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Spin current plays a central role in spintronics. In particular, finding more efficient ways to
generate spin current has been an important issue and studied actively. For example, representative
methods of spin current generation include spin polarized current injections from ferromagnetic
metals, spin Hall effect, and spin battery. Here we theoretically propose a new mechanism of
spin current generation based on nonlinear phenomena. By using Boltzmann transport theory, we
show that a simple application of the electric field E induces spin current proportional to E? in
noncentrosymmetric spin-orbit coupled systems. We demonstrate that the nonlinear spin current of
the proposed mechanism is supported in the surface state of three-dimensional topological insulators
and two-dimensional semiconductors with the Rashba and/or Dresselhaus interaction. In the latter
case, the angular dependence of the nonlinear spin current can be manipulated by the direction
of the electric field and by the ratio of the Rashba and Dresselhaus interactions. We find that
the magnitude of the spin current largely exceeds those in the previous methods for a reasonable
magnitude of the electric field. Furthermore, we show that application of AC electric fields (e.g.
terahertz light) leads to the rectifying effect of the spin current where DC spin current is generated.
These findings will pave a new route to manipulate the spin current in noncentrosymmetric crystals.

I. INTRODUCTION

Spins and their flow in solids have attracted recent
intensive attentions from the viewpoints of both funda-
mental physics and spintronics applications. The conven-
tional and direct way to generate spins or spin current in
solids is to inject the spin polarized current from metallic
ferromagnets'™*. Meanwhile, recent researches have been
focusing on the electric manipulation of spin and spin
current without using the magnets, where the relativistic
spin-orbit interaction (SOI) plays an essential role. For
such an example, the spin Hall effect supports the con-
version of the charge current to the spin current®'6. In
the presence of the SOI, the spin Hall conductivity o,
becomes nonzero due to the extrinsic mechanism such
as the skew scattering®” or the intrinsic mechanism by
the Berry phase of the Bloch wave functions® 2. These
two mechanisms induce the o3, proportional to O(7) and
O(1), respectively, in terms of the transport lifetime 7.
Spin battery is another method to produce the spin cur-
rent, where the precession of the ferromagnetic moment
is excited by the magnetic resonance absorption, and the
damping of this collective mode results in the flow of
the spin current to the neighboring system through the
interface! ™21, Interband spin selective optical transition
under the irradiation of the circularly polarized light also
induces the spin polarized current which is known as the
circular photogalvanic effect??23. These methods have
been successfully applied to study the variety of phenom-
ena, but the experimental signals associated with
the spin current are quite small and the device
structure to detect them is limited. A more ef-
ficient way to create the spin current based on
another physical origin has been desired for the pur-
pose of spintronics application.

In this paper, we theoretically propose that a simple
application of the electric field produces the nonlinear
spin current proportional to the square of the electric field
(E?) and also the square of the transport lifetime (72),
due to an interplay of the SOI and broken inversion sym-
metry. Therefore, it can produce larger spin current com-
pared with previous methods. This effect is supported by
nontrivial spin texture in energy bands that appears in
inversion broken systems with the SOI, e.g., the surface
Weyl state of three-dimensional (3D) topological insula-
tors (TI) and two-dimensional (2D) semiconductors with
the Rashba and/or Dresselhaus SOI. This new mecha-
nism also offers the rectification of the spin current, i.e.,
the generation of the DC spin current from AC electric
fields. These proposed mechanisms are based on the non-
linear current responses in noncentrosymmetric systems
which is captured in the semiclassical treatment using
Boltzmann equation as follows.

Noncentrosymmetric systems support nonlinear charge
current proportional to E2. The canonical example is a
p-n junction, where the difference of I — V' character-
istics between the right and left directions leads to the
charge current proportional to E2. However, for the pe-
riodic systems with conserved crystal momentum k, the
situation is less trivial. This is because the time-reversal
symmetry 7 imposes the condition on the energy disper-
sion, i.e., €4 (k) = e5(—k) with & being the opposite spin
to a. Therefore, even with the broken inversion sym-
metry Z, there remains a certain symmetry between k
and —k as long as one is concerned about the charge
degrees of freedom. Thus, in Boltzmann transport phe-
nomena where the charge current is determined by the
energy dispersion only, it is necessary to further break
the time reversal symmetry in addition to Z, e.g., by the
external magnetic field B or the spontaneous magnetiza-



tion M, in order to to realize the nonreciprocal charge
responses®* 2. Exceptions necessarily require that the
information of the wave functions enters into the trans-
port properties through e.g. the Berry phase3?:3!. How-
ever, it should be noted that these Berry phase con-
tributions are not the leading order effect in semiclas-
sics. Namely, the dominant one, which is proportional to
(TE)? in the clean limit, is the contribution captured by
the Boltzmann equation.

On the other hand, the situation is dramatically dif-
ferent for the spin current. In this case, one needs to dis-
tinguish the spin components of the energy bands. The
spin split bands in noncentrosymmetric systems with the
SOI could produce the spin current proportional to (7 E)?
even without breaking the 7 symmetry. The difference
of the required symmetry for the charge current and the
spin current is discussed in detail in the section III. Since
this effect arises from the Boltzmann transport, the gen-
erated nonlinear spin current becomes very large (with
o 72) compared with previous methods mentioned above.

