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We study the quantum dynamics of Majorana and regular fermion bound states coupled to a
quasi-one-dimensional metallic lead. The dynamics following the quench in the coupling to the lead
exhibits a series of dynamical revivals as the bound state propagates in the lead and reflects from
the boundaries. We show that the nature of revivals for a single Majorana bound state depends
uniquely on the presence of a resonant level in the lead. When two spatially separated Majorana
modes are coupled to the lead, the revivals depend only on the phase difference between their
host superconductors. Remarkably, the quench in this case effectively performs a fermion-parity
interferometry between Majorana bound states, revealing their unique non-Abelian braiding. Using
both analytical and numerical techniques, we find the pattern of fermion parity transfers following
the quench, study its evolution in the presence of disorder and interactions, and thus, ascertain the

fate of Majorana in a rough Fermi sea.

Introduction.—One of the most intriguing features of
a topological phase is the emergence of low-energy quasi-
particles with fractional quantum numbers. Two exam-
ples of this fractionalization are solitons with fractional
charge!'? and Majorana bound states (MBS) with non-
Abelian exchange statistics®*. The MBSs are of partic-
ular interest due to their potential application in topo-
logical quantum computation®. While the existence of
these fractional excitations has been proposed theoret-
ically in many systems®'®, the experimental effort for
their realization and detection is still the subject of vig-
orous current research. Recently, a number of groups
have reported observing signatures of MBSs'? 2%, How-
ever, these experiments are spectroscopic in nature?*
and, thus, do not provide evidence of their non-Abelian
statistics. In order to do so, one needs to perform a suit-
able interferometry?®29, which is typically harder to do.

In this Rapid Communication, we propose a fermion-
parity interferometry based on the quantum dynamics of
bound states after a quench couples them to a metal-
lic lead. The dynamics of the ground state after such
a quench shows revivals?:3! at integer multiples of re-
turn time 7 = 2¢/vp, where £ is the length and vp the
Fermi velocity of the lead. Some aspects of such quench
dynamics have been recently studied3?4°. In our case,
after the quench the bound state leaks out to the lead on
a timescale 1/T' = 2hEr /\? where Ef is the lead Fermi
energy and X is the quenched coupling®?. The resulting
wavepacket propagates in the lead at a velocity ~ vp and
returns to the original position at time 7. At this time
it tunnels back to the original bound state, simultane-
ously balanced with the leakout, thus partially reviving
the original state. For I'r > 1, the revivals are the main
aspect of the dynamics as the bound states shuttle back
and forth along the lead. Thus, they may be intuitively
expected to provide a setting for such an interferometry
on the bound states and reveal their exchange statistics.

Motivated by this observation, we consider a lead cou-
pled to one or two such bound states and study the

quantum dynamics after a quench in the tunneling ampli-
tudes. Remarkably, we find a unique pattern of fermion
parity transfers accompanying the revivals of MBSs, due
to their nonlocal encoding of fermion parity. For regular
fermion bound states (including Andreev bound states),
fermion parity is encoded locally and no fermion par-
ity transfers occur. We present analytical solutions for
an effective low-energy theory of the quench dynamics
of Majorana and regular fermion bound states. We also
report numerical solutions to a full lattice model, which
allow us to study the effects of potential disorder and
local interactions in the lead.

In all cases, we find unique dynamical signatures of
MBSs. The quench dynamics of MBSs in the lead effec-
tively performs a fermion-parity interferometry, revealing
their non-Abelian braiding. In the presence of disorder
and interactions in the lead, this pattern is eventually
washed out after several return cycles. Nevertheless, the
pattern of fermion parity transfers remains robust, thus
providing a smoking gun for MBS detection.

Low-energy effective theory.—Our interferometer is
composed of a system (s) in a gapped phase hosting reg-
ular or Majorana bound states, and a metallic lead (1)
joined after a quench in a tunneling region (t), with the
time-dependent Hamiltonian H(t) = Hs + H) + Hy(t).
The MBS 7,4 (72, = %) at endpoint a of superconduc-
tor v contributes to the mode expansion of the electron
operator the term wu,,(z)v,q, where the eigenfunction
Upg(x) e~ %/ Evei(Pvt1a)/2 with z the position, &, the
coherence length, ¢, the phase of the superconductor,
and n, = 0 () at the right (left) endpoint, a = I (II).

