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Using Floquet-Bloch theory we study the effect of circularly and linearly polarized light on the electronic
structure of (LaNiO3)2/(LaAlO3)N heterostructure grown along the (111) direction. In equilibrium, a tight-
binding fit to the first principles band structure shows that nearest-neighbor hopping plays a dominant role while
second-neighbor hopping breaks the particle-hole symmetry and determines the finer band features. The four
bands of the LaNiO3 bilayer exhibit both quadratic band touching points and Dirac points. By varying the
amplitude of the incident light, one can independently tune the first and second-neighbor hopping for fixed
frequency, which leads to considerable control over the Floquet band structure. We investigate this control in
detail, and study how the quadratic and Dirac band touchings are influenced by the polarization and intensity
of the light. We derive effective 2-band Hamiltonians (for both quadratic and Dirac band touching points)
that accurately captures these results. We further study an extended model which explicitly includes oxygen
p-orbitals and compare the results to the effective model that contains only the nickel d-orbitals. We conclude
with a computation of the frequency dependent optical Hall conductivity using the full four band model and
analyze the various inter-band contributions of the Floquet modes.

I. INTRODUCTION

Topological insulators have been one of the most active re-
search topics in condensed matter physics over the past decade
with dramatic advances in both theoretical and experimental
areas.1–4 Correlated topological phases in particular are ex-
pected to be exceptionally rich in their phenomenology,5–8

with transition metal oxides9–17 and SmB6 receiving consid-
erable attention.18–22 Heterostructure of transition metal ox-
ides involving partially filled d-bands have been one candidate
for a correlated topological insulator, particularly the quantum
anomalous Hall effect.23–27

One specific example that has been theoretical proposed
in the literature28–31 and experimentally studied32 is the
(LaNiO3)2/(LaAlO3)N system grown along the (111) crys-
talline axis. Density functional theory calculations28,30 sug-
gest that among the four bands closest to the Fermi energy,
the upper and lower are nearly flat and quadratic touching
points connect these to intermediate energy bands that cross
each other at two inequivalent Dirac points located at the
corners of the hexagonal first Brillouin zone.28,30 A tight-
binding fit to the first principles band structure shows that
the nearest neighbor hopping terms dominate the band struc-
ture, while the next-nearest neighbor hopping terms break
the particle-hole symmetry and determine the finer details of
the band structure.28,30 Prior theoretical studies24,29,33 on this
system showed that purely local (on-site) Coulomb interac-
tions can induce a topological insulator (quantum anomalous
Hall) phase, even if only the nearest-neighbor hopping in the
generalized tight-binding model are retained.29,33 Including
the second-neighbor hopping term has a very small quanti-
tative (and no qualitative) effect on the phase diagram of the
system.28,30 However, as we report in this work, the presence
of both first and second-neighbor hopping have a dramatically
greater consequence if the system is driven out of equilibrium
by an applied laser field.

In parallel with with the theoretical study of correlated
topological insulators has been a substantial effort directed at
engineering topological band structures in a non-topological

system through the application of a periodic drive,34–45 par-
ticularly that originating in a laser field. In the solid state
context, some experimental progress has been made in this
direction.46–48 Such Floquet topological insulators have con-
siderable new physics associated with them compared to their
equilibrium topological counterparts: The bulk-boundary
correspondence breaks down,35,41,49,50 interaction effects are
more complicated to understand,51–53 and even the steady-
state occupation of the Floquet bands can be subtle.51,54–56

Previous studies of topological Floquet systems have
mainly focused on the Dirac points in two-dimensional 2-
band systems related to the A-B sub-lattice in graphene
systems.39,41–43,56–61 The generation of a Floquet-Bloch band
structure with a laser can be understood as an optical dress-
ing of the original electronic band structure.35 In particular,
a dynamical band gap can be opened by virtual one-photon
absorption and emission processes.62,63 Recently these stud-
ies were extended to include more than two bands, as well as
quadratic band touching points in the band structure, through
a model on the kagome lattice.64 In Ref.[64] it was found that
the multi-band nature did not influence the physics of the gap
opening at the Dirac points, but new physics emerged at the
quadratic band touching point. The main result is that the
quadratic band touching point has a gap opened by virtual
two-photon (as opposed to one-photon for a Dirac point) ab-
sorption and emission processes.64 For the kagome lattice, it is
possible to derive an effective 2-band model of the quadratic
band touching point65 that captures the general features of the
gap opening.

In this work, we focus on the (111) bilayer LaNiO3, for
which there are both experimental realizations32 and theoret-
ical calculations of the band structure.28,30 We would like to
understand the answer to the following two questions: (1) Can
small further-neighbor (beyond first-neighbor) hopping terms
have a more dramatic effect in a Floquet system than in equi-
librium? (2) Are there any important effects in the Floquet
band structure as the total number of equilibrium bands is in-
creased? We answer both of these questions in the affirmative,
and provide the details in the main sections of this manuscript.
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Our paper is organized as follows. In Sec.II, we describe the
generalized tight-binding model used to quantitatively fit the
first principles calculations of the (LaNiO3)2/(LaAlO3)N het-
erostructure. In Sec.III and Sec.IV we describe the Floquet-
Bloch bands resulting from both linearly and circularly polar-
ized laser fields. We derive an effective 2-band Hamiltonian
to describe the behavior around the quadratic touching and
the Dirac points in Sec.V. Then in Sec.VI, we compute the
finite frequency optical conductivity of the material for differ-
ent laser parameters. Finally, in Sec.VII we summarize the
main conclusions of this work.

II. MODEL AND METHOD

We consider the thin film oxide geometry shown in
Fig.1(a), a bilayer of metallic LaNiO3 sandwiched between
non-magnetic band insulator LaAlO3 layers. The Fermi level
lies in the eg bands derived from the Ni states, and we focus on
those orbitals in our model below. The lattice structure formed
by the transition metal ions Ni are shown in Fig.1(b). The
distance between two nearest-neighbors is a0 = 3.82Å.30 In
the bilayer geometry, the transition metal ions form a buckled
honeycomb lattice consisting of two trigonal layers, as shown
in Fig.1(c).

In the following, we use A to denote ions in the top
layer and B the bottom layer. The lattice constant in the
buckled honeycomb lattice (projected into the plane) is ã =√

2/3a0 = 3.12Å. We choose the primitive lattice vec-
tor as a1 = (

√
3, 0)ã and a2 = (

√
3/2, 3/2)ã. For no-

tational convenience, an additional vector a3 is defined as
a3 = a2−a1. We also defined three nearest neighbor vectors,
δx = (−

√
3/2,−1/2)ã, δy = (

√
3/2,−1/2)ã, δz = (0, 1)ã.

