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We construct a dual bosonized description of a massless Majorana fermion in (2+1)d. In contrast
to Dirac fermions, for which a bosonized description can be constructed using a flux attachment
procedure, neutral Majorana fermions call for a different approach. We argue that the dual theory is
an SO(N)1 Chern-Simons gauge theory with a critical SO(N) vector bosonic matter field (N ≥ 3).
The monopole of the SO(N) gauge field is identified with the Majorana fermion. We provide evi-
dence for the duality by establishing the correspondence of adjacent gapped phases and by a parton
construction. We also propose a generalization of the duality to Nf flavors of Majorana fermions,
and discuss possible resolutions of a caveat associated with an emergent global Z2 symmetry. Fi-
nally, we conjecture a dual description of an N = 1 supersymmetric fixed point in (2 + 1)d, which
is realized by tuning a single flavor of Majorana fermions to an interacting (Gross-Neveu) critical
point.

PACS numbers:

I. INTRODUCTION

Recently, there has been a resurgence of interest
in dualities in (2 + 1)d quantum field theories1–6,
building on prior work on particle-vortex dualities of
bosons7,8 and dualities between Dirac fermions and
bosonic theories9–15. In this paper we will discuss how
analogous dualities for Majorana fermions can be con-
structed.

Let us first recall the well known (1 + 1)d case of the
quantum Ising model which admits a dual description
in terms of fermionic variables. The fermions may be
viewed as the bound state of a local spin flip and a do-
main wall topological defect. These new variables allow
for a direct solution of the Ising model in terms of free
Majorana fermions. In particular, the critical point sep-
arating the Ising ordered and disordered phases can be
described either as a gapless Majorana fermion, or in
terms of bosonic variables as a critical point of a real
scalar field. Schematically:

(∂µφ)2 + φ4 = L(1+1)d
b ↔ L(1+1)d

f = ξ̄γµ∂µξ

which is understood to hold in the infrared (long dis-
tance/time) limit and the absence of mass terms on both
sides represent tuning to the critical point. This may
be viewed as a bosonization of (1 + 1)d free Majorana
fermions. How does this generalize to 2+1 dimensions?

In (2 + 1)d, a Majorana mode L(2+1)d
f when described in

terms of a bosonic field will require a Chern-Simons (CS)
gauge field to implement the statistical transmutation.
We will argue that an SO(N) gauge theory coupled to
a bosonic matter field, and supplemented by a level one
CS term provides the requisite dual description. In the
dual language, the monopoles of the gauge theory, which
have a Z2 character, will be identified with the original
Majorana fermions.

A. Review of bosonic dual of (2 + 1)d Dirac fermions

It is well known that in (2 + 1)d a CS gauge the-
ory allows a “bosonic” description of fermions. A CS
gauge theory binds together a particle and a gauge flux,
thereby changing the statistics of the particle. This flux-
attachment procedure certainly applies when the parti-
cles are gapped, but it may also imply a dual description
of certain critical points. For instance, it was proposed
that a single two-component Dirac fermion in (2 + 1)d

Lψ = ψ̄γµ(∂µ − iAµ)ψ +mψ̄ψ (1)

has an equivalent description5,6,9–11:

Lφ = |(∂µ − iaµ)φ|2 + r|φ|2 + g|φ|4

+
i

4π
(a−A)d(a−A) + 2CSg (2)

where φ is a complex boson, aµ is a dynamical U(1) gauge
field, and Aµ is a background U(1) gauge field. The
term CSg (with coefficient 1) is a gravitational Chern-
Simons term (see appendix B) encoding chiral central
charge c− = 1/2. The Dirac fermion ψ in Lψ is regu-
larized in such a way that for m > 0 one gets a trivial
insulator with σAxy = c− = 0, and for m < 0 a Chern in-

sulator with Chern-number 1, i.e. σAxy = c− = 1. Such a
regularization can be obtained by starting with two gap-
less Dirac cones on a 2d lattice and gapping one of them
out.

The strong interpretation of the duality is that Lφ in
Eq. (2) at r = 0 flows in the infra-red to a conformal
field theory which we call the U(1)-Wilson-Fisher-Chern-
Simons (WFCS) fixed point, and it is identical to a sin-
gle noninteracting massless Dirac fermion Lψ at m = 0.
Though not proven, this conjecture is consistent with var-
ious observations:
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(i) The Hilbert spaces and symmetries of the two theo-
ries match. The operator dictionary between the theories
Lφ and Lψ is as follows: the electric current of fermions
ψ̄γµψ maps to the flux current of a, 1

2π ε
µνλ∂νaλ. More-

over, the fermion operator ψ is the flux 2π space-time
monopole of a, which indeed creates A charge of 1. To
see that this object is a fermion, imagine that the sys-
tem is placed on a sphere S2, with a uniform flux 2π of
a piercing the sphere. Because of the self-CS term for
a, this configuration carries a charge 1 (in addition to A
charge −1). Since a is a dynamical gauge field, any state
in a finite volume must carry zero a charge. The a charge
can be neutralized by adding a boson φ to the system.
Because of the presence of the flux, the angular momen-
tum of φ will be half-odd-integer. Thus, this state has
the same A charge and angular moment as the fermion
ψ.

(ii) The mean field phase diagram of (2) matches the
phase diagram of the Dirac fermion (1). Let’s recall the
phase diagram of Lφ. For r > 0, φ is gapped, and a is
gapped due to the CS term. Since the level of CS term of
a is 1, there is no intrinsic topological order: a attaches
flux 2π to φ turning it into a fermion, which is identi-
fied with ψ - so there are no anyons present. Further-
more, integrating a out, we obtain the Hall conductivity
σAxy = 0, and also see that the background gravitational
CS term in Lφ is precisely cancelled out, so the final
gravitational response is c− = 0. Thus, the r > 0 phase
exactly matches the trivial insulator realized by Lψ for
m > 0. Turning to r < 0, the φ field condenses, so a
Higgs mass will be generated for a; at low energy, one
may effectively set aµ = 0 in Lφ. Thus, we are left with
a level k = 1 CS term for the background gauge field A
and a gravitational response with c− = 1. This is a real
Chern insulator, which matches the m < 0 phase of Lψ.