For simplicity, we model the lead with spinless
fermions, neglecting any spin dynamics. In the case of
MBS arising in spin-filtered nanowires”'41%  this is a
good approximation as long as there are no magnetic
impurities in the lead. In our low-energy theory, the lead
degrees of freedom are the right- and left-moving modes,
Yr and ¥, with Hamiltonian (in units of lattice spacing

a=h=1) H = —ivp [y (0hd.0r — ¥} 0,0r)dz. We
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FIG. 1. (color online) Top: schematic of the system; one
or both tunnel couplings, A;/ii(t), are switched on at t =
0. Bottom: Coupling of Majorana bound states to the lead,
shown in its Majorana basis as two independent Majorana
chains. The resonant lead with odd number of sites (a,b) and
the off-resonant lead with even number of sites (c,d) couple
to Majorana bound states 41 and ~11 in superconductors with
phase difference A¢ = 0 (a,c) and A¢p = 7 (b,d).
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now “unwrap” the lead coordinate x € [0,¢] — [—£, £] by
mapping ¥g(xz) — ¥(z),¥r(z) — Y(—z) to find H =
—Up ffe 10,1 dz. Equivalently, in the Majorana basis,

Y = %(71 + iv2), we have H) = —jup ffg(%aﬂl +
v20:¥2) dx. Thus, the lead is composed of two indepen-
dent Majorana chains. In this low-energy theory, the
existence of a resonant zero-energy level is accounted for
in the boundary condition ¥ (z + 2¢) = (¥(x), where
¢ =41 (—1) when there is a (no) resonant level.

Since the system is gapped, at low energies we need
only consider the contribution of the bound states to the
tunneling Hamiltonian. Of course, all states in the super-
conductor couple to the lead; however, as we discuss in
conclusion, these states do not contribute to the physics
of parity switching at return times. For regular fermions,
dyas Hi(t) =Y, Ava(t)dl a0 (x4) + h.c., where z, is the
tunneling site in the lead and \,, the corresponding tun-
neling amplitude. For the MBS ~,,, the tunneling term
Hi(t) in the lead Majorana basis is

v+ 1a
2

v+ Na

A (D) |si
iApa(t) |sin 5

72($a) Yva-

(1)
The quench is assumed to be sudden, A,,(t) = A,o0(t).
The phase ¢, + 1, of one of the superconductors at
a single contact point can always be gauged away by
mapping ¢ — e~ “(¢v+1)/2¢,  Thus, the dynamics only
depends on the relative phase A¢ between the supercon-
ductors. Moreover, as illustrated in Fig. 1, for a resonant
lead coupled to two superconductors, the MBSs couple
to the opposite (same) Majorana chains in the lead for
A¢ = 0(m). By contrast, for an off-resonant lead, the
situation is reversed. Thus, there are two cases to con-
sider, in which one or two MBSs couple to a single lead
Majorana chain. We shall now study these cases in detail.

———"1(xq) — cos

MBS parity transfer—First, let us consider the lead
coupled at x1 = 0 to a single MBS, 71 = ~, with tunneling
amplitude A\. The tunneling Hamiltonian is found by
setting ¢, + 1, = 0 in Eq. (1) to be iAyy2(0). Thus, 1

is a free mode, and the other equations of motion are

iat72(m’ t) = _ivFaz'h(xv t) - Z’)‘PY(t)(;(m% (2)
10¢y(t) = iAy2(0,1). (3)

In order to account for revivals we model the scattering
off the bound state as a time-periodic perturbation. This
is consistent with the linear continuum model since in this
approximation all the lead modes propagate at the Fermi
velocity, so they all scatter in regular intervals of return
time. Thus, at x = 0~ and for 0 < ¢t < 7, we have a free
field 12(07,¢) = Y €™ “ya0(w) = y20(t), where y20(w)
are the modes of the unperturbed lead with energy w.
The solution is given by

