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We extend Laughlin’s magnetic-flux-threading argument to the quantized thermal Hall effect. A proper ana-

logue of Laughlin’s adiabatic magnetic-flux threading process for the case of the thermal Hall effect is given

in terms of an external gravitational field. From the perspective of the edge theories of quantum Hall systems,

the quantized thermal Hall effect is closely tied to the breakdown of large diffeomorphism invariance, that is, a

global gravitational anomaly. In addition, we also give an argument from the bulk perspective in which a free

energy, decomposed into its Fourier modes, is adiabatically transferred under an adiabatic process involving

external gravitational perturbations.

PACS numbers: 73.43.-f, 65.90.+i, 11.40.-q

I. INTRODUCTION

The thermal Hall conductivity is quantized in gapped (2 +

1)-dimensional topological phases1–3 of charged and charge-

neutral excitation systems. Integer and fractional quantum

Hall systems4 and chiral p-wave topological superconductors5

are examples of such systems. More precisely, the thermal

Hall conductivity in these systems is given by

κH = c
πk2

B
T

6~
, (1)

where c is the chiral central charge of the gapless boundary

modes. Hence, κH is quantized in units of πk2
B

T/6~. For ex-

ample, an integer quantum Hall system with the bulk Chern

number ν of the filled electronic energy bands has ν complex-

fermionic boundary modes with c = ν, and a topological

superconductor with the Chern number ν of the Bogoliubov

quasiparticles has ν Majorana boundary modes with c = ν/2.

The quantized thermal Hall effect in two-dimensional topo-

logical insulators and topological superconductors (superflu-

ids) has been discussed both from bulk and boundary points

of view. From the perspective of chiral gapless boundary the-

ories, the thermal Hall effect has been studied in terms of

the chiral Luttinger liquid4, the conformal field theory6,7, the

gravitational Chern-Simons theory8, and the equilibrium par-

tition function9. On the other hand, the thermal Hall effect in

the quantum Hall bulk is much controversial. Various stud-

ies using the Kubo formula10–12, the non-equilibrium Green’s

function13, and the Středa formula14 have concluded that the

bulk fermionic states show the quantized thermal Hall effect.

However, from the point of view of equilibrium thermal field

theories, the thermal Hall current in the bulk is exponentially

small when the temperature is much smaller than the bulk en-

ergy gap15. Also, an induced gravitational field theory de-

rived from a fully gapped fermionic system in a thermal equi-

librium cannot describe the quantized thermal Hall effect16.

These results may imply that, while for chiral edge theories

one can develop an argument for the quantized thermal Hall

effect, parallel to the quantum Hall effect, the bulk picture of

the quantized thermal Hall effect may be distinct from that for

the quantum Hall effect.

In this paper, we extend the gauge invariance/noninvariance

argument presented by Laughlin17 to the thermal Hall ef-

fect in quantum Hall systems. Laughlin’s argument provides

a fundamental and robust theory of adiabatic responses in

gapped topological phases. We will make an attempt to fol-

low as closely as possible the original Laughlin’s argument,

by making one-to-one correspondence between electromag-

netism and gravity (or more precisely, not full Einstein grav-

ity but gravitoelectromagnetism). We will discuss the adia-

batic responses of the chiral boundary fermion modes and the

bulk quantum Hall states against the gravitational counterpart

of the magnetic-flux threading.

From the edge-theoretical point of view, we elucidate the

role of quantum anomalies connecting the boundary theories

and Laughlin’s argument. In particular, we will make use

of the global gravitational anomaly of the boundary theories,

as opposed to the perturbative gravitational anomaly. While

the perturbative gravitational anomaly correctly accounts for

the non-conservation of the energy-momentum of the chiral

edge theories, and hence the necessity of having the bulk sys-

tem, it is not entirely obvious how one could relate the non-

conservation of the energy-momentum to the thermal trans-

port. As we will discuss, the connection to the thermal trans-

port is more transparent if we base our discussion on the

global gravitational anomaly. It should however be noted that

the global gravitational anomaly, i.e., the anomalous phase of

the partition function, has an ambiguity 2π× integer. One may

then worry that the global gravitational anomaly may not have

an ability to fix the thermal transport coefficient entirely. Nev-

ertheless, this ambiguity can be lifted by requiring consistency

with the perturbative gravitational anomaly.

As for the bulk point of view, our thermal extension of

Laughlin’s argument reveals a picture quite analogous to the

quantized charge Hall current that flows adiabatically through

the bulk, i.e., the creeping of Landau orbitals as one threads a

magnetic flux adiabatically. In particular, to explain the ther-

mal Hall effect, it seems that it is possible to avoid the use

of non-equilibrium frameworks, and confine our discussion

entirely within the thermal effective field theory, as in other

anomaly-related transport phenomena.

This paper is organized as follows. In Sec. II, we start by

reviewing the Laughlin’s original argument of flux-threading.
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FIG. 1. The cylindrical geometry for Laughlin’s argument. Electrons

are confined on the cylindrical surface in the presence of a magnetic

field B applied perpendicular to the surface. A magnetic flux Φ is

threaded through the hole of the cylinder, and an electric field Ey is

applied.

In Sec. III, Laughlin’s argument is recast into the language

of the chiral boundary theories. In particular, we distinguish

two types of quantum anomalies, perturbative and global U(1)

gauge anomalies. While at the level of the quantized charge

transport, both anomalies lead to the same conclusion (the

quantized Hall effect), the distinction between the perturba-

tive and global anomalies is an important prerequisite for the

later application. In Sec. IV, we first show that the flux thread-

ing in the gravitational case is described by a modular trans-

formation of the base manifold. Then the thermal Hall effect

is explained by a global gravitational anomaly regarding the

modular invariance of the boundary theory. In Sec. V, the

thermal Hall effect is quantitatively explained from the bulk

point of view. Finally in Sec. VI, we summarize our results.

II. BULK ARGUMENT FOR THE QUANTUM HALL

EFFECT (LAUGHLIN’S ORIGINAL ARGUMENT)

Let us start by reviewing some notations and fundamentals

of the quantum Hall effect by following the Laughlin’s orig-

inal argument. Laughlin’s argument explains the quantized

Hall effect from the bulk point of view. Consider an electronic

system confined on the cylindrical surface (Fig. 1) of the x-y

plane. A magnetic field B > 0 is applied in the out-of-plane

(z) direction. Consider a two-dimensional electron gas (e < 0)

described by a quadratic single-particle Hamiltonian

H = 1

2m
(−i~∂ − eA)2 , (2)

with the Landau gauge vector potential A = (−By, 0), which

is consistent with the periodic boundary in the x direction.

The electronic system has translational invariance in the x di-

rection, and thus eigenstates are labeled by the wave number

kx. The Hamiltonian (2) has the discrete energy spectrum con-

sisting of the Landau levels,

ǫN = ~ωc

(

N +
1

2

)

, (3)

where N is a non-negative integer labeling the Landau lev-

els, and ωc = |e|B/m is the cyclotron frequency. When the

Fermi level lies in the energy gap between the Landau levels

ν and ν + 1, that is, the eigenstates up to the Landau level ν

are occupied, the electrons below the Fermi level carry a quan-

tized Hall conductivity asσH = νe
2/2π~. The eigenstate wave

functions are given by

φN,kx
(x, y) ∝ eikx xe−(y−y0)2/2l2 HN(y − y0), (4)

where l = (~/|e|B)1/2 is the magnetic length and HN(y) is the

Hermite polynomial of degree N. The wave functions (4) are

localized in the y direction about a point y0, and extended in

the x direction. Here the localized position y0 is uniquely de-

termined by kx via

y0 = ~kx/|e|B. (5)

When the circumference of the cylinder is L, the wave number

is discretized as kx = 2πn/L (n ∈ Z) and accordingly, localized

positions of the Landau levels take discrete values with the

interval δy = 2π~/|e|BL.