The reciprocal lattice vectors are b1 = (
√

3,−1)2π/3ã and
b2 = (0, 2)2π/3ã. The first Brillouin zone is a hexagon with
K ′ = (−4π/3

√
3ã, 0) and K = (4π/3

√
3ã, 0) located on

the x-axis and M∓ = (0,∓2π/3ã) on the y-axis. In order to
clearly exhibit the effect of the laser on the quadratic touching
and Dirac points, the Floquet-Bloch electronic band structures
are along the path K ′ − Γ−K or M− − Γ−M+.

The generalized tight-binding model for the (111) bilayer
film can be expressed as,23,30

H =
∑
R∈A

∑
u

[d†(R)tud(R + δu) + h.c.]

+
∑
R∈A

∑
u

[d†(R)tu,u+1d(R + δu − δu+1) + h.c.]

+
∑
R∈B

∑
u

[d†(R)tu,u+1d(R− δu + δu+1) + h.c.] (1)

where d† = (d†3z2−r2 , d
†
x2−y2), u = x, y, z, and u + 1 =

y, z, x, with those particular orderings, written out in Eq.(3).
The transfer matrix between eg orbitals in different direction
are determined by using the standard Slater-Koster procedure.

(a)

ABO3 band insulator

ABO3 band insulator

AB′O3 metal

(b) (c)

a1

a2

FIG. 1. (Color online) (a) Transition metal oxide heterostructure
grown along (111) direction of the form AB′O3/ABO3/AB′O3. The
shaded area consists of the (111) bilayer LaNiO3, and the light area
consists of the non-magnetic band insulator LaAlO3. (b) The loca-
tions of the transition metal ions Ni in (111) bilayers of perovskite
structured LaNiO3 are shown. Filled (open) circles represent ions in
top (bottom) layer. The lattice constant is a0 = 3.82Å. (c) Buckled
honeycomb lattice formed in the (111) bilayer LaNiO3. The lattice
constant is ã =

√
2/3a0 = 3.12Å. The primitive lattice vectors are

chosen as a1 = (
√

3, 0)ã, a2 = (
√

3/2, 3/2)ã. For convenience, an
additional vector is defined as a3 = a2 − a1.

The nearest neighbor (NN) hopping matrices are,

tz = −
(
tσ 0
0 tδ

)
,

tx = −1

4

(
tσ + 3tδ

√
3(tδ − tσ)√

3(tδ − tσ) 3tσ + tδ

)
,

ty = −1

4

(
tσ + 3tδ

√
3(tσ − tδ)√

3(tσ − tδ) 3tσ + tδ

)
. (2)

The next-nearest neighbor (NNN) hopping matrices are,

txy =

(
−t′/2 0

0 3t′/2

)
,

tyz =

(
t′

√
3t′/2√

3t′/2 0

)
,

tzx =

(
t′ −

√
3t′/2

−
√

3t′/2 0

)
. (3)

In momentum space, the tight-binding Hamiltonian on the
honeycomb lattice takes the form,

H(k) =

(
HAA(k) HAB(k)
HBA(k) HBB(k)

)
, (4)

with

HAA(k) = 2(txy cos k1 + tzx cos k2 + tyz cos k3) = HBB

HAB(k) = txe
−ik2 + tye

−ik3 + tz = H†BA, (5)

where we used ki = k · ai, and A,B denote sub-lattice in the
buckled honeycomb lattice. By substituting the NN hopping
matrix Eq.(2) and NNN hopping matrix Eq.(3) into Eq.(4), we
write the tight-binding Hamiltonian explicitly as,

H(k) =

ε̃aak ε̃abk εaak εabk
ε̃abk ε̃bbk εabk εbbk
ε∗aak ε∗abk ε̃aak ε̃abk
ε∗abk ε∗bbk ε̃abk ε̃bbk

 , (6)
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with the matrix elements given by

εaak = −tσ −
1

2
(tσ + 3tδ) cos(

√
3kx/2)e−i3ky/2,

εbbk = −tδ −
1

2
(3tσ + tδ) cos(

√
3kx/2)e−i3ky/2,

εabk = −i
√

3

2
(tσ − tδ) sin(

√
3kx/2)e−i3ky/2,

ε̃aak = t′[4 cos(
√

3kx/2) cos(3ky/2)− cos(
√

3kx)],

ε̃bbk = 3t′ cos(
√

3kx),

ε̃abk = 2
√

3t′ sin(
√

3kx/2) sin(3ky/2), (7)

where we used a, b to denote the two eg orbitals with |a〉 =
|d3z2−r2〉, |b〉 = |dx2−y2〉.

By fitting the local density approximation (LDA) band
structure with tight-binding model parameters, previous stud-
ies show the dominant effect is from nearest neighbor hop-
ping tσ ≈ 0.6eV. The next biggest contribution is from next-
nearest neighbor hopping t′ ≈ 0.1tσ .30 The direct overlap in-
tegral tδ is vanishing small. Previous equilibrium studies (ab-
sence of laser) show that the next nearest neighbor hopping
breaks the particle-hole symmetry of band structure. How-
ever, its effect on the quadratic touching and Dirac points
is negligible. In this work, we show that the next-nearest
neighbor hopping terms play an important role in the non-
equilibrium (laser-driven) case.

However, in order to describe the (111) LaNiO3 bilayer
more quantitatively, we fix tσ = 0.6eV and set t′/tσ as an
adjustable parameter in the range (0.0, 0.1). The electronic
band structure with t′/tσ = 0.0 and t′/tσ = 0.1 of Eq.(6)
are demonstrated in Fig.3(a) and Fig.6(a-b), respectively. We
find band 1 and 2 (3 and 4) touch at the Γ point, resulting in
two quadratic touching points. Band 2 and 3 touch at two in-
equivalent Dirac points,K ′ andK. We have labeled the above
electronic bands in its energy ascending order. We now turn
to the case of an incident laser field.

III. PERIODIC DRIVE UNDER A LASER FIELD

When the system is exposed to a normally incident [along
the (111) direction] laser field, the canonical momentum of the
electron is modified through the minimal substitution, k →
k + Ã(t), where Ã(t) = eA(t)/~ with A(t) the in-plane
laser vector potential, e the electron charge and ~ the reduced
Planck’s constant. The Hamiltonian becomes time-dependent,

H(k, t) =

(
HAA(k, t) HAB(k, t)
HBA(k, t) HBB(k, t)

)
, (8)

where each element is a 2 × 2 sub-matrix because there exist
two active orbitals (eg orbitals) per site. Further we need to
be careful about HAB(k, t) because we already used a gauge
transformation60 dkB → dkBe

ik·δz ,

HAB(k, t) = txe
−ik2−iÃ·δx + tye

−ik3−iÃ·δy + tze
−iÃ·δz .

In Eq.(8), the Coulomb gauge is adopted by setting the scalar
potential φ = 0 and the tiny effect of the direct (Zeeman)

coupling of the magnetic field to the spin of the electron is
ignored.