V() = fiee) (& 7) ¥(0) + Flyaol, (4)

where F' is a functional of 79y only. Denoting I' =
A2 /2vp, the envelope functions fo(t;7) = e It and, as-
suming I'r > 1, fi(t;7) = —QCI‘(t e TE=T) fo(t;7) =
—20'(t — 27)[1 = T'(t — 27)]e T (t=27),

The fermion parity of the host superconductor is
P(t) = (2i7/~(t)), where 7/ is the spatially separated
MBS partner of v, which remains static. For 0 <t < 7,
P(t) = e7'P(0), and is revived for 7 < ¢t < 27 as

P(t)/P(0) = —2(T(t —

The maximum revival value is |P(7+1/T)/P(0)| = 2/e =~
0.73. Remarkably, the sign of the fermion-parity revival
depends on (: in a resonant lead it reverses. This pat-
tern continues following each revival with the sign of the
maximum parity switching at odd multiples of .

For a regular fermion bound state, d, the equations
of motion are found by replacing v2 — ¥, v — id in (2)
and (3). Similarly, the solution is d(t) = f(¢) d(0)—iF[t)o]
with a free field 9o (¢). Thus, the occupation of the bound
state N (t) = (df(t)d(t)) = e 2"*N(0) decays for 0 < t <
7, and is revived for 7 < t < 27 as N(t) ~ 4I%(t —
7)2e~20'(t=7) with a maximum value N (74 1/T")/N(0) =
4/e* ~ 0.54, irrespective of (. The fermion parity of the
host system, P(t) =1 — 2N (t), is independent of (.

Therefore, the pattern of fermion parity transfers be-
tween the MBS and the lead upon revivals is a unique
signature of MBSs. This is our first main result.

MBS fermion parity interferometry.—It may appear
too difficult to observe such a pattern of fermion parity
transfers since tuning a lead level to be resonant requires
a high degree of resolution. However, as we now show,
the fermion parity transfers between two MBSs coupled
to the lead is a robust signature of their non-Abelian
exchange regardless of the nature of the lead.

For simplicity, we will assume here the phase difference
between the host superconductors A¢ = 0 or « as in
Fig. 1. For A¢ = 0 in a resonant lead (¢ = +1), and for
A¢ = 7 in the off-resonant lead ({ = —1), the two MBSs
~1 and 711 couple to different lead Majorana modes, v,
and 7. Thus, our previous analysis shows that fermion
parity is switched at return time 7 only when { = +1.

e =1 Tr>1.  (5)
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FIG. 2. (color online) Fidelity after the quench A = 0.5w at
t = 0 couples a lead to a single SSH chain with m = 0.8w (a),
one Kitaev (b), and two Kitaev chains with gap A = 0.3w,
A¢ = 7 (c) and A¢p = 0 (d). The disorder strength W =
0.2w and the shaded areas show the standard deviation in
the disorder average.

The new cases are when both MBSs are coupled to the
same lead Majorana mode, 72, i.e. A¢ = 0 in the off-
resonant lead, and A¢ = m in the resonant lead. Then
the equations of motion are

102 = —ivp0zy2 — iAo (x) — iAo (x — £),  (6)

and 191 = iM2(0), 10y = iAny2(€). To proceed,
we need to modify our previous calculation slightly to
account for the scattering off the second MBS at odd
multiples of 7/2. This can be done straightforwardly,
and for the simple case A\ = Ay = A, the result is a
decay for 0 < t < 7/2, a(t) = fo(t: 7/2) 7a(0) + Flrao].
followed by a revival for 7/2 < t < 7 (assuming I't > 1),

Y(t) = fi(t;7/2) m(0) + Flyzol, (7)
Y (t) = Cf(t; 7/2) 71(0) + Flya0]- (8)

Thus, the relative sign of exchange depends on (. Pro-
jected to the subspace spanned by vg,, the effec-

tive evolution operator for ¢ = —1 is /| f1|U—, where
U_ = e3> is the non-Abelian Ising braid operator®+!.

