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We develop a microscopic formulation of dynamical spin injection in heterostructure comprising
nonmagnetic metals in contact with ferromagnets. The spin pumping current is expressed in terms
of Green’s functions of the nonmagnetic metal attached to the ferromagnet where a precessing mag-
netization is induced. The formulation allows for the inclusion of spin-orbit coupling and disorder.
The Green’s functions involved in the expression for the current are expressed in real-space lattice
coordinates and can thus be efficiently computed using recursive methods.

I. INTRODUCTION

One of the key elements in any implementation of spin-
tronics is an efficient source of spin current.! Among
the different methods available, dynamical spin injection
from a ferromagnet metal (FM) into an adjacent non-
magnetic metal (NM) has been theoretically proposed?
and experimentally observed.3”” In this method, in addi-
tion to a longitudinal static magnetic field, an oscillating
transverse magnetic field is applied, inducing a magne-
tization precession in the FM. Most of the angular mo-
mentum transferred to the FM by the oscillating field is
dissipated through spin-relaxation processes in the bulk,
but a small part survives as a spin current injected into
the NM.

The exotic electronic properties of graphene have cap-
tured the attentions of the physics community since the
first experiments with this material.®° High mobility
and a long spin-relaxation length are features that make
graphene a promising passive element for spintronics.!?
In addition, the enhancement of spin-scattering processes
in graphene by adatoms or defects,'’ which yields spin
Hall'? and the inverse spin Hall effects, has led to pro-
posals of graphene-based spin-pumping transistors. 3

Recent experimental studies!®!® show an increase in
the damping of the ferromagnetic resonance (FMR) when
a graphene sheet is placed in contact with a FM sub-
ject to an oscillating magnetic field. One interpretation
of phenomenon is that part of the precessing magneti-
zation leaks into the graphene sheet as a spin current,
effectively leading to another channel of magnetization
damping in addition to the relaxation mechanisms exist-
ing in the bulk of the FM.

A time-dependent scattering theory®'” based on the
general theory of adiabatic quantum pumping'® relate
the increase in the FMR damping to the magnitude of
a phenomenological mixing conductance parameter; fur-
ther effort is necessary to describe microscopically the
process of spin pumping into two-dimensional (2D) ma-
terials, as well as to properly quantify the spin current
in terms of materials and interface parameters. A recent
study'® applied the time-dependent scattering theory to
spin pumping in a insulating ferromagnet laid on top of
a 2D metal. While insightful, this approach is not suit-
able for including disorder and spatial inhomogeneities

such as adatoms; and when applied to graphene, it was
confined to the vicinity of the neutrality point.

In this paper we develop a microscopical formulation
of spin pumping from a FM into a NM material. Both
the atomic structure of the materials and the particular
geometry of the system can be taken into account ex-
actly in this formulation. The spin current expression is
written in terms of the Green’s function of the NM por-
tion, allowing one to apply efficient recursive numerical
methods for the computation of spin currents.?? Another
advantage of the formulation we present is the possibil-
ity to include accurate, microscopic models of spin-orbit
coupling in the NM portion, as it relies on a spatial tight-
binding representation of the system.

Another aspect that can be addressed with this formu-
lation is the distinction between the angular momentum
that relaxes at the interface and the part that flows into
the NM. As it was shown in the experiment by Singh and
coauthors,'® where a FM was laid on top of a graphene
sheet, even without graphene protruding away from the
FM (when no spin current injection is possible), the en-
hancement of damping is significant. This enhancement
has been associated to two-magnnon scattering at the
interface.?! However, in systems where graphene pro-
trudes away from the FM, an extra damping has been
measured due to the flow spin current into graphene. An
atomistic study of such phenomenon is needed to discrim-
inate the contribution of spin current from the surface
relaxation in the enhanced damping.

This paper is organized as follows. In Sec. II, we use
a one-dimensional tight-binding chain coupled to a mag-
netic site to introduce the time-dependent boundary con-
dition problem and to derive an expression for the spin
current based on an equation-of-motion formulation. The
definition of charge and spin currents appropriate to the
problem in hand are discussed in Sec. III. We apply
the formulation to a zero-length system in Sec. IV and
a finite-length chain in Sec. V. In Sec. VI the general
expression for the spin current in 2D system, including
spin-orbit mechanisms is derived. In Sec. VII we sum-
marize the results and point to future work. Details of
the formulation and some derivations are presented in
the Appendices.



II. ONE-DIMENSIONAL MODEL

In this paper we address the problem of spin pumping
in low-dimensional materials in contact with a FM where
a precessing magnetization is induced. In such systems,
itinerant electrons travel from the NM portion into the
FM with a random spin orientation and back. The mag-
netization of FM changes the orientation of the spin of
the returning electrons, and angular momentum leaks out
of the FM and into the NM region as a spin current. To
model such hybrid FM/NM system, the FM region can
be viewed as a time-dependent boundary condition to the
NM region.

We begin by considering the idealized situation of a
one-dimensional system, see Fig. 1. We adopt the trans-
port formulation developed by Dhar and Shastry?? as the
starting point and extend it to include spin-dependent
and time-dependent boundary conditions in the special
case of a single reservoir attached to the nonmagnetic
metal region.
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FIG. 1. Scheme of the one-dimensional model of spin pumping
from a magnetic site representing a ferromagnet (FM) to a
nommagnetic (NM) chain connected to a reservoir.

Consider a one-dimensional chain where the site at j =
1 is connected to a magnetic site at j = 0 as shown in
Fig. 1. At the magnetic site, itinerant electrons interact
with the time-dependent magnetization of the FM,
M(t) = Myz + My (X cosQt — ysinQt) . (1)
The dynamics of the magnetization is determined by the
Landau-Lifshitz-Gilbert equation, where a damping term
is introduced phenomenologically to account for magne-
tization loses.?® Here, we assume that Eq. (1) describes
the stationary state of the magnetization and includes
any damping. The opposite end of the chain, at the site
j = N, is connected to a reservoir via a site a. A hopping
term descnbes the itinerant electronic motion along the

chain, where no spin-orbit mechanism is present at this
point. The Hamiltonian of each segment reads
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where s,s' =1,]. The fermionic operators as, ¢, s, and
dyx,s act on the magnetic, chain, and reservoir sites, re-
spectively and obey the standard anticommutation rela-
tions. o = (0%,0Y,0%) are Pauli matrices. The param-
eters 7j,5 s = 7. ; describe the hopping amplitude be-
tween neighboring sites j and j+1 in the chain and could
be spin dependent; in the absence of spin-orbit coupling,
Tj:s,s» = 0s,¢ Tj. The on-site potential Vj s is included
to account for inhomogeneities in the chain. Finally, the
matrix elements T}, describe the site connectivity in the
reservoir, which can be complex.

The coupling between the magnetic site and the chain
and between the chain and the reservoir are assumed spin
independent and are given by the Hamiltonians

Humag—chain = =70 (a s+l as) (5)
and
Hehain—res = —Ya (ij,s da,s + dL’S CN75) , (6)
respectively.

