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We propose a strong-disorder renormalization-group approach to study the Anderson localization
transition in disordered tight-binding models in any dimension. Our approach shifts the focus from
the lower to the upper critical dimension, thus emphasizing the strong-coupling/strong-disorder
nature of the transition. By studying the two-point conductance, we (i) show that our approach is
in excellent agreement with exact numerical results, (ii) confirm that the upper critical dimension for
the Anderson transition is d = oo, (iii) find that the scaling function shows a previously reported
‘mirror symmetry’ in the critical region, and (iv) demonstrate that the range of conductances for
which this symmetry holds increases with the system dimensionality. Our results open an efficient
avenue to explore the critical properties of the Anderson transition using the strong-coupling high-

dimension limit as a starting point.

PACS numbers: 71.10.Fd, 71.23.An, 71.30.+h, 72.15.Rn

Introduction. — The Anderson localization transition
is a nontrivial consequence of interference effects in dis-
ordered quantum systems [1]. Its simplest realization
is provided by the tight-binding model which describes
electronic states in a “dirty” conductor by mimicking
the effect of impurities through a random onsite poten-
tial. One main challenge in investigating the transition
is the limited range of applicability of well-known ana-
lytical techniques. The traditional “weak-localization”
approach [2, 3] is based on the fact that, in the vicin-
ity of the lower critical dimension d_. = 2, the transition
is found at weak disorder and, therefore, perturbative
methods can be used (for a review, see, e.g., Ref. 4).
More recent numerical results (see, e.g., Ref. 5 and ref-
erences therein), however, demonstrated that predictions
from such 2 + € expansions provide poor guidance even
in d = 3, as in other theories that start from the lower
critical dimension [6-10].

On the other hand, although for most critical phe-
nomena the upper critical dimension d has provided a
much better starting point, so far this approach has not
been available for the Anderson localization transition.
Even the value of d} is controversial: there are reports
of df =4, 6, 8 and df = oo [11-16]. More importantly,
since in high dimensions the transition point shifts away
from weak disorder, an appropriate strong-disorder ap-
proach is required.

In this letter, we show how a Strong-Disorder
Renormalization-Group (SDRG) method is able to im-
plement this program, through which quantitatively ac-
curate results can be obtained in all dimensions. We
will thereby show compelling evidence that (i) df = oo,
(ii) already at d = 3 the critical behavior is governed
by strong-disorder, and (iii) there is a remarkable ‘mir-
ror symmetry’ of the scaling function close to criticality,
whose region of validity grows with the dimension but
remains quite sizable even at d = 3. The computational

cost grows as N In N, where N is the number of sites,
making this the method of choice for the much sought-
after strong-disorder approach to the Anderson localiza-
tion transition.

Model and method.
tight-binding model

H=- Z(tijcjcj +h.c)+ Z eicle;, (1)

2%

— We study the d-dimensional

I(cz) is the canonical creation (annihilation) op-

erator of spinless quantum particles at site i, t;; = tj;
is the hopping amplitude between sites ¢ and j, and ¢;
is the onsite energy. The energies ¢; are independently
and identically distributed random variables drawn from
a uniform distribution of zero mean and width W, and
the hoping amplitude ¢;; = 1 if sites 7 and j are connected
(which is model-dependent), otherwise it is zero.

We will focus on the dimensionless conductance defined
as

where ¢

9= im0 = (Dyeo/ (1= (Do) 2)

where 7" is the transmittance, and (---) ., = exp(ln--)
denotes the geometric average. In this work, we will only
consider leads that are connected to single sites of the
sample. Therefore, g is the two-point conductance.

