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We analyze general zero mode properties of the parent Hamiltonian of the unprojected Jain-2/5
state. We characterize the zero mode condition associated to this Hamiltonian via projection onto a
four-dimensional two-particle subspace for given pair angular momentum, for the disk and similarly
for the spherical geometry. Earlier numerical claims in the literature about ground state uniqueness
on the sphere are substantiated on analytic grounds, and related results are derived. Preference
is given to second quantized methods, where zero mode properties are derived not from given
analytic wave functions, but from a “lattice” Hamiltonian and associated zero mode conditions.
This method reveals new insights into the guiding-center structure of the unprojected Jain-2/5
state, in particular a system of dominance patterns following a “generalized Pauli principle”, which
establishes a complete one-to-one correspondence with the edge mode counting. We also identify
one-body operators that function as generators of zero modes.

I. INTRODUCTION

The theoretical exploration of topological phases in the
fractional quantum Hall (FQH) regime owes its success
to our ability to associate simple data to valid points in
the phase diagram. At the level of the low-energy ef-
fective theory, these data may be thought of describing
a topological quantum field theory, or a related ratio-
nal conformal field theory. Remarkably, the same data
lend themselves to the construction of microscopic many-
body wave functions.! In this context, such data have also
been thought of as “dancing patterns”.? To the extent
that these patterns translate into simple analytic prop-
erties of wave functions, often the construction of a local
parent Hamiltonian is also possible. This situation may
be thought of as nearly ideal: The existence of simple
data that both lead to an effective field theory as well
as a solvable microscopic Hamiltonian. This last step,
however, the construction of a Hamiltonian, has not al-
ways been successful thus far. The experimentally most
important sequence of quantum Hall states appears to
be described by weakly interacting composite fermions
as originally discussed by Jain.? This includes states de-
scribed by Laughlin’s seminal wave functions,* for which
parent Hamiltonians have been successfully constructed
early on.?® However, for the majority of Jain states, there
seem no successful attempts at construction of a parent
Hamiltonian thus far. To the best of our knowledge, this
is in particular true for all lowest Landau-level projected
versions of Jain states, aside from Laughlin states.

A special niche seems to be occupied by the wun-
projected Jain-2/5 state. Generally speaking, the fact
that the polynomial part of the wave function is no longer
holomorphic, but depends on both holomorphic and anti-
holomorphic complex coordinates when higher Landau
levels are involved, tends to make it more difficult to iden-
tify analytic clustering principles that allow for the con-

struction of a Hamiltonian. However, for the unprojected
Jain-2/5 state a parent Hamiltonian has been identified.”
Well-studied parent Hamiltonians in the fractional quan-
tum Hall regime tend to achieve more than just stabi-
lizing a ground state: The ground state is the unique
zero energy state (zero mode) at a given filling factor,
but is degenerate with other zero modes when the fil-
ing factor is reduced by introducing more flux quanta
or reducing particle number. The number of these ad-
ditional zero modes at fixed angular momentum relative
to the ground state is generally in one-to-one correspon-
dence with edge mode counting in the conformal field
theory describing the edge.® Here, the angular momen-
tum of the microscopic zero mode, relative to the ground
state, plays the role of energy in the effective edge the-
ory, as may be justified by adding a confining potential
proportional to angular momentum. We will say that a
Hamiltonian that conforms to the above paradigm satis-
fies the “zero mode paradigm”. For many quantum Hall
parent Hamiltonians involving projection onto the low-
est Landau level, pertinent zero mode counting exercises
have a long tradition in the field.®'? However, the par-
ent Hamiltonian of the Jain-2/5 state involves projection
onto two (artificially quenched) Landau levels. Here, the
situation seems to have been less studied. One of the
results of this paper will be the rigorous characterization
of all zero modes of this Hamiltonian and their one-to-
one correspondence with degrees of freedom of the edge
theory, including certain “zero-momentum modes” of the
latter that involve changes in particle number or transfer
of particles between different edge branches.

Moreover, recent years have shown that the data spec-
ifying a topological phase in the fractional quantum Hall
regime largely survives in certain skeletal forms of special
wave functions associated with the thin torus limit'3 2!
or with “dominant partitions”.?272% These in particu-
lar contain information about quasiparticle statistics (see
Ref. 26 for a review). Furthermore, in Ref. 27 a mecha-



nism was identified that explains the appearance of such
dominant partitions, or dominance patterns, in any quan-
tum Hall wave function for which a parent Hamiltonian
with the properties described above can be given. It is
worth noting that this is different from relating such dom-
inance patterns to analytic clustering properties of first
quantized wave functions, which was done by the original
work.22725 While the latter approach does not utilize a
Hamiltonian principle of the kind described above (which
may not always be available), the approach pursued here
and in earlier works by some of us does not require an-
alytic clustering conditions (which may not always be
present?®29).  Moreover, we will argue below that the
Hamiltonian approach may give some insights into why
certain types of wave functions cannot be stabilized by a
Hamiltonian satisfying the zero mode paradigm. In par-
ticular, we will argue this to be the case for projected
Jain states.

Lastly, it appears that neither approach to dominance
patterns has so far been applied to a situation where
the many-body state was not described by holomorphic
wave functions (modulo non-holomorphic, e.g., Gaussian
factors common to all states). In the majority of cases,
dominance patterns for special FQH wave functions have
been discussed for single component states in the lowest
Landau level. In some cases, additional degrees of free-
dom such as spin were present.'>!® Also, Landau level
projected Jain states have been discussed from the point
of view of dominance patterns.?® The idea of this pa-
per is to present a case study for both the zero mode
paradigm as well as a description in terms of dominance
patterns, and the interplay between these concepts, for a
state that is not projected onto the lowest Landau level,
and whose wave function is consequently not holomor-
phic. For present purposes, this will be the unprojected
Jain-2/5 state.

The remainder of the paper is organized as follows. In
Sec. II, we will present the second quantized form of
the parent Hamiltonian of this state on the disk, which
represents the natural framework for our approach. In
Sec. III, we will use this second quantized form to estab-
lish a description of zero modes in terms of dominance
patterns. In Sec. IV, we use these results to establish
the one-to-one correspondence between zero modes, dom-
inance patterns, and modes of the edge theory. In Sec.
V, we present second quantized single particle operators
that serve as generators for zero modes. In Sec. VI we
extend our main results to the spherical geometry. In
Sec. VII, we will discuss our results. We conclude in Sec.
VIIL.

II. SECOND QUANTIZATION IN DISK
GEOMETRY

In this paper, we will be concerned with the two-body
Trugman-Kivelson interaction®

H =P,V (x1 —22)0 (y1 — y2) Pn, (1)

projected onto the first n Landau levels via an orthogonal
projection operator P, focusing on the case where n = 2.
For n = 1, it is well known that this interaction agrees, up
to a factor, with the V; Haldane pseudopotential.> The
case n = 2 was identified by Rezayi and MacDonald” as
a parent Hamiltonian for the Jain-2/5 state, where at the
same time, the kinetic energy is quenched not only within
individual Landau levels, but the splitting between the
lowest and first excited Landau level is set to zero. Here
we will mainly be concerned with the properties of this
(n = 2) Hamiltonian. Results for the case n = 3 have
appeared recently.3! The extension of the methods devel-
oped below to n > 2 is left to a forthcoming paper.

As a starting point, we establish a second quantized
form of the Hamiltonian in various geometries, beginning
with the disk geometry. For positive, angular momentum
conserving two-particle operators, the second quantized
many-body Hamiltonian is generally?” of the form

M
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where Tgc) =>, i’fj(R, Z)Ci, R—uCj R+ destroys a pair
of particles with well defined angular momentum 2R,
¢i,m is an electron destruction operator for a state in

the ith Landau level (LL) with angular momentum m,

and f}';(R,z) is a form factor defining the operator T ng).

In Eq. (2), The sum over R is over integer and half-odd

integer values, and x in the definition of TI(%k) is either
over integer or half-odd integer, depending on R (i.e.,
2z = 2R mod 2). In the most general case, the number
M of families of T-operators can be infinite.