A. Equations of Motion

Equations of motion for the fermionic particle opera-
tors are obtained using the standard Heisenberg equation
of motion, e.g., é; s = i[H, ¢; 5], where

H= Hmag + Hchain + Hres + Hmagfchain + Hchainfres (7)

(we assume h = 1). To simplify the notation, the time-
dependent and time-independent amplitudes in Eq. (2)
resulting after the insertion of Eq. (1) can be cast as
frequency parameters () = f%MH and Q, = —JM,.
We then obtain

a(t) = —iQo.a(t) —iQy (a+emt + crfe*mt) a(t)
+ o ci(t) (8)

for the magnetic site and

él(t) = —iV1 C1 (t) + Z"}/o a(t) + iTl Co (t)7 (9)

éj(t) = —iVj Cj(t) + Z'Tj,1 ijl(t) + iTj Cj+1(t), (10)



with 1 <7 < N, and
éN(t) = 7Z‘VN CN(t) + iTN_l CN—l(t) + Z"')’a da(t) (11)

for the chain sites. In the expressions above, we intro-

a
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For the equations of motion of the reservoir operators,
we get homogeneous equations for the bulk and an equa-
tion containing an inhomogeneous term due to the cou-
pling to the chain,

dﬁ(t) = iZTnu du<t)’ n# a, (12)

and

doc (t) = i’)/a CN (t) +1 Z Toa/ dV (t) (13)

Combining Egs. (12) and (13), we can express the
general solution for the operator of the site a with spin
state s in the integral form

dos(t) =i gy (t — to) dy s (t0)

B, / Gt —t)ena(t)dt',  (14)

to

where the homogeneous part of the solution,

ha(t) =iy gh(t = to) dys(t0), (15)

plays the role of a noise-like term and the inhomogeneous
part in Eq. (14) is dissipative in nature.?? In Egs. (14)
and (15), g5, denotes the retarded Green’s function of
the decoupled reservoir and reads

Grg(t—t') = =i0(t=t') D" d3(N) dn(m) e =10, (16)

where {¢,} are the single-particle eigenfunctions of the
reservoir with eigenenergy {E,} (see Appendix A).

In the following, we assume that at a time t = tg the
reservoir is in thermal equilibrium, such that

<dIL,S(tO) dn’,S’ (t0)> = 5n,n’ 55,5’ f(En)a (17)

where d,, 5(t) = 3, dx sdn(N), f(e) = 1/[eE=W/T £ 1] is
the Fermi-Dirac distribution, and T and p and the reser-
voir’s temperature and chemical potential, respectively
(we assume kg = 1).

B. Fourier Transform of the Equations of Motion

It is useful to express the equations of motion in fre-
quency domain. For that purpose, let us use the follow-
ing convention for the Fourier transform of the particle
operators and other time-dependent terms:

ay(t) = / g—:as(u}) =it (18)

and
r dw T —iwt
() = [ Gy @)e (22
Inserting these definitions into Egs. (8) to (15), we obtain

(w—Qo.)a(w) - /dw’ Hi(w,w)a(w)
=— i (w), (23)

wcr(w) =Vicr(w) —ya(w) — 1 co(w), (24)

wej(w) =Vjcj(w) = Tj-1¢j-1(w) — 7 ¢41(w), (25)
with 1 < j < N,

wen(w) =Vyen(w)—7Ty-1cn-1(w) —Ya da(w), (26)
and

da (w) = h(w) — Yo Joa(w) eN (w)7 (27)

where the Fourier transform of time-dependent part of
the Hamiltonian is given by the expression

Hi(w,w') = Q0T —w+Q)+o 5w —w—10)], (28)
with oF = (6% +i0Y)/2, and h = (ZT) Notice that #;
0
is a 2 x 2 matrix in spin space.
III. CHARGE AND SPIN CURRENTS

The expression for the charge current follows from the
continuity equation in a discrete one-dimensional lattice,

%05y (ge,, —J5) =0, (29)



where p; = c;r-cj is the charge density operator at the site
j (both the electron charge and the lattice constant are
assumed to be unity). Using the equation of motion for
c;, the particle current operator between sites j — 1 and
j can be cast as

T =i [} 71 e () — ey () 751 e5(0)]
(30)
Let us first consider the case when no spin-orbit cou-
pling is present in the chain, namely, when 7 is diagonal.
Equation (30) gives us the total charge current as a sum
of spin up and down currents at the site j. However, to
obtain the local spin current we need to keep in mind
that when an electron with spin up is moving to left,
it produces an effect equivalent to an electron with spin
down moving to the right as far as the transfer of angular
momentum is concerned. In both cases, up spin angular
momentum is transferred to the right. A general expres-
sion for spin continuity can be introduced by using the
rate of change of magnetization and the conservation of
angular momentum,?3

935
ot

where the spin density at the site j is defined as s; =

%c;r- oc;(t) and J; is the spin current operator between

sites j — 1 and j,2*

+ (11— J5) =0, (31)

3,0 =5 [l orie ) — el (BT oe )],
(32)
which is Hermitian: [Jj(t)]T =J;(1).

Now let us consider the case when there is spin-orbit
coupling in the chain. In general, an external torque
acting on the spin density at each site has to be included.
The source torque can be due to on-site spin scattering
process or to spin-orbit terms that cannot be reduced to
the divergence of a current. Equation (32) still holds for a
system with spin-orbit interactions, but an extra source
torque term due to on-site spin scattering processes is
needed in the continuity equation (31), which must be
replaced by

% + (Jj41 = J5) =Ty, (33)
where the torque at site j is defined as
it
Tj = §C]— [O',Vj] Cj. (34)

In Ref. 25 it was pointed out that the proper definition
of spin current at the macroscopic level requires adding
a contribution from the local external torque, such that
Eq. (31) is restored. In other words, the external torque
must be absorbed into the current expression. However,
the microscopic nature of our model enables us to dis-
tinguish between the transfer of angular momentum ei-
ther as spin currents or as a conversion to the other de-
grees of freedom. Therefore, we will adopt Eq. (32)

even when spin-orbit coupling is present. In fact, the
proper definition of the spin current in the presence of
spin-dependent processes has been a source of debate in
the literature?62°. One aspect that makes the defini-
tion nontrivial is the existence of intrinsic nondissipative
background currents. In such systems, even without any
dynamical source of current or spin chemical potential
difference, a spin current can flow. As Sonin?®2? pointed
out, regardless of the definition of the spin current, a
source torque term is needed to compensate for the tran-
fer of spin angular to orbital angular momentum. In this
paper we adopt Eq. (32) as the spin current expression.
We return to discuss this definition in Sec. V A when
we deriving an expression for the current in presence of
spin-orbit interaction.

The Fourier transform of the spin current between sites
j — 1 and j of the chain takes the form

i [ dw
Jj(w) = i/ﬁ [c;(w’)aTj,l cj_1(w +w)

- c;_l(w’ —w)Tj_10c;(w)]. (35)

Notice that, in Fourier space, the current is no longer
Hermitian; instead, it satisfies [Jj(w)]T = Jj(—w). In
particular, the z components of the current can be writ-
ten as

Ji(w) = Jjp(w) = Jj (), (36)

J

where

) dw’ + ’ /
Jio@) = 5 3 it [ 5o [eh @) et (@ +w)

— nay ey (W = w) (@) (37)

and 1y = 1.