In Laughlin’s argument, one considers an adiabatic process

in which a magnetic flux quantum Φ0 = 2π~/|e| is threaded

through the cylinder. Corresponding change in the vector po-

tential is A → A + (2π~/|e|L, 0). If an electron state is co-

herent along a closed loop in the x direction, a magnetic flux

induces a phase shift by ψ → e2πix/Lψ that results in a shift

of the momentum by kx → kx + 2π/L. According to (5), the

momentum shift is accompanied by an adiabatic shift of the

electron position from y0 to y0 + δy. Such an adiabatic motion

of electrons forced by threading a magnetic flux is the key

property in the bulk argument. Note that electrons without

coherence undergo trivial changes in their phase factors with-

out any real-space motions. When the length of the cylinder is

infinite, or when two boundaries of the cylinder are connected

to make a 2-torus, all coherent electrons are shifted to their

neighboring positions by one magnetic flux quantum 2π~/|e|,
and thus totally the electron state turns back to the original

state.

When the electric field is applied in the y direction, an elec-

tron localized at y0 gains an energy by δE = eEyδy during a

shift to y0 + δy. The charge current is given by ej = ∂ǫ/∂A,

where ǫ is the electron energy per unit area. When electrons

fill up to the νth Landau level, the current density is evaluated

as

e jx =
1

Lδy

∂E

∂Ax

≃ 1

δy

δE

Φ0

= ν
e2

2π~
(−Ey), (6)

since all filled Landau levels contribute equally to the Hall

current. In (6), a differential is approximated by a difference

in the second equality.
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(a) (b)

FIG. 2. The cylindrical geometry for the boundary picture of Laugh-

lin’s argument. On the cylindrical surface, solid arrows represent

electric currents and dashed arrows are the electric field. (a) Electric

Hall current in the x direction is induced by an applied voltage V . (b)

Charge pumping between boundaries as an electric Hall current in

the y direction is induced by a temporal change of the magnetic flux

Φ.

III. BOUNDARY ARGUMENT FOR THE QUANTUM

HALL EFFECT

In this section, we revisit Laughlin’s argument for the quan-

tum Hall effect in terms of the c = 1 chiral boundary theory

S =

∫

d2x ψ̄i~ (∂t + ∂x)ψ, (7)

and its intrinsic anomalies. Here and henceforth we set the

Fermi velocity as vF = 1. The chiral boundary theories can-

not exist as an isolated (1 + 1)-dimensional system, and are

always accompanied with the higher-dimensional bulk. The

quantum anomaly in the U(1) gauge symmetry and the result-

ing breakdown of the charge conservation are peculiarities in

such systems, and are shown to have a close connection with

the quantum Hall effect in the bulk. [Here, we consider the

sharp boundary with thickness much shorter than the magnetic

length l to rule out the possibility of edge reconstruction18.

While the subsequent calculations are presented in terms of

the simplest edge theory (7), the edge reconstruction is not

expected to change the quantum anomaly (the chiral central

charge).]

A. From perturbative U(1) gauge anomaly

1. Charge pumping and anomaly

Consider electrons forming a ν = 1 quantum Hall state on

the cylindrical geometry [Fig. 2(a)]. The axial length and

the circumference of the cylinder are W and L, respectively.

When a magnetic flux Φ0 is threaded through the cylinder,

coherent electrons in the bulk flow adiabatically along the

cylinder. At interfaces between boundaries and the bulk, bulk

electrons flow into the left boundary, and simultaneously, bulk

electrons are supplied by the right boundary.

When we focus on the two boundaries, such a process is

interpreted by increase and decrease of the electron num-

bers in the (1+1)-dimensional electronic systems. The right-

(left-)moving chiral boundary fermion mode resides on the

left(right) boundary. In the following, we denote “right” and

“left” in the subscript of any physical quantities to represent

boundary sides, not the moving directions. Combining two

chiral modes, the boundary action is given by

S left+right =

∫

d2x ψ̄(−i)γµ(~∂µ − ieAµ)ψ, (8)

where ψ = (ψleft, ψright), ψ̄ = ψ
†γ0, γ0 = iσx, γ1 = σy satisfy-

ing {γµ, γν}/2 = ηµν = diag[−1,+1], and ∂µ = (∂t, ∂x).

As electrons flow into/from the left/right boundary, the chi-

ral U(1) particle number conservation is violated. This is

quantified by the chiral U(1) anomaly19,20 equation

∂µ j
µ

5
= − e

π~
ǫµν∂µAν, (9)

where µ, ν = t, x and j
µ

5
= j

µ

left
− j

µ

right
is the axial current

composed of the particle current on left and right boundaries.

Integrating (9) over the boundary space, one obtains

Ṅleft − Ṅright = −
e

π~
Φ̇, (10)

where Nleft(right) is the total electron number of the left (right)

boundary defined by the electron density j0
left(right)

, andΦ is the

magnetic flux threaded at the center of the boundary circle. On

the other hand, the U(1) gauge symmetry of the combination

of left and right boundary electrons imposes the conservation

of the total electron number ∂t(Nleft + Nright) = 0. Therefore,

through adiabatically threading a magnetic flux, the electron

number changes as21

δNleft = −δNright = −
e

2π~
Φ. (11)

A relation (11) governing non-conservation of the bound-

ary electron has the same form as the Středa formula for the

quantum Hall effect22

σH = ν
e2

2π~
= e

∂N

∂Φ
, (12)

with ν = −1 for the left boundary and ν = +1 for the right

one, although (12) considers a magnetic flux Φ that is applied

perpendicularly to the two-dimensional electrons, while that

in (11) is threaded through the cylinder. However, the Středa

formula (12) and the relation (11) can be identified as fol-

lows, provided that the total electrons number N in (12) is

completely due to the chiral boundary modes. Consider quan-

tum Hall states on two disks Dleft and Dright perpendicular to

threaded magnetic flux, which have common boundaries with

the cylinder as shown in Fig. 3. Focusing only on the bound-

ary mode, the chiral boundary modes of the ν = 1 quantum

Hall state on the cylindrical surface are equivalent to those of

the ν = −1 quantum Hall state on Dleft and the ν = 1 quantum

Hall state on Dright, where, in the latter geometry, electrons

on the cylindrical surface are absent. This explains the reason

why the boundary electrons obey the Středa formula.
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(a) (b)

FIG. 3. A quantum Hall states on the cylindrical surface have the

same boundary electronic modes as those on two disks.

2. The quantized Hall current induced by the electrostatic

potential

Let us now relate (11) to the Hall conductance. When an

magnetic flux Φ is applied, the number of electrons on the

left boundary at the electric potential V changes by δNleft and

that on the right boundary at the electric potential 0 by δNright.

The electric potential energy gains by δEpot = eVδNleft, and,

in turn, the total (kinetic) energy of electrons increases by

δE = −eVδNleft. (13)

The electric Hall current is determined by equating the en-

ergy supplied by applied voltage and the interaction energy

of the electric current with the vector potential resulting from

the threaded magnetic flux Ax = Φ/L. Thus, using (11), the

electronic current is given by

eJx ≡ e

∫ W

0

dy jx =
1

L

∂δE

∂Ax

=
e2

2π~
V. (14)

The above argument can be regarded as a boundary picture of

Laughlin’s argument on the quantum Hall effect.

Notice that the boundary argument in this subsection cannot

tell whether the Hall current flows in the bulk or along the

boundary, since it predicts only the total electric Hall current

flowing perpendicular to the applied voltage eJx ≡ e
∫ W

0
dy jx,

i.e., we have computed the Hall conductance, but not the Hall

conductivity. Provided that the electric current is uniformly

distributed in the bulk, we would conclude that the electric

Hall conductivity is quantized as in (6), from (14) (recalling

Ey = −V/W).

Alternatively, one can consistently make an argument based

on the electric Hall current flowing along the boundary23,24.