We now work out the connection between Eqs. (1)
and (2) specializing to n = 2 Landau levels (carrying
Landau level indices 0 and 1, respectively). To this end,
we recall the wave functions for a single particle in the
disk with angular momentum L, = m in the lowest and
first excited LLs under symmetric gauge,
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respectively, where z = x + iy is the complex coordi-
nate on the disk, and lg is magnetic length /%i/eB. As
an immediate consequence, we have the following an-
alytic structure for general two-particle wave functions
projected onto the first two LLs,

(21, 22) =<Coo(217 z2) + 21C10(21, 22) + 22Co01(21, 22)
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where Coo(21,22), Cio(21, 22), Co1(21, 22) and Ciq(z1, 22)
are holomorphic functions of z; and z5. For two-particle
states, it is generally advantageous to phrase expressions
in terms of a center-of-mass coordinate z. = (21 + 22)/2
and a relative coordinate z,, = 21 — 29, and their complex
conjugates Z., z,. Furthermore, in this paper we will be
exclusively considering fermions. Then, Eq. (5) can be
recast as

'(/)(an Zr) = (dOO(an Zr) + 5cd10(2’c, Zr) + Zrd01(zc; Z’I‘)
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where dOO(zca Zr)» le(an Zr); dOl(an Zr) and dll(zca Zr)
are holomorphic functions of z, and z. with well-defined
parity in z.. Specifically, antisymmetry dictates that
doo(2e, zr)s d10(2¢, 2r), d11(2¢, 2) are odd in z, whereas
do1(2¢, 2z) is even in z,.. It will be beneficial to work
with an orthogonal basis of two-particle states that pre-
serves as far as possible a factorization into center-of-
mass and relative parts. Note that unlike the lowest
LL, higher Landau levels are not invariant subspaces of
the relative or center-of mass angular momentum opera-
tors individually, hence unlike in the lowest LL, there are
no good quantum numbers associated with these observ-
ables. This is related to the presence of the last term in
Eq. (6). We thus write:
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where functions 7y, (2,) and 75, ,,, (2c) are obtained from
Ne,m (2) via lg — V2lp and Ip — Ip/V/2, respectively,
¢ is restricted to odd integers, the k£ = 0,1 Landau level
wave functions were given above, and those for k = 2 are
also needed:

an(z) = e~ 7
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It is easy to see that Eq. (7) reproduces the analytic
structure of Eq. (6). Moreover, for sufficiently rapidly
decaying (2, 2, ), which we will always assume, any such
¥(2¢,2r) can be expanded in the form Eq. (7), which
follows from completeness properties of the n-functions.

One may see that the Hamiltonian Eq. (1) is positive
(semi-definite) for general n, which will be made explicit
for n = 2 below. Therefore, as in the more familiar case
n = 1, any zero modes are exact ground states. One may

further see easily that the familiar analyticity require-
ments for zero modes for n = 1 generalize as follows. For
the two-particle state (7) not to be annihilated by H (i.e.,
to have any non-zero matrix elements within the image of
P,), its polynomial expansion (not including the Gaus-
sian term) must have terms that are at most linear in z,,
Zy. With this in mind, working at fixed angular momen-
tum L, = 2R at the moment, we see that all non-zero
eigenstates of H must be contained in the six-dimensional
subspace spanned by the following states,
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while its orthogonal complement (for given R) is spanned
by states already annihilated by H. It follows from this
that the Hamiltonian may be written in the form

t
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where the operators %) , 1 = 1...6, create the states

in Eq. (9). Specifically, in second quantized form, these

operators read:
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As before, z is summed over (half)integers when R is
(half)integer. Possible values for R + z are non-negative

for Landau level index ¢ = 0, and are greater than
or equal to —1 for ¢ = 1, to accommodate for the
L, = —1 angular momentum state in the first excited

Landau level. One may check that these operators sat-

isfy (0 Qg)Q( )t |0) = 6, mOR, R, as expected from the
orthonormality of first quantized wave functions used in
this analysis. The matrix elements m;; in Eq. (10) turn
out to be independent of R, and can be read of the fol-
lowing expression:
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It further turns out that only four of the six
eigenvalues of the m-matrix are non-zero, having
values 5%3? , ﬁ, and 8%, respectively. Eigen-

states corresponding to these non-zero eigenvalues are:
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latter by T 1” |0}, T(4 Moy, T 3)T |0) and T(2 710), then
the Hamlltoman can be wrltten in diagonal form
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After rescaling of the T-operators, this is of the form
(2) with M = 4. The Hamiltonian (13) is manifestly
the sum of positive (which we will always take to mean
semi-definite) terms. A direct consequence of this is that
any zero mode of the Hamiltonian (13) must be a si-
multaneous zero energy eigenstate of each positive term

Tl(zk)TTI(?k), and, to this end, must be annihilated by each

individual operator T}(%k). Any zero mode [1)g) thus obeys
the zero mode condition

T o) =

for ©+ = 1,2,3,4 and for any integer or half integer R.

Equivalently, zero modes are annihilated by Q(l) %),

(14)

Qg’) and Tz(z ), leading to a slightly more convenient re-
formulation of the zero mode condition:

QY Itho) = (15a)
QW o) = (15b)
QY o) = (15¢)
2 o) = 0. (15d)

This generalizes the familiar statement for n = 1 Landau
level, where the V; Haldane pseudopotential is a two-
body projection operator onto states of relative angular
momentum 1. Presently, for n = 2, and for given pair an-
gular momentum 2R, the spectral decomposition of the
Trugman-Kivelson interaction involves four two-particle
projection operators, each associated to a one dimen-

sional eigenspace spanned by Tg)T [0), i = 1...4. Note
that it is no longer possible to ascribe definite relative
angular momentum quantum numbers to these states.
Note also that the four coefficients in Eq. (13) may be
replaced with any positive numbers without affecting the
zero mode structure of the theory.

III. DERIVATION OF GENERAL PROPERTIES
OF DOMINANCE PATTERNS IN DISK
GEOMETRY

With the second quantized form of the parent Hamil-
tonian, we are now in a position to analyze properties
of what we will call general dominance patterns of zero
modes of this Hamiltonian. To this end, we will uti-
lize a recently developed method?” to extract dominance
patterns of zero modes directly from the parent Hamil-
tonian, without any need for studying presupposed wave
functions. This has the advantage that since rules for
root patterns are arrived at directly as properties of the
Hamiltonian, these rules immediately provide rigorous
constraints on the zero mode counting for the respective



Hamiltonian. In particular, upper bounds for the num-
ber of zero modes are immediately available (which we
will subsequently show to be saturated), and in particu-
lar claims about the unprojected Jain state as the unique
densest zero mode of its parent Hamiltonian are immedi-
ately established (and in some geometries, refined). Such
claims have appeared earlier in the literature,”32 but, by
our reading, have so far been based on numerics, and
were thus limited to finite particle number. The present
treatment will be free of such limitations.

We begin by clarifying what we mean by a dominance
pattern. The notion of a dominance pattern has mainly
appeared in the literature in the context of single com-
ponent states, where dominance patterns are essentially
simple product states associated to more complicated
quantum Hall trial wave functions. The present situation
involves Landau level mixing and is more akin to that in
multi-component states, which is more complicated and
was described in Refs. 12, 15, 33, and 34.

We first remind the reader of what has been termed
a “non-expandable” basis state?” in the expansion of a
zero mode,

[Yo) =D Cayl{n}). (16)
!

Here, each |{n}) is a basis state created by a product of
single particle creation operators c;r’m. We will call a ba-
sis state [{n}) in Eq. (16) non-expandable if it enters the
expansion with non-zero coefficient C,,, and it cannot be
obtained from any other such basis state [{n'}), also hav-
ing Cy,y # 0, through “inward-squeezing” processes.
That is,

[{n}) # ¢, jel, iCi-aCipga - {n'}) . (A7)

where a single inward squeezing process is a center-of-
mass conserving inward pair hopping satisfying i — x <
1 < j < j+x, the l...l4 are arbitrary Landau level in-
dices (thus generalizing the standard notion of inward
squeezing for single Landau level one-component states),
and the dots represent a multiplicative string of any finite
number of such inward squeezing terms.

The existence of non-expandable states in any occu-
pancy number spectral decomposition of the form (16)
follows from the finiteness of the number of states avail-
able at given angular momentum. (We may of course
limit the discussion to zero modes of well-defined an-
gular momentum without loss of generality). It turns
out, as we will show below for the present case, that
such non-expandable states are subject to certain quite
restrictive rules. We will first describe the more famil-
iar situation for single component, lowest LL states. In
this context, the rules governing non-expandable prod-
uct states have been referred to as generalized Pauli
principles(GPPs).2225 Product states satisfying these
rules are generally known as dominance patterns or root
patterns. Every zero mode contains at least one non-
expandable root pattern in its orbital occupancy number

spectral decomposition (16). Typically, a clever basis
of zero modes may be chosen in a manner that there
is precisely one such non-expandable root pattern per
zero mode. It then follows from the above that every
[{n}) appearing in the zero mode’s decomposition (16)
may be obtained from its unique root pattern through
inward squeezing processes. This then establishes a one-
to-one correspondence between root patterns and zero
modes. It is worth pointing out that while this corre-
spondence has been discussed for a large class of single
component quantum Hall states,?? 2535 this was usually
done by analysis of special analytic clustering conditions
attributed to first-quantized zero mode wave functions.
The very notion of clustering conditions may be less clear
in the presence of Landau level mixing. Related to this,
while for single component states root patterns always
represent simple, non-entangled product states, we find
it useful to relax this notion in the multi-component or
multi-Landau-level situation of interest here. Indeed, the
analysis of multi-component states'?'® suggests the fol-
lowing generalization: We will distinguish between dom-
inance patterns and “root states”. Dominance patterns
are certain strings of symbols subject to rules we will
work out below (lemmas 1-6). To each dominance pat-
tern, we can associate a root state, which will be a fairly
simple linear combination of product states [{n}), but
one possibly featuring some local entanglement. It will
then follow from the rules below that the non-expandable
Slater-determinants |{n}) appearing in any zero mode
must appear as linear combinations of root states. Again,
a clever basis of zero modes can be chosen, where each
zero mode is associated to exactly one dominance pat-
tern, or one root state. This does, however, no longer
imply that the zero mode features just a single non-
expandable Slater determinant in its expansion (16).