Because of the harmonic nature of the precessing mag-
netization at the j = 0 site, the expectation value of the
Fourier transform of the spin current can be cast as a sum
over multiples of the oscillation frequency €2, namely,

(Jj (@) =21 Tj(wn) §(w — wi), (38)
k

where wy, = k£ and k is an integer. The stationary (dc)
spin current can then be directly related to the zeroth
harmonic component,

t+T
Tw=im 7 [ d @) (39)
efiwk (t+T/2) sin wiT
= ) i G ()
= 1,(0). (41)

IV. SPIN PUMPING IN THE ABSENCE OF A
CHAIN

For the sake of simplicity, we first evaluate the spin
current for the case N = 0, when the reservoir is directly



connected to the magnetic site. The study of the zero-
length chain gives us some insight into the behavior of
spin pumping currents and serves to guide us in deriva-
tions involving finite-length chains. Following Eq. (37),
the spin-s component of current in Fourier space reads
(the site index can be dropped)

Z’y / / /
Js(w) = y /dw [dlys(w )as(w' +w)
— al(W —w)das (W], (42)

where v = 79 = 7,. The equations of motion for the
chainless case can be obtained from Egs. (23) and (27),

(w—=Q)o%)a /dw Hi(w,w')a(w)
== f)/da( )a (43>
and
do(w) = h(w) =7 g4q(w) a(w). (44)

We can use Eq. (44) to eliminate d, s from the ex-
pression of the spin-s component of the current, Js(w) =
Jj s(w), by replacing ¢j1,s with do s and ¢; s with as in
Eq. (37),

Js(w) = Zg/dw/ [ht,(w/) as(w' + w)
— al(w' — w) hy(W)]
—in? / dw' al(W) as(W + w)

< {g0a(W") = gaa (@' +w)}, (45)

recalling that [gaa (w)]* = g%, (w). We can also substitute
Eq. (44) into the the right-hand side of Eq. (43) to get

/dw’ {wo®§(w —w)

— [Ho+H1+ ¥ (w,w)}a(w') = —yh(w), (46)

where the static and the dynamic parts of Hamiltonian
are

Ho(w,w') = Qo* §(w — ') (47)

and

Hi(w,w') = Q[0 §(w—w' —Q)+0~ Jw—w'+02)], (48)

respectively. The self energy due to the reservoir is given
by

2 (w,w') =7 gha(w) 0% (w — w') (49)
and o° denotes the identity operator in spin space. Fur-
ther simplification is possible by treating the right-hand
side of Eq. (46) as a nonhomogeneous term and by writ-
ing the magnetic-site particle operator in terms of the
fully-dressed Green’s function of that site,

:—WZ/CZW G,

)hs’ (w/)7 (50)

where
/dw” {wo®d(w—w") = [Ho+ H1+ ] (w,w") }
x QMW" W) =0 §(w—w). (51)

Thus, we can express the magnetic-site operator cg s en-
tirely in terms of the noise-like operator hs. In the limit
of ty — —oo, it is possible to show that the correlation
function for h,(w) is diagonal in spin and frequency (see
Appendix B),

<hi(w) ho (W) = 85,50 6(w' — w) Tn(w), (52)
where I, (w) = pa(w)f(w) and ps(w) is the reservoir’s
density of states at the site a,

pa(w) = —— Im|go, (w)] (53)
= Z |¢n(a)|26(w - En) (54)

Using Eqgs. (52) and (50), one arrives at the following
expression for the expectation value of the spin-s compo-
nent of the current:

i 2
(@) =5 [ o (Fiws) + L)

X {ggza (wl + OJ) - gga (w/)}} ) (55)
where F and Z are functions of the magnetic-site Green’s
functions G™*, with G = (GT)T,

fs(wvw/) = [Ggs(w/a w' — OJ) - Ggs(w/ +w, w/)]
X Ia(w’) (56)

and

To(w +w,w”)

- WQ/dw” ZG?S,(W",w’)G
X I (W"). (57)

As we argue in Sec. IV A, from the perturbative ex-
pansion of the Green’s function in powers 2, , we know
that even terms are diagonal in both spin and frequency,
while odd terms are only nonzero when they involve op-
posite spin indices. Therefore, in general, one can write

Gss(w,w') = §(w — ') Dg(w), (58)
leading to
Fs(w,w') = d(w) Im [DY(w')] Ta(w'). (59)

It is then useful to rewrite Z, in terms of same-spin-state
and opposite-spin-state Green’s functions, namely,

=2 / " [ ("
+G5HW" W) G+ w,w")] Lo (w
Using the Green’s function relation

GT' _ G(L — GT' [ZT

Ts(w,w’) WG (W' +w, W)

")(60)

— 99 G, (61)



it is possible to show that the first term in the integrand
on the right-hand side of Eq. (60) cancels Fs exactly,
leading to

(o = -2 [ [ar

X G2 (W W) Glho(w' + w,w")
X Io(W") [gaa (W) = gha(W +w)], (62)

which is the central result of this Section.

Following similar steps, one can derive expressions for
the other spin components of the current. The results
can be combined into a single expression that generalizes
Eq. (55), namely,

@) =T [ P + T
<[l +) ]}, (63

F(w,w') = ZO’SS/ G (W W' —w) — Gl (W +w,w)]

x I (w') (64)

and

o) =7 [do 3 G
s,s’,s1
(W +w,w”) I, (W"). (65)

X 055Gy,

A. Perturbative Expansion in

In most situations of experimental relevance,?%3! the
transverse amplitude of time-dependent field driving the
magnetization precession in the FM is much smaller than
the longitudinal static component, resulting in £, < 2.
We consider this regime and expand the magnetic-site
Green’s function in powers of €, namely, in powers of
the time-dependent Hamiltonian term H;:

G=G"+GOH GO +GOH GOH GO+
(66)
The zeroth-order (static) magnetic-site Green’s func-
tion G(© is obtained by solving Eq. (51) when H; is
absent, yielding

G (w,w") = 6s.0 6w — ') Go(w), (67)

where

1
w =15 = 7?gaa(w)

Gs(w) = (68)

and 1y, = £1. Thus, the zeroth-order Green’s function
is diagonal in spin space.

The first-order Green’s function has only off-diagonal
spin terms,

G (w,w) =0, (69)
G (w,w) = QLW —w — Q) G (w)

x G (w+9Q), (70)
G (w,0) = QLW —w+ Q)G (w)

x Gr(w— Q), (71)
GV (w,w) =0, (72)

while the second-order Green’s function recovers the spin-
diagonal structure of the zeroth-order case,

G (w,0) = 06w —w) G1(w) Gr(w)  (73)
X Gy(w+9), (74)
¢ (w,0') =0, (75)
¢ (w,w) =0, (76)
G (w,0) = 036w - w) Gy(w) Gy (w)
X Gy(w — Q). (77)

The spin dependence of higher order contributions to
the Green’s function repeats this pattern: diagonal for
even orders and off-diagonal for odd orders. In addition,
even orders are also diagonal in the frequency variables.