B. Parton approach to Dirac duality

Let us take a 2d lattice model of spinless fermion
cj which carries a U(1) global symmetry that we label
U(1)A, and represent the fermion cj with the standard
parton (slave particle) construction: cj = fjbj , where fj
and bj are slave fermion and boson operators. All op-
erators have the correct commutation relation, with the
following constraint on the Hilbert space on every site:

f†j fj + b†jbj = 1. Besides the U(1)A global symmetry, fj
and bj must also carry a U(1) gauge symmetry U(1)a due
to the gauge constraint:

U(1)A : cj → eiθcj , fj → eiθfj ,

U(1)a : bj → eiθ
′
bj , fj → e−iθ

′
fj . (3)

Now we design the mean field band structure of fj to
be a Chern insulator with Chern number 1. Let us as-
sume that the mean field band structure of fj is always
gapped, so we can safely integrate out fj , and generate a

CS term for a−A at level 1, as well as a gravitational CS
term corresponding to c− = 1, as in Lφ in Eq. (2). The
slave boson bj can be either in a Mott insulator, or con-
dense. Coarse-graining bj into a continuum field φ, the
transition between these two phases is described by Lφ.
While we have already discussed the bulk phase diagram
of Lφ, the parton construction gives us additional insight
into edge physics. At the mean field level, a Chern in-
sulator of fj has a chiral edge mode with chiral central
charge c− = 1. When bj is gapped, after coupling the
edge to the dynamical U(1) gauge field a, there are no
gauge invariant degrees of freedom left at the boundary
(or in technical terms the coset conformal field theory at
the boundary is trivial): this is consistent with the con-
clusion that the r > 0 phase is a trivial insulator of the
physical fermion cj . On the other hand, when bj con-
denses, the gauge field a is Higgsed, so the edge mode
of fj survives; in fact, when b is condensed, cj ∼ fj , so
this is just a c− = 1 mode of cj as should be present in
a Chern-insulator.

The dual description (2) of a free Dirac fermion can
be generalized14,16 to a U(N) gauge theory, where a is a
U(N) CS gauge field at level 1 and φ is a complex boson
transforming in the fundamental of U(N). Surprisingly,
this theory is conjectured to be dual to a single free Dirac
cone (1) for any N .16 We review the details of this duality
in appendix A. In fact, the dual description of a Majo-
rana cone that we conjecture in this paper very closely
parallels this U(N) dual description of a Dirac cone. Note
that this particular U(N) duality is one instance of dual-
ities between CS-matter theories with nonabelian gauge
field and general level k, the duality exchanges the rank
and level of the gauge group, as well as fermionic and
bosonic matter. In the large-N limit with fixed N/k ex-
plicit analytical calculations at the critical point give very
strong support for such dualities.14,15

II. DUALITY OF A SINGLE MAJORANA
FERMION

The main purpose of this paper is to propose a
bosonized dual description of a single two-component
massless Majorana fermion in (2 + 1)d,

Lξ = ξ̄γµ∂µξ +mξ̄ξ. (4)

Let us consider the two phases of the Majorana fermion
on tuning the mass term m from positive to negative
value. We regularize (4) so that for m > 0, ξ realizes a
trivial phase with c− = 0, while for m < 0 it realizes a
px + ipy superconductor with c− = 1/2. Such a regular-
ization can be provided by starting with a lattice model
with two gapless Majorana cones and initially gapping
one of them out to produce (4) with m = 0. Thus, the
massless Majorana cone corresponds to the critical point
between a trivial phase and a px + ipy superconductor.
Now, the idea is to produce a dual theory that realizes
the same two phases on tuning a parameter. Then at
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the critical point we may conjecture the dual theory has
the same infrared behavior as (4), given the paucity of
available fixed points. Observe that we can also capture
the same pair of gapped phases with the following theory
of a boson coupled to an SO(N)1 CS gauge field:

Lb = |(∂µ−iaµ)φ|2+r|φ|2+g|φ|4+CSSO(N)[a]1+N ·CSg
(5)

Here, φ is an N -component real vector, a is an SO(N)
gauge field and

CSSO(N)[a]1 =
i

2 · 4π
trSO(N)

(
a ∧ da− 2i

3
a ∧ a ∧ a

)
.

(6)
The trace in Eq. (6) is in the vector representation of
SO(N) (for a more precise definition of the CS term, see
appendix B).

Let’s analyze the mean field phase diagram of (5).
When r > 0, φ is gapped. The theory SO(N)1 coupled
to gapped bosonic matter gives a state with no intrin-
sic topological order; the vector boson φ is transmuted
to a fermion by the CS field.36 The SO(N)1 CS gauge
theory by itself has a chiral central charge c− = −N/2,
which exactly cancels the background gravitational CS
term in Eq. (5). So the r > 0 phase is a trivial state
with c− = 0. On the other hand, for r < 0, φ condenses,
which breaks the gauge group SO(N) to SO(N − 1). At
low energies, we can then take a to be an SO(N − 1)
gauge field, obtaining an SO(N − 1)1 CS theory. Again,
this is a state with no intrinsic topological order, but the
background gravitational term in (5) is no longer fully
cancelled, rather: c− = N/2 − (N − 1)/2 = 1/2. So the
r < 0 phase is a px + ipy superconductor.

It may appear surprising that a strongly interacting
theory such as Eq. 5 is dual to a free Majorana fermion.
Let us keep in mind that a short range interaction be-
tween free Majorana fermions (and also Dirac fermions)
is irrelevant in (2 + 1)d, thus a dual free Majorana
fermion is unfine-tuned (the interaction between Majo-
rana fermions becomes important when tuned to a criti-
cal point, which also has a interesting duality, and it will
be discussed in section IID). The same reasoning also
applies to all previous works that proposed the duality
between a single free complex Dirac fermion and differ-
ent strongly interacting theories. By contrast, in (1+1)d,
short range interactions between fermions are marginal
(sometimes marginally relevant), thus a bosonic theory
in (1 + 1)d is usually dual to interacting fermions in the
infrared.