In order to compute g, we use the SDRG method
[17-19], which has been successful in describing the low-
energy behavior of a plethora of random quantum spin
systems (for a review, see Ref. 20). The method consists
of an iterative elimination of the strongest local energy
scale @ = max{|e;|, [t;;|} in the system (with the excep-
tion of those connected to the external wires) and renor-
malizing the remaining ones in the following fashion [21]:
if Q = |g;], then site i is eliminated from the system and
the remaining couplings are renormalized to

Ep = ex — t3,/5i, (3)
th = th — tritu /i (4)



on the other hand if Q = [¢;;], then sites ¢ and j are
removed, yielding the renormalized couplings

eith, — 2tijtintjn + €515,

Ep =€k — ) (5)
t?j — EiEy
N ejtinta — tij(tinty + tatn) + eitjxt;
o = tkl + glikbil 13( zl; gl il Jk}) iljk Jl' (6)
tij — &i&j

In this way, we progressively eliminate sites until there is
a single renormalized link £,-, s-£5 connecting the leads
at sites o and [ from which the transmittance T can be
computed straightforwardly. Note that, under the SDRG
flow, disorder in the #;;’s is generated even if initially they
are not random.

These transformations have the following interpreta-
tion. When a site is decimated, it means that a particle
is strongly repelled (attracted) to it if the local potential
is positive (negative). A “localized” particle on this site
then corresponds to a state on the top (bottom) of the
band which makes no contribution to the conductance
(we set the Fermi energy at the band center). Similarly,
two sites must be removed from the system when con-
nected by a strong hopping because a particle resonating
between them corresponds to states far away from the
band center.

It is interesting to note that, although relations
(3)—(6) are computed in perturbation theory and thus,
in principle, are justified only in the strong-disorder limit,
they are in fact exact transformations since they pre-
serve the Green’s functions [22, 23]. For this reason,
one could simply perform the real-space RG transfor-
mations (3)—(6) without worrying about searching for
the highest local energy scale 2. However, as can be
seen from Eqs. (4) and (6), the reconnection of the lat-
tice requires an increasing amount of memory and the
procedure would quickly become impractical. For this
reason, we adopt the SDRG philosophy, which is indeed
an energy-space RG. It allows us to keep the amount
of memory small by disregarding renormalized hoppings
that are simply too small. In our adaptation, therefore,
we set a maximum coordination number k.. per site,
i.e., we implement the SDRG procedure but only keep
track of the strongest kmax hoppings out of each site.
In the literature, one can find other proposed schemes
for disregarding unimportant couplings [24-26]. As we
show below, setting kpa.x = 20 is sufficient for obtaining
accurate results in all dimensions. A detailed study com-
paring the exact (in which no coupling is disregarded)
and the modified SDRG will be given elsewhere.

Infinite-dimensional limit. — Let us start by apply-
ing our SDRG method to the Erdés—Rényi (ER) random
graph [27]. We consider a system of N > 1 sites in
which two given sites ¢ and j are connected with proba-
bility p (t;; = 1) and disconnected with probability 1 —p
(t;j = 0). Since the average number of sites at a “dis-
tance” L from a particular site increases exponentially

with L, it effectively corresponds to the limit of d — oc.

In order to have a well-defined length scale, the contact
leads are attached to two sites at the average shortest
“distance” Lgygr = In N/ 1n (k) [28]. Here, (k) =p (N —1)
is the average coordination number which is chosen to be
greater than the percolation threshold k. = 1 [29]. We
verified that our final results do not depend on the exact
value of (k) as long as it is near and above k..

The transition between the conducting and insulat-
ing phases manifests itself in the different behavior of
the two-point conductance when varying the disorder
strength W [see Fig. 1(a)]. In order to pinpoint the crit-
ical point W,., we noted it is more convenient to study
the “weighted” two-point conductance g, (L) = N(L)g
[30], from which we also obtain the localization “length”
& by fitting Ing,, ~ —L/& in the localized phase [see
Fig. 1(b)]. The extra factor N(L) = (k) ((k) — 1)L~1
counts the number of sites located at the “distance” L
from a given site. We find the critical disorder value
W, = 14.5(3) (exact SDRG) and W, = 13.0(3) (mod-
ified SDRG). Our estimate for the localization length
exponent (defined via & ~ |W — W,|~"" and consider-
ing only ¢ that are less than Lgg in order to diminish
the finite-size effects) is v/ = 0.98(4) (exact SDRG) and
v = 1.01(5) (modified SDRG) which is consistent with
the exact value v/ = 1 in d — oo limit [30, 31]. In the
metallic phase, the correlation length is obtained by di-
viding Lgg by & such that all the curves g, /guw. collapse
onto a single curve. This procedure is precise up to an
irrelevant global pre-factor. In this way, we confirm that
v/ is the same in both localized and delocalized phases
(within the statistical error).