‘We note that the nonlinear spin current in
transition metal dichalcogenides (TMDs) was also
studied theoretically®?. While ref.3? is focused
on the band structure with the Ising-type spin
splitting along the fixed (z-) direction, our the-
ory is applicable to cases with general SOIs that
lacks the S, conservation. Especially, Rashba sys-
tem, being intensively studied in the context of
the spintronics, is a typical example that breaks
S, conservation. Considering the ubiquitousness
of the Rashba system which emerges universally
at interfaces and even in the bulk®>:3, the appli-
cability to such system is a great advantage of
the present study for future spintronics studies.
Furthermore, the nonlinear spin current in the
present study is 2 or 3 orders of magnitude larger
compared with ref.?? since the latter is propor-
tional to a small higher order coefficient, namely,
the trigonal warping. The detailed comparison to
ref.3? is discussed in the section VI. The present
nonlinear spin current also ensures controllability
of the spin polarization of the flowing spin current
through the direction of the electric field and/or
the Rashba-Dresselhaus ratio.

II. THEORETICAL METHODS
A. Boltzmann equation

First we derive the general formula for nonlinear spin
current in the semiclassical regime by using Boltzmann
equation. We consider a system with the electric field F
applied in the x direction. The Boltzmann equation for
the distribution function f is given by
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in the relaxation time approximation (7 being the re-
laxation time of electron), where f; is the original dis-
tribution function in the absence of E. (We have set
h = 1 and adopt the convention e > 0 throughout this
paper.) In order to study the (nonlinear) current re-
sponse in each order in F, we expand the distribution
function as f = fo + f1 + fo + ..., where f,, cc E™ . The
iterative substitution in the Boltzmann equation yields

n .
fn = (eTEa%) £029732, In particular, the distribution

function of the first order in F is given by

_ 0fo e dfo
fi= eTE@kx =eT Ok e (2)
and that of the second order in E is3%-32
afl anO
fo= eTE@kx = (eTE)28k$2. (3)

The second order term fs5 typically shows modulation of
electron occupation having the quadrupole structure as
illustrated in Fig. 1(a).

B. definition of spin current

The conventional definition of the spin current op-
erator is given by the anticommutator of the velocity
oA ; 5 — 1JoH 9-11

(x m) and the spin (x 0,), jus, = 3 {%,O’V} .

Hence, the spin current of the nth order in E is given by
(n d’*k .
5. =% [ G Wkl LR £ @)
I

where p is the direction of flow, v is the direction of the
spin polarization, I is the band index, f! is the nth or-
der distribution function for Ith band. In the following,
we focus on the second order nonlinear spin current j,(fgu
that appears in noncentrosymmetric systems. Intuitively,
an interplay of quadrupole modulation of fo and nontriv-

ial spin texture due to the SOI [as illustrated in Fig. 1(a)]

leads to the nonlinear spin current j,fg,/ such as shown
in Fig. 1(b) as we will see in detail in the section IV.

IIT. SYMMETRY ARGUMENT

The nonlinear charge and spin current (j, s, and j, s, ,
respectively) are constrained by the time reversal sym-
metry 7. To see this, we suppose that the Hamiltonian
satisfies H(k,&) = H(—k,—3&), and hence, every eigen-
state has its time-reversal symmetry partner that carries
the opposite momentum and opposite spin. First, the

charge current v, = gTH is odd under T (7T : v, — —v,)
"

while the spin current is even (7 : jus, — Jus,). Next

the distribution functions f,, is even for even n and odd

for odd n, because f,, = (eTE)" %2{‘,’ ~ (vy)"™. Therefore,
w
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FIG. 1. Second order distribution function and resultant spin
current in 3D TI. (a) Spin texture along the Fermi surface
of the surface state of the 3D TI. The shading shows the
schematic image of the distribution function of the second
order in F, which is along the z direction. We note that
this is a schematic picture to clarify the Fermi surface
distortion, and the realistic situation for TI with 7 ~ 1
ps, E ~ 1 kV/m, vp ~ 10° m/s, u ~ 10 meV leads
to the distortion of the order of 107* of the Fermi
wavenumber. (b) Spin directions of the spin current on
the surface of the TI with a parabolic dispersion. The blue
curve indicates the magnitude, while the arrows show the spin
polarization direction of the spin current at each direction of
flow. The angle 6 in Fig.1(b) corresponds to the one in eq.(15)
in the main text.

it follows that all odd orders of the spin current are zero
and that all even orders of the charge-current are zero in
the presence of the time-reversal symmetry:

;odd __ 4’k 3 _ :
]H,sy - W ];Lsyfodd - 07 (Wlth T)v (5)

-even de ~ .
]/A,So = W ]/}.So‘feven - O, (Wlth T) (6)

In particular, we find that the second order charge cur-
rent vanishes while the second order spin current can be
nonvanishing. Finally, a similar argument applies when
a system has the inversion symmetry Z with 7—[(];/:, g) =
H(—E, &). Since the spin direction is not flipped by the
inversion operator (and hence, 7 : jus, — —Jus,), all
charge and spin nonlinear current in the even order are
Zero:

-even d2k A
Jp,s, = / W Jus,,feven =0,

.even A’k
]Z;o = / W ]usofeven = 0,

(with Z),  (7)

(with Z).  (8)

These symmetry analyses indicate that the nonlinear spin
current o< E? in the Boltzmann transport requires broken
inversion, but it does not require broken time-reversal
symmetric systems. In the following sections, we study
a few examples of noncentrosymmetric systems with the
SOI that support the nonlinear spin current.

