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We theoretically study the effects of strong magnetoelastic coupling on the transport properties
of magnetic insulators. We develop a Boltzmann transport theory for the mixed magnon-phonon
modes ("magnon polarons”) and determine transport coefficients and spin diffusion length. Magnon-
polaron formation causes anomalous features in the magnetic field and temperature dependence of
the spin Seebeck effect when the disorder scattering in the magnetic and elastic subsystems is
sufficiently different. Experimental data by Kikkawa et al. [PRL 117, 207203 (2016)] on yttrium
iron garnet films can be explained by an acoustic quality that is much better than the magnetic
quality of the material. We predict similar anomalous features in the spin and heat conductivity

and non-local spin transport experiments.

I. INTRODUCTION

The magnetoelastic coupling (MEC) between magnetic
moments and lattice vibrations in ferromagnets stems
from spin-orbit, dipole-dipole and exchange interactions.
This coupling gives rise to magnon-polarons, i.e., hy-
bridized magnon and phonon modes in proximity of the
intersection of the uncoupled elastic and magnetic dis-
persions [1-4]. Interest in the coupling of magnetic and
elastic excitations emerged recently in the field of spin
caloritronics [5], since it affects thermal and spin trans-
port properties of magnetic insulators such as yttrium
iron garnet (YIG) [6-11].

In this work we address the spin Seebeck effect (SSE)
at low temperatures — which provides an especially strik-
ing evidence for magnon-polarons in the form of asym-
metric spikes in the magnetic field dependence [12]. The
enhancement emerges at the magnetic fields correspond-
ing to the tangential intersection of the magnonic disper-
sion with the acoustic longitudinal and transverse phonon
branches that we explain by phase-space arguments and
an unexpected high acoustic quality of YIG.

Here we present a Boltzmann transport theory for cou-
pled magnon and phonon transport in bulk magnetic in-
sulators and elucidate the anomalous field and tempera-
ture dependencies of the SSE in terms of the composite
nature of the magnon-polarons. The good agreement be-
tween theory and the experiments generates confidence
that the SSE can be used as an instrument to character-
ize magnons vs. phonon scattering in a given material.
We derive the full Onsager matrix, including spin and
heat conductivity as well as the spin diffusion length.

We predict magnon-polaron signatures in all transport
coefficients that await experimental exposure.

This work is organized as follows: In Sec. II we start by
introducing the standard model for spin wave and phonon
band dispersions of a magnetic insulator and the magne-
toelastic coupling. In Sec. ITI, we describe the magnon-
polaron modes and their field-dependent behavior in re-
ciprocal space. The linearized Boltzmann equation is
shown to lead to expressions for the magnon-polaron
transport coefficients. In Sec. IV, we present numeri-
cal results for the spin Seebeck coefficient, spin and heat
conductivity, and spin diffusion length for YIG. We also
derive approximate analytical expressions for the field
and temperature dependence of the anomalies emerging
in the transport coefficients and compare our results with
the experiments. In Sec. V we present our conclusions
and an outlook.

II. MODEL

In this section we introduce the Hamiltonian describ-
ing the coupling between magnons and phonons in mag-
netic insulators. The experimentally relevant geometry
is schematically depicted in Fig. 1.

A. Magnetic Hamiltonian

We consider a magnetic insulator with spins S, =
S(rp) localized on lattice sites r,. The magnetic Hamil-
tonian consists of dipolar and (Heisenberg) exchange in-



teractions between spins and of the Zeeman interaction
due to an external magnetic field B = poHZz [13-15]. It
reads as
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Here, g is the g-factor, po the vacuum permeability, pp
the Bohr magneton, J the exchange interaction strength,
and r,, = r, —r,. By averaging over the complex unit
cell of a material such as YIG, we define a coarse-grained,
classical spin S = [S,| = a3M;/(gup) on a cubic lattice
with unit cell lattice constant ag, with M, being the zero
temperature saturation magnetization density. The crys-
tal anisotropy is disregarded, while the dipolar interac-
tion is evaluated for a magnetic film in the yz-plane, see
Fig. 1. We employ the Holstein-Primakoff transformation
and expand the spin operators as [16]
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where S, = S —iSY, and ap/af annihilate/create a
magnon at the lattice site r, and obey Boson commuta-
tion rules [a,,al] = &,q. Substituting the Fourier repre-
sentation
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where N is the number of lattice sites, and retaining only

quadratic terms in the bosonic operators and disregard-
ing a constant, the Hamiltonian (1) becomes