Finally, we argue that the correct value of the corre-
lation length exponent is the mean-field value v = 1/2.
Our reasoning is similar to the one given for the Bethe
lattice in Ref. 32. The embedding of an ER random
graph into an infinite-dimensional lattice implies that ev-
ery two sites that are directly connected may be seen as
defining a different lattice direction. Therefore, if one
propagates between sites that are separated by L direct
connections, no two consecutive steps of this propagation
lie in a straight line, but rather in different orthogonal di-
rections. It follows that the actual distance between the
sites is VL. Therefore, the actual correlation length is
¢ = /& implying a mean-field exponent v = v//2 = 1/2.

Cubic lattice in 3D. — We now apply the SDRG
method to the cubic lattice in d = 3. Here, t;; = 1 if
7 and j are nearest neighbors, and ¢;; = 0 otherwise. We
have used systems of linear sizes L = 8, 10, 12, 15, and 20
with periodic boundary conditions and the leads were at-
tached to the corner and to the center sites of the sample
(maximum possible distance). In the inset of Fig. 2(a),
we plot g for various disorder strengths W. From the fit
Ing ~ —L/&, we were able to produce the scaling plot
shown in the main panel. We find W, = 16.5(5) (exact
SDRG) and W, = 17.5(5) (modified SDRG). In Fig. 2(b),
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Figure 1. (a) The typical two-point conductance g of the ER

random graph with (k) = 3.0 and N = 3%BR | Lgg =4,...,7
for several disorder parameters W using the exact SDRG pro-
cedure (colorful solid lines) and our modified algorithm using
kmax = 20 (colorful symbols). We average over as many dis-
order realizations as needed to reach 5% of precision. Inset:
the weighted conductance g,, as a function of Lgr. The leg-
end corresponds to the inset, not the main panel. (b) The
inverse localization length ¢’ (Lyapunov exponent) near the
localization transition.

we plot the inverse localization length ¢ (Lyapunov ex-
ponent) for different distances from the transition point
which allowed us to obtain the exponent v = 1.57(1), in
agreement with previous results [5, 33-35]. This result
is obtained by fitting only those data in which £ < 20 in
order to diminish the finite-size effects, but it turns out
to fit quite well the entire data set.

Finally, we compare the required CPU time of the
methods of exact (full) diagonalization (ED) of the
Hamiltonian (1), the exact and the modified SDRG in
the inset of Fig. 2(b). As expected, the ED method scales
~ N3 where N = L?. For small systems, the exact SDRG
method is considerably faster but becomes comparable
to ED for larger systems due to the proliferation of hop-
pings. The modified SDRG method, on the other hand,
is far more efficient, with CPU time scaling ~ NIn N, as
in other methods that target only a single state. This re-
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Figure 2. Same as in Fig. 1 for a 3D cubic lattice of sizes L =
8, 10, 12, 15, and 20 with periodic boundary conditions. The
inset of panel (b) shows the CPU time (in arbitrary units) for
systems of N = L? sites in the critical regime W = 17 when
using the methods of exact diagonalization, exact SDRG, and
modified SDRG.

sult holds both in the localized and in the metallic phases
(provided one is not too far from criticality in the latter
case) [36].

Comparing different theories. — In Fig. 3 we present
our results for the dimensional dependency of v in which
we considered d = 3, 4, 6, 10 and co. For comparison, we
also plot the recent numerical results by Ueoka and Slevin
[5] and Garcia-Garcia and Cuevas [37]. Our results are
consistent with theirs for d = 3 and interpolates between
them for higher d. In addition, we plot the results of
well-known theories, namely, the 2+ € expansion [38], the
self-consistent theory proposed by Vollhardt and Wollfle
(which yields 1/v =d—2for 2 < d < 4, and v = 1/2
for d > 4) [8], the phenomenological proposal by Shapiro
[which assumes 8 = d—1—(1+g)In(1+¢~1), from which
v can be obtained via 8 ~ v~ !In(g/g.) near criticality]
[39], the improved Borel-Padé analysis of Ref. 5, and the
semiclassical theory v~ = 2 — 4/d [40]. Except for the
last two, it is apparent how these theories lead to very
poor results away from lower critical dimension d; =
2. The improved Borel-Padé analysis of Ref. 5 rewrites
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Figure 3. The inverse of the critical exponent v as a function
of 1/d. For comparison, we show the numerical results by
Ueoka and Slevin [5] (red triangles) and Garcia-Garcia and
Cuevas [37] (blue diamonds). Error bars are about the size
of the symbols. Analytical predictions of other well-known
theories are also shown in order to stress their limited range
of reliability (see main text).