IV. SURFACE STATE OF THE 3D TI

We start with the surface of a 3D TI. It is described
by the Hamiltonian Hrr = wv(kgo, — kyos), where v
is the velocity of the Weyl cone. The energy disper-
sion is e/ = Ivk with I = +, and the spin polariza-
tion for each branch in the k space is (+,k|d| £, k) =
+(—sin ¢, cos ¢,0), where k, = kcos¢,k, = ksing. We
show the Fermi surface (F'S) and the spin direction for the
upper branch together with the second order distribution
function in Fig. 1(a). By using spin current operators,

Jrse = Jys, = 0and Jps, = —Jys, = %v, we can show that
: i

j,(ffs)u x [ éi’;z 08% = 0. Namely, all the spin currents

are zero. ’

However, nonzero spin currents are generated in the
presence of the parabolic term k2/(2m) in the Hamilto-

nian Hrr;

. k2
Hrr = om + v(kgoy — kyoy). (9)

The emergence of the parabolic dispersion is expected in
general when the system has a band asymmetry between
the electron and hole bands. The energy dispersion
is given by

e (k) = o E vk (10)

and the Fermi surface is formed by one of these
two branches depending on the sign of the chem-
ical potential ;. The Fermi momentum is deter-
mined as kx = Fmv + \/2mu + m2v? with + corre-
sponding to the sign of u. The velocity operators
in this case are given as

oH  k,

ke OH Ky
Ok, m Ty

The spin current operators are given by

. ke . ke 1

Jxse = %O’mv Jxs, = %O’y + 5”7

R ky 1 . ky

Jyse = %O'Jc — 5’0, ]ysy = %va (12)
which are summarized as j,,, = %O‘V up to ir-

relevant constant terms. And their expectation
values for each branch of Weyl cone are

1k
(£, k |jus, | £, k) = F=—sin¢cos @,
2m

(£,k

k 1
Jus, | £, k) = i% cos® ¢ + 2V
(K o, | £ k) = F o sin® § — &
S 5 = — SIn —*U,
y R | Jyss IQTTL 5

(£, k|jys, | =, k) = i%% sin ¢ cos ¢. (13)




As expected from the symmetry argument, all
the linear spin currents vanish after the ¢ integra-
tion; 33‘& ]élgy = 31(,& j?gls)y = 0. This result can
be shown explicitly as follows. All the expecta-
tion values of the spin currents are the zeroth or
the second order in cos¢ or sin¢ while f; o cos ¢.
The product of these two terms are first or third
order in cos ¢ or sin¢ which vanishes by the ¢ in-
tegration.

Second order spin currents are calculated by
the integration by part at zero temperature as

d%k
(2) 4+ k) f£E
Jz,s, / (27‘()2 < 2 | ’ >f2

/(‘2127:;2 B <:|:Ticos2¢+v)}

0 0t ofy
Ok, Ok, Oc

% 2 2E2

2,22 )
::Fe%/d%: [cos3¢+251n2¢cos¢)]

8m2m
X (k j:v)cosgﬁ fo]

5er?E? k off
=F————— [kdk |~ 40| =2
T 32mm / (m U) Oe

5e’r?E?
2,22
= :|:5§2T7 [fmv +2mp + m202] . (14)
m

By similar calculation shown in Appendix, we
have ]7525)1 = éjﬁ%y and jfgz = jl(fgy = 0. Note that
the signs of the spin currents depend on the sign
of chemical potential u.

Nonzero spin current generation is naturally un-
derstood in terms of the spin direction at the FS
and the second-order distribution function possessing a
quadrupole structure: See Fig. 1(a). Namely, the dis-
tribution function is positive toward 4z direction and
hence both the +y spin flowing in the +x direction and
the —y spin flowing in the —z direction are accelerated

by the application of E parallel to the = direction. In

total, ]9(5 gy becomes positive. Similarly, since f5 is nega-

tive toward +y direction, both the —x spin flowing in the
+y direction and the 4+ spin flowing in the —y direction

are negatively accelerated, thus resulting in the positive

2
i

In order to clarify the real space texture of the gener-
ated spin current, we define the spin current toward the
0 direction as

+(2) (2) (2) .
=(2 Jos 25, COSO + jus sinf
]és) = < ?25” ) (j(z) j?(J) . > . (15)