This way of describing the Hall current results from a quanti-

zation of the boundary electric current

e
∂ jbdry

∂µ
= ± e

2π~
, (15)

where +(−) is for the right-(left-)moving chiral fermion. Then

the Hall current is calculated solely by a summation of the

boundary current on left and right boundaries as

Jx = jleft + jright =
µleft − µright

2π~
=

e

2π~
V, (16)

which is equivalent to (14). It should be noted, however, the

relation (16) does not assert that the Hall current is carried

only by the chiral boundary modes. This is because (16)

considers only the difference of the electric currents on two

boundaries flowing in opposite directions. An absolute value

of the boundary electric current is not well-defined for the

(1+1)-dimensional Dirac system: it depends on the momen-

tum cutoff Λ as

jleft/right ≡
〈v̂〉
L
≃ 1

2π

∫ ±µ/~

±Λ
dk = ±

(

µ

2π~
− Λ

2π

)

, (17)

while such a high-frequency regime is not well-defied as the

boundary property, and should be attributed to the bulk elec-

tronic states. Therefore, the boundary argument in this section

does not provide any information about the distribution of the

electric Hall current.

3. The quantized Hall current induced by the time-dependent

magnetic flux

Another point to be mentioned is that one can also regard

an adiabatic electron transfer between two edges as the elec-

tric Hall current flowing in the y direction [Fig. 2(b)], which

flows perpendicularly to the Hall current (14) flowing in the x

direction [Fig. 2(a)]. The Hall current in this case is induced

by a temporal change of the magnetic flux which works as the

electric field in the x direction: Ex = −Ȧx = −Φ̇/L. The volt-

age between two boundaries is absent in this case (V = 0),

and therefore the bulk electronic states are still in equilibrium

during threading the magnetic flux. The electric current den-

sity in the bulk is determined by imposing electron number

conservation L jy − δṄleft = 0 at the left boundary. By using

(11), the charge current is related to the electric field as

e jy =
eδṄleft

L
= − e2

2π~

Φ̇

L
=

e2

2π~
Ex (18)

which is equivalent to (14) by rotating π/2 in the x-y plane.

B. From global U(1) gauge anomaly

The charge pumping relation (11) derived from the chiral

U(1) gauge anomaly can also be derived from another type of

anomaly that occurs in the (1+1)-dimensional chiral fermionic

system, that is, the global U(1) gauge anomaly.

The U(1) gauge symmetry of the fermionic system refers to

invariance under a U(1) gauge transformation

ψ(x)→ ψ′(x) = e2πia(x)ψ(x). (19)

In order for the fermionic system on a closed one-dimensional

space of the circumference L to be invariant, the U(1) gauge

transformation must preserve the boundary condition in the

spatial direction, which is dictated as a(L) − a(0) ∈ Z. U(1)

gauge transformations satisfying a(L)−a(0) = 0 can be contin-

uously deformed to the identity transformation (a(x) = 0), re-

ferred to as infinitesimal or small U(1) gauge transformations.
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The relation (11) is a consequence of an anomaly regarding

transformations of this class, which is referred to as the per-

turbative anomaly. On the other hand, when a(L) − a(0) = n

is a nonzero integer, such transformations cannot be continu-

ously deformed to the identity transformation, and are referred

to as large U(1) gauge transformations. Threading a magnetic

flux is equivalent to a large U(1) gauge transformation, when

the magnetic flux is an integer multiple of the flux quantum,

a(L) − a(0) = Φ/Φ0.

Laughlin’s original argument on the quantum Hall state

considers a large U(1) gauge transformation for the bulk elec-

tronic states induced by threading a magnetic flux quantum.

We review the consequence of the same transformation on the

boundary theories25,26. Consider the (1+1)-dimensional right-

moving chiral fermion on a circle with the circumference L

given by

H =

∫ L

0

dxψ†(x)(−i) (~∂x − ieAx)ψ(x), (20)

where the electromagnetic vector potential is induced by the

magnetic flux Φ threaded into the center of the circle, and is

related via Ax = Φ/L. We incorporate the effect of Ax as a

twisted boundary condition in the x direction. More generi-

cally, we consider the Hamiltonian

H =

∫ L

0

dxψ†(−i~∂x)ψ (21)

together with a twisted boundary condition in time as well:

ψ(t, x + L) = e2πi(a−1/2)ψ(t, x), (22)

ψ(t + ~β, x) = e2πi(b−1/2)ψ(t, x). (23)

Parameters a, b play the role of the spatial and temporal flux,

specifically, as a − 1/2 = Φ/Φ0. In the canonical formalism,

the temporal twist is realized by an operation of exp(2πibN),

where N is the total fermion number operator

N =

∫ L

0

dxψ†ψ. (24)

Observe that the classical system, as defined by the Hamil-

tonian (action) and the boundary conditions (22) and (23), is

invariant under a → a + 1 and b → b + 1. This large gauge

invariance, however, may be lost once we quantize the theory.

In particular, the partition function may acquire an anomalous

phase factor (= global U(1) gauge anomaly) under a → a + 1

and b→ b + 1.

The partition function of the (1+1)-dimensional chiral com-

plex fermion (21) with the twisted boundary conditions can be

explicitly computed as follows. The fermion field operator is

expanded by wave functions satisfying (22) as

ψ(x) =
∑

r∈Z+a−1/2

e2πirx/Lψr, (25)

and the ground state is defined by filling all negative-energy

states. When a ∈ [−1/2, 1/2), normal-ordering of the Hamil-

tonian and the fermion number operator gives

H =
2π~

L

















∑

r∈Z+a−1/2

r : ψ†rψr : − 1

24
+

a2

2

















, (26)

N =
∑

r∈Z+a−1/2

: ψ†rψr : +a, (27)

where extra terms are resulting from the normal-ordering reg-

ularized by the Riemann zeta function. Recall that the par-

tition function of the (1+1)-dimensional chiral fermion with-

out twisting (a = 1/2, b = 0) is given by tracing e−βH over

the Hilbert space satisfying the periodic boundary condition

ψ(x + L) = ψ(x). The partition function in the present case is

given by

Z[a,b] ≡ Tr
[

e−βHe2πibN
]

= q−1/24+a2/2e2πiab

×
∏

n∈N

(

1 + qn−1/2+ae2πib
) (

1 + qn−1/2−ae−2πib
)

. (28)

where the tracing refers to the boundary condition (22) and

q = exp(−2π~β/L).

By inspection, one verifies

Z[a,b] = Z[a+1,b] = e−2πiaZ[a,b+1] (29)

and hence there is a global U(1) gauge anomaly. From the

anomaly, we can read off the charge pumping formula. We

normalize the particle number such that the ground state par-

ticle number at a = 0 (Φ = −Φ0/2) as 0. At a = 0, by

changing the chemical potential b → b + 1 one does not earn

any phase. On the other hand, at a , 0, the partition func-

tion acquires a non-zero phase factor. This phase is indicative

of the change of the ground state fermion number as com-

pared to the fermion number at a = 0. Since the free energy

changes by δF = −2πia/β during the change of the chemi-

cal potential δµ = 2πi/β, the particle number is evaluated as

N = −δF/δµ = a. (Note that, from (28), the “imaginary”

chemical potential is identified as βµ = 2πib.) Then,

∂N

∂Φ
=

1

Φ0

∂N

∂a
=
|e|

2π~
, (30)

which is equivalent to the consequence of the perturbative

U(1) gauge anomaly (11), although broken symmetries are

distinct.