the e-expansion for v at five-loop order [38] in such a
way as to yield v = 1/2 for ¢ — oco. Surprisingly, the
outcome seems to follow the trend of our data. Finally,
for comparison, a cubic fit of our data (adding the point
v~t =0 for d = 2) yields the coefficients ¢y = 2.00, ¢; =
—6.46, co = 11.52, and c3 = —13.24.

Mirror symmetry. — In Ref. 41, it was pointed out
that the experimental data on the two dimensional metal-
insulator transition of electron gases [42, 43] showed a
remarkable “mirror symmetry” phenomenon. This is de-
fined by the existence of a range of disorder strengths
W = W — W, close to criticality such that g(6W) =
1/g(—=6W). The significant role of strong coupling (i.e.,
strong disorder) was also emphasized in the study of this
mirror symmetry phenomenon [41]. Let us now analyze
our results in this light. It is useful to define a mirror
symmetry range. Let 6Wpax > 0 be the maximum dis-
tance from criticality for which mirror symmetry holds
(within our numerical precision). The mirror symmetry
range is then defined as G = g./g(6Whax). It can be
readily obtained from the main plots in Figs. 1(a) and
2(a) by, for instance, reflecting the localized branch over
the metallic one and identifying the point of mismatch.
In Fig. 4, the mirror symmetry range is plotted as a func-
tion of the dimension. Clearly, the greater the dimension,
the greater the mirror symmetry range. This provides
strong constraints on the form of the beta function in the
critical region, namely, 3 = v~'In(g/g.) becomes a bet-
ter approximation around the critical point (in a wider
range of conductances) as the system dimensionality in-
creases. This is in strike contrast with weak-disorder ap-
proaches such as the 2 4 € expansion in which the mirror
symmetry range, G ~ 1+ ¢, is never so large. Our results
can thus be interpreted as evidence that the same slow
logarithmic form of the beta function persists beyond the

10 E T T L—]
10°F s 3
E //
.3 ,’/
—=10°F , 3
— F
[ //{
4 L7
10 ¢ ’ 3
A |
1 -5| e I . I 1 .
00 0.1 0. 0.3 0.4

2
1/d

Figure 4. The inverse of the Mirror Symmetry Range G as
a function of 1/d. The dashed line is the best fit for G~' =
aexp(b/d) where a = 2.1 x 107° and b = 31.86.

insulating limit well into the critical regime. This fea-
ture can be used as the basis of a perturbative expansion
around the noninteracting strong-disorder limit.

Discussions and conclusions. — We have devised a
strong-disorder approach to the Anderson localization
transition. We have implemented it numerically in di-
mensions as high as d = 10 and oo and verified that the
upper critical dimension of the transition is infinity, and
that the transition itself is in the strong-coupling regime,
with an increasing mirror symmetry range as the sys-
tem dimensionality is increased. Based on this, we pro-
pose strong-coupling (strong-disorder) as the best start-
ing point for a study of this transition and we show how
this program can be efficiently carried out.

Let us discuss the validity of our results. The modi-
fied SDRG method is self-consistently justified only if the
system flows to the infinite-disorder limit, which is not
the case. However, it is known that the SDRG method
can be very accurate even in such cases [44]. Given that
our results for the 3D case are consistent with those of
exact diagonalization, and that the method is expected
to become more accurate in higher dimensions, it is very
plausible to conclude that the results here presented are
exact within our statistical accuracy.