A. Parton approach to Majorana duality

To further motivate the dual theory (5) we utilize
a parton construction. The simplest construction is:

c =
∑N
α=1 φ̃αχ̃α, where the Majorana parton χ̃α and

slave boson φ̃α have an O(N) redundancy. However, to
recover the SO(N) gauge structure from this construc-

tion requires further discussion, which we provide in ap-
pendix C. Instead, here we turn to a slightly different
parton representation. Consider a lattice model for Ma-

jorana fermion cj (c†j = cj). This time we introduce on
each site j, N colors of slave Majorana fermions χj,α
(α = 1 . . . N) for odd N such that

cj = (i)
N−1

2

N∏
α=1

χj,α. (7)

By construction χα is coupled to a dynamical SO(N)
gauge field. Now we design an identical mean field
px + ipy superconductor band structure for each color
of χα. At the mean field level, there are N chiral Ma-
jorana fermions at the boundary, which in total leads
to chiral central charge c− = N/2. However, if the
SO(N) gauge symmetry is unbroken, after coupling to
the SO(N) gauge field there will be no gauge invariant
degrees of freedom left at the boundary, so we are left
with c− = 0. Also, integrating out χα would generate
a CS term at level k = 1 for the SO(N) gauge field, as
well as a gravitational CS term at level N , as in Eq. (5).
As already discussed, there is no topological order in the
bulk, thus this state is again a trivial state of the physical
Majorana fermion cj .

Using the slave particles χj,α we can also define a

SO(N) vector boson φ̂j,α
37:

φ̂j,α ∼ (i)
N−1

2 εαα1,···αN−1
χj,α1 · · ·χj,αN−1

. (8)

When φ̂α condenses, it breaks the SO(N) gauge group
down to SO(N − 1), and one of the slave fermions (say
χN ) is no longer coupled to any gauge field, thus its topo-
logical band structure implies that the entire system is
equivalent to one copy of px + ipy topological supercon-
ductor. Likewise, the edge mode associated to χN sees
no gauge field and survives as a true c− = 1/2 edge mode
of a px + ipy superconductor. All other edge modes are,
as before, eliminated by SO(N − 1) gauge field fluctua-

tions. Thus, by coarse-graining φ̂ into a continuum field
φ, we can describe a transition between a trivial state
and a px + ipy superconductor by Eq. (5).

Notice that the integer N in the dual theory (5) needs
not be odd. We could adjust our mean field construc-
tion, and take the band structure of χ1, · · ·χN−1 to be
an identical px + ipy superconductor, while placing χN
into a trivial band structure. Then the mean field band
structure already breaks the SO(N) gauge symmetry to

O(N − 1) gauge symmetry, and φ̂α, α = 1 . . . N − 1, re-
duces to a SO(N − 1) vector. The extra Z2 subgroup
of the O(N − 1) gauge symmetry can be broken by con-
densing the SO(N − 1) gauge singlet bosonic operator

φ̂N = (i)
N−1

2

∏N−1
α=1 χα. Now condensing the SO(N − 1)

vector φ̂α also drives a transition from the trivial state
of cj to a px + ipy superconductor of cj , and this time
the transition is described by a SO(N − 1) vector field
coupled to a SO(N − 1) gauge field with a CS term at
level 1.
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B. The dictionary

How do we represent the physical Majorana fermion in
the dual theory (5)? In the case of Dirac duality (1)↔ (2)
the physical electric charge in the Dirac theory mapped
to the magnetic flux of the U(1) gauge field a in the dual
theory. Likewise, the fermion parity of the Majorana
fermion ξ maps to the magnetic flux of the SO(N) gauge
field a in Eq. (5). Recall that the magnetic flux is classi-
fied by π1(SO(N)) = Z2. Indeed, imagine the system on
a spatial sphere S2. As usual, we place a magnetic flux
through the sphere by dividing it into two hemispheres,
and gluing the fields in the two hemispheres along the
equator with a gauge transformation g(θ), θ ∈ [0, 2π].
Such gauge transformations are classified by π1 of the
gauge group. In the case of the SO(N) group, a sim-
ple representative for the single non-trivial magnetic flux
sector on S2 is obtained by considering an ordinary flux
2πm Dirac monopole in the SO(2) subgroup of SO(N)
with m = 1. Note that by an SO(N) rotation we can
invert the magnetic flux in the SO(2) subgroup, so m
is, indeed, only defined modulo 2. The magnetic flux
breaks the SO(N) group down to SO(2) × SO(N − 2)
and the state on S2 must be neutral under this reduced
gauge group. As in the abelian case, the CS term in
Eq. (5) leads to the monopole carrying an SO(2) charge
1, so to make the monopole neutral we must act on it
with the boson φ1 + iφ2. As before, the boson angu-
lar momentum is half-odd-integer because of the SO(2)
flux, so the angular momentum of the resulting state is
half-odd-integer. We conclude that the SO(N) monopole
on S2 carries charge under fermion parity, and identify
the SO(N) space-time monopole VM with the Majorana
fermion operator ξ. In particular, this discussion means
that dynamical Z2 SO(N) monopoles are prohibited in
the partition function of dual theory (5), as they violate
fermion parity conservation.

One can also see that the SO(N) monopole on S2 will
have a non-trivial fermion parity from the parton con-
struction. Indeed, when there is a 2π flux of SO(2)
through the sphere, it will be seen by partons χ1, χ2,
while χα, α = 3 . . . N will see no flux. The ground state
will then have SO(2) charge 1. Since χα carry fermion
parity, the ground state also carries (−1)F = −1. The
SO(2) charge gets neutralized by adding a boson φ1+iφ2.
However, since φ’s carry no fermion parity, (−1)F = −1
is not affected.

More generally, for a spatial manifold Σ, a gauge field
configuration a and boundary conditions (spin-structure)
σ for the physical Majorana fermion ξ, the fermion parity
in the dual theory (5) is expressed as17,18:

(−1)F = (−1)
∫
Σ
W2 (Arf [Σ, σ])N (9)

Here, W2 ∈ H2(Σ, Z2) is the obstruction to lifting the
SO(N) gauge bundle to Spin(N). Arf(Σ, σ) = ±1 is
the Arf invariant, which computes the fermion parity of
a px + ipy superconductor on Σ with spin-structure σ.19

Thus, only the first term in (9) depends on the gauge

field, the second term is fixed once the boundary con-
ditions for ξ are fixed. The first and second terms in
Eq. (9) are correspondingly secretly encoded in the spin-
structure dependence of CS action (6) and the gravita-
tional CS term in (5).

Having established the equivalence of phases and op-
erators in the free Majorana theory (4) and the dual the-
ory (5), we conjecture that they are actually dynamically
equivalent at their respective IR fixed points.

