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Multi-Weyl semimetals (m-WSMs) are a new type of Weyl semimetal that have linear dispersion
along one symmetry direction but anisotropic non-linear dispersion along the two transverse direc-
tions with a topological charge larger than one. Using the Boltzmann transport theory and fully
incorporating the anisotropy of the system, we study the DC conductivity as a function of carrier
density and temperature. We find that the characteristic density and temperature dependence of
the transport coefficients at the level of Boltzmann theory are controlled by the topological charge
of the multi-Weyl point and distinguish m-WSMs from their linear Weyl counterparts.

Introduction — There has been a growing interest in
three-dimensional (3D) analogs of graphene called Weyl
semimetals (WSMs) where bands disperse linearly in all
directions in momentum space around a twofold point
degeneracy. Most attention has been devoted to novel
response functions in elementary WSMs which exhibit
a linear dispersion; however, recently it has been real-
ized that these are just the simplest members of a fam-
ily of multi-Weyl semimetals (m-WSMs)!™® which are
characterized instead by double (triple) Weyl-nodes with
a linear dispersion along one symmetry direction but
quadratic (cubic) dispersion along the remaining two di-
rections. These multi-Weyl nodes have a topologically
protected charge (also referred to as chirality) larger than
one, a situation that can be stabilized by point group
symmetries?.

Noting that multilayer graphenes with certain stack-
ing patterns support 2D gapless low energy spectra with
high chiralities, these m-WSMs can be regarded as the
3D version of multilayer graphenes. One can expect that
their modified energy dispersion and spin- or pseudospin-
momentum locking textures will have important conse-
quences for various physical properties due both to an
enhanced density of states (DOS) and the anisotropy
in the energy dispersion, distinguishing m-WSMs from
elementary WSMs. In this Rapid Communication, we
demonstrate that this emerges already at the level of DC
conductivity in the strong scattering limit described by
semiclassical Boltzmann transport theory. The trans-
port properties of conventional linear WSMs have re-
cently been explored theoretically by several authors* '3,
and there have been theoretical works on the stability
of charge-neutral double-Weyl nodes in the presence of
Gaussian disorder'* 16 and the thermoelectric transport
properties in double-Weyl semimetals'”. However, as we
show below, the density- and temperature-dependences
of the DC conductivity for m-WSMs require an under-
standing of the effect of anisotropy in the nonlinear dis-
persion on the scattering. We develop this theory and
find that it predicts characteristic power-law dependences
of the conductivity on density and temperature that de-
pend on the topological charge of the Weyl node and
distinguish m-WSMs from their linear counterparts.

Model — The low-energy effective Hamiltonian for m-

WSMs with chirality J near a single Weyl point is given
by L:2:18
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where ky =k, tiky, o4 = % (o £i0y), o are the Pauli
matrices acting in the space of the two bands that make
contact at the Weyl point, and ky and ¢y are the material-
dependent parameters in units of momentum and energy,
respectively. For simplicity, here we assumed an axial
symmetry around the k,-axis. The eigenenergies of the

+ hw,k,o., (1)

Hamiltonian are given by e4 = £eq, /l;ﬁ‘] + cglzsg where

k = k/ko, kj = \/k2+ k2 and c. = hv.ko/eo, thus the
Hamiltonian H; has a linear dispersion along the k. di-
rection for k; = ky = 0, whereas a non-linear dispersion
~ kn’ along the in-plane direction for k, = 0. Note that

the system described by the Hamiltonian in Eq. (1) has
a non-trivial topological charge characterized by the chi-
rality index J2?. [See Sec. I in Supplemental Material
(SM)!? for the eigenstates and DOS for m-WSMs.]

Boltzmann transport theory in anisotropic systems —
We use semiclassical Boltzmann transport theory to cal-
culate the density and temperature dependence of the
DC conductivity, which is fundamental in understand-
ing transport properties of a system. Here we focus on
the longitudinal part of the DC conductivity assuming
time-reversal symmetry with vanishing Hall conductiv-
ities. The Boltzmann transport theory is known to be
valid in the high carrier density limit, and we assume
that the Fermi energy is away from the Weyl node, as in
most Weyl semimetals?®:2!. The limitation of the current
approach will be discussed later.