To give a more microscopic view on the global U(1) gauge

anomaly, let us follow the spectrum of the Hamiltonian (20)

as we change the magnetic flux adiabatically. Under the

periodic boundary condition, the eigenfunction is φn(x) =

exp[2πinx/L]/
√

L (n ∈ Z), and the corresponding eigenen-

ergy is

ǫn(Φ) =
2πn~

L
− eΦ

L
. (31)

After a magnetic flux quantum Φ0 = 2π~/|e| is threaded, the

energy spectra turn back to the original ones by shifting each

energy level to the adjacent one (ǫn → ǫn+1). This implies that

the large U(1) gauge transformation leaves the whole elec-

tronic energy spectra invariant. However, following gradual

change of the energy spectra through threading the magnetic

flux, the ground state property changes.
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Quantizing the fermion by introducing the anticommutation

relation {ψ(x), ψ†(x′)} = δ(x − x′), and expanding the fermion

operator by the eigenmodes ψ(x) =
∑

n φn(x)cn, the Hamilto-

nian is rewritten as

H =
∑

n

ǫn(Φ)c†ncn. (32)

If the magnetic flux initially lies in the range Φ ∈ (−Φ0, 0),

the eigenenergy is positive for n > 0 and negative for n ≤ 0.

The ground state |0〉Φ is made by filling all states with neg-

ative eigenenergies, thus the Fermi level lies between ǫ0(Φ)

and ǫ1(Φ). After threading a magnetic flux quantum Φ0, each

energy level is shifted as ǫn(Φ + Φ0) = ǫn+1(Φ), and thus the

new Fermi level lies between ǫ1(Φ) and ǫ2(Φ). While the en-

ergy spectra are invariant through the magnetic flux change

Φ → Φ + Φ0, the number of electrons in the ground state

changes by unity δN = 1, since a filled energy level with

eigenenergy ǫ0(Φ + Φ0)(= ǫ1(Φ)) goes above the original

Fermi level. Let the electron number change be a continu-

ous function of the threaded magnetic flux, the above relation,

again, leads to (30).

As shown above, the global U(1) anomaly counts the num-

ber of electronic energy levels that traverse the Fermi level

during the large U(1) gauge transformation. Within this pro-

cess, only energy levels close to the Fermi level are concerned.

Therefore, as long as the transformation leaves the electronic

system invariant at the classical level, the quantized number of

traversed energy levels would be unaffected even after small

perturbations are added.

IV. BOUNDARY ARGUMENT FOR THE QUANTIZED

THERMAL HALL EFFECT

As seen in the previous section, the quantum Hall effect

can be explained by anomalies of the (1+1)-dimensional chi-

ral boundary theory. The broken symmetries in these argu-

ments are the invariance under infinitesimal and large U(1)

gauge transformations. Here, we extend this boundary argu-

ment to the case of the quantized thermal Hall effect. With

the help of the Středa formula for the quantized thermal Hall

effect14

κH = c
πk2

B
T

6~
=

∂S

∂Φg
, (33)

the relevant symmetry is described by a spacetime transfor-

mation given in terms of gravity.

A. Modular transformation

Consider the (1+1)-dimensional system under a static grav-

itational field gµν. The Středa formula for the quantized ther-

mal Hall effect (33) describes an entropy change induced by

the gravitomagnetic flux, which is the gravitational counter-

part of the magnetic flux defined by Φg = A
g
xL. The gravito-

magnetic vector potential A
g
x is defined by the line element of

the Minkowski spacetime

ds2 = −(dt + A
g
xdx)2 + dx2. (34)

By the Wick rotation, the line element of the Euclidean space-

time is given by

ds2 = (dtE + AE
x dx)2 + dx2, (35)

where tE = it is the imaginary time, and AE
x = iA

g
x is the gravit-

omagnetic vector potential in the Euclidean spacetime. In the

following, the symbol t is used as the imaginary time in place

of tE for convenience. In the finite-temperature formalism,

boundaries of the temporal direction are periodically identi-

fied with the period ~β = ~/(kBT ). When the space direction

has also the periodic boundary by the period L, the spacetime

is a 2-torus.

Provided that the gravitomagnetic vector potential AE
x is

static, a transformation from a flat spacetime to the one speci-

fied by (35) is given by a diffeomorphism

(t, x)→ (t + ~βaE(x), x), (36)

where aE(x) = (~β)−1
∫ x

0
dx′AE

x (x′). Taking into account the

fact that the imaginary time is defined modulo ~β, a trans-

formation satisfying aE(L) − aE(0) ∈ Z leaves the spacetime

invariant. Corresponding gravitomagnetic flux ΦE is an in-

teger multiple of ~β. A transformation (36) with a nonzero

integer aE(L) − aE(0) cannot be continuously deformed to the

identity transformation. This type of transformations is re-

ferred to as large diffeomorphism. Large diffeomorphisms of

a torus are referred to as modular transformations27,28. Con-

sider a simplest modular transformation given by ΦE
0
≡ ~β or

AE
x = Φ

E
0
/L, and a corresponding transformation

(t, x)→ (t′, x′) = (t + ~βx/L, x). (37)

After this transformation, periodicity of the spacetime 2-torus

is altered from an identification

(t, x) ∼ (t + ~β, x) ∼ (t, x + L). (38)

to a new identification29

(t, x) ∼ (t + ~β, x) ∼ (t + ~β, x + L), (39)

which is shown in Fig. 4 (a). The transformation (37) rep-

resents a sequence of prescriptions composed of, cutting the

spacetime torus by a loop along the temporal direction, twist-

ing one of the edges by ~β, and gluing two edges to make a

2-torus again. Notice that the unit of the gravitomagnetic flux

inducing a modular transformation is Φ
g

0
= −i~β, while the

unit of the magnetic flux bringing about a large U(1) gauge

transformation is the magnetic flux quantum Φ0 = 2π~/|e|.
Before moving on, we briefly review the concept of the

modular group28. The spacetime 2-torus is defined by period-

icities, and thus is the quotient space of the two-dimensional

Euclidean space R2 by a two-dimensional lattice spanned by

two linearly-independent lattice vectors. When the torus is

defined on the complex plane C by, e.g. z = x + it, the lattice
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x

L

(a) 

(b) (c) (d) 

FIG. 4. (a) A modular transformation of the spacetime 2-torus in-

duced by threading a gravitomagnetic flux ΦE = ~β. A rectangular

2-torus (solid line) is transformed to a sheared-rectangular 2-torus

(dashed line). Boundaries on left and right, and those on top and

bottom are identified, respectively. The modular group is generated

by (b) T : τ → τ + 1, and (c) S : τ → −1/τ. (d) Another basic

transformation can be composed by T S T : τ→ τ/(1 + τ).

vectors are represented by two complex numbers ω1, ω2 ∈ C
as

(t, x) ∼ (t + Im[ω1(2)], x + Re[ω1(2)]). (40)

As in the description of crystals, there is an ambiguity in

choice of the lattice vectors. Another set of lattice vectors

given by a transformation

(

ω′
2

ω′
1

)

=

(

a b

c d

) (

ω2

ω1

)

(41)

satisfying ad − bc = 1 (a, b, c, d ∈ Z), spans the same lattice,

since the transformation matrix is invertible. The matrix in

(41) leaves the area spanned by two lattice vectors invariant,

and forms a group SL(2,Z) of 2 × 2 integer-valued matrices

with unit determinant.

Thanks to the conformal invariance that the linearized form

of the gapless boundary fermion (7) possesses, physical prop-

erties on a torus should be invariant up to scaling, and thus be

dependent only on the ratio of two periods τ = ω2/ω1, which

is referred to as the modular parameter. Redefinition of lattice

vectors (41) transforms the modular parameter as

τ′ =
aτ + b

cτ + d
, (42)

which forms a group PSL(2,Z) = SL(2,Z)/Z2, referred to as

the modular group. Here Z2 in the modular group is due to the

fact that inverting the signs of a, b, c, d leaves the transforma-

tion unchanged. The modular group is known to be generated

by two operations T : τ→ τ+ 1 and S : τ→ −1/τ [Fig. 4 (b)

and (c)].