We note again that “entangled root states” as de-
scribed above have appeared earlier in the context of
multicomponent quantum Hall states.'?'® In this con-
text, other approaches to defining dominance patterns
have been brought forth as well.3* The approach taken
here is such that, while no reference to a “thin torus”
like geometry is made, our definition of a root state will
necessarily agree with that based on the thin torus limit.
The thin torus approach has been explored for the multi-
component states discussed in Refs. 12 and 15 using first
quantized analytic wave functions. In the following, how-
ever, we argue that a more efficient and general approach
to studying the structure of root states is to forgo first
quantized wave functions, and work with a second quan-
tized form of the zero mode condition as in Eq. (14).
We find this particularly true in problems where degrees
of freedom beyond pure guiding centers are present, e.g.
spin and/or Landau level degrees of freedom. To this end
we generalize the method introduced in Ref. 27 for single
Landau level, single component states to states living in
multiple Landau levels.

In the following, we will write second quantized
wave functions in terms of a string of numbers, e.g.,



10x0x0!10..., where ! stands for an occupied orbital in
the lowest LL, 1 represents an occupied orbital in the first
excited LL, x represents a particle in any of the two LLs
(and possibly different LLs for different occurrences of x)
and 0 stands for an unoccupied orbital. Here, orbitals
are arranged in the order of ascending angular momenta
stating with —1. Before proceeding to our main results,
we will state and prove a few lemmas. For definiteness,
we find it useful to refer to any non-expandable Slater
determinant |[{n}) appearing in a zero mode as a “root
pattern”. The root state of the zero mode is then the
state obtained by keeping only root patterns in Eq. (16).
A basis for all possible root states can then be labeled by
certain dominance patterns (formal strings of symbols),
as we will see below.

Lemma 1 There is no 101 in root patterns of any zero
mode [tg).

Proof. We will use the method of contradiction and
the property that any root pattern is, by definition,
non-expandable. Now let us assume that a root pat-
tern [{nroot}) contains the string 101 in which 0 has
angular momentum j. Then |{n;ot}) can be writ-
ten as [{Nroot}) = CJ{’]-HC]{J;1 {n'}). For |z| > 1,
Cj{,j_,'_xCJ{’j_l_ [{n’}) must have zero coefficient in the spec-
tral decomposition of |t)g), i.e., ({n'}| c1 j—zC1 j4a [t0) =
0 for |z| > 1, otherwise |{nyo0t}) would be expandable.

Thus, keeping only the x = +1 terms, ({n'}| Q§4) [o) =

_21/27j (2]?:22)/(2.7. + 2)<{nroot} |1/)o>,
zero. This, however, contradicts the zero mode condition
Eq. (15¢). Thus, 101 must be excluded from any root
pattern. |

Using precisely the same logic, and the respectively
appropriate zero mode condition, we may further obtain
the following 2 lemmas:

Lemma 2 There is no 11 in root patterns of the zero
mode.

Lemma 8 A root pattern cannot feature any simulta-
neous occupancy of both lowest and first excited Landau
level orbitals of given angular momentum j > 0.

We then have the following stronger version of Lemma

which is non-

2:

Lemma 4 There is no xx in root patterns of any zero
mode [tg).

Proof. According to Lemma 2, there is no 11 in
any root pattern, so possible configurations of xx are
I, 11 and 1!. Thus we consider |¢p) = ('yo,ocg,jcg,jH +
'70710(];,jci,j+1 + ’Yl,ocg’jHC}j) |{n'}) + orthogonal terms
where the first three terms are root patterns. As in the
above, Eq.(15a) and Eq.(15b) then lead to /J + 1yp1 +
VJi+2m0 =0and —v/j+ 17,1 +VJj+27,0 = 0, re-
spectively. Thus both vy1 and 71, are zero. We then
use Eq.(15d) to find that v o is also zero. [ |

The following Lemma states that x0x is allowed in root
patterns, but requires local entanglement between the x-
sites of the resulting root state:

Lemma 5 If x0x appears in root patterns of a zero

mode [t¢)g), then the proportions of coefficients of root
patterns having !0!, 101, and 10! with all other occupan-
cies the same are 2 : /7 + 2 : —/7, where j is the angular
momentum of the “0” in x0x.

Proof. We can write [¢g) = (oz(xoc:g’jfl(:(T))j+1 +
aO,lcg,j—ch,jH + al,OCI,j—lcg,jH + ﬂO,lcEr),ch,j) H{n'}) +
orthogonal terms. In the latter expression, the first three
terms define three x0x root patterns related as in the
statement of the lemma, whereas the fourth term is in-
ward squeezed from these root patterns. Note that 101
must be absent in root patterns because of Lemma 1.
Using Egs.(15a), (15b) and (15d) in a manner analo-
gous to the proofs of the preceding lemmas, we find that
a0 = —a01VJi/Vi+2, Bog = —20401\[/\/34‘2 aﬂd
0,1 = 2,0V J +2/2.

Note that in the special case j = 0, !0! and !01 are
both impossible, and the Lemma implies that xOx cannot
occur at the very beginning of a root pattern.

The next Lemma involves three particles at a time.
Such rules are known from single component states only
in the case of 3-body Hamiltonians, but can arise here
because of root state entanglement:

Lemma 6 There is no x0x0x in root patterns of a zero
mode |tg).

Proof. From the first four Lemmas, the only allowed
x0x0x in root patterns are 10!01, 10!0!, 1010!, 10!01 and
1010!. If we assume that the angular momentum of the
first orbital in the above patterns is j, then from Lemma
5., the proportions of the coefficients of 10!0!, 10!01 and
1010! are 2 : /5 +4 : —/7 4+ 2. 1010! is excluded from
root patterns by virtue of Lemma 1, therefore 10!0! and
10!01 are also excluded. Using the same trick, remain-
ing three possible configurations are excluded form root
patterns as well. |

The last Lemma will be proven later:

Lemma 7 There are no constraints on the occurrence of
x00x is in root patterns, that is, !00!, 1001, 100! and 1001,
and likewise for more than two zeros between occupied
orbitals.

Lemma 7 is listed here for completeness, as together
with the remaining lemmas, it gives a complete set of
rules for the construction of root states in one-to-one
correspondence with the zero modes of the Hamiltonian.
That all the root states allowed by these rules do indeed
correspond to a zero mode follows only from explicit con-
struction of such zero modes, and will be discussed below.
The constraints imposed by Lemmas 1-6, on the other
hand, can then be used to rigorously imply that the set
of zero modes thus constructed is complete. It may be
instructive, though, to see why the logic used to derive
Lemmas 1-6 does not give additional constraints in the
situation relevant to Lemma 7. To briefly show this, we

may write |1g) = (acg’jcg,j%} —|—bc$7jcl{’j+3 +dc{7jcg’j+3 +

ecJ{,ij{,j-&-S+fcz),j+1cz),j+2+gc$,j+1cl,j+2+hcl,j+1co,j+2+
ici’jﬂci,j”) [{n'}) + orthogonal terms as in the proofs
of Lemmas 4 and 5. Lemma 7 is then related to the fact
that there are eight unknown coefficients and four zero



mode conditions (15).

We may now make precise the notion of a dominance
pattern. Any root pattern satisfying Lemmas 1-4 and 6
defines a formal string of symbols “0”, “1” and “!” as
discussed above. The first character in such a string can-
not be !, and the Lemmas translate into the requirements
that any 1 and any ! in such a string may have no nearest
and at most one next nearest neighbor other than 0, and
101 is further disallowed. If, in all possible such strings,
we send any occurrence of 10!, 101, and 0! to x0x, we
will call the resulting set of strings the dominance pat-
terns consistent with Lemmas 1-6. Examples are shown
in Table I. Alternatively, we can characterize the set of
all possible dominance patterns as all possible concatena-
tions of the strings 0, 100, 00, and x0x00, with the lead-
ing character not being !. We will refer to these concate-
nation rules as the GPP for dominance patterns, though
this may be a slight abuse of terminology, as dominance
patterns are not generally in one-to-one correspondence
with product states. However, we may identify dom-
inance patterns with certain states in the Fock space,
consisting of the unique (up an to overall factor) linear
combination of all root patterns associated to it that also
satisfies Lemma 5. Lemmas 1-6 can then be summarized
as saying that any root state of a zero mode must be
a linear combination of states obtained from dominance
patterns via this identification. Since the identification
yields states of well-defined particle number N and an-
gular momentum L, we can obviously assign quantum
numbers N and L to any dominance pattern.

Using these notions, we are able to arrive at the follow-
ing important theorem(s) about the zero mode counting
of the Hamiltonian (1), where in the following, we will
always imply the case n = 2 and disk geometry:

Theorem 1 At given particle number N and given an-
gular momentum L, the number of linearly independent
zero modes of the Hamiltonian (1) is no greater than the
number of dominance patterns satisfying the GPP.