TABLE I: Duality Dictionary

Fermionic Theory Bosonic Theory

Majorana: ξ Monopole: VM

“m”: ξ̄ξ “r”: φ · φ

We note that the level-rank duality of Chern-Simons-
matter gauge theories with O(N)k gauge group in the
large-N , large-k limit has been proven in Ref. 14. Our
conjecture (4) ↔ (5) amounts to a statement that the
duality continues to hold when k = 1 and N is finite
(with a clarification that the precise form of the gauge
group for k = 1 is SO(N)).

C. Z2 global symmetry of the bosonic theory

One potential subtlety of the proposed duality (4) ↔
(5) is that the dual theory actually has a global Z2 sym-
metry. Indeed, (5) is invariant under φ → Oφ, with
O ∈ O(N); while for O ∈ SO(N) this is a gauge trans-
formation, Z2 = O(N)/SO(N) remains as a global sym-
metry. We can write down an “Ising order parameter” Φ
for this global Z2 symmetry,

Φ(x) = εα1α2...αN
(W (x, x1)φ(x1))α1

(W (x, x2)φ(x2))α2

. . . (W (x, xN )φ(xN ))αN
(10)

where W (x, y) is an SO(N) Wilson line and Φ(x) is
obtained by taking the limit xi → x and keeping the
leading surviving terms. For instance, for N = 3, we
have a Lorentz scalar, Φ = εαβγφα(D2φ)β(D4φ)γ , where
Dµ = ∂µ − iaµ. The presence of an extra global Z2 sym-
metry in the dual theory is problematic, since the only
obvious symmetry of the Majorana cone is fermion par-
ity (−1)F . Clearly, the Z2 symmetry of the dual theory
is not (−1)F since the local boson Φ transforms non-
trivially under it. We conjecture the following resolution
to this puzzle: the gap to Z2 charged excitations in (5) re-
mains finite across the critical point, i.e. Φ actually has
exponentially decaying correlation functions at r = 0.
Here’s the evidence for this conjecture:

(i) Neither phase in the phase diagram has spontaneous
Z2 symmetry breaking, i.e. 〈Φ〉 = 0. Indeed, when φ
develops an expectation value, the O(N) symmetry is
broken to O(N − 1) and the gauge symmetry SO(N) to
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FIG. 1: The proposed duality and renormalization group flow.
The double headed arrow stands for “dual to each other”,
while the single headed arrow represents the RG flow.

SO(N−1), so Z2 = O(N)/SO(N)→ O(N−1)/SO(N−
1) survives.

(ii) While Z2 remains unbroken for both r > 0 and
r < 0, these two regions could potentially realize different
Z2 symmetry protected phases. Closing of a Z2 charge
gap is then required at the transition. However, it can
be shown that both r > 0 and r < 0 realize the same
(trivial) Z2 symmetry protected topological (SPT) phase.
To see this, observe that our parton construction gives no
Z2 carrying edge modes on either side of the transition,
which means that both phases realize a trivial Z2 SPT
(see appendix C for further details).

Given (i) and (ii), there is no requirement that the Z2

charge gap closes at the transition, so we make the mini-
malist assumption that it remains finite and the effect of
Z2 global symmetry can be ignored in Eq. (5), consistent
with the proposed duality.

We note that instead of considering an SO(N) gauge
theory in (5), we could make the gauge group O(N) -
i.e. gauge the extra Z2 symmetry. Then the r > 0 phase
will be a (trivial) Z2 gauge theory (toric code) and the
r < 0 phase will be a toric code + a (px + ipy) supercon-
ductor. The assumption that the Z2 charge gap remains
finite across the transition is equivalent to the toric code
being an inert spectator. The O(N) gauge theory is then
conjectured to be dual to a Majorana cone (4) with a
decoupled gapped toric code.

D. Dual of the Gross-Neveu-Yukawa theory

The critical point of the SO(N)-WFCS theory is an in-
frared (IR) fixed point of an ultraviolet (UV) fixed point,
which we call the SO(N)-Tricritical-CS theory. This the-
ory corresponds to tuning g in Eq. (5) to a critical value
gc: at mean field gc = 0 (we assume that the action is
still bounded from below due to the existence of higher
order terms in the polynomial of |φ|), which is analogous
to the tricritical Ising fixed point.

On the fermion side, a natural UV fixed point that
flows to the free Majorana fermion in the IR is the Gross-
Neveu-Yukawa fixed point:

L = ξ̄γµ∂µξ + (∂µσ)2 + λσξ̄ξ +
λ̃2

4
σ4. (11)

where σ is a real scalar. The relevant perturbation sσ2

in Eq. (11) is dual to (g − gc)|φ|4 in Eq. (5): when
s, g−gc > 0, Eq. (11) and the SO(N)-Tricritical-CS the-
ory respectively flow to Eqs. (4) and (5). On the other
hand, when s, g−gc < 0, both theories have a first order
transition between a trivial phase and a px + ipy super-
conductor.

An exact renormalization flow of Eq. (11) is difficult to
compute, but if there is only one fixed point with nonzero
λ and λ̃, then this fixed point must have λ∗ = λ̃∗, and it
is a supersymmetric N = 1 conformal field theory20–22.
Thus, our construction also conjectures that this N =
1 supersymmetric conformal field theory is dual to the
SO(N)-Tricritical-CS theory. The supersymmetry makes
the following prediction about the scaling dimensions of
the SO(N)-Tricritical-CS theory:

∆[VM ]−∆[|φ|2] = 1/2. (12)

An analogous duality between the Dirac fermion
Gross-Neveu fixed point and the U(1)-Tricritical-CS fixed
point was conjectured in Ref. 5.