Here, we apply the above framework to our situation. The

lattice vectors of the rectangular spacetime torus (38) are as-

signed as ω1 = L and ω2 = i~β, and corresponding lattice

vectors of the sheared rectangular spacetime torus (39) are

ω1 = L + i~β and ω2 = i~β. Defining the ratio of spatial

and temporal periods by α = ~β/L, the modular parameter

is changed from τ = iα to τ′ = iα/(1 + iα) during the grav-

itomagnetic flux ΦE
0

is threaded. This process is a modular

transformation given by TS T : τ→ τ/(1 + τ) [Fig. 4 (d)].

Notice that, in the above context, we have encoded the grav-

itomagnetic flux into the change of the lattice vectors that span

the spacetime torus, not into the change of the metric with

which the fermionic kinetic action is defined. These two inter-

pretations are equivalent, at least, when the gravitomagnetic

flux is uniform in the whole spacetime (see for details in ap-

pendix A). With this in mind, we study, throughout this paper,

the fermionic action on the flat spacetime under the boundary

condition specified by the threaded magnetic and gravitomag-

netic fluxes.

B. Free energy pumping and global diffeomorphism anomaly

In this section, the breakdown of the modular invariance,

that is, the global diffeomorphism anomaly25,26,29,30, of the

(1+1)-dimensional edge theory of the quantum Hall systems

is reviewed, and is shown to account for the quantized thermal

Hall effect.

For our calculation of the global diffeomorphism anomaly,

we again employ the chiral massless Dirac fermion theory

(21). It should be stressed that this theory (21) enjoys an ex-

act conformal (and/or Lorentz) symmetry, which makes the

following calculations rather transparent. In contrast, the (re-

alistic) edge theory of the quantum Hall boundary realizes the

conformal symmetry only approximately at low energies. Our

rationale of assuming the exact conformal symmetry is that

we focus on the renormalization group fixed point, which, ir-

respective of microscopic details, is described by a scale in-

variant field theory. For edge theories which are not quite

at a renormalization group fixed point, we invoke the usual

’t Hooft anomaly matching, i.e., the calculation of quantum

anomalies should not depend on what energy/length scale is

chosen for the calculation. This should be contrasted with our

calculation of the large U(1) gauge anomaly and the quantized

Hall conductance: The large U(1) gauge invariance is an ex-

act symmetry of the system at all scales. On the other hand, in

the thermal/gravitational case, at least technically, our calcu-

lation of the global gravitational anomaly (presented below)

relies on an emergent conformal symmetry at low energies.

We leave it as a future problem whether or not the reliance

on the conformal symmetry can be relaxed or completely re-

moved. (See, however, Ref. 31, where it was attempted to

give the definition of the chiral central charge without assum-

ing conformal symmetry.)

The global diffeomorphism anomaly can be read off from

the partition function. In addition to the modular parameter τ
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that characterizes the base spacetime manifold, one needs to

specify the boundary condition of the fermion defined on it.

The boundary condition is, in general, defined for two periods

by

ψ(t + Im[ω1], x + Re[ω1]) = e2πi(a−1/2)ψ(t, x), (43)

ψ(t + Im[ω2], x + Re[ω2]) = e2πi(b−1/2)ψ(t, x). (44)

The boundary conditions for the fermion on the spacetime

torus without the gravitomagnetic flux (38) is given by

ψ(t, x + L) = ψ(t, x),

ψ(t + ~β, x) = −ψ(t, x),
(45)

which corresponds to τ = iα and [a, b] = [ 1
2
, 0]. On the other

hand, the boundary condition on a torus with the gravitomag-

netic flux ΦE
0

specified by (39) is

ψ(t + ~β, x + L) = −ψ(t, x),

ψ(t + ~β, x) = −ψ(t, x),
(46)

which corresponds to τ = iα/(1 + iα) and [a, b] = [0, 0]. If

the fermionic system is invariant under the modular transfor-

mation, the partition function should be unchanged during the

transformation. This is not true for the present case since there

is an anomaly regarding the modular invariance.

The partition function of the (1+1)-dimensional chiral com-

plex fermion (21) with the boundary condition specified by the

modular parameter τ = τ1 + iτ2α and [a, b] is calculated, in

much the same way as in Sec. III B:

Z[a,b](τ) ≡ Tr
[

e−τ2βHeiτ1LP/~e2πibN
]

= q−1/24+a2/2e2πiab

×
∏

n∈N

(

1 + qn−1/2+ae2πib
) (

1 + qn−1/2−ae−2πib
)

, (47)

where P = H (we have set the Fermi velocity as vF = 1) and

q = e2πiτ. Under the modular transformation TS T : τ →
τ/(1 + τ), the partition function of the boundary fermion is

transformed as27,28

Z[ 1
2
,0](iα)→Z[0,0](iα/(1 + iα))

= e−iπ/12Z[0, 1
2

](−1/(1 + iα))

= e−iπ/12Z[ 1
2
,0](1 + iα)

= eiπ/12Z[ 1
2
,0](iα). (48)

A contribution due to the global diffeomorphism anomaly ap-

pears as an extra phase factor eiπ/12. Therefore an extra imag-

inary free energy δF = −iπ/12β is generated during this pro-

cess. Since a real gravitomagnetic flux ΦE
0
= ~β in the Eu-

clidean spacetime corresponds to an imaginary gravitomag-

netic flux Φ
g

0
= −i~β in the Minkowski spacetime, a free en-

ergy change induced by the gravitomagnetic flux is formulated

as

∂F

∂Φg
≃ δF

Φ
g

0

=
πk2

B
T 2

12~
, (49)

where in the first equality, a differential is approximately given

by a difference as in the case of the global U(1) gauge anomaly

(30). An indication of the relation (49) is that the (1+1)-

dimensional gapless fermionic system loses or gains free en-

ergy depending on its central charge, by threading the gravit-

omagnetic flux into the one-dimensional space loop.

The free energy (49) has been derived and discussed in the

context of the anomaly-related transport phenomena32. In par-

ticular, Golkar and Sethi29 discussed the free energy (49) by

using the global gravitational anomaly. (The same free energy

was also obtained in Ref. 9 – see discussion below.) It should

be noted however that this method of determining an effective

free energy from the global anomaly suffers from an ambigu-

ity. The free energy change can be determined only up to an

integer multiple of 2π,

δF = (−i/β)(π/12+ 2πn) (n ∈ Z), (50)

since the logarithm of the extra phase factor eiπ/12 can be de-

termined up to an integer multiple of 2πi33. Nevertheless, the

ambiguity can be removed by requiring the consistency with

the perturbative gravitational anomaly, and the boundary ther-

mal conductivity6,33 leading to the free energy (49).

Observe the same ambiguity does exist for the case of the

global U(1) gauge anomaly: The global anomaly (the anoma-

lous phase acquired by the partition function under large U(1)

gauge transformations) is determined only up to an integer

multiple of 2π. Once again, matching the global anomaly with

the perturbative U(1) gauge anomaly removes the ambiguity.

It should be also noted that, for the case of the global U(1)

gauge anomaly, the situation is slightly better as there are two

compact adiabatic parameters, a and b, that we can change.

While the anomalous phase exp(2πia) under b→ b+ 1 has an

ambiguity, demanding that the phase is a continuous function

of a, one can read off the Hall conductance from the deriva-

tive of ln[exp 2πia] with respect to a, which is free from the

ambiguity. On the other hand, for the gravitational case, we

have only one compact variable τ. We thus need to resort on

consistency with the perturbative gravitational anomaly to fix

the ambiguity.

If we need to fix the ambiguity with the help of the per-

turbative anomaly, one may wonder why we need to rely

on the global anomaly in the first place. However, as noted

previously8, deriving the thermal response by using the per-

turbative gravitational anomaly is not obvious, as one needs

to relate the gravitational response to the thermal response

by using Luttinger’s trick34. On the other hand, as we will

demonstrate in the following, the thermal response appears

more naturally when we consider the global diffeomorphism

anomaly.