Proof. Assume that the number of linearly indepen-
dent zero modes is greater than the number of domi-
nance patterns satisfying the GPP. Then it is possible to
make a non-trivial linear combination |1g) of such zero
modes that is orthogonal to all states identified with these
dominance patterns. Hence P |¢)g) = 0, where P is the
orthogonal projection onto the subspace spanned by all
states associated to dominance patterns. On the other
hand, since |t)g) is a zero mode, the definition of a root
state and the lemmas imply |¢)g) = |root) + |rest) where
[root) is non-zero, P |root) = |root), and (root|rest) =0 .
This contradicts (root|P|yg) = 0. |

As a result, we immediately have the following

Corollary 1.1 For given particle number IV, there exist
no zero modes of the Hamiltonian (1) at angular momen-
tum L < L.(N) :=5/4N?—2N for N even, and at angu-
lar momentum L < L,(N) :=5/4(N —1)2 +1/2(N — 3)
for N odd. If a zero mode exists at L = L,(NV), it is
unique, whereas for N even, a zero mode at L = L.(N)
can be at most doubly degenerate.

Proof. The densest possible dominance pat-
terns consistent with the GPP are, respec-
tively, = 100x0x00x0x...00x0x for N odd, and

100x0x00x0x...00x0x001, 100x0x00x0x...00x0x00!  for
N even (see also Fig. 1), where “densest” means in
particular that no consistent dominance patterns exist
at smaller angular momenta than the ones corresponding
to these patterns, which can be seen to be L.(N) for
even N and L,(N) for odd N. Hence the statement is a
special case of Theorem 1. [ |

For any zero mode, let l;,ax be the highest angular mo-
mentum among the single particle orbitals that are at
least partially occupied in that zero mode, i.e., that have
( icl’lci,ﬁ # 0. Then we finally have

Corollary 1.2 Any zero mode of the Hamiltonian (1)
has Imax > 5(N —1)/2—1 for N odd, and lpmax > 5N/2—3
for N even. Any zero modes satisfying these bounds
have angular momentum L,(N) or L.(N), respectively,
and in particular the statements about degeneracy from
Corollary 1.1 apply.

Proof. Any |{n}) appearing in a zero mode either ap-
pears in its root state or can be obtained via inward
squeezing from some other Slater determinants appear-
ing in the root state. Hence the [y of the zero mode is
the same as that of its root state, which in turn is the
highest occupied orbital among dominance patterns con-
tributing to the root state. For given N, the dominance
patterns of smallest [, are those referenced in the proof
of Corollary 1.1, and these have the [, values given in
the statement of Corollary 1.2, which hence follows. W

If we define the filling factor v of a zero mode as N/l iax,
then Corollary 1.2 implies that the densest (highest) fill-
ing factor for which zero modes exist is bounded from
above by 2/5 in the thermodynamic limit. This bound is,
of course, saturated, as the corresponding wave function
is known.®” So far, the statements derived here consti-
tute upper bounds on the number of zero modes of the
Hamiltonian (1). In the following, we will be concerned
with the question whether these bounds are saturated,
and how the resulting zero mode counting is related to
the mode counting in the effective edge theory.

IV. ZERO MODE COUNTING AND EDGE
THEORY

A. Zero mode counting

As argued in the introduction, the zero mode condi-
tion derived from a good quantum Hall parent Hamilto-
nian will not only characterize the incompressible quan-
tum fluid sufficiently uniquely, but also encode the proper
edge theory of the system. The rules derived in the pre-
ceding section thus far only suggest a certain zero mode
structure, but, with the exception of (the yet unproven)
Lemma 7, only constrain this structure without guaran-
teeing the existence of any zero modes. It is, however,
worth noting that all of this was derived from the second



a) 100x0x00x0x00x0x00x0x
b) 100x0x00x0x00x0x001001
c) 100x0x00x0x00x0x00!00!
d) 100x0x00x0x00x0x00!001
e) 100x0x00x0x00x0x00100!
f) 100x0x00x0x00x0x000x0x
g) 100x0x00x0x00x0x0010001
h) 100x0x00x0x00x0x001000!
i) 100x0x00x0x00x0x00!000!
j) 100x0x00x0x00x0x00!000!
k) 100x0x00x0x00100x0x001
1) 100x0x00x0x00100x0x00!
m) 100x0x00x0x00!00x0x001
n) 100x0x00x0x00!00x0x00!
0) 100100x0x0000!00x0x0001001

TABLE I. Some dominance patterns consistent with Lemmas
1-6 for N = 9 particles. The leading position corresponds
to single particle angular momentum L, = —1 and can only
be 0 (empty) or 1 (first excited Landau level). a) Unique
dominance pattern at smallest angular momentum L = 83.
b)-e) All consistent patterns with AL = 1 relative to the
ground state. f)-n) All consistent patterns with AL = 2.
0) A consistent pattern with higher AL = 19. As is shown
in the text, the number of consistent patterns at given AL
equals the dimension of the zero mode subspace of the n = 2
Hamiltonian Eq. (1).

quantized operators Q%) alone, and, if we took Lemma
7 for granted, the entire zero mode structure in terms
of dominance patterns would follow correctly from this
analysis. To prove Lemma 7 and thus establish the com-
plete zero mode structure of Eq. (1) with n = 2, we briefly
make contact with the first quantized presentation of zero
modes, though at least in part we will see below that an
operator-based approach could also be envisioned. (In
all aspects, such an operator-based approach has been
constructed by some of us previously for the n = 1 case
related to the 1/3-Laughlin state, and in fact for all the
Laughlin states.?”36-37 We will comment more on the sit-
uation below.)

The analysis of Sec. II implies that a sufficient (and
necessary) property of any zero mode is that the asso-
ciated analytic many-body wave function contains the
factor (z; — 2;)? for all 4,5 (see in particular discussion
following Eq. (8)). This is, in fact, a quite special prop-
erty of the cases n = 1 and n = 2 of Eq. (1). More gener-
ally, zero modes of Eq. (1) may be linear combinations of
terms containing the factors (z; — z;)?, (z; — 2;)(zi — Z;),
and (z; — Zj)z, which, by symmetry, must be true for all
i,7. That is, a zero mode vanishes at least to second
order in the separation of any pair of coordinates. For
n < 2, however, the third term is prohibited by Landau-
level projection, and the second then always necessitates
another factor of z; — z; by anti-symmetry, such that the
first term still covers all possible cases for having a sec-
ond order zero. This renders the n = 2 of Eq. (1) rather

special. While the presence of the first excited Landau
level allows terms in Z; to be present in the wave func-
tion, the zero mode condition can thus be stated only in
terms of the holomorphic variables z;. Indeed, it is only
for n < 2 that the ground state of Eq. (1) is in the Jain
sequence of states.3!

Thanks to the work done in the preceding section, for
now it will do to note that divisibility of the wave function
by 112 = [;;(2 — z;)?, the bosonic v = 1/2 Laughlin-
Jastrow factor, is a sufficient criterion for a wave function
to be a zero mode. In our present approach, the necessity
of this criterion (for n = 2), i.e., the completeness of the
resulting zero mode space, will be inferred from Theorem
1. This route will set the stage for the larger n Hamilto-
nians as well. As an added benefit, this will establish the
one-to-one correspondence between dominance patterns
satisfying the rules given above and zero modes of the
Hamiltonian.

We thus consider zero mode wave functions of the form
wl/gp(zhih...,z]v,é]v), where p is an arbitrary poly-
nomial of the requisite anti-symmetry and at most first
order in the 2; (so as for 115 p to be contained within
the first two Landau levels), and we drop the obligatory
Gaussian factor for simplicity. It is clear that a suitable
basis for these polynomials is given by Sgny(21,21,...),
where Sy, is a Slater determinant of single particle states
in the lowest and first excited Landau level, with occu-
pancies determined by a set of occupancy numbers {n}.38
Hence we wish to study zero modes of the form

.)S{n}(zl,il,...). (18)

We note that zero modes of this form are naturally viewed
as composite fermion (CF) states, where any fermion
forms a composite object with two flux quanta. In par-
ticular, if the CF-occupancy configuration {n} is chosen
to represent two equally filled Landau levels, one recovers
the Jain-2/5 state, and one easily verifies that this state
saturates the bounds of the Corollaries of the last section.
Therefore, the Jain-2/5 state is the densest zero mode of
Eq. (1) for n = 2, unique up to the twofold degeneracy
mentioned in Corollary 1.1 (see below).