Jgs, Jas, cos 0 + jys, sin 6

We show the polar plot of féi) in Fig. 1(b), where the blue

line shows the amplitude of the spin current |;(g§)| while

4
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FIG. 2. Spin textures of the Fermi surfaces of the Rashba-
Dresselhaus system. (a) For tan~'(8/a) = 0 (Rashba sys-
tem). (b)For w/6. (c) For n/3. (d) For m/2 (Dresselhaus
system). The shading shows the schematic image of the dis-
tribution function of the second order in E. Here, we have
set £ =0.2, m=1and o® + 8% =1.

the black arrows show the direction of the spin polariza-

tion j /|]0S |. Using the fact jg(ci)y = 5]1(,2 and ]QSZ =

]15,51 = 0, the magnitude of the bpln current is given by

o | = \JUsl)? + (ga)? = 13421 V/25 cos2 0 + sin®6,
which well describes the blue curve in Fig. 1(b).

V. RASHBA-DRESSELHAUS SYSTEM

Rashba and Dresselhaus type SOIs are present
in wide classes of materials without inversion
symmetry. The Hamiltonian including the
Rashba type and the linear Dresselhaus type SOIs
is

) 2

Hrp = o + a(kyoy — kyoy) + B (kzoy — kyoy), (16)
where m is the electron effective mass, a is the
Rashba SOI strength and S is the Dresselhaus
SOI strength. There are two bands indexed by
I =4,

k‘2
et (k) = o + ky/a2 + 52 — 2a8sin 2¢. (17)
The spin polarization in the k space is
(£,k|5) £, k) = =£(cosp,—sinp,0) , where ¢ =

arg [(Bk, — aky) +i(Bky — ak,)]. We show FSs and
the spin textures for various values of tan='(3/a)
in Fig. 2 while keeping o? + 52 = 1. FSs are
anisotropic for the general Rashba-Dresselhaus
system. In this case there are two FSs in con-
trast to the case of the surface state of TI.

The anisotropic Fermi momentum for the upper
band is k;ﬁ+ = —mA + /m2A2 + 2myu, while those
for lower bands are kﬁ_ = +mA £ /m2A2% + 2mypu,
with A(¢) = /a2 + B2 — 2aBsin24. For p > 0, kZCJr
and k;_ form Fermi surfaces, while k;_ and k_
do for 4 < 0. Note that the Fermi surface for

p < 0 vanishes for ¢ such that m2A(¢)? + 2mu < 0.
Velocity operators are given as

OH  k, OH Ky
pT +a0y+5am, 8714;1/ = Efaazfﬁay. (18)




From these, we have spin current operators as

j L(hay o B j L(kag 4
= — —_— s, — = —0. 3
Jxs, o \m Oy ) Jzsy o\ v «

~ 1 k ~ 1 k
Jysy = 5 (T::Uw - 04) y o Jysy — 5 (Tsay - B) 7(19)

which

_|_

are again summarized as j,s, = 3=

const.. And their expectation values for each band
are
R 1 k
(£, K |jes, | £, k) = 5 | £—cosgcosp + 3|,
2 m
1 k
< ‘i,k>:<:|2 OS(bsingo—i—oz),
2 m
N 1 k
<i7k|jysz|i7k>:§ :lZE Hl(bCOS(p—Og s
1 k
< :I:,k:>—< — sin¢sinp — 6)
2 m

Using these results, we numerically calculated the
second-order spin current for some values of tan=1(3/a)
and the direction of the applied electric field 0, where
E = E(cosfg,sinfg). The polar plot of the spin cur-
rent is summarized in Fig. 3. Note that the distribu-
tion function under the application of the electric field
in general dlrectlon is obtained by a simple substitution
E -2 — FE - ineqgs. (2) and (3). We have numerically
conﬁtrmed that all the first-order spin currents are zero,
which is consistent with the symmetry requirement. We
have also confirmed the chemical potential dependence
is negligible when g > 0. Detailed arguments for the
Rashba system (tan=!(8/a) = 0, the leftmost column in
Fig. 3) and the Dresselhaus system (tan=!(8/a) = 7/2 ,
the rightmost column in Fig. 3) are given below.

A. Rashba system

We first investigate the pure Rashba system,
for which « # 0, § = 0 and g = 0. The
eigenstates and the spin polarization are the
same as those in the surface state of 3D TI;
(£,k 5] £,k) = £(cos p, —sin p, 0) = £(—sin @, cos ¢, 0).