Although we have applied our method to the simplest
tight-binding model, it can be readily generalized for
more general cases such as those with long-range hop-
pings or in the presence of magnetic fields. Moreover,
it is computationally cheap since the computer resources
needed scale only as N In N with the system volume N.
We expect this method to become a powerful tool in the
study of Anderson transitions in many different physical
situations.

This work was supported by the NSF grants DMR-
1005751, DMR-~1410132 and PHYS-1066293, by the Na-
tional High Magnetic Field Laboratory, by the Simons
Foundation, by FAPESP and by CNPq. We acknowl-
edge the hospitality of the Aspen Center for Physics.



[1] P. W. Anderson, Phys. Rev. 109, 1492 (1958).
[2] F. Wegner, Phys. Rep. 67, 15 (1980).
3] K. B. Efetov, Adv. Phys. 32, 53 (1983).
[4] P. A. Lee and T. V. Ramakrishnan, Rev. Mod. Phys. 57,
287 (1985).
[5] Y. Ueoka and K. Slevin, J. Phys. Soc. Jpn. 83, 084711
(2014).
[6] F. Wegner, Z. Phys. B: Condens. Matter 36, 209 (1980).
[7] F. Wegner, Z. Phys. B: Condens. Matter 25, 327 (1976).
[8] D. Vollhardt and P. Wolfle, Phys. Rev. Lett. 48, 699
(1982).
[9] M. Schreiber and H. Grussbach, Phys. Rev. Lett. 76,
1687 (1996).
[10] I. Zharekeshev and B. Kramer, Annalen der Physik 7,
442 (1998).
[11] I. Suslov, J. Exp. Theor. Phys. Lett. 63, 895 (1996).
[12] J. Straley, Phys. Rev. B 28, 5393 (1983).
[13] T. Lukes, Journal of Physics C: Solid State Physics 12,
L797 (1979).
[14] A. B. Harris and T. C. Lubensky, Phys. Rev. B 23, 2640
(1981).
[15] A. Mirlin and Y. Fyodorov, Phys. Rev. Lett. 72, 526
(1994).
[16] C. Castellani, C. D. Castro, and L. Peliti, Journal of
Physics A: Mathematical and General 19, L1099 (1986).
[17] S.-k. Ma, C. Dasgupta, and C.-k. Hu, Phys. Rev. Lett.
43, 1434 (1979).
[18] R. N. Bhatt and P. A. Lee, Phys. Rev. Lett. 48, 344
(1982).
[19] D. S. Fisher, Phys. Rev. Lett. 69, 534 (1992).
[20] F. Igl6i and C. Monthus, Phys. Rep. 412, 277 (2005).
[21] H. Javan Mard, J. A. Hoyos, E. Miranda, and V. Do-
brosavljevié¢, Phys. Rev. B 90, 125141 (2014).
[22] H. Aoki, J. Phys. C: Solid State Phys. 13, 3369 (1980).
[23] C. Monthus and T. Garel, Phys. Rev. B 80, 024203
(2009).
[24] O. Motrunich, S.-C. Mau, D. A. Huse, and D. S. Fisher,

Phys. Rev. B 61, 1160 (2000).

[25] J. A. Hoyos and E. Miranda, Phys. Rev. B 69, 214411
(2004).

[26] I. A. Kovéacs and F. Igléi, Phys. Rev. B 83, 174207 (2011).

[27] R. Albert and A.-L. Barabési, Rev. Mod. Phys. 74, 47
(2002).

[28] A. Fronczak, P. Fronczak, and J. A. Hotyst, Phys. Rev.
E 70, 056110 (2004).

[29] R. V. Solé, Phase transitions (Princeton University Press,
Princeton, NJ, 2011).

[30] A.D. Mirlin and Y. V. Fyodorov, Nuclear Physics B 366,
507 (1991).

[31] C. Monthus and T. Garel, Journal of Physics A: Mathe-
matical and Theoretical 42, 075002 (2009).

[32] F. Igl6i and L. Turban, Phys. Rev. E 78, 031128 (2008).

[33] K. Slevin and T. Ohtsuki, Phys. Rev. Lett. 82, 382
(1999).

[34] A. Rodriguez, L. Vasquez, K. Slevin,
Phys. Rev. B 84, 134209 (2011).