1 *
Hnag = ZAkakak t3 (Bkafkak + BkaIca’T—k) , (4)
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Here, De, = 2S.Ja3 is the exchange stiffness, v = gup/h
the gyromagnetic ratio, 6y = arccos (k,/k) the polar an-
gle between wave-vector k with k& = |k| and the magnetic
field along Z and ¢y the azimuthal angle of k in the zy
plane. The form factor F(k) = 2(3—cos kyap—cos kyag—
cosk,ag)/a3 can be approximated as F(k) ~ k% in the
long-wavelength limit (kap < 1). Equation (4) is diago-
nalized by the Bogoliubov transformation [17]
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FIG. 1: Pt|YIG bilayer subject to a thermal gradient VT || %
and a magnetic field H || z. The thermal bias gives rise to a
flow of magnons, i.e., a magnonic spin current jm, in the YIG
film of thickness L. In the Pt lead, the spin current is then
converted into a measurable voltage V' via the inverse Spin
Hall effect.
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The Hamiltonian (4) is then simplified to

Hmag - Z hwka;r(ak 3 (8)
k

where fwy = /A — | Bk|? is the magnon dispersion. For
bulk magnons in the long-wavelength limit [18, 19]

k =V Dexk? + WOH\/DeXk‘Z + ypo(H + M, sin® fy).
(9)
We disregard Damon-Eshbach modes [20] localized at the
surface since, in the following, we focus on transport in
thick films normal to the plane, i.e., in the z-direction
in Fig. 1. For thick films the backward moving volume
modes are relevant only for wave numbers k very close to
the origin and are disregarded as well. Higher order terms
in the magnon operators that encode magnon-magnon
scattering processes have been disregarded as well in
Eq. (4), which is allowed for sufficiently low magnon-
densities or temperatures (for YIG < 100K [21]). In this
regime, the main relaxation mechanism is magnon scat-
tering by static disorder [6] with Hamiltonian

Z vﬁ‘fﬁakak/ (10)
Kk’
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where vf(“ w7 is an impurity-scattering potential. In the
followmg, we employ the isotropic, short-range scattering

approximation v} = v™?.



B. Mechanical Hamiltonian

We focus on lattice vibrations or sound waves with
wavelengths much larger than the lattice constant that
are well-described by continuum mechanics. The Hamil-
tonian of an elastically isotropic solid reads [22]
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where p is the average mass density, R; is the ¢-th compo-
nent of the displacement vector R of a volume element at
r with respect to its equilibrium position, II; is the conju-
gate phonon momentum and C| and ¢, are the velocities
of the longitudinal acoustic (LA) and transverse acoustic
(TA) lattice waves, respectively. The Hamiltonian (11)
can be quantized by the phonon creation (annihilation)
operators cf\k (cak) as
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where A = 1, 2 labels the shear waves polarized normal to
the wave-vector k (TA phonons), while A = 3 represents
a pressure wave (LA phonons). Here wy, = cy|k| is the
phonon dispersion and €; (k) = %x; - é(k, A) are Cartesian
components i = x,y, z of the unit polarization vectors

€(k, 1) = (cos Oy cos ¢y, cos O sin ¢y, —sinby), (14a)
é(k72) = Z(_ Sin¢k,COS¢k,0) ) (14b)
é(k, 3) = i(sin bk cos ¢y, sin b sin ¢y, cos b ) , (14c)

that satisfy é*(k, \) = é(—k, ) [6]. In terms of the oper-

ators cykx and c;k, Eq. (11) becomes
He] = Z ﬁw,\k (C;kckk + %) . (15)
KA

Analogous to magnons, at low temperatures phonon
relaxation is dominated by static disorder

Himp = Z Z ”k k’CAkc)\k’ (16)
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where vﬁhk, is the phonon impurity-scattering potential,

in the following assumed to be isotropic and short-range,

ph _  ph
i.e. ’Ukk, vET.