B. Spin Current Components

From the final expression for the spin-s state compo-
nent of the current, Eq. (62), and the expansion of the
Green’s function up to second order in €2 , one finds the
following expression for the z-component of the spin cur-
rent:

o =y i
< [161) |67 + D Lale + )
G195~ ) Lo’ — )]
+0(21). (78)

Since only the zero-frequency component is nonzero,
upon returning to the time representation and utiliz-
ing Eq. (41), this relation yields a nonzero dc current,
namely,

4 02
ol th /dwpa (W —Q/2) pa (w+Q/2)
x |65 (w — /)" |67 (w + /)
X [f (w+Q/2) = f(w—Q/2)]
+0(), (79)

where we have symmetrized the frequency integrand for
convenience.

(J2(1)) =



We notice that inverting the static magnetic field and
the direction of precession (e.g., Q@ — —Q and Q) —
—Q) flips the spin of the zeroth-order Green’s function
Gr(w) = Gy (w). As a result, the spin current reverses
its direction. This is expect on the basis of time-reversal
symmetry. Moreover, at zero precession or zero trans-
verse magnetic field, the spin current vanishes.

Considering now the x component of the integral F in
Eq. (64), we obtain

F* = —~ [GiT(w/,w' —w) — GiT(w/ +w,w’)
+ G (W, W —w) = Gf (W +w,w)
x Iy (Wh)]. (80)

Notice that all terms contain opposite-spin-state Green’s
functions, thus vanish in even powers in 2, but are -
dependent in odd powers of ;. As a result, in the time
domain, F'* oscillates and, upon averaging over one pre-
cession period, it vanishes. A similar argument can be
used to show that I* vanishes as well. Therefore, all
transverse components of the spin current vanish when
averaged over time.

C. Interface Parameters

The dynamics of the FM magnetization in the adia-
batic approximation is governed by the Landau-Lifshitz-
Gilbert (LLG) equation,
dd—r;l:'ymxHeff—i—amxdd—T, (81)
where m is the magnetization unit vector, ~v is the gy-
romagnetic ratio, Heg is the effective magnetic field (in-
cluding the external magnetic field and the local demag-
netization field), and « is the Gilbert damping parame-
ter. In the absence of any contact between the FM and a
NM, the relaxation of the magnetization ocurrs entirely
through processes internal to the FM, which are phe-
nomenologically acounted for by the parameter a. When
a NM is brought in contact with the FM, the magnetiza-
tion relaxation can also happen through angular momem-
tum leaking into the NM as a spin current. To account
for this contribution, consider that the effective magnetic
field applied to the FM to be of the form

Heq = ha (1) X+ hy (1) § + H) 2, (82)

where H| is the static component of the field while h,
and h, are the time-dependent components. Following
the scattering theory of spin pumping,? the spin current
can be expressed as

1 dm
Ispin = E grym X Ea (83)

where the mixing conductance g4 is defined in terms of
reflection matrices as

gT‘L = Z <6m’ﬂ - Tjnnr:ann) ? (84)

m,n

with the sum taken over transverse conducting channels.
Notice the similarity of the right-hand side of Eq. (83)
with the The Gilbert damping term in Eq. (81). One
can absorb the angular momentum leakage contribution
on the magnetization relaxation due to the spin current
by substituting a with o in Eq. (81), where

!/ gLAT‘
o =a+ A M

Here, gy, is the Landé factor, M is the total (bulk) mag-
netization of the FM, and A, = Re{ g“} (in most prac-
tical situations, the imaginary component of the mixing
conductance can be neglected).

In the small precessing field approximation, h; =

\/ 12+ hZ < |H)|, one can solve the LLG equation for

the stationary solution of the dynamics of magnetization
to get

(85)

m(t) = |my|e "(PF), (86)
where
Mh
| = — et - ()
V(@ MQ)? + (vH| + Q)
and
o' MQ
tand = ————. 88
'yHH +Q ( )
After substituting m (¢) in Eq. (83), we arrive at
z 1 2
spin — EQ Im1|“gpy- (89)

We can combine this expression with that obtained in
Sec. IV B for the spin current in terms of the system’s
Green’s function, Eq. (79) to obtain an expression for
the mixing conductance in terms of Green’s functions,

2 df (w)
dw

71'J2 4
ot = "5 [ o) g 67 @) (90)

In experiments, there are two standard approaches to
quantify the spin pummping current and both are indi-
rect. The first and most common consists of measur-
ing the broadening of the FMR spectrum and utilizing
Egs. (85) and (89).32 3% The second is to infer the cur-
rent magnitude through the observation of the inverse
spin Hall effect (ISHE) in the NM when a sufficiently
strong spin-orbit coupling is present.?>~37 Although, the
latter seems more direct, the relation between the mea-
sured ISHE voltage and the actual spin current depends
on various materials parameters which are often not ac-
curately known.?® Equation (90) provides a useful rela-
tion between the physical properties of medium where
the spin current is generated propagates to the enhanced
broadening of FMR due to the angular momentum leak-
age. When generalized to higher dimensions, Eq. (90)
provides a recipe for ab-initio calculations of the Gilbert
parameter.



V. SPIN PUMPING WITH A FINITE CHAIN

The formulation developed for the N = 0 chain in
Sec. IV can be extended to a finite-length chain. The
equivalent to the equation of motion (46) for the particle
operators in the chain can be written as

Sy [ 42 0 () = =080,

where 0 < j < N and we introduced ¢o s = as. The
matrix Z” can be split into two contributions,

Zr =27+ 27, (92)

7j’'=0 s’
(91)  where
|
(28] 010,00 (@ 0") = 85,50 0w — W) {8750 0j.0 [(w = Q) Fsp + (W + Q) b1 ] + (@ = Vis) 8550 — 8557 0,8 Va Gaa (W) }
+ 0w — ') (85,5141 Tj—158,5' + 05571 Tjis57) - (93)
and
(27,5 (w,w) = 85,0 051,01 [0T6(W —w—=Q)+0 0w —w+Q)]. (94)

Let us define the retarded Green’s function of the finite
chain as G” = (27)"'. We can then solve Eq. (91) for
the particle operator and write

ffvaZ/dw T v (@) B (W), (95)

J

(1)
G i o (W, w)

Similarly, for the second-order contribution we have

G2, (W)

VIEH Y

= Q1 G501 (W) Go, 10,5 (W + Q) 6w —w —

(

where 0 < j < N. The Green’s function can be expanded
in powers of Q) similarly to Eq. (66). Since Z(© is
diagonal in frequency, one can write the zeroth order term
as

G (w,w)

Ll
15837738

= (5(&) - w/) gj,s;j'7s' (w) (96)

Using this expression, the first-order contribution is
found to be

Q) +Gj 501 (W) Gopjrer(w =D 3w —w+ Q). (97)

= 0% [0(w —w —20) G} w01 (w) Go, ;01 (w + Q) Gopjrs (W)

+ 0w — w+2Q) Gj 50,1 (W) Go,1:p,0(w — Q) Go e (W)
+ 0w = w) Gj 504 (W) Go,p:0,1 (W + Q) Go15rsr (W)
+ o(

§(w' = w) G500 (W) Gop04 (W —

Q) o505 (W) - (98)

Notice that in the absence of spin-orbit coupling in the chain, Go j.4.0 = Go,1;,;.0 = 0 and the inelastic (off diagonal in
frequency) contribution to the second-order Green’s function vanishes.

A. Current in the presence of spin-orbit coupling

If electrons experience no spin scattering in the chain,
the spin s-state current flows homogeneously from the
magnetic site, along the chain, and into the reservoir
without spin-orbit coupling. Thus, It can be shown that
the spin current will remain the same as Eq. (79).