A direct consequence of (49) is the Středa formula for the

quantized thermal Hall effect. Using a thermodynamic rela-

tion δS = −∂δF/∂T , the Středa formula is derived as

δS

Φ
g

0

= −
πk2

B
T

6~
= κH(c = −1), (51)

where κH(c) represents the quantized thermal Hall conductiv-

ity for the chiral central charge c. (51) is the Středa formula
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for the quantized thermal Hall effect in the ν = −1 quantum

Hall system, and is quite analogous to (12) for the quantum

Hall effect led by the U(1) gauge anomaly.

Although the free energy (49) is a functional only of the

gravitomagnetic vector potential A
g
x:

F[A
g
x] =

πk2
B

T 2

12~

∫ L

0

dxA
g
x, (52)

one can deduce a form of the free energy when a gravitational

potential field σ is additionally present. The metric is given

by

ds2 = e−2σ
(

dt + iA
g
xdx

)2
+ dx2. (53)

Thus including a gravitational potential is reduced to changes

β → e−σβ and A
g
x → e−σA

g
x. The global diffeomorphism

anomaly in this new metric is read off from the free energy

change δF = −iπeσ/12β induced by Φg = −i~e−σβ, which re-

sults in the free energy as a functional ofσ and A
g
x. Expanding

with respect to the gravitational potential as

F[σ, A
g
x] =

πk2
B

T 2

12~

∫ L

0

dxe2σA
g
x

= F[A
g
x] + F(1)[σ, A

g
x] + O(σ2), (54)

the zeroth-order term is given in (52), while the first-order

term

F(1)[σ, A
g
x] =

πk2
B

T 2

6~

∫ L

0

dxσA
g
x, (55)

is equivalent to the boundary free energy derived by the au-

thors in a previous paper9.

C. The quantized thermal Hall current induced by the

temperature gradient

Now we are ready to extend Laughlin’s argument using the

relation in the previous subsection (49). Consider a geometry

shown in Fig. 5(a). The bulk electrons form a quantum Hall

state with the Chern number ν = 1. Left and right boundaries

are in the thermal equilibrium at temperature Tleft and Tright,

respectively, by contacting them with heat baths. The quan-

tum Hall state on the cylindrical surface is assumed to have an

energy gap much larger than both boundary temperatures so

that the electronic excitations are suppressed in the bulk.

The thermal Hall current can be read off by equating the

free energy generated at the boundaries as a result of the

global diffeomorphism anomaly (49), and an interaction en-

ergy of the thermal current with the gravitomagnetic vector

potential induced by the gravitomagnetic flux. A free energy

generated at left and right boundaries is given, respectively,

by

δFleft =
πk2

B
T 2

left

12~
Φg, δFright = −

πk2
B

T 2
right

12~
Φg, (56)

(a) (b)

FIG. 5. A setup for Laughlin’s argument on the quantized ther-

mal Hall effect from the boundary theory. On the cylindrical surface,

solid arrows represent thermal currents and dashed arrows represent

temperature gradients. (a) Left and right boundaries are in contact

with heat baths and are in thermal equilibrium at temperature Tleft

and Tright, respectively. The thermal Hall current is induced by the

temperature difference between boundaries. (b) Two boundaries are

in thermal equilibrium at the same temperature T . A transferred heat

between boundaries as a thermal Hall current is induced by a tempo-

ral change of the gravitomagnetic flux Φg.

and thus the change of the total free energy by

δF ≡ δFleft + δFright =
πk2

B

12~

(

T 2
left − T 2

right

)

Φg. (57)

When the temperature difference between two boundaries

is sufficiently small compared with boundary temperatures

themselves (|Tleft − Tright| ≪ Tleft(right)), one obtains

δF ≃
πk2

B
T̄

6~
(Tleft − Tright)Φ

g, (58)

where T̄ is the average temperature between Tleft and Tright.

The thermal current (energy current) couples to the gravito-

magnetic field, and is derived from this free energy as

∫ W

0

dy jTx =
1

L

(

∂δF

∂A
g
x

)

=
πk2

B
T̄

6~
(Tleft − Tright), (59)

which is the quantized thermal Hall effect with the thermal

Hall conductance πk2
B

T̄/6~ for the Chern number ν = 1.

Notice that the boundary argument presented above is free

from the fictitious temperature gradient in terms of gravity,

that is, Luttinger’s trick34 using the Tolman-Ehrenfest relation

−T−1∇xT = −∇xσ by the gravitational potential σ.

As a result, when two sides of the quantum Hall boundaries

contact with heat baths with different temperature, a thermal

current flows parallel to the boundaries, and the thermal Hall

conductance is quantized by the central charge of the chiral

boundary modes, which, in this case, is equivalent to the bulk

Chern number. However it should be noted that the boundary

argument cannot tell whether the thermal Hall current flows

in the bulk or along the boundary, due to the same reason
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as we mentioned in Sec. III A 2 for the quantum Hall effect.

The relation (59) tells us about the total thermal Hall current

L−1∂δF/∂A
g
x integrated over the section of the Hall bar geom-

etry. For example, one can also explain the thermal Hall effect

solely by the boundary thermal current. The thermal current

of the (1+1)-dimensional fermion is evaluated as

∂ jT,bdry

∂T
= (c − c̄)

πk2
B

T

6~
, (60)

which is related to a perturbative gravitational anomaly6. Al-

though the relation (60) is enough to show the quantized ther-

mal Hall effect when two boundaries have different tempera-

ture, we cannot conclude, from this relation, that the thermal

Hall current flows only near the boundary. This is because the

absolute value of a thermal current flowing along the bound-

ary cannot be determined.

The boundary argument presented in this section, and the

similar one in the previous section for the quantum Hall effect,

rely on the presence of the chiral massless fermionic mode on

the boundary and the gapful bulk. The presence of the chi-

ral massless fermion is robust against perturbations including

disorders and interaction as long as the bulk energy gap is

large enough compared with perturbations. Furthermore, the

boundary mode is robust against perturbations on the bound-

ary due to chirality. However, unlike the case of the quantum

Hall effect where the large U(1) gauge invariance and quanti-

zation of electric responses are exact for the chiral boundary

modes, the thermal Hall coefficient is not necessarily quan-

tized, in a strict meaning, due to the breakdown of the scale

invariance by microscopic details of the model.

D. The quantized thermal Hall current induced by the

time-dependent gravitomagnetic flux

Following the discussion of the quantum Hall effect in

Sec. III A 3, we now discuss the possibility of regarding a

heat transfer between two boundaries as the quantized ther-

mal Hall current [Fig. 5(b)]. When the both boundaries are in

equilibrium at the same temperature T , the total free energy

conserves due to (56), which indicates a heat is transferred

between boundaries by threading a gravitomagnetic flux. The

amount of the transferred heat is evaluated as δQ = TδS =

−TdδF/dT . By imposing the continuity equation of the heat

at the left boundary, a thermal current in the bulk is determined

by L jTy − δQ̇ = 0. Therefore

jTy =
δQ̇

L
= −T

L

dδḞ

dT
=
πk2

B
T 2

6~
(−Ȧ

g
x). (61)

This expression indicates that, if we recognize the time deriva-

tive of the gravitomagnetic vector potential as a fictitious tem-

perature gradient by −T−1∇xT = −Ȧ
g
x, a heat transfer in the

y direction between two boundaries can also be regarded as a

quantized thermal Hall current. Notice that, in addition to the

Tolman-Ehrenfest relation −T−1∇xT = −∇xσ, a gravitational

expression of a temperature gradient should be given by

−T−1∇xT = −∇xσ − Ȧ
g
x, (62)

which is analogous to the expression of the electric field in

terms of the electric potential φ and the vector potential A in

electromagnetism: Ex = −∇xφ − Ȧx. A similar expression

has been employed in evaluation of the thermal current35, al-

though definition of the vector potential in this literature is

different from ours.