For a d-dimensional isotropic system in which only a
single band is involved in the scattering, it is well known
that the momentum relaxation time at a wavevector k in
the relaxation time approximation can be expressed??

1 dk’
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where Wi = Q%nimp|ka/ ‘25(6‘]@—6‘]@/), Nimp is the impu-
rity density, and Vi is the impurity potential describing



a scattering from k to k’. The inverse relaxation time is a
weighted average of the collision probability in which the
forward scattering (0xr = 0) receives reduced weight.
For an anisotropic system, the relaxation time approx-
imation Eq. (2) does not correctly describe the effects of
the anisotropy on transport. Instead, coupled integral
equations relating the relaxation times at different an-
gles needs to be solved to treat the anisotropy in the
non-equilibrium distribution??2*. The linearized Boltz-
mann transport equation for the distribution function
fr = fO(e) 4+ 6fr at energy ¢ = ¢ balances acceler-
ation on the Fermi surface against the scattering rates

(—e)E - 080 (e) = / ngI;Idek/ (0f —6fk), (3)

where S (g) = ng(s), fO(e) = [ePle=m + 1]_1 is
the Fermi distribution function at equilibrium, and 8 =

kB%. We parameterize § fi in the form:

d
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where E(), v,(;), and 7',(;) are the electric field, velocity,
and relaxation time along the i-th direction, respectively.
After matching each coefficient in E(Y), we obtain an in-
tegral equation for the relaxation time:

ek’ ; U(i,) ;
- Je o) o
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For the isotropic case [T,Ef) = 71(e) for a given energy
e = ek], Eq. (5) reduces to Eq. (2). [See Sec. II in SM*?
for applications of Eq. (5) to m-WSMs.] The current

density J induced by an electric field E is then given by
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where g is the degeneracy factor and o;; is the conduc-
tivity tensor given by

d'k 0, () ()
aij = ge? / (%)ds@ o vd ). (7)
For the calculation, we set ¢ =4 and v, = vg = ;—Igo

Density dependence of DC' conductivity — Consider the
m-WSMs described by Eq. (1) with chirality J and their
DC conductivity as a function of carrier density at zero
temperature. Due to the anisotropic energy dispersion
with the axial symmetry, for J > 1 the conductivity also
will be anisotropic as 04, = 0yy 7# 022.

We consider two types of impurity scattering: short-
range impurities (e.g., lattice defects, vacancies, and dis-
locations) and charged impurities distributed randomly
in the background. The impurity potential for short-
range scatterers is given by a constant Vigx: = Vihory in

momentum space (i.e. zero-range delta-function in real
space), whereas for charged Coulomb impurities in 3D it
is given by Vi = ﬁ, where €(q) is the dielectric
function for ¢ = k — k’. Within the Thomas-Fermi ap-
proximation, the dielectric function can be approximated

as e(q) ~ k [1+ (¢3p/|a*)], where £ is the background

\/4”—;2D(5F) is the Thomas-

Fermi wavevector, and D(ep) is the DOS at the Fermi
energy ¢r. The interaction strength for charged impu-
rities can be characterized by an effective fine structure

constant o = Kf.j)o. Note that ¢grp x /ga.

dielectric constant, grp =
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FIG. 1: Density dependence of DC conductivity (a)-(¢) ozs
and (d)-(f) 0., for charged impurities with g = 1000. Here,
oo and no are density independent normalization constants
in units of conductivity and density, respectively, defined in
SM'®. Red dashed lines represent analytic forms in the strong
screening limit given by Eq. (24) in SM*.