Hence, the state of MBSs at 7/2 is a superposition of
two states in which both MBS fermions parities are un-
changed or switched. By contrast, for { = +1, the pro-
jected evolution operator is /| f1|U4, where Uy = yi1+71
satisfies Ui = 1 as in an Abelian braiding. In this
case, the state of MBSs at 7/2 is a superposition of
two states in which one or the other MBS switches its
fermion parity. Proceeding to 7 < ¢ < 37/2, we find
va(t) = Cf2(t;7/2) 74(0) + F': upon revival, fermion par-
ities switch only for ( = —1.

We conclude that at odd multiples of return time, the
fermion parities of 1 and 411 are (not) switched, regard-
less of the details of the lead, when A¢ = 0 (7). This is
our second main result.

Numerics and effects of disorder and interactions.—
In order to confirm and extend our results beyond the
clean, non-interacting low-energy limit, we now study the

quench dynamics of the many-body system in a lattice
model numerically.

We model the system as a one-dimensional chain with
Hamiltonian Hy = ), (wsdiderl + Adgdsi1 + h.c.) ,
where df is the system fermionic creation operator at site
s, ws = w~+(—1)*m is the hopping amplitude with m the
bond modulation, and A = |Ale*? is the superconduct-
ing pairing. This Hamiltonian includes the Su-Schrieffer-
Heeger (SSH) model! with m # 0, A = 0, which supports
regular fermion bound states (solitons), and the Kitaev
model” with m = 0, A # 0, which supports MBSs, at the
chain’s endpoints. We take

N-1 N 1
H =w Z (c:[crﬂ + h.c.) + Z V. (n,« — 2)

r=1 r=1
N—-1 1 1
Uy <n - 2) (mH - 2) , (9)

for the lead, where ¢l is the fermionic creation opera-
tor at site r, n, = cl.c, is the number operator, U the
interaction strength, and V,. the potential disorder with
a uniform distribution over [—-W/2,W/2] and disorder
strength . The lead is (off-)resonant for (even) odd N.
The tunneling Hamiltonian is Hy(t) = Y, Ars(t)dic, +
h.c., with A\.5(¢) the quenched tunneling amplitude be-
tween the system site s and the lead site r.

As a first measure of the quench dynamics, we com-
pute the dynamical fidelity, or the Loschmidt echo®? 44,
F(t) = [(¥(0)|¥(t))|?, where |¥(t)) is the many-body
ground state of the system. For this calculation, we set
U = 0 and diagonalize the Hamiltonian exactly. The
ground state overlaps can then be calculated using the
Onishi formula*346.

A sampling of our results are shown in Fig. 2 for a dis-
order strength W = 0.2w. For a single soliton, Fig 2(a),
the fidelity is revived at integer multiples of 7. However,
for a single MBS and a resonant lead, Fig. 2(b), the fi-
delity exhibits a dip at odd multiples of 7. This is in
agreement with the pattern of fermion parity transfers,
since fermion parities are switched. At disorder strength
larger than the level spacing, the distinction starts to
disappear; however, the MBS even-odd effect can still be
seen in the first few revivals since the signal is averaged
over a minimum and a maximum at odd return times.

For two MBSs, Fig. 2(c,d), our numerics again con-
firm the even-odd effect at return time: in contrast to
A¢ = m, the parities are switched at odd multiples of 7
for A¢ = 0 and, instead of a maximum, the fidelity shows
a dip. The structure around 7/2 depends on the resonant
nature of the lead: or MBSs with A¢ = 7 coupled to
a resonant lead, the total fermion parity is switched at
7/2 and, thus, we expect fidelity to show a dip; owever,
for MBSs with A¢ = 0 coupled to an off-resonant lead,
the state at 7/2 has an amplitude \/|f1|/2 to be in the
original state, yielding a maximum fidelity 1/e, consis-
tent with our numerics. We note that, MBSs are more
robust against potential disorder than the SSH solitons.
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FIG. 3. The parity P(r,t) to the left of a cut between sites r and r + 1 in the lead after a quench A\ = w at ¢t = 0 couples the
lead to two Kitaev chains with gap A = 0.5w and A¢ = 0 (a,b), A¢ = 7 (c), and to two SSH chains with m = 0.8w (d,e). The
lead interaction strength U = 0.5w in (b) and (e). The insets show magnified regions for comparison.