We show the spin textures of the F'Ss in the pure Rashba
system in Fig. 2(a). The spin texture forms vortex
structures, whose directions are opposite between the
inner and outer FSs. All the first-order spin currents
are analytically shown to vanish by the ¢ integration;

a(clgf = Ja(clgf = Jz(/lgf = 7515)111% = 0 where the super-
script R indicates Rashba system. This is consistent

with the symmetry argument. Furthermore,
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FIG. 3. Spin polarization directions of the spin current in the
Rashba-Dresselhaus system with general interaction strength
and the electric field direction. The blue curves show the
magnitude of the spin current, while the vectors show the
direction of the spin polarization. Horizontal axis is Rashba-
Dresselhaus ratio tan™*(8/c) and vertical is the electric field
direction g where E = (E cosfg, Esinfg). Here, we have
set £t=0.2,m=1and a®+p%=1.

second-order spin currents are calculated as

Ak
Z/ 27‘(’2 ]zsy|ik>f2

(+,
SO

+
X [6272E262 (:L + a) cos (bafo}

(2R _

Jz,a,

2E2
87r m

X [(k + 04> cosgbafo]
m Oe

2,22 +
ZZ:FM/kdk (kia>8f0
T 32mm m Oe

/ 4’k [cos® ¢ + 2sin® ¢ cos ¢)]

_ 5e’r?E? ki —kf_  (u>0)
32mm —kf 4+ kp (u<0)
_ 5erPE? ma (n>0) (21)
~ 16mm V2mp +m2a? (u < 0).
Similarly, we have j;ng jg(g ;y and ]5;221 = 75235 =0

This relation is the same as that in the case of the TI.
We note that the sign of the spin currents is opposite
compared to that in the TI.

The polar plot of the second-order spin current in the



Rashba system is shown in Fig. 3 in the panel corre-
sponding to tan™!(8/a) = 0 and r = 0. The shape
of the pattern is completely the same as that in 3D TI
(Fig. 1(b)) but the spin polarization is opposite.

B. Dresselhaus system

We next investigate the Dresselhaus system, for which
8 # 0, a = 0 and 0 0. We show the spin
direction of the FSs in the pure Dresselhaus system
in Fig. 2(d). The spin texture forms hedgehog struc-
tures, whose directions are opposite between the inner
and outer FSs; (£, k|5 £,k) = £(cosp, —sinp,0) =
+(cos ¢, —sin ¢, 0). The eigenenergy and the distribution
functions between the Rashba Hamiltonian and the Dres-
selhaus Hamiltonian are the same. Only the difference
is the expectation value of the spin current operators.
We find the relation between expectation values
of spin current operators of the Rashba and the
Dresselhaus systems as

( |4kl = (5K gf i,k> ,(22)
(k|12 | k) ’ — (+,k |5 | +,K),, (23)
(£, k|50 |+, k), ’ﬂ% - <i,k j i,k>R, (24)
( k) ’ﬁ%:< B £k, (25)

where super and subscripts R/D denote the
Rashba/Dresselhaus systems. These relations
and the equivalence of the band dispersion guar-
antee all the linear spin currents to be zero as ex-
pected. Furthermore, the second-order spin cur-

rents are given by ],(;2213 = 5],(,?2? 33(522? 5]1(,?S)L ,
and ]zg? = 7525)T = 0 where superscripts D is for

Dresselhaus system. The polar plot of the second-
order spin current in the Dresselhaus system is shown in
Fig. 3. See the panel corresponding to tan=!(3/a) = 7 /2
and 0 = 0 therein. The peanuts-like shape is completely
the same as those in 3D TT and the Rashba system, but
the spin polarization reflects the hedgehog structure at
FSs.

C. Carrier density and temperature dependences

Now we consider the dependence of the spin
current on the carrier density n and temperature
T. We show the carrier density and temperature
dependence of gfﬁf(f 3(022? =5 7525)? = 5]75?3?) in
Fig. 4. We take the Rashba system for exam-
ple here, but the generic features are common
for other cases also. Equation (21) and Fig. 4(a)
indicate that the magnitude of the spin current
at the zero temperature increases as the increase

]
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FIG. 4. The carrier density and the temperature dependence

of the second-order spin current in the Rashba system ];235
np = m2a?/w is the carrier density corresponding to the

Dirac point at the zero temperature. Here, we have set m =
a=1.

of carrier density n and becomes constant for
n > np with np =m a2/7r being the carrier den-
sity corresponding to the Dirac point. According
to eq.(21), the magnitude of the spin current is
proportional to the difference of the Fermi mo-
mentum defined for each FS, which is constant
above the Dirac point. The constant spin current
above the Dirac point indicates that the effect of
finite temperature is tiny as shown in Fig. 4(b).

VI. DISCUSSION

We have demonstrated that the spin current of the
second order in F is generated in noncentrosymmeric
systems with nontrivial spin textures in the momentum
space. We also note that the amplitude of the spin cur-
rent is 2 or 3 orders of magnitude larger than the previ-
ous proposal on TMDs?2, indicating that our mechanism
can generate nonlinear spin current more efficiently. In
TMDs, the anisotropic Fermi surface due to the trigonal
warping plays the crucial role in the spin current gen-
eration. Authors of ref.3? claimed that the generated
nonlinear spin current normalized by the linear charge
current is

]S ><2/h 3verE
i e h

(26)

where v is the coefficient of the trigonal warping which
has the dimension of the length. (See egs. (3) and (5)
in ref.32. We have replaced the coefficient 3 in ref.3? by

) The ~ values are summa-

~v to avoid the confusion.
rized in the Table 1 in ref.32, which is of the order of
To show that our pro-