We emphasize that while notationally similar to the
electron occupancy numbers {n} labeling basis states
in Eq. (16), the labels {n} represent composite fermion
occupancy numbers and must be well distinguished
from the labels {n}. To analyze the dominance pat-
terns underlying the zero modes (18), we make use of
well known rules®® for products of polynomials with
known root patterns, generalized to the case where non-
holomorphic variables (or more than a single Landau
level) are present. Every CF-Slater determinant config-
uration Sgny(z1,21,...) is naturally its own root state,
as it is the only Slater determinant appearing in its wave
function. The associated CF-occupancy pattern {n} may
now be thought of as a string made up of characters X,
0, 1, and !. The last three characters have the anal-
ogous meaning as in our notation for root patterns of
full zero mode wave functions (but refer to CFs), and X

Y1/2(21, -



now means a double occupancy of the associated angu-
lar momentum state in both Landau levels. As before,
the first character can only be 1 or 0, see Fig.1. More-
over, as is well known,*° the bosonic Laughlin factor v, /2
has a root state given by the pattern !0!0!0!0.... Domi-
nance patterns may generally be associated to partitions
IN+In-1+ ...+ = L, where [; > l;41 is the angu-
lar momentum of the ith particle in the pattern, and L
is the total angular momentum of the pattern. When
two wave functions whose root states have dominance
patterns with partitions {/;} and {l.}, respectively, are
multiplied, the resulting wave function has a root state
whose dominance pattern has the partition {l; +1}. It is
easy to see that these rules, when applied to the present
situation, imply that the multiplication of 1/, by the
Slater determinant Sy, leads to a wave function with a
dominance pattern obtained from the pattern associated
to {n} as follows. The character ! is replaced with !00,
(I =100, rule 1). An X in the CF-pattern corresponds
to the case where l; = [;41 in the associated partition,
signifying two particles with identical angular momenta
but different Landau level indices. The resulting ambi-
guity in ordering these two particles leads to the situa-
tion described as x0x in the dominance pattern of the
resulting zero mode, i.e., we have the rule X —x0x00
(rule 2). That the underlying configurations !0!, 10!, and
101 indeed occur with the ratios claimed by Lemma 5
could be verified directly from Eq. (18), but this is not
necessary, since Eq. (18) is definitely a zero mode, and
then the proof of Lemma 5 applies. A “1” in the CF-
pattern associated to S,y leads to at least two root pat-
terns in the root state of Eq. (18), one obtained from the
replacement 1 — 100 (rule 3.a), and one from 1 —!00
(rule 3.b). However, it is clear that if we ignore rule 3.b
for the moment, rules 1-3.a establish a one-to-one cor-
respondence (see Fig.1) between CF-occupation number
patterns {n} of N particles occupying orbitals with an-
gular momentum up to lnax and permissible dominance
patterns of N particles occupying orbitals with angular
momentum up to Imax + 2(N — 1) (where the addition
of 2(N — 1) can be thought of as being due to flux at-
tachment.) Let us now denote a dominance pattern sat-
isfying the GPP of the preceding section by p and the
associated root state by |p). Let us choose an order-
ing of these patterns such that the number of 1s in the
pattern increases monotonously for patterns associated
to the same partition {l;}. Furthermore, we may order
patterns associated to different partitions according to
increasing S({l;}) := Y_;1?. (Note that these require-
ments do not specify the order uniquely; however, any
ordering in compliance will do.) Finally, let us order the
CF-occupancy patterns {n} in the same way, by means
of the one-to-one correspondence. We then see that the
matrix

Cp,(ny = (PI¥1/25(m}) (19)

is upper triangular*' with non-zero diagonal and thus
invertible. Therefore, new linear combinations of the

|91/25(n}) can be found such that the new overlap ma-
trix with the (p|’s is the identity.4? This implies that for
each dominance pattern p satisfying the GPP, there is a
superposition of zero modes of the form (18) that is dom-
inated precisely by the associated root state |p), with no
other of the states |p’) present in its spectral decompo-
sition (16). This establishes both the completeness of
zero modes of the form Eq. (18) (by Theorem 1), and,
moreover, the following stronger version of Theorem 1:
Theorem 2 At given particle number N and given an-
gular momentum L, the number of linearly independent
zero modes of the Hamiltonian (1) is exactly equal to the
number of dominance patterns satisfying the GPP.

B. Edge mode counting

We will now discuss that the counting of zero modes at
a given angular momentum and particle number that fol-
lows from the construction of dominance patterns above
agrees with counting of edge states in the effective edge
theory. We will argue that there is a weaker and a
stronger version of this statement. The weaker version,
often found in the literature, is concerned with the num-
ber of zero modes/edge modes N(AL), where AL is
the angular momentum relative to the ground state at
fixed particle number. In the thermodynamic limit of
large particle number N, this quantity is not expected
to depend (much) on N. We will see that the count-
ing problem defined by N (AL) can be conveniently ad-
dressed in terms of CF-patterns. However, the quan-
tity M(AL) is not sensitive to all aspects of the K-
matrix describing the edge theory. Indeed, the K-matrix
of any Jain state is congruent to a matrix of the form
K' = WITKW = mJ, + 1,*3 where J, is an n x n
matrix of ones, and W is an SL(n,Z) matrix. K’ has
precisely one eigenvalue different from 1, which is non-
degenerate with eigenvector ¢ describing charged excita-
tions. The quantity N (AL) is only sensitive to neutral
excitations orthogonal to ¢, which always lie in the eigen-
value 1 eigenspace of K’. In particular, N'(AL) does not
distinguish between Jain states that have the same num-
ber of edge branches. (For example, N(AL) does not
distinguish different Laughlin states; see, e.g., the dis-
cussion in Ref. 44.) In contrast, we may consider the
number of zero modes N (N, L) at given particle number
and given total angular momentum, which, among other
things, also keeps track in absolute terms of how angular
momentum changes with particle number. We will show
that this quantity, when evaluated for the present micro-
scopic Hamiltonian, captures all aspects of the K-matrix
of the edge theory.

To make things concrete, we consider the edge theory
of the Jain-2/5 states in the form?

i - dx 0z¢;, (20)

H= i/dxvij 0y iDuh; - —%

where 7,7 = 1,2 describe two bosonic edge modes



through phase fields ¢;(z) and associated densities
pi = %Oiqbi, satisfying the Kac-Moody algebra
[pi(x), pj(a")] = (K~1)ij3=020(x — 2’). The colons im-
ply normal ordering with respect to finite momentum
modes defined below. Kj;; is a characteristic matrix that
together with the charge vector ¢; defines the edge the-
ory. The Jain- or hierarchy-2/5 edge can be described
by K = (33)* and t = (1,1), where t is defined such
that p. = >, t;p; represents the physical electron charge.
In the following, we will pay special attention to the zero
momentum modes of the densities p;, which we will write
as N; /(27 R), where R is the radius of the quantum Hall
fluid. Physical operators must respect the integer char-
acter of the N;.2 We note in passing that close formal
relations! between the edge theory conformal blocks and
CF wave functions have been explored in detail in Ref.
45.

Eq. (20) describes an edge with general interaction ma-
trix V;; between densities and with general chemical po-
tentials p; coupling to the integer charges N;. The latter
control both the total particle number as well as the ra-
dial spatial separation between the two edge branches,
which, in the limit of large separation, define two indi-
vidual edges between a 2/5-phase and a 1/3-(Laughlin-
)phase and between a 1/3-phase and vacuum, respec-
tively. On general grounds,® a close relation is expected
between the spectrum of the edge Hamiltonian and the
angular momentum operator of the fluid, if the interac-
tions are so tuned that the edge theory is conformally
invariant. This requires all edge modes to travel with
the same velocity v. Is is easy to see that this can be
achieved by letting V;; = vKj;, leading to the equation
of motion 0;p; + v0,p; = 0. With this, we then look at
the mode expansion of Eq. (20):

H = %(3]\73 + 3N7 + 4NoNy) — poNo — 1 N1 + %P,
P=>">"nbl bjn
7=0,1n>0
(21)

Here, the b;n (bjn) are appropriate linear combina-
tions of the positive (negative) Fourier components of
the p;(z) satisfying [b; », b;r-,’n,] =0, 0nn,n=12,....

For the purpose of comparing the dimensions of zero
mode spaces and edge mode spaces for various sectors,
it is useful to identify the quantum numbers Ny, N7 of
the edge theory with the CF-numbers in the lowest and
first excited LL, respectively, in zero modes of the form
(18). We first appeal to the one-to-one correspondence
between CF-occupancy patterns of fixed IV; and excita-
tions of the edge theory, likewise for fixed IV;. This is a
standard result in bosonization,*¢ applied here to the case
of two chiral branches. Let us denote the CF-state with
“densest” (minimum angular momentum) CF-occupancy
pattern for given N; by |No, N1)cg. Then the one-to-
one correspondence between CF-states and edge states
at fixed NNV; applies to all CF-states whose angular mo-
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mentum relative to |[No, N1)cg is smaller than a cutoff
given by particle number: AL < N; (c.f., e.g., Ref. 37).
That is, the number of such CF zero modes of given N;
and AL relative to |Ng, N1)cg is equal to the number of
edge states described by Eq. (21) of fixed N; and “edge
momentum” P = AL.

We note, however, that counting at fixed N; is an arti-
ficial constraint from the point of view of the microscopic
theory, as these quantum numbers do not correspond to
any local (or even Hermitian) conserved quantities in the
microscopic theory. Moreover, counting subject to this
constraint contains no information about the K-matrix
(except for its dimension). To make a statement that is
both more physical and stronger, we now claim that for
proper choice of chemical potentials p; and up to a scale
factor v/R we will let equal to 1, for any given particle
number N = Ny + Ni, the degeneracies of the eigenval-
ues of the angular momentum operator of the macro-
scopic theory, projected onto the zero mode subspace
of Eq. (1), are exactly the same as the degeneracies of
the energy eigenvalues of the edge Hamiltonian Eq. (21).
That is, the number N(N, L) introduced above for the
microscopic Hamiltonian is identical to the degeneracy of
the energy E = L of Eq. (21) for given N = Ny + Nj.
Loosely speaking, the edge Hamiltonian Eq. (21) is the
zero-mode-projected angular momentum operator of the
microscopic theory.