Throughout this paper, we use the vector potential A(t) =
A0[cos(Ωt),− sin(Ωt)] to represent circularly polarized laser
fields and A(t) = A0 cos(Ωt)[cos θ, sin θ] to represent lin-
early polarized laser fields, where A0 and Ω are the amplitude
and frequency of the laser, respectively. For notational conve-
nience, we define Ã0 = eA0/~ with unit 1/ã.

IV. FLOQUET THEORY

A Hamiltonian with a periodic time dependence can be de-
scribed by Floquet theory,35 which states that the solutions
to the time-dependent Schrödinger’s equation (in momentum
space) can be expressed as,

|Ψkα(t)〉 = e−iεkαt|φkα(t)〉 = e−iεkαt
∑
m

eimΩt|φ̃mkα〉, (9)

with m = 0,±1,±2, · · · and |φ̃mkα〉 a four component vector
(from the two orbitals/site and two sites in the bilayer unit
cell) indexed by α which obeys,∑

m

(Hnm +m~Ωδnm)|φ̃mkα〉 = εkα|φ̃mkα〉, (10)

with matrix elements of the Floquet Hamiltonian written as,

Hnm(k) =
1

T

∫ T

0

dte−i(n−m)ΩtH(k, t)

=

(
HAA
nm (k) HAB

nm (k)
HBA
nm (k) HBB

nm (k)

)
. (11)

Here m and n are integers ranging from −∞ to ∞. Thus,
the Floquet matrix is an infinite dimensional time-independent
matrix.

In this paper, we consider the laser frequency (~Ω) to be in
the region smaller (resonant regime) and larger (off-resonant
regime) than the bandwidth of the system, respectively. By
shining with off-resonant light, the original electronic bands
are renormalized through the virtual photon absorption and
emission processes. As a result, The Hamiltonian out of
equilibrium can be effectively described by a static Hamil-
tonian with virtual photon transition (Floquet-Magus expan-
sion). Technically, this is an easier limit to consider, and the
interpretation of experimental results will be simpler since
they can be understood in the context of an expansion. The
large frequency limit avoids resonant transitions and allows
an inverse frequency expansion of the Hamiltonian.66 In the
off-resonant regime, a truncation of the Floquet components
to be in m,n = −2,−1, 0, 1, 2 is a good approximation.

Resonant light will generally lead to much more compli-
cated results, because the precise details of the band struc-
ture and associated resonant transitions will influence how the
states are modified by the light. This is the regime of heavily
overlapping Floquet copies. However, if we are only inter-
ested in the region very close to a specific k point, we can still
study the Floquet-Bloch band structure around that point in a
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FIG. 2. (Color online) The Floquet-Bloch band structure of the (111)
bilayer LaNiO3 embedded in a normally incident linearly polarized
light A(t) = A0 cos(Ωt)(cos θ, sin θ) with Ã0ã =

√
2/10 and

~Ω = 20.6783meV (frequency ν = Ω/2π = 5THz and inten-
sity I = 116.598 mW/µm2). This is a low-energy resonant regime
of the drive. Only the dominant nearest neighbor hopping terms
are kept in the tight-binding Hamiltonian Eq.(8) with tσ = 0.6eV,
t′ = 0.0eV. (a) θ = 0, bands along kx(ky = 0). (b) θ = 0, bands
along ky(kx = 0). (c) θ = π/2, bands along kx(ky = 0). (d)
θ = π/2, bands along ky(kx = 0).

restricted region of momentum space and analyze the behavior
using the low-energy Hamiltonian.64 In the resonant regime, a
truncation of the Floquet components m,n needs to be tested
until convergence is achieved.

A. Linearly Polarized Light

For linearly polarized light with vector potential A(t) =
A0 cos(Ωt)[cos θ, sin θ], the Floquet Hamiltonian matrix ele-
ments are

HAB
nm = txg0(−k2, γ1) + tyg0(−k3, γ2) + tzg0(k0, γ3),

HBA
nm = t∗xg0(k2,−γ1) + t∗yg0(k3,−γ2) + t∗zg0(k0,−γ3),

HAA
nm = txy[g1(−k1, γ3, Ã0) + g1(+k1,−γ3,−Ã0)]

+ tzx[g1(−k2, γ2, Ã0) + g1(+k2,−γ2,−Ã0)]

+ tyz[g1(−k3, γ1, Ã0) + g1(+k3,−γ1,−Ã0)], (12)

where g1(ki, γ, x) = im−neik·aiJm−n(
√

3xã cos γ) and
g0(ki, γ) = im−neik·aiJm−n(Ã0ã sin γ) with γ1 = θ −
2π/3, γ2 = θ − π/3, γ3 = θ, and g0(k0, γ) =

Jm−n(Ã0ã sin γ)im−n. Here t∗u is the complex conjugate of
tu, and Jm(x) is the order-m Bessel function of the first kind,
as before.

The Floquet-Bloch band structure can be derived by di-
agonalizing the Floquet Hamiltonian in the truncated Flo-
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FIG. 3. (Color online) The Floquet-Bloch band structure of the
(111) bilayer LaNiO3 embedded in a normally incident linearly po-
larized light A(t) = A0 cos(Ωt)(cos θ, sin θ) with Ã0ã = 1 and
~Ω/tσ = 10 (frequency ν = Ω/2π = 1.45079×103THz and inten-
sity I = 4.87887×108mW/µm2). This is a high-energy off-resonant
drive. Only the dominant nearest neighbor hopping terms are kept in
the tight-binding Hamiltonian Eq.(8) with tσ = 0.6eV, t′ = 0.0eV.
The black dashed lines denote Floquet-Bloch band structure in the
theoretical infinite frequency limit, i.e. the time-average Hamilto-
nian. (a) The band structure plotted along the kx(ky = 0) direction
in equilibrium (absence of laser), given by Eq.(6); (b) θ = π/2,
bands along. kx(ky = 0) direction. (c) θ = 0, bands along.
kx(ky = 0) direction. (d) θ = 0, bands along. ky(kx = 0) di-
rection.

quet space (restricted values of m). We first consider the
case where only the dominant nearest-neighbor hopping term
tσ = 0.6eV is taken into account. The equilibrium band
structure is shown in Fig.3(a). Focusing in on the response
of the quadratic band touching point at the Γ point, Fig.2
shows the band structure (t′/tσ = 0.0) for linearly polar-
ized light with fixed amplitude Ã0ã =

√
2/10 and frequency

~Ω = 0.0206783eV. These parameters are experimentally re-
alizable, and correspond to a “resonant” case with driving en-
ergy well-below the band width.