V. BULK ARGUMENT FOR THE QUANTIZED THERMAL

HALL EFFECT

In this final section, we will develop yet another argument

for the quantized thermal Hall effect following the spirit of

the original Laughlin’s argument presented in Sec. II. We will

apply the modular transformation (37) to the bulk electronic

states forming the Landau levels, and examine an adiabatic

transport induced by the modular transformation. As in the

original Laughlin’s argument, our discussion here relies on

and is limited to single-particle eigenfunctions of the Landau

levels, but gives a complementary view to the boundary argu-

ment presented in Sec. IV.

A. Modular transformations for bulk wavefunctions

Consider the Fourier modes of the fermion field on the Eu-

clidean (2+1)-dimensional spacetime labeled by the fermionic

Matsubara frequency ωn = 2π(n + 1/2)/~β (n ∈ Z) and the

momentum kx = 2πl/L (l ∈ Z),

ψ̃(iωn, kx, y) =
1
√
βL

∫

d2xeiωnt−ikx xψ(t, x, y). (63)

Consider a continuous diffeomorphism of the base manifold

as a function of the threaded gravitomagnetic flux. Bound-

ary conditions (45) and (46) are continuously connected by an

intermediate boundary condition

ψ(t + s~β, x + L, y) = e−s(2m+1)πiψ(t, x, y),

ψ(t + ~β, x, y) = −ψ(t, x, y),
(64)

where m is an arbitrary integer and s = ΦE/ΦE
0
∈ [0, 1]. The

fermion field satisfying (64) can be expanded by plain waves

exp[−iωn(t − s~βx/L) + ik
(s)
x x] where k

(s)
x = 2πl/L − s(2m +

1)π/L (l ∈ Z). The modular transformation (37) transforms a

Fourier mode continuously as

ψ̃(iωn, k
(0)
x , y)

→ 1
√
βL

∫

d2x exp

[

iωn

(

t − s~βx

L

)

− ik(s)
x x

]

ψ(t, x, y)

=
1
√
βL

∫

d2x exp

[

iωnt − i

(

k(s)
x +

sωn~β

L

)

x

]

ψ(t, x, y)

= ψ̃(iωn, k
(0)
x + s(n − m)2π/L, y), (65)

At s = 1, the momentum is changed as kx → kx+ (n−m)2π/L.

Thus, by expanding the fermion field with respect to the imag-

inary time, the modular transformation results in a frequency-

dependent momentum shift. One can remove an integer m by
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threading magnetic flux quanta. This prescription does not af-

fect the following argument, since the magnetic flux does not

induce the thermal Hall current. For later convenience, we

consider twice the unit of the modular transformation (s = 2),

and the momentum is shifted as kx → kx + (2n + 1)2π/L. As

explained in Sec. II, a momentum shift in the quantum Hall

state is accompanied with an adiabatic shift of the center of

mass of wavefunctions, which can be read off from (5) as

y→ y + (2n + 1)δy, (66)

where δy = 2π~/|e|BL. Thus, by threading the gravitomag-

netic flux 2ΦE
0
, bulk quantum Hall electronic states with the

Matsubara frequency ωn are adiabatically transferred from

their original localized positions to their (2n + 1)th neigh-

boring positions. This should be contrasted with the origi-

nal Laughlin’s argument for the quantum Hall effect, where,

after threading a magnetic flux quantum Φ0, all electronic

states are equally shifted to their neighboring positions. When

the quantum Hall system is in a thermal equilibrium, the

gravitomagnetic-flux threading leaves the whole electronic

system unchanged.

B. The quantized thermal Hall current induced by the static

gravitational potential

Consider the situation that a temperature gradient is applied

uniformly in the bulk. Local temperature is defined through

Luttinger’s trick using the Tolman-Ehrenfest relation T (y) =

T̄ eσ(y), where e−2σ = g00, and T̄ is a reference temperature

independent of location, and simultaneously serves as a bulk

temperature when σ(y) is small enough. Here we focus on

a specific position y0 of a localized position of the Landau

level wave function determined by (5). The jth neighboring

localized position deviated from y0 is denoted by y j = y0+ jδy.

Also, we define the local temperature at a position y j by T j ≡
T (y j), and its inverse by β j ≡ (kBT j)

−1.

In order to capture qualitatively the changes in physical

quantities induced by an adiabatic shift (66), we consider the

partition function of the bulk quantum Hall states under a

uniform temperature gradient. We assume that the position-

dependent temperature is represented in the partition func-

tion by the upper bound of the imaginary time integral as

β(y) = (kBT (y))−1. Then the action and the partition function

are given by

S =

∫

dx

∫

~β(y)

0

dt ψ̄(t,x) (~∂t +H − µ)ψ(t,x),

Z =

∫

Dψ̄Dψ exp(−S/~), (67)

where x = (x, y), and H is the Hamiltonian of the bulk two-

dimensional electron system under a perpendicular magnetic

field, defined in (2). The fermion field operator is expanded

by the eigenstate wavefunctions of the Landau levels (4) as

ψ(t,x) =
∑

N,kx

φN,kx
(x)

1
√

β j

∑

n

e−iωn(y j)tψn,N,kx
, (68)

FIG. 6. Transferred components of the bulk free energy in a quantum

Hall state induced by the gravitomagnetic flux Φg = −2i~β.

ψ̄(t,x) =
∑

N,kx

φ∗N,kx
(x)

1
√

β j

∑

n

eiωn(y j)tψ̄n,N,kx
, (69)

where ωn(y j) = (2n + 1)π/~β j, and β j is uniquely determined

by kx. Then the action becomes

S/~ =
∑

n,N,kx

ψ̄n,N,kx

(

−i~ωn(y j) + ǫN − µ
)

ψn,N,kx
, (70)

where ǫN is the Nth Landau level energy (3), and we have used

the fact that the Landau level wavefunction φN,kx
is localized

about the position y j. Thus we decompose the partition func-

tion by the momentum kx and calculate the path integral part

by part as

Z =
∏

n,N, j

β j

(

−i~ωn(y j) + ǫN − µ
)

, (71)

where the summation over the momentum kx is replaced by

that over the index of the localized position j. The total free

energy is given by

F = −
∑

n,N, j

β−1
j ln

[

β j

(

−i~ωn(y j) + ǫN − µ
)]

≡
∑

n, j

Fn(y j).

(72)

Let us now focus on the local free energy at position y0.

A local change of the bulk free energy can be evaluated by

collecting parts of the partition function localized at y0 before

and after threading the gravitomagnetic flux. Before threading

the gravitomagnetic flux, the local free energy at y0 is given

by

F(y0) =
∑

n

Fn(y0). (73)

Consider threading a uniform gravitomagnetic fluxΦE. As we

showed in Sec. V A, when the flux ΦE = 2~β j is threaded, a

Fourier mode with (ωn(y j), kx), which is localized at y j, is adi-

abatically changed to a mode with (ωn(y j), kx+ (2n+1)2π/L).

As for the local free energy at y0, a part of the free energy with

ωn(y0) originally at y0 flows out to y2n+1 when ΦE = 2~β0. On

the other hand, the free energy with ωn(y−(2n+1)) at y−(2n+1)

flows into y0 when ΦE = 2~β−(2n+1) (Fig. 6). Then the local

free energy change at y0 is given by

δF(Φg; y0) = iΦg
∑

n

[

Fn(y−(2n+1))

2~β−(2n+1)

− Fn(y0)

2~β0

]

, (74)
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where we assume δF to be a smooth function of the gravito-

magnetic flux Φg.