It is sufficient to show that edge states with P = 0 and
given N = Ny + N7 have an energy equal to the angular
momentum of the CF “vacua” [Ny, N1) defined above.
For then, it follows that all states identified within each
Ny, N7 sector via bosonization must also have identical
eigenvalues for, respectively, energy (in Eq. (21)) and an-
gular momentum (in the microscopic theory). The choice
of u; for which this is true is totally determined by the
requirement that Ny = N7 = 1 leads to angular momen-
tum L = 1 in the microscopic theory, whereas Ny = 0,
N; =1 leads to L = —1, giving po = 3/2, g3 = 5/2 in
Eq. (21) (v/R =1, P =0). It thus suffices to show that
the minimum angular momentum states |No, Ni) g have
L equal to

Lin = g(NO + Nl)(NO + N, — 1) - Nl(NO + 1) . (22)
That this is indeed the case can easily be established
considering first the densest pattern for given Ny + Ny
(e.g. a) in Table I) and then proceeding by induction
to general values of N; — Ny (examples are b) and c¢)
in Table I for Ny = 3, N; = 6 and Ny = 5, N; = 4,
respectively). Alternatively, the statement also can be
followed from Eq. (18).

The above establishes that the counting of microscopic
zero modes at given particle number N and angular mo-
mentum L is exactly the same as that of energy eigen-
modes in an appropriately scaled edge Hamiltonian de-
scribing the 2/5-edge. While the counting can be done in
terms of CF-patterns, as expected in any system that can
be understood in terms of non-interacting CFs, we have



shown that counting can be done equally well in terms
of dominance patterns. In this regard, it is worth noting
that CF occupancy patterns as defined above manifestly
encode only changes in angular momentum at fized parti-
cle number. Obtaining the absolute angular momentum
of a CF-state described by a given CF occupancy pattern
requires additional information about the number of flux
quanta each composite fermion carries. In contrast, the
total angular momentum of the associated (root) state is
manifest in dominance patterns. The set of rules govern-
ing the composition of valid dominance patterns can thus
be interpreted as a set of minimal rules to construct the
quantity N (N, L) from certain local building blocks (see
discussion above Theorem 1 and caption of Table I). The
fact that this then reproduces edge mode counting is the
property that one expects a good GPP to have. We thus
find that the present Hamiltonian does not only fully fall
into the “zero mode paradigm” expected of special quan-
tum Hall parent Hamiltonians, but is also linked to a
GPP which facilitates the pertinent counting. It should
be clear that our arguments leading from FQH Hamil-
tonians admitting zero modes to GPPs governing dom-
inance patterns have a very general character. If such
a Hamiltonian satisfies the zero mode paradigm, the im-
plied GPP must then reproduce edge mode counting from
local rules as demonstrated above. We will argue below
that this general connection between the existence of zero
modes and GPPs imposes useful constraints on settings
in which “good” (zero mode paradigm) parent Hamiltoni-
ans may be constructed. We caution, however, that there
are modified versions of this paradigm, as, e.g., realized
in the parent Hamiltonian of the anti-Pfaffian state.748
Here, the equivalent of zero mode counting would de-
scribe an edge with a v = 1 integer quantum Hall state,
as opposed to vacuum.

We note that the quantity A(NV, L) is in principle ro-
bust to sufficiently weak rotationally invariant perturba-
tions. Here, “weak” means sufficiently small compared
to the gap separating low-energy modes from the rest
of the spectrum at given L. Under such conditions,
N(N,L) may thus even survive some degree of edge
reconstruction. However, it is clear that this quantity
is directly meaningful only in exceptionally clean sys-
tems. The more robust features of edge mode count-
ing can be probed experimentally in momentum-resolved
tunneling. 4954

V. ZERO MODE GENERATORS

While results from the preceding section establish the
full zero mode structure of the Jain-2/5 state parent
Hamiltonian, we mention here an alternative approach
more in line with our general philosophy of working with
the operator algebras of the second quantized problem.
Such an approach has been carried out earlier by some of
us?736:37 for the Laughlin states and their parent Hamil-
tonians. One attractive feature of this approach is its re-
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1 X X .o X X
100x0x00x0x00 ... xOx00x0x00

1 X X .. X 1

1 X X .o X !
100x0x00x0x00 ... x0Ox00!'00

FIG. 1. Composite fermion occupancy patterns and resulting
dominance patterns. Three different cases are shown. Level
diagrams show composite fermion occupancies, followed by a
more symbolic composite fermion occupancy pattern and the
associated dominance pattern as explained in text. a) cor-
responds to the densest (minimum angular momentum) zero
mode for odd particle number, followed by the two configu-
rations corresponding to the doubly degenerate densest zero
modes for even particle number (b) and c)). Note that only
the dominance patterns manifestly encode the total angular
momentum of the state. More general dominance patterns
consistent with Lemmas 1-6, and thus in one-to-one corre-
spondence with zero modes (see text), are shown in Table
1.

sulting in a “microscopic bosonization dictionary”, where
operators present in the effective edge theory are iden-
tified with second-quantized microscopic operators that
interact with the microscopic Hamiltonian in exactly the
way expected from the effective theory. Another motiva-
tion to consider this route is the fact that, in the single
Landau level example of Refs. 27, 36, and 37, Read’s
order parameter of the Laughlin state®® appeared nat-
urally (in a fully second quantized form). Clearly, an
analogous construction for the Jain-2/5 state would be
of great interest. Here we will report some preliminary
results regarding this approach, leaving details for future
work.

We begin by identifying four sets of single particle
“zero mode generators”:

X Jr+d)!

;
(r ¢ 1)1 Orrd©Lr d>1

: (23)



+oo
2 (7‘ + d)'
Pd( ) = Z 7l CZL),T—Q—chﬂ"

(24)
(r+d+ 1!y
+Z 1 +dclr dZ()v
= (r+1)! T
W _~( [rtd+D)!
R S (=
r=0 :
r+d
+(r+d+1) %coﬂrdcw)
3 (r+d+1)! ;
_Zl(T‘-l- Wclr-i-dclr

+(r+1)(r+d+1)

These generalize the single set of zero mode gener-
ators identified for the n = 1 (Laughlin-state) case
earlier.27:36:37 Their algebraic properties can be summa-
rized as follows. Details will be published elsewhere.?¢
By themselves, the Png) form a graded Lie-algebra, where
the grading is furnished by the label d. Explicitly, this

means that [Péi),Ptg,j )] is a linear combination of P(gi)d,,
k = 1...4. This graded Lie-algebra can be extended

by the TI(;), or, alternatively, the operators appearing on
the left hand side of Eq. (15) defining the zero mode
condition, where the grading is now provided by the la-

bel —2R. While commutators between different TI(;:) of
course vanish, commutators of the form [TI({ ),Py )] give
linear combinations of TR )d/2’ k = 1...4. This last
property justifies the term “zero mode generators”. It
assures that, when any Py) acts on a zero mode ) (and
does not give zero), it generates another zero mode, be-
cause all commutators [T}(;,/z ), Pf )] vanish inside the zero
mode subspace.?” Note also that Py) increases the an-
gular momentum of the zero mode by d. It thus clear
that the P(Z) have properties that are similar to those
of the mode operators bT (i = 0,1)in the effective edge
theory. This leads to the obv1ous question why we found

more than two sets of Pd operators. Although we must
carefully distinguish between electron and CF occupancy
numbers, it is clear that the operator Pél) gradually de-
populates the first excited Landau level. This will also
reduce the number of CFs in the first excited Landau
level. Note that the operator is nilpotent (for fixed par-
ticle number): A sufficiently large power of Pél) will cer-
tainly annihilate the state. We may thus interpret Pél)
as an operator that creates edge excitations of the kind
generated by the operators bT 4 1n the effective edge the-
ory, but at the same time lowers the quantum number
N1 — Ny. To identify zero mode operators that, like the

(r+d)
(r+ 1)!C$’r+dcl’r) dz-1
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operators b}_ 4 create independent branches of edge exci-
tations that do not affect Ny — Ny, we must find two

commuting linear combinations of the chi) that are not
nilpotent. These criteria are satisfied by dPLEU +P{§2) and

Pf’). The other two linear combinations of the Péz) oper-
ators will correspond to operators in the edge theory that
do change the quantum number N; — Ny (or else are not
independent of the former). We have indeed shown that

Pé4) can be used to connect one of the two degenerate
lowest angular momentum zero modes at even particle
number(see Sec. IV) to the other.’¢ These considera-
tions make it feasible that by acting with combinations

of products of the operators P{gz) on a lowest angular mo-
mentum zero mode, we can generate all zero modes at
fixed particle number. We leave this as a conjecture for
future work. Moreover, in Ref. 36 we have succeeded in
constructing a microscopic operator that, when acting on
the smallest angular momentum zero modes in the n =1
(Laughlin) case, leads to the corresponding zero mode
with the total particle number increased by 1. This can
be interpreted as a microscopic realization of the opera-
tor of the edge theory that raises the quantity Ny + Nj.
It is here where the connection with the order parameter
of the Laughlin state can be made. We will also leave the
generalization of this operator to the present situation as
an interesting problem for future work.