Figure 1 shows the density dependence of the DC con-
ductivity for charged impurity scattering at zero temper-
ature. Because of the chirality J, m-WSMs have a char-
acteristic density dependence in DC conductivity, which
can be understood as follows. From Eq. (7), we expect
i ~ 012/ V2 where v is the Fermi velocity along the
i-th direction and V;? is the angle-averaged squared im-
purity potential at the Fermi energy ep. For m-WSMs,
the in-plane component with k, = 0 and out-of-plane
component with £, = &k, = 0 for the velocity at er are

given by vl(;”) = Jvor;: and vl(f) = vgc,, respectively,
where rp = e /g9. (See Sec. I in SM1?.)
For charged impurities, in the strong screening limit
2

(ga > 1), Ve ~ g ~ D7} (ep) ~ ep 7, thus we find
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Here, the DOS is D(g) ~ €7, thus ep ~ n7¥2. In the
weak screening limit (g < 1), we expect Vg ~ 51;24

with l] < ¢ < 1, because the in-plane and out-of-plane
1

components of the wavevector at ep are kgl) = korg and

k%z) = korp/c., respectively. Thus, we find

2(1-% 2(J=1)+47¢

F J T+2

Opw ~ € )€§C ~n (9a)

4 4J¢
Ouy ~ eFC ~ I, (9b)

(See Sec. IT in SM'? for the analytic expressions of the DC
conductivity for short-range impurities and for charged
impurities in the strong screening limit, and detailed
discussion for charged impurities in the weak screening
limit.)
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FIG. 2: (a)-(c) dlog 04z /dlogn and (d)-(f) dlogo../dlogn as
a function of the screening strength ga for charged impurities.
Red dashed and blue dash-dotted lines represent the density
exponents obtained from ¢ = % (or in the strong screening
limit) and ¢ = 1 in Eq. (9), respectively. Here, n = ng is used
for the calculation.

Figure 2 illustrates the evolution of the power-law den-
sity dependence of the DC conductivity as a function of
the screening strength characterized by ga. Note that
¢ = % in Eq. (9) gives the same density exponent as
in the strong screening limit in Eq. (8). Thus, as « in-
creases, the density exponent evolves from that obtained
in Eq. (9) with decreasing ¢ within the range l} <(¢<1.
Here, non-monotonic behavior in the density exponent
originates from the angle-dependent power-law in the
relaxation time, which manifests in the weak screening
limit. (See Sec. IT in SM*® for further discussion.)

Similarly, for short-ranged impurities, Vg is a constant
independent of density; in this case we find

-1 J-1)
Our ~ ) B (10a)

0., ~ e%~nl (10b)

50 40
(a) short range (c) ga=1
40
30
I8
~ 30
©
~ 20
o 20
10
10
0 0
0 5 10 0 5 10

n/ng

FIG. 3: 0sz/0:- as a function of density for m-WSMs with
J =1,2,3 for (a) short-range impurities, (b) charged impuri-
ties with ga = 1000, and (c) charged impurities with ga = 1.
Dashed lines in (b) represent analytic forms in the strong
screening limit given by Eq. (24) in SM*?.

The anisotropy in conductivity can be characterized by
Ouz/05-. Figure 3 shows o0.,/0,, as a function of den-
sity for m-WSMs. Thus, as the carrier density increases,
the anisotropy in conductivity increases. Interestingly,
0wz /02, for both short-range impurities and charged im-
purities in the strong screening limit is given by

2(J-1)

~n T (11)

2(1—-4
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Note that for arbitrary screening, (s for o, and o,,
in Eq. (9) are actually different, thus not cancelled
in 044/0., and the power-law deviates from that in
Eq. (11). (See Sec. IT in SM*? for the analytic/asymptotic
expressions of the density dependence of 0., /0...)

We consider both the short-range and charged im-
purities by adding their scattering rates according to
Matthiessen’s rule assuming that each scattering mecha-
nism is independent. At low densities (but high enough
to validate the Boltzmann theory) the charged impu-
rity scattering always dominates the short-range scat-
tering, while at high densities the short-range scattering
dominates, irrespective of the chirality J and screening
strength.

Temperature dependence of DC conductivity — In 3D
materials, it is not easy to change the density of charge
carriers by gating, because of screening in the bulk. How-
ever, the temperature dependence of DC conductivity
can be used to understand carrier dynamics of the sys-
tem. The effect of finite temperature arises from the
energy averaging over the Fermi distribution function in
Eq. (7), and the temperature dependence of the screening
of the impurity potential for charged impurities226.