(

When spin-orbit is present, the spin current will vary
along the chain. In this case, one is required to use Eq.
(35) to compute the three components of the spin cur-
rent at a given site j. Let us focus on the z component.
Substituting Eq. (95) and its Hermitian conjugate into
Eq. (35), we obtain



,'Z Z’Ya/ /dw///dwlll
x hi(w

") Gy (W W) 0T Gy (W +w, W) = Gy (W W

"

(wl7wl1/)} h(w”/),
(99)

z T
—W)Tj—10 G’j;N

where 0 < 7 < N and G i %) denotes the 2 x 2 retarded (advanced) Green’s function connecting sites j and j'. Using
the correlation function introduced in Eq. (52), we can take the expectation value of Eq. (99) to obtain

(Ji(w)) = Zyj/dw’/dw”

xtr |Gy (W' W) o1 1 G (W 4+ w,w") —

where the trace is over spin variables. Equation (100) is
one of the main results of this paper. It provides a frame-
work for computing the z component of the spin current
at any site within the chain that connects the magnetic
site and the reservoir. Unfortunately, any further sim-
plification of this expression is daunting. Similarly to
the case where the reservoir is connected directly to the
magnetic site, Sec. IV A, we can use the perturbative
expansion of the Green’s function in powers of ;. The
result is still rather involved if the spin-dependent hop-
ping amplitude 7 is kept general and is not presented
here.

g
- 4n /dw 2775

— 92 / A" 3 o) [gha (@) = G0 + @) Gy vy o (6,0) Gy oy (& + w,07) |

GNst(w +ww)

N(w/a w//)] Ia (w//).
(100)

a 1 / ¥4 T
Gy, 1 (W —w)Tj 107G,

A more compact expression can be obtained for the
spin current between the last site of the chain and the
reservoir, even in the presence of a general spin-orbit hop-
ping amplitude. For that purpose, we take a step back,
set j = « in Eq. (35), and consider the z component of
the spin current operator,

Jz l')’a/ Zns dT CNS(W +w)

C}L\Ls(w' —w)dg (w')} )

Using Eqs. (27) and (95), taking the expectation value,
and using Eq. (52), we can rewrite Eq. (101) as

(101)

G?V,S;N,s(wla OJ/ - w)]

(102)

The absence of a spin-dependent hopping amplitude in Eq. (102) makes it more amenable to an analytical treatment.

Focusing on the de component of the spin current, as shown in Eqgs. (38) and (41

harmonics of the precessing frequency €2, namely,

G(w,w") = §(w — w) Do(w

), we expand the Green’s function

Inserting this expansion into Eq. (102) and keeping only the terms corresponding to the dc limit, we obtain

(U2 = ~225(0) ) [ an
- ’Yoz [goca( ) gaa

- in [g:ya( gaa
k#0

We can now use the relations

G -G =2 (2

)+ > 6w —w— kQ) Di(w). (103)
k#£0
DO N,s;N, e( ) - DS;N,S;N,S(WI)]
Z Do N,s;N,s’ ) DS;N,SI;N,S(W/)
NI L' + k) ZDk Nt () Doy (@ + RQ) ). (104)
=qr(z0-2")Ge, (105)



where
a r AN
(2% =27} sy o (00) =

to find

DS;N,S;N,s(w) - D(C)l;N,s;N,s (CU)

~Ve 07,3 0.8 0,50 0 (w — w') [gha ()
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— Yha(W)] (106)

= 72{ [ggza (w) - ggca (W)] Z DS;N,S;N,S’ (CU) DS;N,S’,N,s(w)

+ e Z gaa w+ kQ) gga(w + kQ)} Z Dz;N,s;N,s/(w) Da—k;N,s/,N,s(w + kQOlO?)

k0

Combing Egs. (104) and (107), recalling that g7, (w) — g%, =

{(Ja(@))ge

k0

—2mipe(w) and using Eq. (53), we arrive at

/dw Zpa ) Pa(w' +kQ) [f(W') = fw + k)] Zns Dinsin,s (W) D2y o v s (W' + KQ).

s,s’

(108)

Symmetrizing the frequency integration, we finally obtain the following expression for the dc spin current at the

interface with the reservoir:

=0 7a/dwzpaw+/~csz/2)pa(w_m/z)[ (w+ kQ/2) — Flw — kQ/2)]

k>0

x tr {o* [Dk;N;N(W —kQ/2) D%y v (w + kQ/2)

where the trace is over spin indices. Notice that in the
limit of zero pumping frequency (€ — 0), the spin cur-
rent goes to zero.

At this point, we can go back to the perturbative ex-
pansion of the Green’s functions in powers of €, and
notice the following:

D_1,5,550,5 (W) = Q1 Gj 50,0 (W) Go ;57,5 (W — Q)
+0(0%), (110)
|

— D" pnov (W 4 £Q/2) Di .y (w — kQ/2)] }, (109)

(

and

Di1jsijr,s (W) = Q1 Gj 50,4 (w) Go,1557,5 (w + )

+0(923). (111)

Since Dy ~ O(Q%), by keeping only the leading term in
powers of | we obtain

00 = 2205 [ dopalo + 9/2) pulis = /2 [f(w+ 0/2) - f( - 2/2)

% 30 (|80 @ — /) [Gh v+ /2

s,s’

+0(2}).

‘gNs 0,1 (w+Q/2) ’ |g6,T;N,s’ (w— Q/2)ﬂ

(112)

It is straightforward to verify that setting N = 0 in Eq. (112) leads to Eq. (79). Notice that for 2 <« T, p, the current

is proportional to 2,

4 02 w
720 ~ 22 [ o @ | L] S 1050 1G5

s,s’

Equations (109) and (113) are the main results of this
section. Equation (109) can be employed to study dy-
namical spin pumping beyond the linear response approx-
imation. Combining Eq. (113) with Eq. (83) enables an
atomistic calculation of the macroscopic Gilbert param-
eter, which can be measured in FMR experiments.

{gNsOJ, | |gOTN5( )|2j|
(113)

To illustrate the results obtained so far, we performed
numerical calculations of the chain Green’s function for
chains of various lengths in the presence and absence of
spin-dependent on-site potentials. In Fig. 2, the spin-
diagonal components of the Green’s function across the
chain, GS\??S;O’S(E), and the total spin pumping current,



(JZ(E)), are plotted as functions of energy. A constant
spin current over energy confirms that, in the absence
of spin-scattering centers, the chain is a spin-degenerate
ballistic propagating channel so long as the energy FE is
within the energy band. In this case, the spin current is
independent of the length of the chain.

— [G11]IG ]

FIG. 2. (upper panel) Spin-diagonal components of the
Green’s function across the chain, Gy s,0,s, in a clean (trans-
lation invariant) chain in the absence of spin-orbit coupling
as a function of energy. (lower pannel) The dependence of
the z-component of the spin current on the reservoir’s Fermi
energy. Both plots were obtained using parameters value such
that v20%2 Q = 2.