III. DUALITY OF Nf FLAVORS OF
MAJORANA FERMIONS

There is a generalization of our proposed duality to
the case of Nf Majorana fermions with SO(Nf ) flavor
symmetry. Take Nf Majorana fermions,

L =
∑
I

(ξ̄Iγµ∂µξI +mξ̄IξI) (13)

where I = 1 . . . Nf . Form > 0, we have a trivial insulator
with no SO(Nf ) response and c− = 0; for m < 0, we
have chiral central charge c− = Nf/2 and CS SO(Nf )
response at level k = 1:

L = CSSO(Nf )[A]1 +Nf · CSg (14)

where A is the background SO(Nf ) gauge field.
We propose that the above theory is dual to Nf flavors

of real bosons φαI coupled to an SO(N) gauge field aµ at
level k = 1 (as before, α = 1 . . . N is the color gauge
index):

L =
∑
I

|(∂µ − iaµ)φI |2 + r(trM) + u(trM)2 + vtr(M2)

+ CSSO(N)[a]1 +N · CSg (15)

where MIJ = φαI φ
α
J . The physical SO(Nf ) flavor sym-

metry simply acts on the flavor indices I of φαI . We will
assume N ≥ Nf + 2. We further assume that either N is
even and Nf is arbitrary, or N and Nf are both odd.38

When r > 0, φ is not condensed, so integrating out gauge
field a cancels out the gravitational CS term and gives
rise to a trivial insulator.

We assume that v > 0 in Eq. 15.39 In this case,
in the phase r < 0, the energy is minimized when
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〈φαI φαJ 〉 = 〈MIJ〉 ∼ δIJ - i.e. this gauge invariant observ-
able suggests that the flavor symmetry remains unbroken
(as we will see more explicitly below) by the condensate
of φαI , or equivalently 〈φαI 〉 are Nf orthogonal SO(N)
vectors.

With v > 0, in the condensed phase of φαI we can
choose 〈φαI 〉 ∼ δαI . The gauge group SO(N) is broken
down to SO(N − Nf ) (acting on α = Nf + 1 . . . N).
Furthermore, the combination of an identical SO(Nf )
flavor rotation and an SO(Nf ) color rotation acting on
α = 1 . . . Nf leaves 〈φαI 〉 invariant, which means that the
physical SO(Nf ) global symmetry remains unbroken. In
the presence of a background SO(Nf ) gauge field Aµ, the
components of the dynamical gauge field aαβµ with α, β =

1 . . . Nf get Higgsed to aαβµ = Aαβµ , similarly aαβµ = 0

for α = 1 . . . Nf , β = Nf + 1 . . . N . Finally, aαβµ with
α, β = Nf + 1 . . . N is not Higgsed - let’s refer to this
non-Higgsed field as bµ. Therefore, our effective action
takes the form:

L = CSSO(N−Nf )[b]1 + CSSO(Nf )[A]1 +N · CSg. (16)

Integrating b out, we recover Eq. (14).
Just like in the Nf = 1 case, let us discuss a parton

construction for the case with SO(Nf ) flavor symmetry.
On every lattice site, we use the parton decomposition:

cI = (i)
N
2 χI

N∏
α=1

χα, (17)

with even integer N . The site index is hidden. Under
flavor symmetry

O(Nf ) : cI → RIJcJ , χI → RIJχJ , χα → χα (18)

There is also an O(N) gauge symmetry:

O(N) : χα → V αβχβ , χI → (detV )χI . (19)

In order to get Eq. (15), we still design the mean field
band structure of all χα to be an identical px + ipy topo-
logical superconductor. On the other hand, χI are chosen
to have identical trivial band structures. Then the phase
transition of Eq. (15) is the order-disorder transition of

the bosonic operator φ̂αI = iχIχ
α, which is a vector of

both O(Nf ) and O(N). The field φαI in Eq. (15) is the

coarse-grained field of operator φ̂αI .
Notice that the gauge symmetry in the above construc-

tion is O(N). To match with our definition of the con-
tinuum theory (15), we want to break it to SO(N). Just
like in the Nf = 1, even N case, we can simply condense∏
α χ

α (and keep it condensed throughout the phase di-
agram of Eq. (15)). The O(Nf ) flavor symmetry and
the SO(N) part of the gauge symmetry are preserved,
but the reflection part of the O(N) gauge symmetry is
broken, as needed. A modified mean field band structure
with one of χαs forming a trivial band allows us to realize
Eq. (15) with odd N (and odd Nf ).

IV. DISCUSSION

Our dual theory Eq. (5) obviously breaks time-reversal
symmetry, while the single Majorana cone (4) could pre-
serve the time-reversal symmetry, if the system is defined
on the 2d boundary of a 3d topological superconductor
in class DIII (the topological phase with index ν = 1 is
believed to be realized by the B-phase of superfluid He3).
For the Dirac fermion, the dual U(1)-WFCS theory (2)
is believed to have an emergent time-reversal symmetry
in the IR, which transforms the matter field φ into its
vortex.6 However, this simple solution does not apply to
our SO(N) gauge theory, as there is no known analogue
of the boson-vortex duality for an SO(N) matter field
with N ≥ 3. Thus, we do not yet understand how time-
reversal is hidden in the dual theory (5). Moreover, in the
case of the Dirac fermion, a manifestly T -invariant de-
scription is provided by another dual theory: QED3 with
a single Dirac fermion matter field.1–3,6 Again, a mani-
festly T -invariant dual description of a Majorana cone is
currently missing. Such a theory could provide a deriva-
tion of the surface topological order of class DIII topolog-
ical phases with odd ν, such as the proposed SO(3)3 non-
abelian topological order with just two nontrivial parti-
cles23–25. We recall that in the Dirac context, the pairing
of composite Dirac fermions led to an explicit derivation
of the T-Pfaffian state, a surface topological order for the
topological insulator1–3,26,27. We leave these questions to
future work.
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Appendix A: U(N) duality.

A generalization14,16 of the dual description (2) of a
free Dirac fermion (1) is the U(N)-WFCS theory:

L = |(∂µ−iaµ)φ|+r|φ|2+u|φ|4+CSU(N)[a−A]1+2N ·CS[g]
(A1)
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where φ is an N -component complex vector, a is a U(N)
gauge field, A as before is a background U(1) gauge field,
and

CSU(N)[a]1 =
i

4π
trN

(
a ∧ da− 2i

3
a ∧ a ∧ a

)
(A2)

The trace above is taken in the fundamental represen-
tation of U(N) and a − A in Eq. (A1) should be un-
derstood as a − A · 1, where 1 is the identity matrix.
Surprisingly, the theory (A1) is conjectured to be dual to
a single free Dirac cone (1) for any N .16 Again, the sym-
metries and operators match: the electric current ψ̄γµψ
maps to the flux current 1

4π ε
µνλtr(fµν). Recalling that

π1(U(N)) = Z, we see that the quantization of electric
charge matches, and the fermion ψ maps to the monopole
of U(N). The phase diagram also matches. When φ is
gapped, we have a U(N) CS gauge theory at level 1,
which carries no intrinsic topological order. Integrating
over a, we find that σAxy = 0. Moreover, since the chi-
ral central charge of U(N) CS gauge theory at level 1
is c− = −N , the background gravitational CS term in
Eq. (A1) is exactly cancelled to give c− = 0. On the
other hand, when r < 0, φ condenses and U(N) is bro-
ken down to a U(N − 1) subgroup. At low energies, we
may keep only the components of a in this subgroup, so
that a is now an N − 1 component Hermitian matrix.
Then L effectively takes the form:

L = CSU(N−1)[a−A]1 +
i

4π
AdA+ 2N · CS[g] (A3)

Again, because the level of a is 1 , there is no topological
order. Integrating over a, we are left with σAxy = 1, and
c− = N−(N−1) = 1, i.e. this phase is a Chern insulator.