C. Magnetoelastic coupling

The magnetic excitations are coupled to the elastic dis-
placement via magnetoelastic interactions. In the long-
wavelength limit, to leading order in the magnetization
M; = ngugS; (n=1/a3) and displacement field R;, the
magnetoelastic energy reads as [2, 17]
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where B;; = 5,’jBH + (1 - 5,’j)Bl and Bz{j = 5¢jB|/‘ +
(1—0,;)B’| are the phenomenological magnetoelastic con-
stants and
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is the displacement gradient R”

The exchange term ~ Bj; in Eq. (17) contains magne-
tization gradients and predomlnantly affects short wave-
length magnons. We disregard this term since we are
interested in capturing low temperature features. Lin-
earizing with respect to small nonequilibrium variables —
R;, M, M, — Eq. (17) then becomes

Hooo = B, (2 Z eor
mec — € 4MS,6

X (—idx1 cos 20y + 25)\2 cos O — drgsin26y) + H.c.,
(19)
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where 0y; is the Kronecker delta.

IIT. MAGNON-POLARONS

Here we introduce magnon-polarons and formulate
their semiclassical transport properties.

A. Magnon-polaron modes

We rewrite the Hamiltonian H = Hmag + Hel + Hmec
as

M= 18, L) Hi [Be L] ©0)
k

where ,BL = (aI{ cik c;k cgk) and the Bogoliubov-de
Gennes Hamiltonian Hy is an 8 x 8 Hermitian matrix.
Following Ref. [23], we introduce the para-unitary matrix

T that diagonalizes H as

HyTx=vTk F(j)k —Eok] , (21)
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FIG. 2: Magnon, TA phonon (A = 1), and magnon-polaron
mode dispersions for YIG (see Table I for parameters) with
H| zand k|| X (§ =7/2 and ¢ = 0). (a) For poH = 1T,
the magnon and transverse phonon dispersions intersect at
two crossing points ki 2. The mixing between magnons and
phonons (see insets) is maximized at these crossings. (b) For
poH 1 = 2.64T, the phonon dispersion becomes a tangent to
the magnon dispersion which maximizes the phase space of
magnon-polaron formation (see inset).

where [V]j,, = 0jmy; with v; = +1 for j = 1,..,4
and v; = —1 for j = 5,..,8, and Ey is a diagonal
matrix, whose i-th element h{2; represents the disper-
sion relation of the hybrid mode with creation opera-

tor F;fk = Z?:I[,@L ,@_k]j(’T]:l)fj that is neither a pure
phonon or magnon, but a magnon-polaron.

Let us focus our attention to waves propagating per-
pendicularly to the magnetic field, i.e., k = kx (see
Fig. 1). Tt follows from Eq. (19) that magnon-polarons
involve only TA phonons. Disregarding the dipolar inter-
actions, the TA phonon branch is tangent to the magnon
dispersion for poH| = 2 /4Deyy at ki = c1/2Dey.
This estimate holds for My <« H ; otherwise the dipolar
interaction shifts the magnon dispersion to higher values,
leading to a smaller critical field H,. For H < H, the
TA phonon dispersion intersects the spin wave spectrum
at two crossing points, k1 and ko,

H
ko= ko F [k - 1= (22)

where the minus (plus) corresponds to the label 1 (2). In
the vicinity of £; 2, the modes corresponding to the dis-
persions (24 o, are strongly coupled, as shown in the inset
of Fig. 2(a). The magnetoelastic coupling changes the

crossing at ki o into an anti-crossing with energy split-
ting AQy,, = Qo , — Qug,,. For k < ki, the I'f,

(I’gk) mode resembles closely a pure spin wave (lattice
vibration) whilst for k; < k < ko these roles are re-
versed, returning to their original character for k > ko.
At the critical magnetic field H,, the magnon disper-
sion shifts upwards such that the TA phonon branch be-
comes tangential. Figure 2(b) shows that this “touch-
ing” condition generates the strongest effects of the MEC,
since the magnon and phonon modes are strongly cou-
pled over a relatively large volume in momentum space.
At higher magnetic fields, the uncoupled magnonic and
TA phononic curves no longer cross, hence the MEC does
not play a significant role, and 7, reduces to the identity
matrix.

An analogous physical picture holds when consider-
ing the magnon-polaron modes arising from the cou-
pling between magnons and LA phonons for sin 26y # 0,
with critical field poH) = cﬁ /4D,y and touch point

k” = CH/QDe:c (fOI‘ M, <« HH)

B. Magnon-polaron transport

We proceed to assess the magnetoelastic coupling ef-
fects on the transport properties of a magnetic insulator
in order to model the spin Seebeck effect and magnon
injection by heavy metal contacts.