By setting the polarization direction to be along the x-
direction, we plot the band structure along kx(ky = 0) and
ky(kx = 0) in Fig.2 (a-b). The quadratic touching point will
split into two Dirac points in kx direction and gapped along ky
direction. The band structure with different laser polarization
direction (along y) are plotted in Fig.2 (c-d). The quadratic
touching point is gapped along both kx and ky directions.
Our analytical results in the limit kx � 1, ky � 1, Ã0ã �
1, ~Ω� tσ show the band structure around the Γ point are as
follows:

• For polarization along the x-axis (θ = 0), the
gap opened at the Γ point is (Ã0ã)2tσ/16. Along
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FIG. 4. (Color online) The Floquet-Bloch band structure of the (111)
bilayer LaNiO3 embedded in a normally incident circularly polar-
ized light A(t) = A0(cos Ωt,− sin Ωt) with ~Ω = 20.6783meV
(frequency ν = Ω/2π = 5THz). This is a low-energy resonant
drive. Only the dominant nearest neighbor hopping terms are kept in
the tight-binding Hamiltonian Eq.(8) with tσ = 0.6eV, t′ = 0.0eV.
(a) Bands along the kx(ky = 0) direction with Ã0ã = 0.05,
I = 14.57475 mW/µm2, (b) Bands along the kx(ky = 0) direc-
tion with Ã0ã = 0.10, I = 58.299 mW/µm2, (c) Bands along the
kx(ky = 0) direction with Ã0ã = 0.15, I = 131.17275 mW/µm2,
(d) Bands along the kx(ky = 0) direction with Ã0ã = 0.20,
I = 233.196 mW/µm2.

the kx(ky = 0) axis, two Dirac points appear at
±(Ã0ã)/

√
6, while along ky(kx = 0) a gap is opened.

• For polarization along the y-axis (θ = π/2), the gap
opened at the Γ point is 7(Ã0ã)2tσ/48. As shown in
Fig.2(c-d), no further Dirac points are formed.

Figs.3(b-d) show the band structure (t′/tσ = 0.0) for linearly
polarized light with fixed amplitude Ã0ã = 1.0 and frequency
~Ω/tσ = 10. We study the dependence of the Floquet-Bloch
band structure on the polarization direction of the linear po-
larized light. By setting θ = π/2, the electric field is applied
along the y axis. The band structure is plotted along the x
direction in Fig.3(b). The effect of the y-polarized laser is to
split the quadratic touching point into two Dirac points on the
kx axis. A gap is opened at the Dirac points located at K(K′).
Next, we set the electric field to be along the x-axis (θ = 0).
The effect on the band structure is shown in Figs.3(c-d). The
Dirac points located at K(K′) undergo a tiny shift towards the
Γ point. The effect of x-polarized laser is to split the quadratic
touching point into two Dirac points on the ky axis.

Note that the behavior of the quadratic band touching point
in linearly polarized light is rather different depending on
whether the light is on-resonant or off-resonant. In particular,
Dirac points appear only along the x-direction for polariza-
tion along the same direction in the on-resonant case, while
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FIG. 5. (Color online) The Floquet-Bloch band structure of the (111)
bilayer LaNiO3 embedded in a normally incident circularly polarized
light A(t) = A0(cos Ωt,− sin Ωt) with ~Ω/tσ = 10 (frequency
ν = Ω/2π = 1.45079 × 103THz). This is a high-energy off-
resonant drive. Only the dominant nearest neighbor hopping terms
are kept in the tight-binding Hamiltonian Eq.(8) with tσ = 0.6eV,
t′ = 0.0eV. The black dashed lines denote Floquet-Bloch band struc-
ture in the theoretical infinite frequency limit. (a) Bands along the
kx(ky = 0) direction with Ã0ã = 0.5, I = 1.21972×108mW/µm2,
the inset shows a zoomed view around the quadratic band touching
at 1/4 filling, (b) Bands along the kx(ky = 0) direction with Ã0ã =
1.7, I = 1.40999 × 109mW/µm2, (c) Bands along the kx(ky = 0)

direction with Ã0ã = 3.8, I = 7.04509 × 109mW/µm2), (d) The
zero-th order Bessel function of the first kind is plotted as J0(x)
and J0(

√
3x) responsible for independent renormalization of first

and second neighbor hopping.

in the off-resonant case Dirac points appear in the perpendic-
ular direction for both x and y polarizations. Thus, the high-
frequency regime exhibits more universal behavior than the
low-frequency regime.

We next take the second neighbor hopping into considera-
tion. Because the effect of a linearly polarized laser on the
Dirac points is very similar to the previous case (t′ = 0), we
focus on the effect of linearly polarized light on the quadratic
touching points. The Floquet-Bloch band structure with lin-
early polarized light is shown in Figs.6(c-f). Here we set
the polarization of laser to be along the x-axis (θ = 0) and
plot the band structure along the ky-axis. The amplitude of
laser is fixed at Ã0ã =

√
2/10. In the theoretical infinite fre-

quency limit, the effective Hamiltonian will approximately be
the time-averaged time dependent Hamiltonian.66,67

Our analytical results in the high frequency limit show the
gap opened at the Γ point will be |3(Ã0ã)2(tσ − 12t′)/16|.
Fig.6(c) shows the band structure in the high frequency limit
(~Ω/tσ = 100) to mimic the behavior of the theoretical in-
finite frequency limit. Two new Dirac points are situated at
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FIG. 6. (Color online) The Floquet-Bloch band structure of the (111)
bilayer LaNiO3 embedded in a normally incident linearly polarized
light A(t) = A0 cos(Ωt)(cos θ, sin θ) with Ã0ã =

√
2/10. The

series shows the approach to a resonant drive starting from a high-
energy off-resonant drive. The electric field is fixed to point along the
x direction by θ = 0. Both nearest neighbor and next nearest neigh-
bor hopping terms are kept in the tight-binding Hamiltonian Eq.(8)
with tσ = 0.6eV, t′ = 0.1tσ . The band structure plotted along: (a)
kx(ky = 0); (b) ky(kx = 0) direction in equilibrium (absence of
laser), given by Eq.(6), (c) ky(kx = 0) direction, ~Ω/tσ = 100,
ν = 14.5079 × 103THz, I = 9.75774 × 108mW/µm2; (d)
ky(kx = 0) direction, ~Ω/tσ = 10.0, ν = 1.45079 × 103THz,
I = 9.75774 × 106mW/µm2; (e) ky(kx = 0) direction, ~Ω/tσ =
8.33, ν = 1.20899 × 103THz, I = 6.77621 × 106mW/µm2; (f)
ky(kx = 0) direction, ~Ω/tσ = 6.67, ν = 0.96719 × 103THz,
I = 4.33677×106mW/µm2. All insets show a zoomed view around
the quadratic touching at 1/4 filling which shows the most significant
renormalization.