0.1 ~ 1A for MoSy and GaSe.
posed method is more efficient mechanism to generate
the spin current, we calculated the same ratio for our
system and define v parameter by eq.(26). For Rashba

system with p > 0 for example, the linear charge cur-

1) _ e -rE(

rent jo ' = 211 + ma?) and the second order spin



current is given in eq.(21). The «y value is calculated as
v = %‘m < 1305 The maximum value of this ra-
tio is achieved by setting u = 0. In this case the v value
is 630A for GaAs by substituting o ~ 0.1 eVA33 and
m ~ 0.3m.*. For the bulk Rashba semiconductor BiTel,
~ parameter is 8.1A by assuming a ~ 3.9x eVA3 and
m =~ 0.15m.3%. Here, m, is the electron mass in the vac-
uum. For the surface of the TI, the linear charge current

is g = o1k [*mv +v/2mp + m2v2} V2mp 4+ m2o?

4mm
and second order spin current is given in eq.(14). The

. _ 5 1 N 5 .
v parameter is v = 15 T 5. by assuming

2mpu < m2v?. This value is about 17A for 3D TI BisSes
by using v ~ 6.2 x 10° m/s*” and m = 0.53m.%. These
three values are much larger than that discussed in ref32.
Thus, we can conclude that our proposed method is more
efficient mechanism to generate the nonlinear spin cur-
rent.

Generation of the spin current proportional to E? indi-
cates that the DC spin current is induced by the AC elec-
tric field E(t) = Fe™!. The time-dependent Boltzmann
equation yields the second order distribution function
which is composed of two terms; the time-independent
term and the one with 2w frequency®’. The latter one
vanishes in time-average, while the former gives us a finite
rectified spin current, which is calculable by the equiv-
alent procedure as in the present study. This rectified
spin current can be induced for example by shining the
terahertz light.

Under the irradiation of the light on systems
with spin-splitted bands, the circular photogal-
vanic effect also contributes to the spin current
associated with the charge current. The inter-
band transition with optical selection rule gives
us an unbalanced distribution of the positive and
negative momenta on the spin splitted band re-
sulting in the spin polarized photocurrent??23,
Similarly, photocurrent is also generated by spin
galvanic effect. The optical spin accumulation by
the absorption of the circularly polarized light
results in the photocurrent induction in the as-
symetric spin flip scattering processes®”*°. How-
ever, these phenomena can be excluded by using
the linearly polarized terahertz light which does
not selectively excite electrons with lifted spin de-
generacy.

We next estimate the magnitude of the spin current
for various systems. We define the 3D spin conductivity
as jggy/(Eh/(Zec)), where ¢ is the lattice constant for
thickness direction and we assume the reasonable value
of the magnitude of electric field E ~ 10*~% V/m. The
spin conductivity is the order of 2 x 10?~® Q= 'm~! for
GaAs by substituting 7 ~ 2.5 ps and ¢ = 5.7A. Tt
is also the order of 7 x 10°~3 Q~!m~! for BiTel with
7 ~ 0.072 ps*! and ¢ = 6.9A. As for 3D TIL it is the
order of 1.3 x 102~° Q= !m~! for BiySes by substituting
7~ 3.1 ps*2, ¢ =29A and p = 0.1 eV. These values are
larger than the typical value of the spin Hall conductivity

1094 Q= 'm =116, The effect of finite temperature sum-
marized in Fig. 4 has a peculiar feature. For the typical
sheet carrier density of the order of ~ 103cm =2, the car-
rier density n/np is the order of 10* for GaAs and 1 for
BiTel. The room temperature in Fig. 4, 300K /(ma?/kg),
is about 400 for GaAs and 0.1 for BiTel. As seen in Fig. 4,
we may conclude that the spin current never reduces even
at room temperature.

Finally, we discuss the validity of the present work.
Our derivation of the second order distribution function
is based on the expansion with respect to T@E% ~

TeE/(hko), where ko ~ ma/h? is the typical momen-
tum of, for instance, the Rashba system. For the conver-
gence of the expansion, the electric field £ must satisfy
E < ma/(ehr). This condition has two physical inter-
pretations. One is that the energy due to the electric field
eF/ky must be much smaller than the disorder broaden-
ing h/7, and the other is the distance between two FSs
ma/h? must be much larger than the shift of the distribu-
tion function in the momentum space TeE/f to avoid the
level mixing by the applied electric field. The upper limit
of the electric field is of the order of 103 V/m for GaAs,
10%~7 V/m for BiTel and 10°~6 V/m for BisSes; the lat-
ter two values are sufficiently large for usual terahertz
experiments (~ 105 V/m). Note that two F'Ss come very
close when o ~ . In this case, the distance between two
FSs in the momentum space becomes m|a — 8|/h? ~ 0,
and hence our results are not valid near the persistent
helix phase, a = .
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Appendix A: Derivation of second order spin current

In this section, we show the derivation of the spin cur-
rents; jg(UQgL,j?SQS)L,jq(IQS)y for the surface of 3D TT and the

Rashba system which are skipped in the main text.