Figures 4 and 3 show the energy dependence of the
spin components of the chain’s average Green’s func-
tion when spin-polarized impurities are introduced but
no spin-dependent hopping is present. In these simula-
tion, N = 200 and V; = ajo” + ajo* , where the ampli-
tudes aj and a are randomly and uniformly chosen in
the intervals [0,0.01¢] and [0, 0.05¢], respectively. Here ¢

denotes the hopping amplitude in the lattice.

One of the key advantage of our formalism is that it can
be utilized to compute the relaxation of the spin current
over distance from the FM/NM interface due to spin-
scattering processes in the NM region. For large enough
systems, the diffusion length can be calculated.

The dependence of the average dc spin pumping cur-
rent on the length of the chain is shown in Fig. 5 for
the same random spin-dependent potential. Even after
averaging over 300 samples, oscillations over the length
due to interference remains. However, a clear exponen-
tial decay emerges, with a decay length of 4.5, 2.7, and
2.4 lattice units for the three increasing disorder ranges
of a; shown in the plot.
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2.0

— 10 samples
— 50 samples

0.0

15 -10 -—05 00 05 1.0 15
E

FIG. 3. Diagonal spin component of the Green’s function
across the chain, G 1;0,1, as a function of energy, in the pres-
ence of a random spin-dependent site potential. The chain
lenght is 300 sites and the Green’s function is averaged over
10 and 50 realizations of the random potential.

2.0

— 10 samples
— 50 samples

1.5}

0.0

15 -10 —05 00 05 1.0 15
E

FIG. 4. Similary to Fig. 3, but for an off-diagonal spin com-
ponent of the Green’s function, G 1,0,

VI. EXTENSION TO TWO-DIMENSIONAL
SYSTEMS

The spin pumping formulation developed in Secs. II,
IV B, and V can be extended to 2D systems. To do so,
we imagine the magnetic region as a column of magnetic
sites whose magnetizations precess in synchronized way,
corresponding to a single magnetic domain. The two-
dimensional nonmagnetic region is sliced into N columns
and connected to a reservoir, see Fig. 6. We keep the
same notation used for the one-dimensional finite-chain
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FIG. 5. Average dc spin current current injected into the
reservoir as a function of chain length in the presence of spin-
dependent, random on-site potential. The data points are
obtained after averaging over 300 samples to minimize quan-
tum interference fluctuations. The solid lines are fittings to
the data. The field a. varied within the range [0,0.1¢] while
the a, field range changed for each data set, as indicated in
the legend. The simulations are performed at E = 0 (middle
of the band).

case and write the Hamiltonians of the different regions
as

J

Hmag = ~5 M(t)a' (e @ Iy) a (114)
for the magnetic region,
N—-1
Hsheet = — Z (c;ﬂ Tjcj+ c; 7-} Cj+1)
j=1
N
+ ) elve (115)
j=1
for the nonmagnetic region, and
(116)

Hres = — Z Z T)\n d;S dn,s
Am s

for the reservoir. The Hamiltonians describing the cou-
pling between magnetic and nonmagnetic regions (here-
after referred as sheet), and between the nonmagnetic
region and the reservoir are given by

Hmag—sheet = = (aT Yo €1+ C]; ")’(]; a) (117)

and
Hsheet—res = - (c;rv 70( doz + djy 7}; cN) ’ (118)

respectively, where al = (a1 as ... aM) is the particle
operator at the column containing the magnetic region

12

(j =0), v¢ is a 2L x 2L matrix that describes the cou-

pling between the magnetic region and the sheet, c; =

(¢j1 ¢j2 ... ¢jaq,) is the particle operator at the jth
sheet slice, which is connected to the neighboring j + 1-
th slice by the matrix 7;, d; is the number of sites in jth
slice, and ~y,, is coupling matrix between the Nth sheet
slice and the reservoir. Finally, the particle operator act-
ing on the sites in reservoir that are connected directly
to the sheet is given by d}; = (da’l da2 ... da,da).

FM 7 1 rgo N Ya « 'reservoir
NM sheet

FIG. 6. The two-dimensional FM/NM /reservoir system. The
magnetic region comprises a column of sites whose magnetiza-
tions are synchronized. The nonmagnetic sheet is decomposed
in N slices.

The equations of motion read
(i(t) = iQH(UZ ® Inr) a(t)
+iQ4 [(07 @ Ing) € + (07 ® Ing) e "] a(t)
+ ivp er(t), (119)

Ei(t) = —iVy +ivla+ iy ea(t), (120)

¢i(t) = —iV; +itl_ e +iTjeia(t),  (121)

en(t) = =iV + il en 1(t) + i, da(t), (122)
and

do(t) = ivaen(t) +i Y Topdy(t).  (123)

The Fourier transforms of the equations of motion result
in expressions similar those obtained in Sec. II, namely,

[(WUO — Q”JZ) ® IM] a(w) — /'Hl(w7w’) a(w)

= —TM cl(w), (124)
wer(w) = Vi — v a1 ea(w), (125)
wej(w) =V =7l e 1 —Tiej1,  (126)
wen(w) =Vy —Th_jen1 —vada,  (127)



and

do(w) = h(w) = ghavh (W) en(w), (128)

where h is a vector with dimension of the surface sites «

in the reservoir and the Green’s function of the decoupled
reservoir for slice o reads

t') = —i0(t —t') > & () duleir)

e~ iEn (t—t") )

[gga] 4,1’ (t -

x (129)

In order to expand the Green’s function in powers of
Q) , we notice that, in spin space,

0 d(w —w—9Q)
w—w+Q) 0 ’
(130)

Hl ’_5]j’5JOQJ_ (6(

J

Mss’ (wvw/7 OJH) = ’YLG(JIV;j (w//7w)(oz

- ’YL (JIV;j—l(w”a w)Tj—l(U

and G ( Y denotes the 2d; x 2dj retarded (advanced)

Green’ s functlon connecting the 7 and j’ slices. A de-
tailed derivation of Eq. (132) is provided in Appendix D.

Similar to the 1D chain, we can go further to calcu-
late the current at the chain-reservoir interface and ex-

J

/dw flw+EQ) —

k+#£0

Equation (135) is the central result of this paper. This
equation can be used to study dynamical spin pumping in
FM/NM setups beyond the linear response. In the slow-
precession limit, combined with Eq. (83), it gives us a
recipe for the calculation of the mixing conductance and
the Gilbert parameter by solely knowing the microscopic
structure of the NM system.

The formalism developed in this section has several ad-
vantages over the scattering formulation: (i) The detailed
geometry of the FM/NM systems and physical proper-
ties of the NM can be taken into account by computing
the appropriate Green’s function. (ii) Since the final ex-

® Idj)T;71

F@)]Tr [py(w + kQ)y,
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which leads us to analogous relations to those derived in
Sec. V for the finite chain.