We have confirmed that the revival pattern of MBSs in
fidelity remains robust over several return cycles for rel-
atively high disorder strengths, W < 0.5w.

Indeed the pattern of fermion parity transfers can
be directly observed in our numerics. As a second
measure, we calculate the fermion parity, P(r,t) =
(U()|(=1)N"|¥(t)), where N, is the total number opera-
tor to the left of a cut between sites r and 741 in the lead.
Since the total fermion parity is conserved, P(rq,t) for
the case with two tunneling contacts at endpoints r, di-
rectly measures the fermion parity of the systems hosting
the bound states at endpoint a. For this calculation we
use the time-dependent density-matrix renormalization
group method?”48, which allows us to study the effects
of disorder and interactions. For a single bound state,
we have checked that the fermion parity is switched at
odd multiples of 7 only for the single MBS coupled to the
resonant lead.

Fig. 3 summarizes our numerical results for fermion
parity transfer for two bound states. In agreement with
our analytical solutions, the fermion parity of the MBSs
is switched at odd multiples of 7 when A¢ = 0 and
not so when A¢ = 7 regardless of the nature of the
lead. By contrast, the fermion parity of the SSH solitons
does not switch. For U = 0.5w, the pattern of fermion
parity transfer for the MBSs decoheres over a few re-
turn cycles. The SSH solitons, on the other hand, are
much less affected. This is consistent with the idea that
the fermion parity transfers manifest subtle interference
paths of MBSs, which are more prone to decoherence
by local interactions. We note, however, that the same
switching pattern is observed as in the noninteracting
case, albeit in an increasingly incoherent fashion.

Concluding remarks.—Our fermion parity interferom-
etry can distinguish MBSs from other fermionic bound
states, including Andreev bound states. To see this, note
that fermion parity transfers occur due to the nonlocal
encoding of fermion parities in spatially separated MBSs.

For an Andreev bound state vg at energy E, the fermion
parity 1 — 2pg (fyTEyE) (pe is the density of states) is lo-
cal. Thus, like regular fermions, Andreev bound states
would not show fermion parity transfers in our scheme.
We have indeed confirmed this numerically.

We also considered a lead with multiple channels?® and
confirmed that as long as the notion of a return time
is meaningful, the pattern of fermion parity exchanges
continues to hold.

Spatially separated MBSs have a tunneling time 1/e
with energy splitting € ~ e~¢/¢. Thus, our fermion par-
ity interferometry would work for 1/T" <« 7 <« 1/e. The
upper limit is not challenging since high ¢/ can be large.
Restoring units of ¢ in micron, vp in eVA, X in meV, and
a in A, the timescales are 1/T ~ (vr/A%a) x 10~%s and
7 ~ (L/vp) x 10~ Ms; thus, A > A, = 10vx/v/fa. These
values can vary significantly depending on the realization
scheme. For typical solid-state parameters, A\, ~ 10meV,
but it can be lowered for smaller vp and larger a. For ex-
ample, in nano-patterned metallic surfaces®®, A, < 1meV
can be easily achieved. In cold-atom realizations®!°2,
with vp ~ 1072cm/s, a ~ 100nm, and A ~ 1kHz, we
have 1/T ~ 107%s < 7 ~ 1072%s. We further discuss
experimental feasibility in*’

We have investigated the quench dynamics of a topo-
logical system coupled to a Fermi sea. We have found
that the lead can serve as an interference medium reveal-
ing the non-Abelian exchange statistics of MBSs through
a unique pattern of fermion parity transfers. Remarkably,
this pattern remains the same in the presence of moder-
ate interactions and disorder in the lead. We note that
unlike effective braiding of MBSs®*, the exchange in our
setup proceeds via the real-space paths of the lead chan-
nels. Our findings can lead to viable interferometers for
the smoking-gun detection of Majorana bound states.
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