We can again obtain the theory (A1) through a par-
ton construction. Represent the physical fermions cj =∑
α b
†
α,jfα,j where α = 1 . . . N . There is a U(N) gauge

redundancy in this description:

U(N)a : bj → Ujbj , fj → Ujfj (A4)

which will lead to the emergence of a U(N) gauge field
a. As before, we make f carry the U(1)A global charge
(Eq. (3), first line). Now, choose an identical Chern-
number 1 band structure for each fα. Integrating fα out,
we obtain the CS term for a−A in Eq. (A1) as well as a
gravitational CS term with coefficient 2N , corresponding
to the chiral central charge N . The slave-boson field b
can be in a gapped or condensed phase, the transition
between these phases is described by (A1). While we
already discussed the nature of the two phases above,
further insight is provided by the edge structure. At the
mean field level, the edge has N chiral c = 1 fermions.
However, when b is gapped, there are no U(N) invari-
ant degrees of freedom on the edge, so after including
fluctuations of a, the edge becomes a trivial theory with
c = 0. On the other hand, when b condenses, for in-
stance along the Nth direction 〈bα〉 ∼ δα,N , then the
U(N) gauge group is broken down to U(N − 1). As a

result, the c = 1 chiral mode of fN now becomes a phys-
ical electron mode, while the modes fα, α = 1 . . . N − 1
are still gapped by fluctuations of a. Thus, the edge is
now a c = 1 A-charged mode, as one expects in a Chern
insulator.

Appendix B: SO(N) Chern-Simons gauge theory.

In this appendix, we give a more careful definition of
the SO(N) CS gauge theory in Eq. (6).29 Strictly speak-
ing, Eq. (6) is only meaningful when a is a 1-form. How-
ever, there can be non-trivial SO(N) bundles over our
space-time manifold: we have to sum over such bun-
dles. In general, following our parton construction below
Eq. (7), we will define the CS action for the SO(N) con-
nection a as the partition function of N identical copies of
a p+ip superconductor coupled to an SO(N) gauge field.
Representing the p + ip superconductor by a Majorana
fermion χ with m < 0,

L = χ̄(Da +m)χ (B1)

where χ is an N -color Majorana fermion, Da = γµ(∂µ +
iωµ − iaµ), and ωµ is the spin connection, we define:

exp
(
−CSSO(N)[a]1 −N · CSg

)
≡ lim

m→∞

Zf (−m)

Zf (m)

= e−πiη(iDa) (B2)

where

η =
1

2
(η(0) +N0) (B3)

and

η(s) =
∑
λ6=0

sgn(λ)|λ|−s (B4)

where λ’s are eigenvalues of iDa, N0 is the number of zero
modes of iDa and η(0) is obtained by analytic continu-
ation from large real s. The ratio of partition functions
with m < 0 and m > 0 in (B2) is taken to cancel out any
“non-topological” dependence of the action on the gauge
field and the metric.

Implicitly, in defining the Dirac operator Da, we have
given the fermions χ not only an SO(N) connection, but
also a spin-structure. In our parton construction (7) such
a spin-structure will be inherited from the physical elec-
tron c. In general, the action (B2) depends on the spin-
structure, which is a sign that the underlying microscopic
theory has a local electron operator.

We can use Atiyah-Patodi-Singer (APS) theorem to
rewrite η(iDa) as,

η =

∫
X4

(
1

2 · (2π)2
trSO(N)f ∧ f

+
N

8 · 24π2
trR ∧R

)
(mod 2) (B5)
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Here, X4 is a four-dimensional (Euclidean) manifold that
extends our physical three-dimensional (Euclidean) man-
ifold M , i.e. ∂X4 = M . Furthermore, both a and the
spin-structure on M are assumed to extend to X4. R is
the Riemann tensor on X4. It follows from the APS the-
orem that the right-hand-side of Eq. (B5) is independent
of the particular extension, i.e. it vanishes mod 2 when
X4 has no boundary. Another way to see this without di-
rectly appealing to the APS theorem is as follows. When
X4 is closed, we have

p1 =
1

2 · (2π)2

∫
X4

trSO(N)f ∧ f (B6)

and

σ = − 1

24π2

∫
X4

trR ∧R (B7)

p1 is the Pontryagin number of the SO(N) bundle over
X4. On a general manifold, it is an integer. However, on
a spin manifold it is an even integer. σ is the signature
of the manifold. On a general manifold it is an integer.
However, on a spin manifold it is a multiple of 16. This
implies that if our three-manifold M is endowed with a
spin-structure, we can separately define

CSSO(N)[a]1 =
i

2(4π)

∫
X4

trSO(N)f ∧ f (B8)

and

CSg =
i

192π

∫
X4

trR ∧R (B9)

Neither (B8) nor (B9) depend on the extension to X4 as
long as the spin-structure is also extended. Eq. (B8) is
the standard definition of SO(N)1 gauge theory; for level
k - simply multiply Eq. (B8) by k. From the preceding
discussion we see that the action (B8) generally depends
on the spin-structure for odd k, but not even k. Phys-
ically, when the theory has bosonic a-matter fields, the
odd k theories always have transparent fermions in the
spectrum, while even k theories are consistent theories
of microscopic bosons. In this paper, we are principally
interested in the case k = 1: it is consistent that our dual
theory has a local fermion in its spectrum.