A non-equilibrium state at the interface between the
magnetic insulator and the normal metal generates a spin
current that can be detected by the inverse spin Hall
effect, as shown in Fig. 1. The spin current and spin-
mediated heat currents are then proportional to the in-
terface spin mixing conductance that is governed by the
exchange interaction between conduction electrons in the
metal and the magnetic order in the ferromagnet. In the
presence of magnon-polarons, the excitations at the in-
terface have mixed character. Since the spin-pumping
and spin torque processes are mediated by the exchange
interaction, only the magnetic component of the magnon-
polaron in the metal interacts with the conduction elec-
trons. We focus here on the limit in which the smaller
of the magnon spin diffusion length and magnetic film
thickness is sufficiently large such that the spin current
is dominated by the bulk transport and the interface pro-
cesses may be disregarded. We therefore calculate in the
following the spin-projected angular momentum and heat
currents in the bulk of the ferromagnet, assuming that
the interface scattering processes and subsequent con-
version into an inverse spin Hall voltage do not change
the dependence of the observed signals on magnetic field,
temperature gradient, material parameters, etc.. Since
the phonon specific heat is an order of magnitude larger
than the magnon one at low temperatures [24], we may
assume that the phonon temperature and distribution is
not significantly perturbed by the magnons. T is the
phonon temperature at equilibrium and we are inter-



TABLE I: Selected YIG parameters [25-32].

Symbol Value Unit
Macrospin S 20 -
g-factor g 2 -
Lattice constant ao 12.376 A
Gyromagnetic ratio 5y 21 x 28 GHz/T
Saturation magnetization oM 0.2439 T

Exchange stiffness Do 7.7 %1076 m2/s

LA-phonon sound velocity c| 7.2 x 103 m/s
TA-phonon sound velocity cL 3.9 x 103 m/s
Magnetoelastic coupling B 21 x 1988 GHz
Average mass density p 5.17 x 10°  Kg/m?
Gilbert damping o 1074 -

ested in the response to a constant gradient VT'||X. The
spin-conserving relaxation of the magnon distribution to-
wards the phonon temperature is assumed to be so effi-
cient that the magnon temperature is everywhere equal
to the phonon temperature. Also the magnon-polaron
temperature profile is then T(x) = T + |VT| z. Assum-
ing efficient thermalization of both magnons and phonons
and weak spin-non-conserving processes as motivated by
the small Gilbert damping, a non-equilibrium distribu-
tion as injected by a metallic contact can be parameter-
ized by a single parameter, viz. the effective magnon-
polaron chemical potential p [33]. This approximation
might break down at a very low temperatures, but to
date there is no evidence for that.

In equilibrium the chemical potential of magnons and
phonons vanishes since their number is not conserved.
The occupation of the i-th magnon-polaron in equilib-
rium is therefore given by the Planck distribution func-

tion
-1
Q= ( - 1) . (23)

Note that here we have assumed the i-th magnon po-
laron scattering rate to be sufficiently smaller than the
gap between the magnon-polaron mode dispersions, i.e.,
Tiii < AQ, for every k;, which guarantees the i-th
magnon-polaron to not dephase and hence its distri-
bution function to be well-defined. We focus on films
with thickness L > Amag, Aph xs fm, fph,x, Where Apae =
(4hD.y /kpT)/? and A,y 5 = hicy /kpT are the thermal
magnon and phonon (de Broglie) wavelengths, respec-
tively, and £y, (€pn,n) the magnon (phonon) mean free
path. The bulk transport of magnon-polarons is then
semiclassical and can be treated by means of Boltzmann
transport theory. In the relaxation time approximation
to the collision integral, the Boltzmann equation for the
out-of-equilibrium distribution function f;c(r,t) reads

ik
k 5T

—(fix — ffﬁ))/nb (24)

where T is the relaxation time towards equilibrium. In
the steady state, the deviation ¢ fu(r) = fi(r) — f(o)

O fix + Or fix - Qi =

encodes the magnonic spin, jm, and heat, jo m, current
densities

jm = / 27T 3 ZWZk 8kﬂlk)5flk7 (25)

o = [ (d x 5 3 W) (000 (20

Here, Wix = |(Ux)i1]? +|(Ux)i5)? is the magnetic ampli-
tude of the i-th quasi-particle branch with Ux = T 1

For small temperature gradients, Egs. (25) and (26) can
be linearized

jn~—0-Vu—-¢(-VT, (27)

joum =~ _p(m) V- k™. VT, (28)

where the tensors o, k(™) | ¢, and p(™) (= T¢ by the

Onsager-Kelvin relatlon) are7 respectively, the spin and
(magnetic) heat conductivities, and the spin Seebeck and
Peltier coefficients. In the absence of magnetoelastic cou-
pling, Egs. (27) and (28) reduce to the spin and heat
currents of magnon diffusion theory [33].