(0,±0.1), which is close to (0, ±Ã0/
√

2). Reducing the fre-
quency of laser, the gap at the Γ point tends to close and
the two Dirac points move toward the Γ point, as shown in
Fig.6(d) with ~Ω/tσ = 10. Continuing to decrease the fre-
quency (~Ω/tσ = 8.33) will merge the two Dirac points into
one quadratic touching point at Γ, as shown in in Fig.6(e).
Further decreasing the frequency, the quadratic touching point
will open a gap without new Dirac points formed. The gap for
~Ω/tσ = 6.67 is shown in Fig.6(f). Note the inclusion of
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FIG. 7. (Color online) The Floquet-Bloch band structure of the (111)
bilayer LaNiO3 embedded in a normally incident circularly polarized
light A(t) = A0(cos Ωt,− sin Ωt) with ~Ω/tσ = 10 (frequency
ν = Ω/2π = 1.45079 × 103THz). Series shows off-resonant drive
with increasing intensity. Both nearest neighbor and next nearest
neighbor hopping terms are kept in the tight-binding Hamiltonian
Eq.(8) with tσ = 0.6eV, t′ = 0.1tσ . (a) kx(ky = 0) direction, cir-
cularly polarized light Ã0ã = 0.50, I = 1.21972 × 108mW/µm2;
(b) kx(ky = 0) direction, circularly polarized light Ã0ã = 1.39,
I = 9.42646 × 108mW/µm2; (c) kx(ky = 0) direction, circu-
larly polarized light Ã0ã = 1.80, I = 1.58075 × 109mW/µm2;
(d) kx(ky = 0) direction, circularly polarized light Ã0ã = 2.40,
I = 2.81023 × 109mW/µm2; (e) kx(ky = 0) direction, circu-
larly polarized light Ã0ã = 2.83, I = 3.90744 × 109mW/µm2;
(f) kx(ky = 0) direction, circularly polarized light Ã0ã = 3.80,
I = 7.04509× 109mW/µm2.

the second neighbor hopping, t′, generally leads to dispersive
bands in equilibrium, Fig.6(a).

B. Circularly Polarized Light

For circularly polarized light with vector potential A(t) =
A0[cos(Ωt),− sin(Ωt)], the Floquet Hamiltonian matrix ele-
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ments are,

HAB
nm (k) = [txf(k2, α2) + tyf(k3, α3) + tz]Jm−n(Ã0ã),

HBA
nm (k) = [t∗xf(k2, α2) + t∗yf(k3, α3) + t∗z]Jm−n(−Ã0ã),

HAA
nm (k) = [txyf(−k1, β1) + tzxf(−k2, β2)

+ tyzf(−k3, β3)]Jm−n(−
√

3Ã0ã)

+ [txyf(+k1, β1) + tzxf(+k2, β2)

+ tyzf(+k3, β3)]Jm−n(+
√

3Ã0ã), (13)

where f(ki, x) = eik·aiei(m−n)x and α2 = −α3 = 2π/3,
β1 = π/2, β2 = −β3 = π/6.

Diagonalizing the time-independent Hamiltonian in the
truncated Floquet space will give one the Floquet-Bloch band
structure. Fig.4 shows the Floquet-Bloch band structure very
close to Γ point at quarter filling for the case of circular po-
larization. We plot the band structure as a function of laser
intensity while fixing its frequency at 5 THz. As the laser in-
tensity is increased, the size of the gap at Γ point is increasing
monotonically, at the same time, the two bands are pushed up
correspondingly. This kind of behavior can be understood by
deriving the low energy Hamiltonian at Γ. By downfolding the
Floquet Hamiltonian in the limit kx = ky = 0, Ã0ã � 1 and
keeping terms O(Ã2

0ã
2), we find that, the bands are pushed

up by 3(Ã0ã)2tσ/16 and the gap opened at Γ point at quarter
filling is (Ã0ã)2Ω/8.

Figs.5(a-c) shows the band structure (t′/tσ = 0.0) for cir-
cularly polarized light with amplitudes Ã0ã = 0.5, 1.7, 3.8
and fixed driving frequency ~Ω/tσ = 10. The dominant fea-
tures of the band structure can be understood by taking the
effective Hamiltonian in the infinite frequency limit.66 In this
limit, the effective Hamiltonian will be

Heff(k) =
1

T

∫ T

0

H(k, t)dt = J0(Ã0ã)H0(k, t′ = 0),

which means the original bands in equilibrium are renormal-
ized by a scale factor of the zero-th order Bessel function.
The photon-dressed band structure in infinite frequency limit
are shown as dashed lines in Fig.5. As a result, in this limit,
the laser will rescale the bands by J0(Ã0ã), which could even
be zero or negative. The For example, J0(0.5) = 0.938 in
Fig.5(a). Continuing to increase the amplitude of the laser
will tend to renormalize bands towards zero bandwidth, as
shown in Fig.5(b). Finally, when the Bessel function changes
sign, the bands will be scaled by |J0(Ã0ã)| and be inverted
(J0(3.8) = −0.403) in Fig.5(c). By comparing the numerical
exact Floquet-Bloch band structure with the photon-dressed
band structure in infinite frequency limit, we verified that
the zeroth order approximation in Floquet-Magus expansion
plays a dominant role throughout the parameter range used,
while high-order correction plays an important role in deter-
mining the detailed band structure, for example, bands around
quadratic touching points shown in inset of Fig.5(a).

Adding the next-nearest neighbor terms (t′/tσ = 0.1) will
make the results considerably more interesting. Figs.7(a-f)
shows the band structure (t′/tσ = 0.1) for circularly polarized

light with amplitudes Ã0ã = 0.50, 1.39, 1.80, 2.40, 2.83, 3.80
and fixed driving frequency ~Ω/tσ = 10. To understand
the Floquet-Bloch band structure shown in Figs.7, we take
the theoretical infinite frequency limit as before, the effective
Hamiltonian will be

Heff(k) =
1

T

∫ T

0

H(k, t)dt

= J0(Ã0ã)H0(k, tσ, t
′ = 0) + J0(

√
3Ã0ã)H0(k, tσ = 0, t′)

= H0(k, t′ = 0, tσeff) +H0(k, tσ = 0, t′eff),

where we defined tσeff = J0(Ã0ã)tσ and t′eff = J0(
√

3Ã0ã)t′.
This effective Hamiltonian tells us the original nearest and
next-nearest neighbor hopping terms in equilibrium are renor-
malized by a scale factor of the zero-th order Bessel function
J0(Ã0ã) and J0(

√
3Ã0ã), respectively. We already know

that, in the absence of the laser, the effect of the next nearest
neighbor hopping terms t′ is to break the particle-hole sym-
metry.