We note that for even N and odd k one can still make
the theory live in a purely bosonic Hilbert space, if one
combines both the CS term for a and the gravitational
CS term via the definition (B2) or equivalently through
Eq. (B5). Physically, in this case one must restrict to
fermionic a-matter only. Indeed, for even N , the cen-
ter of SO(N) is Z2 = {1,−1}. The transition func-
tions for the fermionic matter field χ live in the group
(SO(N)×Spin(3))/Z2, i.e. χ feels only the combination
of spin-structure and SO(N) connection. Thus, if one in-
cludes only fermionic a-matter, one does not need to give
a spin-structure as an input and we get a theory of micro-
scopic bosons. However, if we allow for bosonic matter

φ (as our dual theory does), than the φ action depends
on the SO(N) connection, but not on spin-structure, so
the entire action depends on both the SO(N) connec-
tion and the spin-structure. So in this case, we still have
microscopic fermions in the Hilbert space.

We conclude by reviewing our notation for the case
N = 3. In this case, one may attempt to lift the SO(3)
bundle over M to an SU(2) bundle. The lift does not
always exist, so the two theories are generally different
in their global properties (although local properties will
be identical). When the lift does exist, the SO(3) action
becomes,

CSSO(3)[a]k = 2× ik

4π

∫
trSU(2)

(
â ∧ dâ− 2i

3
â ∧ â ∧ â

)
(B10)

Here the trace is over the spin 1/2 representation of
SU(2) and â is the corresponding lift of a. (We can write
the action directly in 3d, because SU(2) in d = 3 does
not admit non-trivial bundles). That is SO(3)k goes to
SU(2)2k.

Appendix C: Z2 symmetry.

In this section, we discuss the issue of the “extra”
global Z2 symmetry of the dual theory (5) in more detail.
We will argue that this symmetry is realized in the same
way in both phases of (5), thus, it is natural that the Z2

gap remains finite across the transition.
It is useful to have an explicitly Z2 symmetric parton

construction as a starting point for the analysis. Imagine
we use the parton decompostion

c =

N∑
α=1

φαχα (C1)

with c - the electron, φα - slave bosons and χα - slave
fermions. This decomposition has an O(N) gauge sym-
metry. As before, we place χα into identical px + ipy
superconductor band structures, and φα into a trivial
paramagnet. This yields the effective theory (5) with
an O(N) gauge group. Now, imagine further that the
system has some Ising spin degrees of freedom σ (not re-
lated to the electrons c) that transform under a global
Z2 symmetry:

Z2 : σ → −σ, c→ c (C2)

Imagine we condense the bosonic operator Φσ, with Φ
defined by Eq. (10). This breaks the O(N) gauge sym-
metry down to SO(N). However, the physical global Z2

symmetry is not broken, since its combination with an
O(N) reflection leaves Φσ invariant. Thus, we conclude
that after Φσ condensation, the global Z2 symmetry acts
as an O(N) reflection of φα and χα. This is precisely the
“extra” global symmetry of theory (5).

We would like to show that from the point of view of
this global Z2 symmetry, both r > 0 and r < 0 phases of
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(5) realize the same SPT. To argue this, let us look at the
edge of the system: a Z2 SPT would possess non-trivial
Z2 carrying gapless edge modes.30 At the mean field level,
χα hasN chiral c = 1/2 modes fα transforming under the
O(N) symmetry. However, after coupling to the SO(N)
gauge field, all these modes are eliminated. Therefore,
the r > 0 phase must realize a trivial Z2 SPT. Let’s
now turn to r < 0. Suppose φ condenses along the N ’th
direction, 〈φα〉 = δαN . The SO(N) group is broken to
SO(N − 1) acting on α = 1 . . . N − 1. Moreover, the
global Z2 symmetry (after potentially combining with
an SO(N) gauge rotation) now acts as O(N − 1) on α =
1 . . . N − 1. Therefore, the edge mode fN is not coupled
to the SO(N − 1) gauge field and, moreover, is neutral
under the global Z2. On the other hand, the edge modes
fα with α = 1 . . . N − 1 are eliminated by fluctuations of
the SO(N − 1) gauge field. So for r < 0, there are no
Z2 carrying edge modes, which means that this phase is
also trivial from the Z2 SPT standpoint.

Another way to diagnose the presence of a Z2 SPT
is to look at the bulk response to Z2 fluxes, e.g. at the
partition function of the theory on some closed manifold
in the presence of background Z2 gauge field b. Let us
consider the case of odd N , so O(N) = Z2×SO(N). For
r > 0, the Z2 symmetry simply acts on partons χα as Z2 :
χα → −χα. This coincides with the action of fermion
parity on χα. But we know that our system is a trivial
c− = 0 superconductor. Therefore, its partition function
does not depend on spin-structure, and consequently, on
the background Z2 gauge field b. So the r > 0 phase
realizes a trivial Z2 SPT.

Next, we turn to the phase r < 0. As we already dis-
cussed, the fermion χN now forms a px + ipy supercon-
ductor and is neutral under Z2. It, therefore, does not
contribute any b dependence to the partition function.
We are thus left with the contribution of fermions χα,
α = 1 . . . N − 1 coupled to an SO(N − 1) gauge field and
charged under the O(N − 1)/SO(N − 1) global symme-
try. We note that because N − 1 is even (and all bosonic
charge matter is trivial and gapped), this system can ef-
fectively be thought as living in a bosonic microscopic
Hilbert space (see appendix B). Therefore, as a Z2 SPT,
it must realize either a trivial phase or the Chen-Liu-
Wen-Levin-Gu (CLWLG) bosonic SPT phase.31,32 These
can be distinguished by their partition functions on RP 3

in the presence of a background Z2 flux. In section
C 1, we will explicitly compute this partition function
for N − 1 = 2 and show that, indeed, a trivial Z2 SPT
phase is realized. For other N , we don’t have an explicit
bulk partition function computation and have to rely on
the edge argument above.