The total heat current jg carried by both magnon and
phonon systems does not invoke the spin projection Wy,

ie.,
o / Pk
0= | @n)?

~—k-VT, (29)

(O Qi) (ASikc )0 fixc

where k is the total heat conductivity.
In terms of the general transport coefficients

4’k
/3/ E Wise) " Tite (Ok.,, Qixe) (O, Qirc)
eﬁhQ'Lk
X hQik)n, (30)

m(

(with 8 = 1/kpT), we identify 0oy = L1, Cay = LLL /T,

k9 = L2 /T and ko = L9 /T.

At low temperatures, the excitations relax dominantly
by elastic magnon- and phonon-disorder scattering as
modelled here by Egs. (10) and (16), respectively. The
Fermi Golden Rule scattering rate Tiil of the i-th
magnon-polaron reads

Toe = 2% ZZ [(Uw)51(Uw)a

1=1 jk’
F(U) 5 (Un)iga)” [0 8(AQu — hr), (31)

where v; = v™2 and vp34 = vP, while the purely
magnonic and phononic scattering rates are given by

LS |,Umag|2

. 7 L3|,Uph|2
21h2 D,

k,phy ™

—1 o
k,mag ~

k. (32
wh2ey (32)
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FIG. 3: (a) Scattering times of magnons, TA phonons (A = 1),
and lower (L)/upper (H) branch magnon-polarons in YIG for
uwoH = 1T (H || 2) as a function of wave vector k || x for
n =100. (b) Same as (a) but poH, = 2.64T.

IV. RESULTS

In this section we discuss our numerical results for the
transport coefficients, in particular the emergence of field
and temperature dependent anomalies, and we compare
the thermally induced spin current with measured spin
Seebeck voltages [12].

A. Spin and heat transport

We consider a sufficiently thick (> 1pm) YIG film
subject to a temperature gradient VT || & and mag-
netic field H || £, as illustrated in Fig. 1. The parame-
ters we employ are summarized in Table I. A scattering
potential [v™#8|2 = 1075 572 (with v™28 in units of h)
reproduces the observed low-temperature magnon mean
free path [24]. We treat the ratio between magnetic
and non-magnetic impurity-scattering potentials, n =
|o™as /yPh|2 a5 an adjustable parameter. With the de-
ployed scattering potentials 7,_ l« AQYy, for all magnon-
polaron modes, ensuring the validity of our treatment.
We compute the integrals appearing in Eq. (30) numeri-
cally on a fine grid (~ 10® k-points) to guarantee accurate
results.

Figure 3(a) shows the magnon-polaron scattering times
and how they deviate from the purely phononic and
magnonic ones close to the anticrossings. At the “touch-

L [1072(msK) ]

—

ol 1K (:50)

01 2 3 4 5 6 7 8 910
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FIG. 4: Magnetic field and temperature dependence of the
spin Seebeck coefficient (. for different values of the ratio n
between magnon and phonon impurity-scattering potentials.

ing” fields the phase space portion over which the scat-
tering times are modified with respect to the uncoupled
situation is maximal (see Fig.2(b)) as are the effects on
spin and heat transport properties as discussed below.

In Fig. 4, we plot the (bulk) spin Seebeck coefficient
(z2 as a function of magnetic field for different values
of n. For n = 1, (;, decreases monotonously with in-
creasing magnetic field, while for n # 1 two anomalies
are observed at poH, ~ 2.64T and puoH) ~ 9.3T. More
precisely, peaks (dips) appear for n = 100(0.01) at the
same magnetic fields but with amplitudes that depend
on temperature. The underlying physics can be under-
stood in terms of the dispersion curves plotted in the
inset of Fig.5(a). The first (second) anomaly occurs
when the TA (LA) phonon branch becomes a tangent of
the magnon dispersion, which maximizes the integrated
magnon-polaron coupling.