In order to calculate the spin current along the sheet,
we can use an expression identical to that introduced in
Sec. III, namely,

Jj(w):%/%{c;( V(0" @ Ia,) Ti_ o1 (W +w)

- c}fl(w’ —w) 7-;71 (0% @ 14)) cj(w’)} . (131)

The only difference between this relation and Eq. (35) is
that here there is an implicit sum over transverse sites.
Using the orthogonality relation of h(w) one can derive
an expression for the expectation value of the total spin
current between the (j — 1)th and jth slices as

() = g [ ' [ Te Moot ] (132)

where the trace is over spin and transvese site variables,

G;—I;N(w + wla w//)yaI(wN)

F®14,)G (W W W)y T(W)] (133)

(

pand the Green’s function harmonics of the precessing
frequency (2,
G(w,w') = §(w' —w) Do(w) + Y 8w —w — kQ) Dy (w),
k#0
(134)
to derive

Z;N;N(W/)’YL(UZ @IL)po(w) VoD n.n(W + kQ)’)’L]

(135)

(

pression for the spin current is written in terms of the
surface Green’s functions, the recursive Green’s function
technique®® can be utilized for an efficient computational
approach to the problem. (iii) Furthermore, since a spa-
tial representation of the system is used in this formalism,
systems with higher dimension and arbitrary geometry
can be readily simulated.



VII. SUMMARY AND DISCUSSION

In this paper, we developed an atomistic model of spin
pumping in hybrid ferromagnetic heterostructures. The
spin current expression is given in terms of the Green’s
function of the nonmagnetic portion. Motivated by the
fact that, in experimental settings, the time-dependent
component of the driving magnetic field is small and slow,
we use a pertubative expansion to obtain a relation be-
tween the mixing conductance and the physical proper-
ties of spin-carrying medium. Among the advantages of
this formalism are: (i) it provides a framework for includ-
ing the atomic structure and geometry of the heterostruc-
ture, as well as local disorder and spin-orbit coupling
mechanism; (ii) it yields an expression for the spin cur-
rent in terms of Green’s function, which can be computed
using efficient recursive computational methods; (iii) it
allows to model spin relaxation and the ferromagnet-
nonmagnetic metal interface; and (iv) when applied to
graphene, it is not limited to high doping.

In a future work we plan to apply this new compu-
tational tool to study dynamical spin injection in realis-
tic ferromagnet-graphene heterostructures, and to extend
the calculations to include a determination of the spin-
Hall voltage across the graphene channel when spin-orbit
coupling is included.

(i (@) ho (o)) = / dt / dt’ =) (1 () B (1)
= Z/ dt/ dt' e= W= [gr (¢ —
,'77,’7/ —00 — 00
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Appendix A: Reservoir Green’s function

The retarded Green’s function of the decoupled reser-
voir is defined as

gy (t, 1) = —ib(t — ') ({d\(t), dy(t)}). (A1)

Expanding the field operators in terms of single-particle
energy eigenfunctions

= Z Dn(A) dn(t) = Z Pn(A)e
the retarded Green’s function of reservoir can be written

= —if(t =) ¢\ dn(n)e

Appendix B: Noise-like correlator

—iEnt g.(0), (A2)

9oy (t, 1) Ea(t=t) " (A3)

We can rewrite the correlation function of the noise-
like term in frequency space in terms of the fermionic
operators in time using Eq (15),

t0)]" gy (' —to) (d} ((to) dyy s (t0)) -

After substituting the expansion of decoupled reservoir’s Green’s function in term of the reservoir’s eigenfunction, Eq.

(16), we get

(hi(w) =D ¢nla)

n,A n,m

Using the reservoir’s eigenfunction basis,

'r]stO

qun

( )¢m( ) < (to) dn/,s’(to)> /oo dt e_i(w—En)t ‘/Oo dt/e—i(Em—w/)t’(B?))

to to

ns tO)

and the orthogonality of the reservoir’s eigenfunctions, we obtain

(hl(w) Z (o

< T g(tO) dm,s’(t0)>/ dtefi(wan)t/ dtlefi(Emfw')t/.

(B5)

to to

Using Eq. (17) and taking the limit ty — —oo we arrive at Eq. (52).
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For 2D systems, the correlation function <h£1 (w1) hs,(w2)) can be obtained in the same way:

(B (@1) B i () / dty / dty e rti=nts) (4 (1) B, (1) (B6)
= Z / dtl/ dts e” i(wits —wata) [go“ m (tl —to) gab nz(t — 1 )
71,72
X <dj71781 (to) dns, s (to)) (B7)

= > D dalai) 6, (m) 65, (i) 61, (12) (dh, L, (o) iz (Fo))

71,72 N1,M2

X / dty e i @1= Bt / dty e Eny—wa)tz, (BS)

to tO

Using the orthonormal set of eigenfunctions of the reservoir,
77 s tO Z d)n n s tO (Bg)

we can write

<hi1,i1 (wl)h32712(w2)> Z d)"l all 7L2(a12)<dib1 s1 (tO n2,S2 tO / dtl 672(w1 Enl)tl/ dt?e « n27WQFBlO

ni,n2 to to
= 5("‘)1 - wQ) 651,32 Z d)nl (ail) ¢:<11 (ai'z) 5((")1 - Enl) (Bll)
n1
[
when we set tg — co. We finally arrive at Appendix C: s-component of the spin current

<hll (Wl)hsz (w2)> = 681,82 6(0‘)1 - WQ) I, (w1)7 (B12)

where I,(w) = p,(w)f(w) and p, (w) is the density of
states matrix at the « slice,

(Paliy iy = ZZQBM (i) &, (aiy) (w1 — By, ). (B13) Substituting Eq. (44) into Eq. (42), we obtain
niy ni |
)= T M) — @] 0} 000+ ) — ) e+ 0) — 760 s+ )]) ()
% (;i w)as(w' +w)) = {al(W)hs(@ +w))] = v(al(W)as(W +w)) {{gha(@)]" = gaa(w’ +w)E)2)

Employing Eq. (50), we can derive the following rela- and

tions:
(al () 7Y [ G ) G )

><Ia( ". (C5)

(hl(w) as(w)) = =y Gl (w,w) La(w),  (C3)

Putting these relations together with Eq. (C2) one ar-
(al (W) he(W +w)) = =y GT (W, ' +w) I(W' +w), (C4)  rives at Eq. (55).

J
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Appendix D: Spin current for 2D systems

The fermionic particle operator in terms of the system Green’s function reads

Z dw h w1 Vnm [GNm s/ ’]71,3((,«)1,0.)) GN7m7s/;j7275(w1,w) GN,m,s’;j,dj,s(Wlaw)a] (Dl)

smn

where d; is the number of sites in the slice j. After substituting it into the current expression

JE (w) = 2/2“; [c}( (o7 @1y) T i +w) — el (W) T (02®1dj)cj(w/+w)}, (D2)

the expectation value of the first term in Eq. (D2) becomes

i dw’ o o
5/ o Z Z /dw1’Ym/ m Nm,sl;j,l(wlvw) GN,m751;j,2(w1’w) s GNm ,5137,d; (wlvw)}

51,82 n,n’;m,m/’

G;’,fl,l;N,msz Ew/ + W, w2§
G192V m,s, (W + W, w2
x[o* @ tyrf] [dn | i o (B, @1 (2). (D3)
G‘,;fl,d]‘;N,n,SQ (w/ + w, w2)
By applying the h,, s(w) correlator we find
» i [ do
i) =5 [ 5 [T [1LGh )07 © L) 7] 16} yox (o + o Een)]
dw ,
b / ﬁ/dwl’]} [’yLG?V;jfl(wl,w)Tj,l(oz ®14,)G 1. n(w+ W' wi) v (wr)] . (D4)

We can follow the same approach to calculate the current at the chain-reservoir interface:

Taw) = 3 [ 52 [a1)(0: @ Tvaen(! + ) = eh nhio: T + )] (D)

The current expression can be written as

Tae) = 3 [ S5 { (W) — b1l )] (02 8 ) vaen(e! +0)

2
— el (@)h(0: @ 1) (B + ) = ghal +w)aen(w+ )]}, (D6)
which can be simplified to
1 [ dw'
J5(w) §/g |:hT<w/)(UZ®IL)7aCN(w/+w) —CR(W/)WL(%G?IL)’L(W/‘FW)}
-l dL/CT(’)T[“(’)—T('ﬂL )] (02 @ IL)yaen(w+w) (D7)
2 27er7agaaw gaaw w Oz L’Yan w ).