1. Surface of 3D TI 2. Rashba system

For surface states of 3D T1Is, the spin currents are given For Rashba systems, the spin currents are given by

by
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- _/ (27r)2 (£, K |Jos. | £, k) £ In this subsection, we investigate the effect of the
2) parabola term in the Hamiltonian of the surface of 3D
—Ja,s, = 0. (A3) TI. When we expand the second order spin current with

3. 1/m expansion in the surface of TI



respect to 1/m, we obtain

1, = 512,
5e212 E?
= :EL [—mv + vm2v2 + 2mu}
32mm
_ i5€2T2E2U n 1 ( 7 )2
N 327 mv2 2 \mo?
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The leading term is the expression for jg)y, which is ob-

tained only by considering the correction to the current
operator due to the k2 dispersion. Namely, when we
evaluate the expectation value (I,k|jus, |1, k), we use
H = k?/(2m) + v(kyo, — kyo,) for the Hamiltonian but
e+ = 4k for the distribution function. In this situation,

for example, jgﬁy is given by

. d’k .
]:(vzgy = / D) <:l:7 k ‘],us,,| +, k> f2
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|: 2E2 0

ok (£v) cos ¢ fo]

This indicates that the spin current at the TI surface
arises from the interplay between the surface Weyl state
exhibiting a nontrivial spin texture and the effect of the
k2 dispersion introducing the & linear term in the current
operator.

4. Numerical calculation in Rashba-Dresselhaus
system

The second order spin current in the coexistence of the

Rashba and the Dresselhaus terms, for example, jfﬁm is

calculated as

A2k
(2) . +
]:c ,Sx g/(zn)z <iak|3msi‘i7k> f2
Pk [1/ k
=3[ ooy 3 (i eosteosi )]
e () (= 5 ) 5
_Zig‘ﬁ;/ kdkdo < %k)é( *
+

X (E ;Ic) [k cos ¢ cos ] .

— )

(A9)

The analytical integration over k is possible for given
values of ¢ with the use of the relations

L ErAT (kKR (1> 0)

5t ﬂ){g o +) (Z<0) . (A10)

0(e” —p) =

[ =4 1 (k=kp)  (w>0)

| — Al 0 (k5 (A1)
+|f7A| §(k—Fkp_) (n<0,m?A%+2mp > 0)

(< 0,m?A% +2mpu < 0)

Then, the integral over ¢ is evaluated numerically. The
similar calculations are carried out for the other compo-
nents of the second order spin current. This explassion
is used in the Fig. 3 in the main text.

! S. Datta and B. Das, App. Phys. Lett., 56, 665-667 (1990).
2'S. Gardelis, C.G. Smith, C.H.W. Barnes, E.H. Linfield,
and D.A. Ritchie, Phys. Rev. B, 60, 7764-7767 (1999).
3 @G. Schmidt, D . Ferrand, L. W. Molenkamp, A. T. Filip,
and B. J. van Wees, Phys. Rev. B, 62, R4790 (2000).

4 C-M. Hu, J. Nitta, A. Jensen, J. B. Hansen, and
H. Takayanagi, Phys. Rev. B, 63, 125333 (2001).

5 J. E. Hirsch, Phys. Rev. Lett., 83, 1834-1837 (1999).

6 S. Zhang, Phys. Rev. Lett., 85, 393-396 (2000).

7Y. K. Kato, R. C. Myers, A. C. Gossard, and D. D.
Awschalom, Science, 306, 1910-1913 (2004).

8 S. Murakami, N. Nagaosa, and S.-c. Zhang, Science, 301,
1348-1351 (2003).

9 S. Murakami, N. Nagaosa, and S. C. Zhang, Phys. Rev.
Lett., 93, 156804 (2004).

109 Murakami, N. Nagaosa, and S. C. Zhang, Phys. Rev. B,
69, 235206 (2004).

1 J. Sinova, D. Culcer, Q. Niu, N. A. Sinitsyn, T. Jungwirth,
and A. H. MacDonald, Phys. Rev. Lett., 92, 126603 (2004).



13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

J. Wunderlich, B. Kaestner, J. Sinova, and T. Jungwirth,
Phys. Rev. Lett., 94, 047204 (2005).

H. A. Engel, B. I. Halperin, and E. I. Rashba, Phys. Rev.
Lett., 95, 166605 (2005).

N. Sugimoto, S. Onoda, S. Murakami, and N. Nagaosa,
Phys. Rev. B, 73, 113305 (2006).

S. O. Valenzuela and M. Tinkham, Nature, 442, 176-179
(2006).

J. Sinova, S. O. Valenzuela, J. Wunderlich, C. H. Back,
and T. Jungwirth, Rev. Mod. Phys., 87, 1213-1260 (2015).
E. Saitoh, M. Ueda, H. Miyajima, and G. Tatara, App.
Phys. Lett., 88, 182509 (2006).

K. Ando, S. Takahashi, J. Ieda, H. Kurebayashi, T. Tryp-
iniotis, C. H. W. Barnes, S. Maekawa, and E. Saitoh, Nat.
Mat., 10, 655-659 (2011).