VI. SECOND QUANTIZATION ON THE
SPHERE

In this section, we wish to make contact with previous
studies that seem to have focused on the sphere.”3? One
question that has been addressed by earlier works is the
uniqueness of the ground state whenever the number of
flux quanta is chosen to be 2s = 5/2N — S where S = 4 is
the topological shift of the Jain=2/5 state. This requires
the particle number N to be even. We have seen above
that for even N there generally is no unique ground state
in the disk geometry. However, the statement is nonethe-
less correct on the sphere. While earlier confirmations of
this uniqueness seem to have rested at least in part on
numerics for finite particle number, the methods estab-
lished above suggest several routes to establish this fact
analytically. Indeed, the statement becomes immediate
once lemmas 1-6 have been translated to the sphere. For
this we will also have to briefly discuss the second quan-
tized form of the n = 2 Hamiltonian on the sphere, which
we also believe to be of benefit for future reference.

We first remind the reader that a sphere threaded by
2s flux quanta has a Landau level structure where the
ith Landau level has 2(s+ i) + 1 orbitals.> Moreover, the
1th Landau level transforms under rotations according to
the spin s, = s + 4 representation of SU(2). Working
with eigenstates of the z-component of angular momen-
tum, basis states within a given Landau level thus vary
from L, = —s — i to s +i. Specializing to n = 2, this



means that not only the smallest possible L, is unique
to the first excited Landau level (as is L, = —1 in the
disk geometry), but so is the largest L.. The situation is
depicted in Fig.2. We see that boundary conditions on
the left end are then exactly the same as on the right.
When the filling factor is given by 2s = 5/2N — 4, the
application of Lemmas 1-6 then leads to a unique dom-
inance pattern. By Theorem 1, this in turn yields the
uniqueness, as a zero mode, of the corresponding Jain-
2/5 state on the sphere. Likewise, there cannot be any
zero modes for 2s < 5/2N — 4, due to the impossibility
to construct permissible dominance patterns under such
conditions.

To establish the above, we now turn to the second
quantized presentation of n = 2 Hamiltonian on the
sphere. We will work with the stereographic projection
of the sphere introduced in this context in Ref. 9:

0 .
z = tan 5672(17 ) (26)

where 6 and ¢ are the usual polar and azimuthal an-
gles on the sphere, respectively. With this, the rota-
tionally invariant volume element on the sphere becomes
sinfdfde = +/g(z)dzdz with g(z) = (1 + 22)~*. The
rotationally invariant analog of Eq. (1) is then

a21 8515(21 - z2)6(21 - Z2)

H="P,
g(21)g(22)

P.. (27

Moreover, using the gauge A = 72—; cot 0é4, the relevant
lowest and first excited Landau level single particle states
have wave functions

No.m(2) = Nom 2° " Go(z2, ),

Mm(z) =Nim[(1+s+m)zz— (14+s—m)|]z°""G1(z, 2)

(28)

where the normalization factors are

Nom = V/(2s + Dl/[(s +m)l(s — m)1],
Nim =25 +3)1/21+ )1 +s+m)(1+5—m)]

and furthermore G,,(z,2) = 2%/ /[2%/2(1 4 22)**"] .

In studying the effect of Eq. (27) on two-particle states
of well-defined total angular momentum L, one easily
observes that H annihilates all states with L < 2s — 1.
This is so because all such states are proportional to at
least a third power of (21 —z2). (By rotational invariance,
it is sufficient to observe that all states with total L, <
2s — 1 have this property when either z; or z5 are sent to
the North pole at z = 0.) It further turns out that for two
fermions in the lowest two Landau levels, there are two
representation with L = 2s + 1, one representation with
L = 2s, and three representations with . = 2s — 1, as
one easily finds by focusing on highest weight states with
L = L. The corresponding six highest weight states are,

13
respectively,
‘1> = Cg,sc'{,s+l ‘O> ’

|2> = cg,scg),s—l |O> )

s bt 14s T i
1+25€0,5C1,s — \/ 1425 Co,s—lcl,s+1)|0>7

3) = (

‘4> = c{,s-ﬁ-lcis ‘0> ’ (29)

— 2s—1 T (4s2—1) 1 +
5) = (\/ 2(1S+4s) €0,5C1,5—1 7/ 23(51+4s) €0,5—1C1,s

1+2s)(1+s
+/¢ 28(11543) )CE,S—QCI,S-&J) 10).

1—?—13 CI,sci,s—l) |0> )

|6> = ( 11_:;12 cI,s+1CI,s—2 -

There is an obvious correspondence between the above
six states and the six states identified in Egs. (11) for the
disk geometry. Hence we expect that there are still two
zero modes contained in the subspace spanned by these
six states, as happened in the disk geometry. Taking
into account the lower L, descendants of these states,
this will then lead to four non-zero energy two-particle
states for given L, = 2R, except for extremal values of
L.. Working first at the highest level, one finds that there
are two zero modes among the L = 2s — 1 states |1), |5),
and |6), and non-zero energy eigenstates correspond to
the linear combinations

- 2
i)= v
(17s2 +6s + 1)1/4/s +1

( V(s + DVITSZ 765+ 1 (2 + ds + 1)
2
sv/(2s +1)(2s+3)

V(s + DVITZ £ 65 1 — (2 +4s + 1)

)+

4) )30a)

3 Vs(2s +1)(4s +1) 2)
(s+1)y/6(6s—1)
V(25 +1)(25 — 1)(2s + 3)
(s +1)4/3(6s—1)
V/5(2s5 + 3)
(s+1)y/2(6s—1)

12) =

5)

6) (30b)



i) - v
(1782 + 65+ 1)V4/s + 1
( _\/(s+1)\/1752+65+1+(32+4s+1)
2
sy/(2s +1)(2s + 3)

\/(S—‘r1)\/1782+6S+1+(82+4S+1)

and |3) = |3), with L = 25 — 1, 25 + 1, 25 + 1, and 2s,
respectively. This implies the following form of the n = 2
Hamiltonian on the sphere,

1
H=—
- >
Re{fsfl,fsfé,...,s+1}

6(25 4+ 1)(6s — 1) 2)t02) . 2(25 +3),(3)t,(3)
T =T
< (1652 — 1) P R A

1)+

14) )(30¢)

N 2254+ 3)(—V17s2 +6s+ 1+ 5s +2)
(45 + 1)(ds + 3)

2(2 1752 1 2
N (254 3)(V17s2 + 65+ 1+ 5s + )TI(;)TT}(;))’

T

(4s+1)(4s+ 3)

(31)
where we have also made explicit the eigenvalues cor-
responding to the eigenstates in Eq. (30), and intro-
duced two-particle projection operators Tg)TTg) onto
two-particle states Tz(zi )t |0) that, at the appropriate high-

est weight value of L., correspond to the states |j),
j = 1...4. To be more explicit, we first define simi-

lar operators Q%)T that correspond in the same manner
to the two particle states |j), j =1...6, Eq. (29):

g) = Z (s, R+z;s+1,R—z|2s+1,2R) ¢1,R—2C0, R+

x

———E s,R+x;8,R—x|2s — 1,2R) co. p—zC z
R o) : ( | ) C0,R—aCo,R+

5%3) = Z (s, R+z;s+1,R—x|25,2R) ¢1 R—2C0, Rt

T

(4) 1
= g s+1,R+x;s+1,R—z[2s+1,2R

C1,R—zCl,R+x

g’) :Z(s,R+x;8+1,R—$|23—172R>
C1,R—zC0,R+=x

© _ %Z(s+1,R+x;s+l,R—x\25—1»2R>

C1,R—2C1,R+=x
(32)
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Here, (j1,m1;52,m2|j,m) is a Clebsch-Gordan coeffi-

cient. From Eq. (32), we then form operators Tg) in
a manner exactly as shown in Eq. (30). We observe that
the zero mode condition can still be cast in the form of
Eq. (15). It is further worth noting that in the limit
s — 00, Eq. (31) recovers the form of Eq. (13) for the
infinite disk geometry.

We are now in a perfect position to transcribe Lemmas
1-6 to the situation on the sphere. Upon reviewing the
logic underlying the proofs of these lemmas, one finds
that these hold generically for Hamiltonians of the form
Egs. (13), (31), provided that certain coefficients at dis-
tances |z| < 1 are non-zero in the @Q-operators, in this
case Eq. (32), as well as certain determinants involving
these coefficients, which describe the linear relations used
in the proofs of the lemmas. For the sphere, the relevant
Clebsch-Gordan coefficients at j; — jo — 7 < 3 can be ob-
tained from a standard sum®”°® that never has more than
four terms, which especially for small |z| < 1 are similar
and can be combined into manageable closed forms. One
thus verifies that the coefficients of Eq. (32) satisfy all
the above mentioned non-vanishing conditions for Lem-
mas 1-6 to hold. As a result, the only detail about these
Lemmas that must be modified are the precise ratios in
Lemma 5. Here we state this modified version:

Lemma 5 (sphere) If xOx appears in root pat-
terns of a zero mode |ig), then the proportions
of coefficients of root patterns having 0!, 101,
and 10! with all other occupancies the same
are 2v/2s + 3:\/(s — j +2)(s + j):—/(s + 7+ 2)(s — J),
where j is the angular momentum of the “0” in x0x.