After substituting the fermionic operator in terms of the system’s Green’s function, the expectation value of the spin
current becomes

(Jaw) =5 / Céb; Tr [Io(W + w)¥a(0: @ IL)Gn (W, 0 + w)y]] = Tr [Ia(W)vy(0: @ IL)G .y (W +w,w)vL ]}

d
+5 e {10 () 7 Gty (YL [0+ ) — 0 ()] (02 © T1)7a Gl (& +0,6" )L} (DB)

Similar to the 1D case, we expand the Green’s function in terms of the frequency difference,

G(w,w') = 6(w' — w) Do(w) + > 8w — w — k) Dy (w), (D9)
k#0
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and following the same approach used in the 1D case, we get

duw'’

(U2) = 3@ [ ST {La() 7a(02 © Te) Dy n() = D] 74}

Z’ dw/ a T a T
* §§(w) / g’I\r {IO‘ (w/) ’7aD0;N;N(w/)’YL [gaa (w/) —Yaa (wl)} (UZ ® IL)IYQDU;N;N(W/)’YL}

i dw’ a r a r
+ 56((")) / g Z Tr {I(X(w/ - kQ) A/aDk;N;N(w/ - kQ)A/L [gaa(w,) - gaa(w/)] (JZ ® IL)’YQD—]C;N;N(W/)’Y(TI}
k0
(D10)
which leads to
z i dw' ! T Na T r l a 1
<Jo¢> = _55(“}) ﬁ Z TI“{IQ (w )’YaDk;N;N(w )’704 [gaa(w + kQ) - gaa(w + kQ” (UZ ® IL)
k#0

X ’YaDcik;N;N(wl + kQ)’YL}

i dw’ r r a a
+ §§(W) / g Z Tr {IOé(w/ + kQ) ’YQDk;N;N(w/)’yJ& [gaa(w/) - gaa(w/)] (JZ ® IL)’Yank;N;N(wl + k/’Q)’YL} ’

k40
(D11)
leading to
e N |
Ta@) = 5 [ w3 o+ K f@)
k0
xTr [pa ((.d + kQ)PYOL Z;N;N(w/)’YL (UZ ® IL) Pa (w) VQDik;N;N(w/ + kQ)ﬁ/L] . (D12)
(
' D. D. Awschalom and M. E. Flatté, Nat. Phys. 3, 153 (2015).
(2007). 16 A. K. Patra et al., Appl. Phys. Lett. 101, 162407 (2012)
2 A. Brataas, Y. Tserkovnyak, G. E. W. Bauer, and B. 1. 17y . Tserkovnyak, A. Brataas, and G. E. W. Bauer, Phys.
Halperin, Phys. Rev. B 66, 060404 (2002). Rev. Lett. 88, 117601 (2002).
3'S. Mizukami, Y. Ando, and T. Miyazaki, Jap. J. Appl. 18 M. Moskalets and M. Biittiker, Phys. Rev. B 66, 035306
Phys. 40, 530 (2001). (2002).
4 E. Saitoh, M. Ueda, H. Miyajima, and G. Tatara, Appl. 9T Inoue, G. E. W. Bauer, and K. Nomura,
Phys. Lett. 88, 182509 (2006). arXiv:1609.09556 (2016).
5 A. Azevedo, L. H. Vilela Leo, R. L. Rodriguez-Suarez, A. 20 C. H. Lewenkopf and E. R. Mucciolo, J. Comput. Electr.
B. Oliveira, and S. M. Rezende, J. Appl. Phys. 97, 10 12, 203 (2013).
(2005). 21 M. Hurben and C. Patton, J. Appl. Phys. 83, 4344 (1998).
6 B. Heinrich et al., Phys. Rev. Lett. 107, 066604 (2011). 22 A. Dhar and B. S. Shastry, Phys. Rev. B 67, 195405 (2003).
7 0. Mosendz, J. Pearson, F. Fradin, G. Bauer, S. Bader, 23 3. Maekawa, S. O. Valenzuela, E. Saitoh, and T. Kimura,
and A. Hoffmann, Phys. Rev. Lett. 104, 046601 (2010). Spin Current (Oxford University Press, 2012).
8 K. S. Novoselov et al., Science 306, 5696 (2004). 24 The spin current operator should actually be a tensor
 C. Berger et al., Science 312, 1191 (2006). since, in addition to the direction of flow, the spin orien-
10 T Y. Yang, et al., Phys. Rev. Lett. 107, 047206 (2011). tation determines the torque transfer direction. For a one-
' D. Huertas-Hernando, F. Guinea, and A. Brataas, Phys. dimensional discrete chain, propagation can only happen
Rev. Lett. 103, 146801 (2009). along the chain and the spin current reduces to a vector.
12 ¢, L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801 2% J. Shi, P. Zhang, D. Xiao, Q. Niu, Phys. Rev. Lett. 96,
(2005). 076604 (2006).
13 F.S. M. Guimaraes, A. T. Costa, R. B. Muniz, and M. S. 26 Emmanuel 1. Rashba, Phys. Rev. B 68, 241315 (2003).
Ferreira, Phys. Rev. B 81, 233402 (2010). 27 1. V. Tokatly, Phys. Rev. Lett. 101, 106601 (2008).
Y. Semenov, K. Kim, and J. Zavada, Appl. Phys. Lett. 91, 28 E. B. Sonin, Phys. Rev. B 76, 033306 (2007).
153105 (2007). 2 E. B. Sonin, Phys. Rev. Lett. 99, 266602 (2007).

153, Singh, A. Ahmadi, C. T. Cherian, E. R. Mucciolo, E. 30 K. Ando et al., Nat. Mater. 10, 655 (2011).
del Barco, and B. Ozyilmaz, Appl. Phys. Lett. 106, 032411



31§, Mizukami, Y. Ando, and T. Miyazaki, Phys. Rev. B 66,
104413 (2002).

32 0. Mosendz, J. E. Peason, F. Y. Fradin, G. E. W. Bauer, S.
D. Bader, and A. Hoffmann, Phys. Rev. Lett. 104, 046601
(2010).

18

33 S. Mizukami, Y. Ano, and T. Miyazaki, Phys. Rev. B 66,
104413 (2002).

34 B. Heirich et al., Phys. Rev. Lett. 90, 187601 (2003).

3% E. Saitoh et al., Appl. Phys. Lett. 88, 182509 (2006).

36 0. Mosendz et al., Phys. Rev. B 82, 214403 (2010).

37 K. Ando et al., Phys. Rev. B 78, 014413 (2008).

38 7. Tang et al., Phys. Rev. B 87 140401 (2013).