As one switches on the laser with small amplitude Ã0ã =
0.5 (for 0 < Ã0ã < 1.39, we have t′eff < 0.1tσeff ), an effect
of the circularly polarized laser is to increasingly recover the
particle-hole symmetry, as shown in Fig.7(a). At Ã0ã = 1.39
(t′eff = 0), the particle-hole symmetry is fully recovered,
shown in Fig.7(b). For 1.39 < Ã0ã < 2.404, the effective
hopping parameters are tσeff > 0 and t′eff < 0, which push
the bands upward, shown in Fig.7(c). Around Ã0ã = 2.404,
tσeff ≈ 0, t′eff ≈ −0.3812, the next nearest neighbor term is
dominant in the Floquet-Bloch band structure, as shown in
Fig.7(d). At Ã0ã = 2.83, t′eff = 0.1tσeff < 0, the band struc-
ture is exactly a band inversion, as shown in Fig.7(e). Around
Ã0ã = 3.800, we have tσeff < 0 and t′eff > 0, and the bands
are as shown in Fig.7(f).

C. Comparison with results for the nickel-oxygen
tight-binding model

The nickel-oxygen model30 is written as

HNi−O =
∑
iσ

εpp
†
iσpiσ +

∑
iασ

εdd
†
iασdiασ +Hhyb +Hp−p,

(14)

where p†iσ(piσ) creates (annihilates) an electron in an oxy-
gen p-orbital with spin σ, d†iασ(diασ) creates (annihilates)
an electron in the nickel eg orbital with band α and spin σ.
Hhyb describes the hybridization between oxygen p-orbital
electrons and Ni eg-orbital electrons. The hybridization is
parametrized by the Slater-Koster parameter Vpdσ = 1.8eV.
Hp describe the hopping between oxygen p-orbitals parame-
terized by Slater-Koster parameter Vppσ = 1.4eV. Here we
follow the Ref.[30], and choose the parameters as εinp =

−4.74eV, εoutp = −5.47eV, εd = −1.47eV. Here we set the
in-layer (sandwiched by Ni-Ni) and out-layer (sandwiched by
Ni-Al) oxygen ions to have different on-site potential energy.

In Fig.8, we plot the Floquet-Bloch band structure for the
Ni-Ni tight-binding model in Eq.(1) and Ni-O tight-binding
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model in Eq.(14) with solid and dashed lines, respectively.
Fig.8(a) shows the band structure in equilibrium (absence of
laser). The total bandwidth of the Ni-O model is around 12
eV. For a comparison of the Floquet-Bloch band structure for
the two tight-binding models, we plot the band structure in
Fig.8(b-d) with the amplitude Ã0ã = 0.5, 1.0, 1.5 and fre-
quency ~Ω = 12 eV. Note that the band structure is scaled
differently with frequency in the Ni-Ni model and the Ni-O
model due to greater proximity to resonant transitions in the
Ni-O model with a wider overall bandwidth. This highlights
the importance of higher energy bands in general Floquet situ-
ations and is relevant to experimental efforts to realize Floquet
topological insulators, and other desired Floquet band struc-
tures.

Finally, we consider the resonant process between O p-
bands and Ni eg-bands by setting the laser frequency to be
~Ω = 10.5 eV, which is less than the bandwidth of the Ni-
O model. The equilibrium bands (red) and Floquet band
copies of oxygen p-bands (green) are plotted in Fig.8(f). The
Floquet-Bloch bands are shown in Fig.8(e). Due to the over-
lap between the oxygen p and nickel eg bands, band inversion
occurs and a gap opens at the crossing points. Hence, in a
multi-band model is the total bandwidth that is very important
for the band Floquet band structure for resonant conditions.

V. LOW ENERGY EFFECTIVE HAMILTONIAN FOR
QUADRATIC BAND TOUCHINGS AND DIRAC POINTS

In the previous section, we saw that the dominant band
structure features of the Floquet-Bloch bands for large driving
frequencies can be understood by the time averaged Hamilto-
nian. However, to see how the quadratic band touching points
and Dirac band touching points respond to the circularly and
linearly polarized light, it is helpful to derive an effective low-
energy theory to better understand the universal features. Be-
cause the Dirac band touching point has been much discussed
in the literature,39,41–43,56–61 here we focus on the quadratic
band touching point at high frequency, which to the best of
our knowledge has received very little attention.64

The effective Hamiltonian describing the quadratic band
touching point at 1/4 filling (in the absence of the drive, and
in the presence of time-reversal symmetry) can be written in
a general quadratic band touching form65 (in the absence of
time-reversal symmetry breaking68),

HQBC(k) = ηI(k
2
x + k2

y)I + 2ηxkxkyσx + ηz(k
2
x − k2

y)σz,
(15)

where I is the identity matrix, and σx and σz are two real Pauli
matrices along x and z, respectively. The three coefficients
above are determined as,

ηI = 3(tσ − 12t′ + tδ)/16 + 3tσtδ/(4tσ + 4tδ),

ηz = 3(tσ − 12t′ − tδ)/16,

ηx = −ηz. (16)

By setting tδ = 0, the effective Hamiltonian simplifies to

HQBC =
3

8
(tσ − 12t′)

(
k2
x −kxky

−kxky k2
y

)
. (17)
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FIG. 8. (Color online) The Floquet-Bloch band structure of the (111)
bilayer LaNiO3 embedded in a normally incident circularly polarized
light A(t) = A0(cos Ωt,− sin Ωt) along the kx(ky = 0) direc-
tion. Both nearest neighbor and next nearest neighbor hopping terms
are kept in the tight-binding Hamiltonian Eq.(8) with tσ = 0.6eV,
t′ = 0.1tσ . The band structure are shown with solid lines for
Nickel-Nickel tight-binding model in Eq.(1), dashed lines for Nickel-
Oxygen tight-binding model in Eq.(14). (a) Equilibrium (absence of
laser) band structure; (b) Ã0ã = 0.50, ~Ω = 12 eV; (c) Ã0ã = 1.00,
~Ω = 12 eV; (d) Ã0ã = 1.50, ~Ω = 12 eV; (e) Ã0ã = 1.00,
~Ω = 10.5 eV; (f) Ã0ã = 0.00 and ~Ω = 10.5 eV. (f) and (e) only
differ in that there is no coupling between Floquet states in (e).

Technical details related to the derivation of the effective
Hamiltonian can be found in Ref.[28] using second order per-
turbation theory or Ref.[64] using downfolding. In the re-
maining part of this paper, all the effective two-band Hamil-
tonians are derived using downfolding.

In the following, we derive the low energy effective two
band Hamiltonian up to second order in kxã � 1, kyã � 1,
and Ã0ã � 1. For this specific model Hamiltonian, the ef-
fective Hamiltonian derived from the Floquet Hamiltonian is
no longer the one obtained by setting k → k + eA(t)/~ in
Eq.(17). Instead, one needs to follow the two-step procedure
detailed in Ref.[64] to derive a 2 × 2 effective Hamiltonian.
The results of the low-energy theories are summarized in Ta-
ble I.
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Light Polarization Gap on-resonance Gap off-resonance
circular (Ã0ã)2(~Ω)/8 9 (Ã0ã)2tσ/(8~Ω)

linear, θ = 0 (Ã0ã)2tσ/16 3(Ã0ã)2tσ/16

linear, θ = π/2 7(Ã0ã)2tσ/48 3(Ã0ã)2tσ/16

TABLE I. Gap dependence at the Γ point for 1/4 band filling as
a function of light polarization and energy of drive. On-resonant
drives have small photon energy compared to the bandwidth and off-
resonant drives have large photon energies compared to bandwidth.