Despite the above arguments, from a mean field view-
point it appears surprising that the operator (10) can
have exponentially decaying correlation functions at the
critical point r = 0. We now give an example of a theory
where a similar phenomenon takes place. Consider the
WFCS theory (2), which is an SO(2) cousin of our non-
Abelian theory (5). This theory has a Z2 = O(2)/SO(2)

symmetry, which acts as φ → φ†. On the dual Dirac
fermion side (1), this symmetry is precisely the charge-
conjugation symmetry Z2 : ψ → Cψ̄T . The gap to this
symmetry vanishes at the critical point: for instance,
the physical electric current operator ψ̄γµψ is odd un-
der C. Now, imagine perturbing the Dirac fermion by
a superconducting mass term (which breaks the global
U(1) symmetry):

H = ψ†(−i∂xσx − i∂yσz)ψ +mψ†σyψ +

+
1

2
∆ψ†σyψ∗ +

1

2
∆∗ψTσyψ

Here, we’ve written the real-time Hamiltonian and made
a choice of γ matrices. For ∆ = ∆∗, the charge-
conjugation symmetry Z2 : ψ → ψ† is preserved. We
see that the Dirac transition splits into two Majorana
transitions. Indeed, writing ψ = ξ1 + iξ2,

H = ξT1 (−i∂xσx − i∂yσz)ξ1 + (m+ ∆)ξT1 σ
yξ1

+ ξT2 (−i∂xσx − i∂yσz)ξ2 + (m−∆)ξT2 σ
yξ2

The Majorana fermion ξ1 becomes massless at m = −∆,
and ξ2 becomes massless at m = ∆. The Z2 symmetry
acts as, ξ1 → ξ1, ξ2 → −ξ2. Since at finite ∆, ξ1 and
ξ2 are never simultaneously gapless, all bosons charged
under Z2 remain gapped throughout the phase diagram.
Now, on the WFCS side, the superconducting mass per-
turbation maps to a double monopole of a. Therefore,
in this perturbed WFCS theory, the Z2 charge gap (for
bosons) also never closes, just as we expect in the non-
Abelian theory (5). Of course, in the perturbed Abelian
theory, an even more dramatic effect is that the transi-
tion at r = 0 splits into two; in the non-Abelian case (5)
there is no reason to expect such a splitting. We note that
the perturbed Abelian WFCS theory can be thought as
arising by starting with the N = 3 non-Abelian WFCS
theory (5), going to the r < 0 phase where SO(3) gauge
symmetry is broken to SO(2); the Abelian WFCS tran-
sition then corresponds to further breaking the SO(2)
gauge group to trivial. Note that in such a construc-
tion, the SO(2) theory will be naturally perturbed by
double monopole operators, as they are allowed in the
original SO(3) theory. Our assumption is that the gap
to Z2 = O(3)/SO(3) bosons remains finite throughout
the above sequence of phase transitions.

1. O(2)1 theory.

In this section, we focus on the theory (5) with N = 3
in the regime r < 0 and compute its partition function on
RP 3 in the presence of a background Z2 flux b. This will
serve as a check that this phase is not a Z2 SPT. Indeed,
as we argued above, the r < 0 phase (apart from a Z2

neutral px + ipy superconductor) is at most a CLWLG
bosonic Z2 SPT. The partition function of the CLWLG
phase on a manifold M in the presence of a background
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Z2 flux b ∈ H1(M,Z2) is given by29,33

Z[b] = exp

(
πi

∫
M

b3
)

(C3)

On RP 3, H1(RP 3, Z2) = Z2, and for the non-trivial b,
we have Z[b] = −1. On the other hand, for a trivial Z2

SPT, we will have Z[b] = 1 on any manifold.
From the parton construction below Eq. (C1) the back-

ground flux b and the dynamical SO(2) gauge field a
combine to an O(2) = SO(2)oZ2 gauge field: the action
is the partition function of the partons χ1, χ2 coupled
to this O(2) gauge field - it is given by Eq. (B2). (Here,
we ignore the third parton χ3, which sees no dynami-
cal gauge field or background Z2 gauge field). Thus, the
partition function takes the form:

Z[b] =
1

V ol(G)

∑
H2(M,Z̃b)

∫
Dae−πiη[a] (C4)

Once the Z2 gauge field b is fixed, a becomes a u(1)
gauge field, but its transition functions satisfy a cocycle
condition twisted by b. Topologically distinct u(1) gauge

fields correspond to elements of H2(X, Z̃b), where the
coefficients are in the local system twisted by b. The
path integral is over gauge fields a in each such class and
the factor in front, V ol(G)−1, corresponds to the volume
of (twisted) u(1) gauge group. η[a] is the η-invariant
(B3) of the Dirac operator in the background of the O(2)
gauge field a. A standard computation gives,

Z[b] =
e2πiη(∗d)/8√

|T |

∑
acl∈T

e−πiη[acl] (C5)

Here acl are topologically non-trivial flat u(1) bundles
twisted by b - these are in one-to-one correspondence
with the torsion subgroup T = Tor(H2(M, Z̃b)) and |T |

denotes the order of T . η(∗d) is the η-invariant of the
operator ∗d acting on (twisted) 1-forms and 3-forms -
it vanishes for manifolds with an orientation-reversing
isometry, such as RP 3.

Let’s compute the partition function on RP 3. As al-
ready noted, H1(RP 3, Z2) = Z2, so there is only one
non-trivial b-flux sector. In the untwisted (b = 0) sec-
tor, we have H2(RP 3, Z) = Z2 which correspond to two
spin-structures for slave-fermions χα on RP 3. Explic-
itly, working on the double-cover S3 and using the stere-

ographic coordinates, ( 4~u
u2+4 ,

u2−4
u2+4 ), we have under the

anti-podal map:

χα(~u) = ± iu
iγi

|~u|
χα

(
−4~u

u2

)
(C6)

Note that χ1 and χ2 have the same spin-structure. Now,
one of the spin-structures has η = 1/8 and the other η =
−1/8 (for a single fermion, say χ1). Adding contributions
of χ1 and χ2, η = ±1/4. So, we get

Z0(RP 3) =
1√
2

(eπi/4 + e−πi/4) = 1 (C7)

This is the correct partition function of a trivial super-
conductor on RP 3, as needed.

Now, in the twisted sector, H2(RP 3, Z̃) = Z1, there is
just a single twisted u(1) bundle that can be chosen to
be:

χα(~u) = τzαβ
iuiγi

|~u|
χβ

(
−4~u

u2

)
(C8)

So χ1 and χ2 now have opposite spin-structures, so to-
gether they give η = 0. So, we get

Ztwist(RP
3) = 1 (C9)

Since the partition function in the twisted sector is triv-
ial, this phase must realize a trivial Z2 SPT as claimed.
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