The right-hand side of (74) is evaluated as follows. Assum-

ing the temperature gradient is relatively small, one obtains

δF(Φg; y0) ≃ iΦg
∑

n

(

T−(2n+1) − T0

)

(

∂

∂T

Fn(y)

2~β

)

y0

= iΦgδT
∑

n

(2n + 1)
∂

∂T

∑

N

ln
[

β (−i~ωn + ǫN − µ)
]

2~β2

= −Φ
gδT

2π~

∑

N

∂

∂T
β−1

∑

n

(−i~ωn) ln
[

β (−i~ωn + ǫN − µ)
]

,

(75)

where δT = T j+1 − T j is the difference of the temperature

between neighboring localized positions. Evaluating the Mat-

subara summation, one obtains

∑

n

(−i~ωn) ln
[

β (−i~ωn + ǫN − µ)
]

= G (ǫN − µ) , (76)

where G(z) is the integral of βz/(eβz + 1). At low tempera-

tures, G(z) is expanded with respect to the temperature by the

Sommerfeld expansion as

G(z) =

∫ z

∞
dz′

βz′

eβz′ + 1
= θ(−z)

(

βz2

2
− π2

6β

)

+ O(T 3), (77)

where θ is the Heaviside step function. The local free energy

change is then given by

δF(Φg; y0) = ν
πk2

B
T0

6~
ΦgδT, (78)

where ν is the number of filled Landau levels and is equal to

the total Chern number of filled energy levels. Since each lo-

calized position is separated by an interval δy, the bulk thermal

current is given by

jTx =
1

Lδy

∂δF(Φg; y0)

∂A
g
x

= ν
πk2

B
T0

6~
∇yT, (79)

where δT = (∇yT )δy and Φg = LA
g
x are used. The above re-

lation is the quantized thermal Hall effect in the quantum Hall

state with the Chern number ν. (79) satisfies the Wiedemann-

Franz law with the Laughlin’s original result (6). The above

argument quantitatively describes how a thermal Hall current

can flow adiabatically in a gapped bulk.

VI. CONCLUSION

We studied the generalization of Laughlin’s magnetic-flux-

threading argument to the quantized thermal Hall effect in

terms of gravity, from the perspective of both bulk and bound-

ary theories.

The boundary argument reveals that the global diffeomor-

phism anomaly accounts for the quantized thermal Hall effect.

More precisely, we formulated, quantitatively, the responses

of the chiral boundary modes against the gravitomagnetic flux,

by making use of the global diffeomorphism anomaly. The

boundary modes gain or lose their free energy during thread-

ing the gravitomagnetic flux depending on the central charge

and the temperature. We have shown that this anomaly ex-

plains the quantized thermal Hall effect. When boundaries are

in contact with heat baths at different temperatures, the ther-

mal Hall current flows in the direction perpendicular to the

temperature difference, and is quantized in units of the chiral

central charge.

Guided by the very precise analogy between the Laughlin’s

original argument for the charge transport and its thermal ver-

sion, which holds at the level of edge theories, we further

discussed the corresponding bulk picture: The Landau level

states respond to the gravitomagnetic flux by adiabatic shift of

their localized positions, the distance of which is dependent on

the Matsubara frequency. We evaluated the change in the free

energy under threading of the gravitomagnetic flux, and fur-

ther related it to the quantized thermal Hall current carried by

the bulk electronic states. Although as we have shown there

is an almost exact parallelism between the thermal transport

at the level of quantum anomalies, the precise nature of the

free energy generation by the frequency-dependent adiabatic

motion of electrons in the Landau level is still somewhat mys-

terious (as compared to the charge pumping by the adiabatic

motion of Landau orbits). It is an important future problem to

study the nature of the free energy generation more precisely.

Finally, we again stress that our free energy is defined only

globally due to the global nature of large diffeomorphism.

This should be contrasted with effective field theory descrip-

tions which are local (e.g., see Refs. 8 and 16). As noted

earlier8, the gravitational Chern-Simons term is not able to

describe the response which could be generated by the finite

gravito potential and gravitomagnetic potential. In this paper

(see also Refs. 9 and 14), we attempted to derive the finite

temperature effective action different from the gravitational

Chern-Simons theory. Within the physics of edge theories, we

have derived (1+1)-dimensional the effective action describ-

ing the thermal transport edge theory. The result is consistent

with the known result (“the replacement rule”) in the context

of the chiral magnetic effect (and the related field). The pos-

sible bulk effective field theory, consistent with the boundary

effective theory, is presented in Ref. 14.
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Appendix A: Gravitomagnetic flux in metric and periodicity

We consider the metric of the (2+1)-dimensional Euclidean

spacetime under the gravitomagnetic vector potential. Reduc-

tion of the following argument to the (1+1)-dimensional case

is apparent. The spacetime metric is given by

gµν =





















1 AE
x 0

AE
x 1 + AE

x

2
0

0 0 1





















, (A1)

and the corresponding frame field e
µ

by

e0 =



















1

0

0



















, e1 =



















AE
x

1

0



















, e2 =



















0

0

1



















, (A2)

which satisfies gµν = eµ · eν. The coframe field eµ, which is

dual to the frame field, is given by

e0 =



















1

−AE
x

0



















, e1 =



















0

1

0



















, e2 =



















0

0

1



















, (A3)

which satisfies eµ · e
ν
= δ

µ
ν , and gµν(e

µ)α(eν)β = δαβ.

Here we show that one can cancel the gravitomagnetic vec-

tor potential in the metric by a diffeomorphism of the space-

time torus given by (36), as long as the gravitomagnetic vector

potential is uniform. The coframe field couples to the covari-

ant derivative to make it invariant under the general coordinate

transformation, as (eµ)αDµ. Since the gravitomagnetic vector

potential is constant in (imaginary) time and space, the spin

connection ωµ vanishes. The covariant derivative is rewritten

as

(eµ)α
(

~∂µ − ieAµ

)

= ~∂′α − ieA′α, (A4)

where ∂′α = (eµ)α∂µ, and A′α = (eµ)αAµ. The new coordinate

x′ resulting from the gravitomagnetic flux is given in terms of

the original coordinate x as

(t′, x′, y′) = (t + AE
x x, x, y), (A5)

which agrees with the diffeomorphism (36).

When the quantum of the gravitomagnetic flux ΦE
0
= ~β is

threaded, the transformation (A5) leads to the change of the

boundary condition from

ψ(x0 + ~β, x1, x2) = −ψ(t, x, y) (A6)

ψ(t, x + L, y) = ψ(t, x, y) (A7)

on the region A defined by t ∈ [0, ~β], x ∈ [0, L], y ∈ [−∞,∞]

to

ψ(t′ + ~β, x′, y′) = −ψ(t′, x′, y′) (A8)

ψ(t′ + ~β, x′ + L, y′) = −ψ(t′, x′, y′) (A9)

on the region A′ defined by t′ ∈ [~βx′/L, ~β(1 + x′/L)], x′ ∈
[0, L], y′ ∈ [−∞,∞]. Then solving the eigenvalue problem of

the Lagrangian density with the gravitomagnetic flux

L̂[A
g
x]ψa(x) = (iωn − ǫa)ψa(x) (A10)

on the undistorted region A is equivalent to the same problem

without the gravitomagnetic flux

L̂[A
g
x = 0]ψa(x′) = (iωn − ǫa)ψa(x′) (A11)

on the distorted region A′.
The Lagrangian density operator of the Dirac fermion under

the electromagnetic vector potential and the gravitomagnetic

vector potential is

L̂[Ag, A] =
√

g
[

i~vFγ
µDµ − m

]

, (A12)

where the gamma matrix on the curved spacetime γµ satisfies

{γµ, γν} = 2gµν, which is related to the one on the flat space-

time γα via γµ = (eµ)αγ
α, where {γα, γβ} = 2δαβ. The identity

(A4) transforms the derivative in (A12) as

γµ
(

~∂µ − ieAµ

)

= γα
(

~∂′α − ieA′α
)

. (A13)

Due to
√

g = (det[gµν])
1/2 = 1, (A13) cancels the gravitomag-

netic vector potential, and the remaining problem is to solve

the equation of the form (A11).

In a similar way, the quadratic Hamiltonian under the uni-

form gravitomagnetic vector potential16

L̂[Ag, A] =
√

g

[

i

2
(eµ)0Dµ +

1

2m
(eµ)a(eν)aDµDν

]

(A14)

can also be transformed to the problem (A11).
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