[35] K. Slevin and T. Ohtsuki, New Journal of Physics 16,
015012 (2014).

[36] H. Javan Mard, J. A. Hoyos, E. Miranda, and V. Do-
brosavljevic, Unpublished.

[37] A. M. Garcia-Garcia and E. Cuevas, Phys. Rev. B 75,
174203 (2007).

[38] S. Hikami, Progress of Theoretical Physics Supplement
107, 213 (1992).

[39] B. Shapiro, Phys. Rev. B 34, 4394 (1986).

[40] A. M. Garcifa-Garcia, Phys. Rev. Lett. 100, 076404
(2008).

[41] V. Dobrosavljevi¢, E. Abrahams, E. Miranda, and
S. Chakravarty, Phys. Rev. Lett. 79, 455 (1997).

[42] S.-Y. Hsu and J. M. Valles, Jr., Phys. Rev. Lett. 74, 2331
(1995).

[43] S. V. Kravchenko, D. Simonian, M. P. Sarachik, W. Ma-
son, and J. E. Furneaux, Phys. Rev. Lett. 77, 4938
(1996).

[44] J. C. Getelina, F. C. Alcaraz, and J. A. Hoyos, Phys.
Rev. B 93, 045136 (2016).

and R. Romer,


http://dx.doi.org/10.1103/PhysRev.109.1492
http://dx.doi.org/10.1016/0370-1573(80)90074-5
http://dx.doi.org/10.1080/00018738300101531
http://dx.doi.org/10.1103/RevModPhys.57.287
http://dx.doi.org/10.7566/JPSJ.83.084711
http://dx.doi.org/10.1007/BF01325284
http://dx.doi.org/10.1007/BF01315248
http://dx.doi.org/10.1103/PhysRevLett.48.699
http://dx.doi.org/10.1103/PhysRevLett.76.1687
http://dx.doi.org/ 10.1002/(SICI)1521-3889(199811)7:5/6<442::AID-ANDP442>3.0.CO;2-D
http://dx.doi.org/10.1134/1.567110
http://dx.doi.org/10.1103/PhysRevB.28.5393
http://stacks.iop.org/0022-3719/12/i=20/a=006
http://dx.doi.org/10.1103/PhysRevB.23.2640
http://dx.doi.org/10.1103/PhysRevLett.72.526
http://stacks.iop.org/0305-4470/19/i=17/a=009
http://dx.doi.org/10.1103/PhysRevLett.43.1434
http://dx.doi.org/10.1103/PhysRevLett.48.344
http://dx.doi.org/10.1103/PhysRevLett.69.534
http://dx.doi.org/10.1016/j.physrep.2005.02.006
http://dx.doi.org/ 10.1103/PhysRevB.90.125141
http://dx.doi.org/10.1103/PhysRevB.80.024203
http://dx.doi.org/10.1103/PhysRevB.61.1160
http://dx.doi.org/10.1103/PhysRevB.69.214411
http://dx.doi.org/10.1103/PhysRevB.83.174207
http://dx.doi.org/10.1103/RevModPhys.74.47
http://dx.doi.org/10.1103/PhysRevE.70.056110
http://dx.doi.org/10.1016/0550-3213(91)90028-V
http://dx.doi.org/10.1088/1751-8113/42/7/075002
http://dx.doi.org/10.1103/PhysRevE.78.031128
http://dx.doi.org/10.1103/PhysRevLett.82.382
http://dx.doi.org/ 10.1103/PhysRevB.84.134209
http://stacks.iop.org/1367-2630/16/i=1/a=015012
http://dx.doi.org/10.1103/PhysRevB.75.174203
http://dx.doi.org/10.1143/PTPS.107.213
http://dx.doi.org/10.1103/PhysRevB.34.4394
http://dx.doi.org/10.1103/PhysRevLett.100.076404
http://dx.doi.org/ 10.1103/PhysRevLett.79.455
http://dx.doi.org/10.1103/PhysRevLett.74.2331
http://dx.doi.org/10.1103/PhysRevLett.77.4938
http://dx.doi.org/10.1103/PhysRevB.93.045136

