) to evaluate B;, B, B;, and B,.
We illustrate the process with the term B;:

iBy = ifi(k+ g — K)u,(k+ g — Ky, 1)e' ¥ = ify(k+ g — Ky)a,(k+ g —

i — , 1 s
K]_; .L.)el((l)o(k+g K1)+.Q)TO + lf]. (k + g - K].) {a)%(k+g—K1)—(wo(k+g—2K1)+Q)2 lfl(k + g - ZKl)al(k +

1 .
w§ (k+g—K1)—(wo(k+g—K1—K3)+Q)? iafp(k + g — Ky~ Kp)ay(k+ g =

1 . ;
D209 K —(aa (et 9)-0)? ihy(k+ g)a,(k + g, r)el(wo(k+g))ro +

g — 2K, 7)e (@o(k+g-2K1)+20)7

Kl — KZ' T)ei(wo(k+g—K1—K2)+ZQ)‘[0

1

iahy(k+ g — Ky + Ky)a;(k+ g — Ky + Kz,T)ei(“’o("+9‘K1+Kz))T0} +

w§(k+g—K1)—(wo(k+g—K1+K;)—Q)?
, 1 f1(k+g—2Ky)ah,(k+g—2K;+K;)ao(k+g—2K; +K5,T)
ify (e + g — K) { o [ - A S 2 R e Fa T D
w§(k+g—Kq1)—w§i(k+g—2K1+K>5) w§(k+g—2K;)—(wo(k+g—2K1+K2)—)
ahz(k+g—K1+K2)f1(k+g—2K1+K2)a0(k+g—2K1+K2,T)}ei(wo(k+g_2K1+K2)+_Q)T0 +
w3 (k+g—Kq1+Ky)—(wo(k+9—2K,+K5)+Q)?
1 {_ afy(k+g—K1—-Ky)hi(k+g—-Kz)ao(k+9—Kp 1)
wi(k+g-Kq)-wi(k+g-Kz) wi(k+g—K1—Kz)—(wo(k+g—Kz)—Q)?
hi(k+g)afy(k+g—Ky)ag(k+g—Ky,T i — .
1( Zg) f2(k+g—Kz)ao(k+g 22 )}el(wo(k+g K2)+Q)‘[O}+lf1 (k+g_
wp (k+g)—(wo(k+g—K2)+9Q)
K ){ 1 {_ fi(k+g—2Ky)af,(k+g—-2K1—Kp)ao(k+g—-2K1—K, 1)
T w(k+g—K1)—(wo(k+g—2K; —K3)+20Q)? w2 (k+g—2Ky)—(wo (k+g—2K1 +K5) +Q)?
afz(k+g—K1—Kz)fl(k+g—2K1—Kz)ao(k+g—2K1—Kz.T)} e i(@o(k+g—2K1~K3)+3Q)To _
w3 (k+9—K;1—K2)—(wo(k+g—2K;—K5)+Q)?

1 f1(k+g—2K1)f1(k+g—3K1)ao(k+g—3K1,7) pi(wo(k+g—3K1)+3Q)To _

w3 (k+g—Kq1)—(wo(k+g—3K;1)+2Q)2  wi(k+g—2K;)—(wo(k+g—3K1)+Q)2
1 afz(R+Q—K1—Kz)afz(k+9—K1—2K2)a0(k+g—K1—2K2:T)ei(a)o(k+g—K1—2K2)+3Q)‘ro} +
w3 (k+g—Kq)—(wo(k+g—K;—2K;)+2Q)?2 w3 (k+9—K1—K2)—(wo(k+9—Kq1—2K,)+Q)?
. 1 hi(k+g)ah,(k+g+Ky)ag(k+g+K,,T)
ify (k+g_K1){w2(k+ —Kq)- - z{_ 2 _ —oz
o(k+g—K1)—(wo(k+g+Kz)—2Q) wy(k+g)—(wo(k+g+K2)—-Q)
ahz(k+g—K1+K2)h1(k+g+K2)a0(k+g+K2,‘r)} ei(wo(k+g+Kz)- Q)T _
w3 (k+g—Kq,+Ky)—(wo(k+g+K,)—Q)?

1 hy(k+g)h,(k+g+Ky)ao(k+g+K4,T) ei(wo(k+g+K1)—Q)To _

w§(k+g—K1)—(wo(k+g+K1)-20)2  wj(k+g)—(wo(k+g+K1)—Q)?
1 ahz(k+g—K1+K2)ah(k+g—K1+2K2)a0(k+g—K1+2K2,T)ei(wo(k+g_K1+2K2)_Q)T0}

w3 (k+g—Kq)—(wo(k+g—K;+2K,)—2Q)?2 w3 (k+g—Kq1+Ky)—(wo(k+9—Kq1+2K,)—Q)>2

Similarly complex expressions will be found for the other driving terms. We note that all the
secular terms of form ei@o(+9)% will be used to eliminate the first term on the right-hand side of
Eq. (A.12). We are particularly interested in driving terms with the form ei(@o(k)2)7 gnd
resonant amplitudes with denominators of the form: w3(k + g + K') — (wo(k + g + K") + 2Q)2.
For instance, the term B, leads to terms of the form:

iaf (k tag—K ){ 1 {_ hi(k+g+K,—Ky)ah,(k+g+K,Ky)ao(k+g+K4,T) _
2 g 2 w(k+g—K;)—(wo(k+g+K1)—2Q)? Wi (k+g+K)—(wo(k+g+K;+K;)—0)?
ahz(k+g)h1(k+g+1(1)a0(k+g+K1,‘r)} ei(wo(k+g+K1)—Q)To _
w3 (k+9)—(wo(k+g+K1)—Q)?
1 hi(k+g+K1—Ky)hq(k+g+2K1—K,)ag(k+g+2K;—K,,T) ei(wo(k+g+2K1_Kz)_Q)To _
w3 (k+g—Ky)—(wo(k+g+2K1—K;)—2Q)2 w3 (k+g+K1—Ky)—(wo(k+g+2K;—K;)—Q)?
1 ahy(k+g)ah(k+g+Ky)ag(k+g+K,,T) ei(wo(k+g+Kz)—Q)To}
w (k+g—K;)—(wo(k+g+K3)—2Q)? w (k+g)—(wo(k+g+K;)—Q)?
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The term B gives:

: 1 _filk+gaf,(k+g—Kz)ae(k+g—Kp 1)
thy(k + g + K1) {wg(k+g+1<1)—(w0(k+g—1<2)+zn)2 { w2 (k+9)—(wo (k+g—Ky)+Q)?
afz(k+g+K1—Kz)fl(k+g—K2)a0(k+g—K2,T)} ei(@o(k+g—K2)+ Q)70 _
(l)g(k+g+K1—K2)—((Oo(k‘l'g—Kz)‘l'Q)z
1 fi(k+9)f1(k+g—Ki)ao(k+g—Ky,7) pi(wo(k+g—K)+@)7o _
w3 (k+g+Ky)—(wo(k+g—K)+20)2  wi(k+g)—(wo(k+g—K;)+Q)2
1 afa(k+g+Ki—Kx)af;(k+g+K1—2Kz)ao(k+g+K1—2K,,7) ei(wo(k+g+K1—2K2)+Q)‘ro}
w3 (k+g+K)—(wo(k+g+Ki—2K5)+2Q)2 w3 (k+g+K1—Ky)—(wo(k+g+K;—2K,)+Q)?

Finally, B, gives:

, 1 filk+g—K +Kp)af, (k+g—Kq)ag(k+g—Ky,T)
iahy (k + 9 + K2) {wg(k+g+K2)—(wo(k+g—1<1)+zn)2 {_ WE(k+g—Ki+K)—(wo(k+g—K)+Q)2
afz(k+g)f1(k+g—K1)a0(k+g—K1,T)} ei(@o(k+g—K1)+Q)7o _
w3 (k+g)—(wo(k+g—K1)+Q)2
1 fi(k+g—K1+K) f1(k+9—2K1+K,)ag(k+9—2K,+K;,T) ei(wo(k+g—2K1+Kz)+9-)To _
w3 (k+g+Ky)—(wo(k+g—2K, +K5)+2Q)?2 w3 (k+g—Kq1+Ky)—(wo(k+9—2K; +K5)+Q)2
1 afy(k+g)afs(k+g—Kz)ao(k+g—Kz,7) ei(wo(k"'g_Kz)"'Q)To}
w3 (k+g+Ky)—(wo(k+g—Kz)+2Q)2  wi(k+g)—(wo(k+g—Ko)+Q)2

We are not solving for the complete third-order solution but we gain insight into some of the terms.
For instance consider a driving term of the form: (ei(@o(k+g+K)-D70 \ith ¢ =

1 . . . . . . . _
wg(k+g-Kl)—(wo(k+g+z<z)—zn)25’ then its contribution to the particular solution is: uzp =

PR pE— zk+g+K) 7 Jel(@olktg+Ka)=MT0  Now these solutions will drive the fourth-order
0 —\®o 2)™

equation:

0%u,(k+g,7) 0%u,(k+g,7) 9%ug(k+g,t) = 0%ug(k+g,1) 2 2 . _
oz T 2 2000, T+ 2 orore T e TV (k+ g ?usk +g,0) =i{fitk+g

Kusz(k+g — Ky, T)et % + afa(k+9g—Kyuz(k+ g — K,,7)e" 0 + h, (k + g+ K)us(k+g+
Ky, ©)e % + ahy(k + g + Ky)us(k + g + Kp, 1)e ™%} A.13)

The driving term iafy(k + g — K)us(k + g — Ky, 1)e*¥ will lead to secular terms of the

. _ 1 1 _
form: iafy(k + g — K7) w3 (k+g—K3)—(wo(k+9)—Q)2 w3 (k+g—K;—Ko)—(wo(k+g)—20Q)2 §k+g

Kz)eiwo(k+g)‘ro .

_ hi(k+g-Ky)ahy(k+g)ag(k+g9,T) _
w§(k+g—Ky)—(wo (k+g)—Q)?

In  this  expression:  §(k+g—Ky) = ify (e + g — Ky — Kz) |

ahy(k+g—Ki)hq(k+g)ao(k+9,7)
‘Ug (k+g—K1)—(wo(k+g)—Q)?
0%uy(k+g,t) | 0%uy(k+g,7)
97407 at3

ag(k + g,74) = ap(1,)el?*+972 = o] eWTaeioT2 Wwith the unknown quantity being 1. Here we note
that the quantity ¢ is proportional to the quantity «. The secular terms proportional to « represent
mixing of the two sinusoidal modulations. Indeed if « = 0, the problem reduces to that of a single
sinusoidal modulation. The terms that contribute to the frequency correction of the zeroth-order
bands are given in the main text (Egs. (8a-f)).

}. This secular term will need to cancel in part the secular terms arising

from: 2 in Eg. (A.13). Note that for doing this, we will need to use
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