S. Dushenko, H. Ago, K. Kawahara, T. Tsuda, S. Kuwa-
bata, T. Takenobu, T. Shinjo, Y. Ando, and M. Shiraishi,
Phys. Rev. Lett., 116, 166102 (2016).

E. Lesne, Y. Fu, S. Oyarzun, J. C. Rojas-Sanchez, D. C.
Vaz, H. Naganuma, G. Sicoli, J.-P. Attané, M. Jamet,
E. Jacquet, J.-M. George, A. Barthélémy, H. Jaffres,
A. Fert, M. Bibes, and L. Vila, Nat. Mat., 15, 1261 (2016).
K. Kondou, R. Yoshimi, A. Tsukazaki, Y. Fukuma, J. Mat-
suno, K. S. Takahashi, M. Kawasaki, Y. Tokura, and
Y. Otani, Nat. Phys., 12, 1027 (2016).

S. D. Ganichev, E. L. Ivchenko, S. N. Danilov, J. Eroms,
W. Wegscheider, D. Weiss, and W. Prettl, Phys. Rev. Lett.,
86, 4358-4361 (2001).

S. D. Ganichev, E. L. Ivchenko, and W. Prettl, Physica
E, 14, 166-171 (2002).

G. L. J. A. Rikken, J. Folling, and P. Wyder, Phys. Rev.
Lett., 87, 236602 (2001).

V. Krstic, S. Roth, M. Burghard, K. Kern, and G. L. J. A.
Rikken, J. Chem. Phys., 117, 11315-11319 (2002).

G. L. J. A. Rikken and P. Wyder, Phys. Rev. Lett., 94,
016601 (2005).

F. Pop, P. Auban-Senzier, E. Canadell, G. L. J. a. Rikken,
and N. Avarvari, Nat. Commun., 5, 3757 (2014).

T. Morimoto and N. Nagaosa, Phys. Rev. Lett. 117,
146603 (2016)

32

33

34
35

36

37

38

39

40

41

42

10

K. Yasuda, A. Tsukazaki, R. Yoshimi, K. S. Takahashi,
M. Kawasaki, and Y. Tokura, Phys. Rev. Lett., 117 127202
(2016).

I. Sodemann and L. Fu,
(2015).

T. Morimoto, S. Zhong, J. Orenstein, and J. E. Moore
Phys. Rev. B 94, 245121 (2016).

H. Yu, Y. Wu, G. B. Liu, X. Xu and W. Yao, Phys. Rev.
Lett., 113, 156603 (2014).

R. A. Simmons, S. R. Jin, S. J. Sweeney, and S. K. Clowes,
App. Phys. Lett., 107, 142401 (2015).

G. H. Glover, J. App. Phys., 44, 1295-1301 (1973).

K. Ishizaka, M. S. Bahramy, H. Murakawa, M. Sakano,
T. Shimojima, T. Sonobe, K. Koizumi, S. Shin, H. Miya-
hara, a. Kimura, K. Miyamoto, T. Okuda, H. Namatame,
M. Taniguchi, R. Arita, N. Nagaosa, K. Kobayashi, Y. Mu-
rakami, R. Kumai, Y. Kaneko, Y. Onose, and Y. Tokura,
Nat. Mat., 10, 521-526 (2011).

M. Sakano, M. S. Bahramy, A. Katayama, T. Shimojima,
H. Murakawa, Y. Kaneko, W. Malaeb, S. Shin, K. Ono,
H. Kumigashira, R. Arita, N. Nagaosa, H. Y. Hwang, Y.
Tokura, and K. Ishizaka, Phys. Rev. Lett., 110, 107204
(2013)

H. Zhang, C.-X. Liu, X.-L. Qi, X. Dai, Z. Fang, and S.-C.
Zhang, Nat. Phys., 5, 438-442 (2009).

K. W. Kim, T. Morimoto, and N. Nagaosa, Phys. Rev. B,
95, 035134 (2017).

S. D. Ganichev, E. L. Ivchenko, V. V. Bel’kov,
S. A. Tarasenko, M. Sollinger, D. Weiss, W. Wegscheider
and W. Prettl, Nature, 417, 153-156 (2002).

S. D. Ganichev, V. V. Bel’kov, L. E. Golub, E. L. Ivchenko,
Petra Schneider, S. Giglberger, J. Eroms, J. De Boeck,
G. Borghs, W. Wegscheider, D. Weiss, and W. Prettl,
Phys. Rev. Lett. 92, 256601 (2004)

C. R. Wang, J. C. Tung, R. Sankar, C. T. Hsieh, Y. Y.
Chien, G. Y. Guo, F. C. Chou, and W. L. Lee, Phys. Rev.
B, 88, 081104 (2013).

Y. D. Glinka, S. Babakiray, T. A. Johnson, A. D. Bristow,
M. B. Holcomb, and D. Lederman, App. Phys. Lett., 103,
151903 (2013).

Phys. Rev. Lett., 115, 216806