A. Linearly Polarized Light

We have seen that linearly polarized light along the x-axis
in the plane can be expressed as A(t) = A0 cos(Ωt)(1, 0).
The effective Hamiltonian around the quadratic touching point
at 1/4 filling is given by,

HQBC =
3

8
(tσ − 12t′)

(
k2
x −kxky

−kxky k2
y

)

+
3(Ã0ã)2

32

(
3(tσ − 8t′) +

27t3σ
(~Ω)2 0

0 tσ +
3t3σ

(~Ω)2

)
. (18)

The magnitude of the gap at the Γ point can be obtained
from the low-energy form of the Hamiltonian, Eq.(18), and
is |3(Ã0ã)2(tσ − 12t′)/16 + 9(Ã0ã)2t3σ/4(~Ω)2|. The gap
magnitude will be simplified to |3(Ã0ã)2(tσ − 12t′)/16| in
the high frequency limit. Decreasing the laser frequency will
result in a reduced gap size (since tσ < 12t′).

Further, by diagonalizing the low energy Hamiltonian in
Eq.(18), we realize that two conditions need to be simultane-
ously fulfilled to open a gap and prevent new Dirac points
from being formed: (1) tσ − 12t′ < 0, (2) (~Ω)2 >
12t3σ/(12t′−tσ). Otherwise, the quadratic touching point will
split into two Dirac points with the position of two new Dirac
points being ±(0,

√
1− 12t3σ/[(12t′ − tσ)(~Ω)2])Ã0/

√
2.

In the high frequency limit, the position of the two Dirac
points are ±(0, Ã0/

√
2). Decreasing the frequency will pull

the two Dirac points toward the Γ point. There exist a critical
frequency ~Ωc =

√
12t3σ/(12t′ − tσ) where the two Dirac

points will merge into one quadratic touching point at the Γ
point. Further decreasing the laser frequency, Ω < Ωc, the
quadratic touching points will open a gap and no new Dirac
points are formed.

We also study the effect of a linearly polarized laser on the
quadratic touching point at 3/4 filling. It will split into two
Dirac points situated at

√
1 + 12t3σ/[(t+ 12t′)(~Ω)2]Ã0/

√
2

which shift the position for infinity frequency, Ã0/
√

2, away
from Γ point.

One can contrast the behavior of the quadratic band touch-
ing point with what happens at the Dirac points. By keeping
terms up to quadratic order in momentum (leading corrections
to the pure Dirac dispersion), one can derive the low energy
effective Hamiltonian around the Dirac points at K (K′). We
find that the response of the Dirac point depends on the polar-
ization direction of the pump light: For θ = π/2 (and sym-
metry related directions), the middle two bands will open a

gap. Away from θ = π/2 (and symmetry related directions),
the Dirac points will undergo a small shift and remain gapless.
These results apply to Dirac points at both K and K′ points.

B. Circularly Polarized Light

The effect of circularly polarized light on the quadratic
band touching point is rather different from the case of linearly
polarized light. The effective Hamiltonian around quadratic
touching point at 1/4 filling is given by,

HQBC =
3

8
(tσ − 12t′)

(
k2
x −kxky

−kxky k2
y

)

+
3(Ã0ã)2

16

(
2(tσ − 6t′) −3it2σ/~Ω

3it2σ/~Ω 2(tσ − 6t′)

)
. (19)

The magnitude of the gap at the Γ point can be obtained
from the low-energy form of the Hamiltonian, Eq.(19), and
is 9(Ã0ã)2t2σ/(8Ω). The gap will be close in the high fre-
quency limit. By contrast, the gap at the Dirac points K and
K′ are proportional to 9Ã2

0tσtδ/(2~Ω) + 81Ã2
0t
′2/(2~Ω) +

81Ã2
0(t2σ + 6t′2)2/[32(~Ω)3], which also closes in the high-

frequency limit but as a different power of ~Ω if tδ = t′ = 0.

VI. OPTICAL HALL CONDUCTIVITY

One way the Floquet-Bloch band features discussed above
can be probed in experiments is via the optical Hall conduc-
tivity. The finite-frequency transverse optical conductivity–
related to the Faraday rotation61,69–73–can reveal some of the
features in the band structure, particularly at energies where
transitions occur between “flat” regions (in momentum space)
of the bands. Typically, transport measurements on Floquet
systems are problematic35,41,49,50 and angle resolved photoe-
mission spectroscopy (ARPES),47,48 only provides access to
the occupied states.

If one defines a Fourier transformed Berry “vector poten-
tial” as,60

Amβiα =
1

T

∫ T

0

dte−imΩt〈φkβ(t)| ∂
∂ki

φkα(t)〉, (20)

then one can express a quantity Fmk in terms of them as

Fm,αβk = i
[
A−mβxαA

m
αyβ −A−mβyαA

m
αxβ

]
, (21)

which leads to a linear response formula60 for the optical con-
ductivity in terms of the time-averaged Berry curvature of a
period of the drive,

F̄kα =
1

T

∫ T

0

2=[〈∂yφkα(t)|∂xφkα(t)〉]dt, (22)

where α is the band index, = denotes the imaginary part, and
F̄kα =

∑
β,m F

m,αβ
k . Technical details of the numerical cal-

culation of Fmk can be found in the appendix of Ref. [64].
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For a four-band system, the optical Hall conductance60,61

can be written as a sum,

σxy(ω) =
∑
α<β

σαβxy (ω) =
∑
m=int

∑
α<β

σαβxy (ω), (23)

with

σm,αβxy (ω) = − e2

2πh

∫
d2kE2

m,αβF
m,αβ
k

×
ω2 − E2

m,αβ − 2iωδ

[ω2 − E2
m,αβ ]2 + 4ω2δ2

[ρkα − ρkβ ], (24)

where

Em,αβ = Ekβ − Ekα −mΩ. (25)

The terms ρkα − ρkβ in Eq.(24) provide information about
the relative occupations at wave vector k of bands α and β.
We assume that the system is initially in the ground state of
the (LaNiO3)2/(LaAlO3)N at 1/4 filling. We time evolve the
system using H(t), Eq.(6) modified by the vector potential
A(t) [see Eq.(8)] that drives the system into a Floquet-Bloch
state. We consider only the case of circularly polarized light as
transverse optical conductivity vanishes in the case of linearly
polarized light.64

We refer to the “ideal” case as when the lowest Floquet-
Bloch band of the system is fully occupied while the other
two bands are empty (for all time).60 Fig.9 shows the optical
Hall conductivity as a function of the frequency of probe light.
In the low frequency limit, the dc Hall conductivity is propor-
tional to the Chern number, C: σidealxy (ω = 0) = Ce2/h [see
Eq.(24)], and is determined by the

∑
m F

m
k in Eq.(21). Here

we used 7 copies m = −3, · · · , 3 in the Floquet Hamiltonian
for calculations of optical Hall conductivity.