Again we note that one recovers the proportions stated
earlier for the disk geometry upon taking the limit s, j —
oo with s — j finite.

Of course, the new Lemma 5 does not change the zero
mode counting on the sphere in terms of dominance pat-
terns, for which the only relevant modification is the
boundary condition discussed initially and in Fig. 2. As
explained, the above in particular confirms that the Jain-
2/5 state satisfying 2s = 5/2N — 4 is the unique zero
mode at this particular filling factor, with no zero modes
existing at larger filling factor.

VII. DISCUSSION

In the above we have established a description in terms
of dominance patterns for the zero modes of the parent
Hamiltonian of the unprojected Jain-2/5 state. In do-
ing so, we have further developed techniques to extract
rules governing such patterns directly from a Hamilto-
nian principle. We found that, like in other examples!'?'13
where additional degrees of freedom beyond guiding cen-
ters are present, dominance patterns are not necessarily
product states, but are subject to rules requiring sim-
ple entanglement under various circumstances. These
rules may be thought of as further generalizations of con-
ventional GPPs describing product states. The rules we
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100x0x00 ... xOx001

FIG. 2. Same as Fig. 1, but for the sphere, where the first
excited LL has one more orbital at both maximum and min-
imum L, for both electrons and composite fermions. Shown
(bottom line) is the resulting unique dominance pattern for a
sphere satisfying 2s = gN — 4, where 2s is the number of flux
quanta penetrating the sphere.

found are nonetheless sufficiently simple to serve in zero
mode counting, and we have in fact proven that this pro-
cedure correctly gives the dimension of the zero mode
space at given angular momentum and particle number.
We have established this for both the disk and spherical
geometries, and demonstrated that zero mode counting
at fixed angular momentum and particle number — but
with no restriction on quantum numbers describing rela-
tive occupancy of CF Landau levels or associated “wind-
ing numbers” in the effective edge theory — is in agree-
ment with the mode counting of the conformal field the-
ory describing the edge physics.

The general approach followed in this paper empha-
sizes the study of FQH parent Hamiltonians using second
quantized methods in a context in which traditionally
first quantized language has been given preference. In-
deed, only recently the second quantized presentation of
FQH Hamiltonians has become a subject of interest in its
own right.27:36:37:59 For one thing, it can be argued that
this approach more readily gives access to spectral prop-
erties at finite energies.’C For another, the second quan-
tized approach seems to be effective also in unravelling
the zero mode structure of special Hamiltonians, as the
present example demonstrates. We emphasize again that
few examples seem to have been studied systematically
in this regard where the wave function is not described
by holomorphic polynomials; i.e., is not contained within
the lowest Landau level. The advantage of our approach
is that it directly ties the zero mode structure to a GPP
for dominance patterns. Such close ties between GPPs
and Hamiltonians satisfying a zero mode paradigm may
in fact explain why parent Hamiltonians have not been
found in certain settings. For example, in the case of
Jain states that are projected onto the lowest Landau
level, the methods presented here strongly suggest that
a parent Hamiltonian satisfying the zero mode paradigm
would also lead to a GPP consistent with the effective
edge theory. That is, to a set of rules governing the fu-
sion of certain local building blocks on a one-dimensional
lattice that leads to a densest possible state at the correct
filling factor, and yields the correct zero mode counting
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at larger angular momenta. We conjecture that such a
GPP is not possible for the Jain-2/5 state if the particles
subject to the GPP have only the angular momentum
(or guiding center) degrees of freedom of a single Landau
level, with no additional degrees of freedom present(such
as spin, Landau level indices, etc...). More generally, we
conjecture that this is true for any state with an edge
theory rich enough to comprise at least two branches of
non-interacting chiral bosons: It appears that a “plain
vanilla”, single component GPP cannot be combinatori-
ally rich enough to account for such edge theories. On the
other hand, how such GPPs are possible when additional
degrees of freedom are present was seen here for the case
of additional Landau level degrees of freedom. Similar,
but distinct GPPs are implicit in Ref. 15 for, e.g., the
(two-component) Halperin (332)-state, which has filling
factor 2/5 but a different topological shift than the Jain-
2/5 state. We leave the proof of this conjecture as a
challenge for future work.

It may be worth noting that, despite our emphasis on
edge physics, there is no sharp distinction between edge
and (quasi-hole type) bulk excitations from the point
of view of dominance patterns. This is of course ex-
pected in any microscopic theory, and is a consequence
of the holographic principle. General bulk excitations in
Abelian FQH states can be organized into a ‘lattice of
excitations’,®! which is two-dimensional in the present
case, and accommodates both charged and neutral ex-
citations. It is quite clear, e.g., that defects of the form
... x0x00!00x0x. . ., ...x0x00100x0x. . ., represent excita-
tions of the same charge 1/5, but differ by a neutral exci-
tation. They would then have the same statistics.%! The
results of the present paper also lay the basis to study
such properties of bulk excitations, in particular pertain-
ing to their statistics, in terms of dominance patterns
using the coherent state method of earlier works.26.62,63

We point out that our results also rigorously imply cer-
tain properties of the lowest LL projected Jain-2/5 state,
and, more generally, CF states of the form (18). On the
sphere, e.g., all Slater determinants contributing to the
projected Jain-2/5 state must be obtainable via inward
squeezing from the dominance pattern 100x0x00x0x. . .
x0x001. This pattern, of course, does by itself not appear
in the projected Jain-2/5 state, as the first and last occu-
pied orbital belong to the first excited LL. The projected
Jain-2/5 state was studied from this point of view before
in Ref. 30, where a different dominance pattern was iden-
tified that becomes “non-expandable” in our terminology
after projection. The general pattern ...!10!00!0!00!0!. ..
has also appeared in a thin torus study of the lowest LL
projected Coulomb interaction.!?

While we have focused on the case of the Jain-2/5
parent Hamiltonian for definiteness, the validity of our
approach is certainly not limited to this case or those
presented earlier along similar lines.2”36:37 In particular,
generalization to more than two-body Hamiltonians is
certainly possible. An obvious direction for future explo-
ration is the case of larger n in Eq. (1), especially n = 3,



which leads to physics at v = 1/2.3! Filling factors of the
form 1/2+integer have traditionally been fruitful ground
for a great wealth of proposals of Abelian, non-Abelian,
and gapless states'32:6467 and are recently again ac-
tively investigated from a particle-hole symmetric point
of view,5® the latter having inspired interesting new wave-
functions.®® Even beyond the realm of FQH physics,
attractive features of frustration free lattice Hamiltoni-
ans that are not necessarily finite ranged but feature a
“center-of-mass-conservation” symmetry have long been
advertised.'®70 We are hopeful that the methods devel-
oped here will make major contributions to the general
study of such Hamiltonians, the general n case of Eq. (1)
being a particular example.

VIII. CONCLUSION

In this paper, we have further developed a method
to extract GPPs governing zero modes of a FQH par-
ent Hamiltonian directly from its second quantized form.
In particular, we have demonstrated that such princi-
ples apply to states involving higher Landau levels, and
provided an in-depth analysis of the zero mode struc-
ture of the Jain-2/5 state parent Hamiltonian and its
realization through certain dominance patterns. As in
earlier works focusing on single Landau level physics,
we have identified single particle operators that generate
zero modes. Our approach does, somewhat uncharacter-
istically, emphasize the second quantized presentation of
parent Hamiltonians, which we developed in detail for
the Jain-2/5 state for the disk and sphere geometries.
The cylinder geometry can be treated similarly, with im-
plications for the torus. This represents one route to a
presentation of the physics that manifestly exposes the
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dynamics of the guiding centers and retains dynamical
momenta only to the extent that they have not been elim-
inated by Landau level projection. These aspects seem
to be much in keeping with a line of thought recently
put forth by Haldane.”* A powerful strategy in explor-
ing correlated electron physics is to stabilize special wave
functions associated to certain fixed points in the phase
diagram via local Hamiltonians. For the phases described
by Jain states, lowest Landau level projected versions
of Jain states, or manifestly projected hierarchy states,
are sometimes thought to be the proper fixed point wave
functions, since they are compatible with the strong field
limit. We have presented arguments here why a local
parent Hamiltonian for these states may not be possible,
at least not if we want it to fall within the usual zero
mode paradigm. It is then reassuring that the existing
parent Hamiltonian for the unprojected Jain-2/5 state
does fall into this paradigm, as we argued in great detail.
The Hamiltonian studied here is the n = 2 special case
of a family of Trugman-Kivelson interactions projected
onto n Landau levels. We expect that the methodology
developed here will be of great value to shed light on the
case of larger n. We leave this as an interesting problem
for the future.
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