From the invariance of carrier density with respect to
temperature, we obtain the variation of the chemical po-
tential u(T) as a function of temperature T. Then the
Thomas-Fermi wavevector ¢rr(T) in 3D at finite T can

dme? g—". In the low and high
k Ou

be expressed grr(T) =



temperature limits, the chemical potential is given by

2
w2 T
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whereas the Thomas-Fermi wavevector is given by
w2 T 2
qrr(T) 1=%7 (TT) (T'< TF),(B)
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where Tr = e /kp is the Fermi temperature, and I and 7
are the gamma function and the Dirichlet eta function?’,
respectively. (See Sec. IIT in SM'Y for the temperature
dependence of the chemical potential and Thomas-Fermi
wavevector.) In a single band system ¢rg(7T) always de-
creases with 77! at high temperatures, whereas in m-
WSMs grr(T) increases with T because of thermal ex-
citation of carriers that participate in the screening.
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FIG. 4: Temperature dependence of DC conductivity (a)-(c)
02z and (d)-(f) o, for charged impurities with ga = 1000.
Insets in each panel show the low temperature behavior. Red
dashed and blue dash-dotted lines represent fitting by Eq. (14)
with ¢ = % in the high and low temperature limits, respec-
tively.

Figure 4 shows the temperature dependence of DC con-
ductivity for charged impurities. We find

00o(T) )1+ Caa (75 (T < Tr), u
o (0) - T 2+4¢—2 ( a‘)
T 2
0..(T) _ 14+C.. (T—F) (T < Tr), (14b)
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As discussed, ¢ varies within % < ¢ <1 and approach
L in the strong screening limit (gow > 1). Here, the
high-temperature coefficients D;; > 0, whereas the low-
temperature coefficients Cj; change sign from negative to

positive as « increases. For short-range impurities, we
find

2
1+ Cshort (TlF) (T < Ty),

T
Umc((o)) = 2(J=1) (15a)
) T
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Here, C5hort < 0 and D™t > 0. Note that for J = 1,
Eq. (15a) becomes constant, and reduces to Eq. (15b) if
next order corrections are included. (See Sec. IV in SM!?
for the analytic/asymptotic expressions of the tempera-
ture coefficients, and the evolution of C;; as a function of
ga.)

To understand the temperature dependence, we can
consider a situation where the thermally induced charge
carriers participate in transport. Then the temperature
dependence in the high temperature limit can be ob-
tained simply by replacing the ep dependence with T in
Egs. (8)-(10), which describe the density dependence of
DC conductivity. Similarly as in Fig. 3, 044(T)/0..(T)
also increases with T at high temperatures.

For the charged impurities at high temperatures, and
neglecting the effect of phonons, the conductivity in-
creases with temperature, and mimics an insulating be-
havior. By contrast, for short-range impurities at high
temperatures, o,,(T) decreases with temperature and
approaches 0.50.,(0), thus showing a metallic behav-
ior. Interestingly, 0., (T") shows contrasting behavior for
J > 1 and J = 1, increasing (decreasing) with temper-
ature for J > 1 (J = 1) showing insulating (metallic)
behavior at high temperatures.

Discussion — We find that the DC conductivities in
the Boltzmann limit show characteristic density and tem-
perature dependences that depend strongly on the chi-
rality of the system, revealing a signature of m-WSMs
in transport measurements, which can be compared with
experiments. In real materials with time reversal symme-
try, multiple Weyl points with compensating chiralities
will be present. The contributions from the individual
nodes calculated by our method are additive when the
Weyl points are well separated and internode scattering
is weak. Our analysis is based on the semiclassical Boltz-
mann transport theory with the Thomas-Fermi approxi-
mation for screening and corrected for the anisotropy of
the Fermi surface in m-WSMs. The Boltzmann trans-
port theory is known to be valid in the high density
limit. At low densities, inhomogeneous impurities in-
duce a spatially varying local chemical potential, typi-
cally giving a minimum conductivity when the chemi-
cal potential is at the Weyl node'? and the problem is
treated within the effective medium theory. Note that



the Thomas-Fermi approximation used in this work is
the long-wavelength limit of the random phase approx-
imation (RPA), and neglects interband contributions to
the polarization function'?, thus deviating from the RPA
result at low densities. Both simplifications become im-
portant in the low-density limit, which will be considered
in our future work.
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