Clearly, σidealxy (ω → 0) = e2/h in all cases, so that the
circularly polarized light generates topological bands. Away
from the low frequency limit, the individual Fmk control the
behavior. One can see from Eq.(24) that the peaks in the inte-
grand are around ω ≈ |εkβ − εkα −mΩ|, while the dominant
k are determined by the peaks in Fmk . The most striking fea-
ture that occurs around ω/Ω ≈ 0.3 in Figs.9(a,b) and around
ω/Ω ≈ 0.18 Figs.9(c,d) is related to the transitions between
the “lower” and “upper” most Floquet bands that are relatively
weakly dispersing relative to the “middle energy” bands. The
feature seen around ω/Ω ≈ 1.0 Figs.9(c,d) is related to tran-
sitions between “copies” of the Floquet bands differing by
one photon. The high frequency behavior is σxy(ω) ∝ 1/ω2.
Thus, the smaller probe frequencies ω provide the most useful
information in experiment. In addition, it is clear that a rela-
tively small number of transitions dominate σidealxy (ω), which
can potentially be exploited in experiments or applications
that are seeking to be sensitive to a particular frequency of
light and relatively insensitive to others. This insight could be
useful in searching for materials that might be good candidates
for observing Floquet-Bloch states in the optical conductivity.
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FIG. 9. (Color online) Optical Hall conductivity as a function the
probe laser frequency. The frequency of the pump laser is fixed to
be ~Ω/tσ = 10. (a) Only the nearest neighbor hopping is taken
into account, tσ = 0.6eV, t′ = 0. The amplitude of pump laser
is set to be Ã0ã = 0.5. (b) Only the nearest neighbor hopping is
taken into account, tσ = 0.6eV, t′ = 0. The amplitude of pump
laser is set to be Ã0ã = 1.8. (c) Both the nearest and next-nearest
neighbor hopping are taken into account, tσ = 0.6eV, t′ = 0.1tσ .
The amplitude of pump laser is set to be Ã0ã = 0.5. (d) Both the
nearest and next-nearest neighbor hopping are taken into account,
tσ = 0.6eV, t′ = 0.1tσ . The amplitude of pump laser is set to be
Ã0ã = 1.8.

VII. DISCUSSION AND CONCLUSIONS

In this work, we theoretically studied the Floquet-Bloch
band structure of the bilayer (LaNiO3)2/(LaAlO3)N het-
erostructure grown along the (111) direction. We studied the
effect of a circularly and linearly polarized laser on the elec-
tronic structure using Floquet theory. In the absence of a
laser, first principles calculations suggest that there exists two
quadratic touching points and two inequivalent Dirac points
located at the center (Γ) and the corners (K and K ′) of the
hexagonal first Brillouin zone, and two nearly flat bands lo-
cated at the top and bottom of the electric band structure
derived from the d-band eg orbitals closest to the Fermi en-
ergy. A tight-binding fit of the LDA band structure shows that
nearest-neighbor hopping plays a dominant role in the band
structure, while the next-nearest neighbor hopping breaks the
particle-hole symmetry of the system and determines the finer
features of the band structure. An important result that we
highlight in this work is hopping terms of different range are
renormalized differently under an intensity variation of the
light when the driving frequency is held fixed.74 This feature
can be used to gain considerable control over the Floquet-
Bloch band structure of any system with hopping parame-
ters of varying distance. The greater the number of important
hopping parameters, the greater the potential control over the
Floquet-Bloch band structure.

For the system we studied here, only the first and second
neighbor hopping terms play a critical role in the band struc-
ture. We found that circularly polarized light can reduce the
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effect of next-nearest neighbor hopping to be zero while re-
normalizing the effect of nearest neighbor hopping to be finite,
resulting in the recovery of particle-hole symmetry, for exam-
ple. Or, in contrast, the effective nearest neighbor hopping
can be renormalized to be zero, rendering the second nearest
neighbor hopping terms the dominant ones for the electronic
band structure.

We also introduced a model that explicitly included the
oxygen p-orbitals and studied the Floquet states of this sys-
tem. The oxygen p-orbitals significantly increased the over-
all bandwidth of the system and increased the minimum en-
ergy of photons for one to be in the off-resonant regime. The
model also highlights the property that the nickel only model
and the nickel-oxygen model lead to different results even in
the infinite frequency limit, unless the intensity of the light is
small, in which case they agree. Therefore, universal results
are only obtained in the large frequency, low-intensity limit.
When trying to interpret experimental systems, it should be
born in mind that increasing the intensity of the laser increases
the importance of higher energy bands in the system.

With respect to band touching points, we found that there
is a gap opened with magnitude (Ã0ã)2/(~Ω) originating in
1-photon absorption and emission processes at the quadratic
touching point (1/4 filling), which is different from a previous
study on the kagome lattice (which found a 2-photon process
with magnitude (Ã0ã)4/(~Ω)). Therefore, the higher energy
bands can influence the physics of the gap opening at band
touching points. By deriving an effective 2-band Hamilto-
nian up to second order in momentum using a down-folding
scheme, we understand this happens due to the multi-band hy-

bridization.
Linearly polarized light will split the quadratic touching

point into two Dirac points in the limit of infinite frequency.
Reducing to finite frequency will pull the two Dirac points
toward the original quadratic touching point. At a critical fre-
quency, the two Dirac points merge into one quadratic point.
Further decreasing the frequency, the quadratic touching point
will open a gap and no new Dirac points will be formed upon
further lowering the frequency. We analyze these results by
deriving a 2-band effective Hamiltonian. The results are sum-
marized in Table I.

Finally, we calculate the frequency dependent optical Hall
conductivity using the four band generalized model and ana-
lyze the various inter-band contributions to the Floquet modes.
We find the smaller probe frequencies ω provide the most use-
ful information in experiment. In addition, a relatively small
number of transitions dominate σidealxy (ω), which can poten-
tially be exploited in experiments or applications that are seek-
ing to be sensitive to a particular frequency of light and rela-
tively insensitive to others. This insight could be useful in
searching for materials that might be good candidates for ob-
serving Floquet-Bloch states in the optical conductivity. We
hope our study will help motivate further work in this direc-
tion.
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29 A. Rüegg and G. A. Fiete, Phys. Rev. B 84, 201103 (2011).
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