The group velocity of the resulting magnon-polaron
does not differ substantially from the purely magnonic
one, but its scattering time can be drastically modi-
fied, depending on the ratio between the magnonic and
phononic scattering potentials (see Fig. 3(b)). The spin
currents can therefore be both enhanced or suppressed
by the MEC. When the magnon-impurity scattering po-
tential is larger than the phonon-impurity one, the hy-
bridization induced by the MEC lowers the effective po-
tential perceived by magnons, giving rise to an enhanced
scattering time and hence larger currents. This can be
confirmed by comparing the blue solid (n = 100) and the
black dash-dotted (n = 103) lines in Fig. 5(a), showing
that the magnitude of the peaks increases with increasing
7. When magnetic and non-magnetic scattering poten-
tials are the same, i.e., 7 = 1, the anomalies vanish as
illustrated by the dashed blue line in Fig. 5(a), and agrees
with the results obtained in the absence of MEC (trian-
gles).

The frequencies at which magnon and phonon disper-
sions are tangential for uncoupled transverse and longitu-
dinal modes are 0.16 THz (=8 K)and 0.53 THz (=26 K).
Far below these temperatures, the magnon-polaron states
are not populated, which explains the disappearance of
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FIG. 5: (a) Spin Seebeck coefficient (. of bulk YIG as a func-
tion of magnetic field at 7' = 10 K. The black dash-dotted,
blue solid, blue dashed, blue dotted lines are computed for,
respectively, n = 10%,100,1,0.01. The triangles are obtained
for zero MEC. The inset shows the dispersions of uncoupled
transverse (TA) and longitudinal (LA) acoustic phonons and
the magnons shifted by Hj and H, magnetic fields. (b) The
magnetic field and temperature dependence of the magnon-
polaron contribution for different values of the ratio n between
magnon and phonon impurity-scattering potentials. (¢) (za
as function of magnetic field for H L VT (blue solid line)
and H||VT (green dashed line) at T'= 10 K for n = 100.

the second anomaly and the strongly reduced magnitude
of the first one at 1K in Fig.4. In the opposite limit,
the higher energy anomaly becomes relatively stronger
[see the solid curve at 50 K in Fig. 4]. The overall decay
of the spin Seebeck coefficient with increasing magnetic
field is explained by the freeze-out caused by the increas-
ing magnon gap opened by the magnetic field [see the
inset of Fig.5(a)].

This strong decrease has been observed in single YIG
crystals [34, 35], but it is suppressed in thinner samples
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FIG. 6: (a) The magnetic field and temperature dependence
of the magnon spin conductivity o, for different values of the
ratio n between magnon and phonon impurity-scattering po-
tentials. (b) The magnetic field and temperature dependence
of the magnon heat conductivity n;r;) for different values of
the ratio n between magnon and phonon impurity-scattering
potentials.

or even enhanced at low temperatures [12]. The effect is
tentatively ascribed to the paramagnetic GGG substrate
that becomes magnetically active a low temperatures [12]
and is beyond the scope of the present theory. We there-
fore subtract the pure magnonic background (triangles in
Fig. 5(a)) from the magnon-polaron spin currents, which
leads to the net magnon-polaron contribution shown in
Fig.5(Db).

The dipolar interaction is responsible for the
anisotropy in the magnon dispersion in Eq. (9), which
is reflected in the magnetic field dependence of the heat
and spin currents. In Fig.5(c) we plot (;, as function
of the angle ¥ between magnetic field and transport di-
rection for n = 100 and 7' = 10 K. The magnon-polaron
contributions for magnetization parallel and perpendic-
ular to the transport are plotted as the green dashed
and blue solid curves, respectively. The anisotropy shifts
the magnon-polaron peak positions, but does not sub-
stantially modify their amplitude. On these grounds, we
proceed with computing other transport coefficients for
the configuration HL1 VT only.

Figure 6(a) shows the magnon spin conductivity o,
as function of the magnetic field and temperature for
different values of 7. Two peaks (dips) appear at H
and H for n = 100 (n = 0.01) at 10 K and 50 K, while
they disappear for n = 1. At very low temperatures,



T = 1K, the anomalies are not visible anymore. The
dependence of the spin conductivity on the temperature,
on the angle between the magnetic field and temperature
gradient, and on the scattering potentials ratio 7 is the
same as reported for the spin Seebeck coefficient (.

In Fig. 6(b), we plot the dependence of the magnon

heat conductivity n&‘;‘) on the magnetic field and on the

temperature for different values of . The only differ-
ence with respect to the coefficient (., is in the ratio
between the amplitudes of the two anomalies at T = 10
K, at which the magnon modes contributing to the low-
field (H,) anomaly are thermally excited, in contrast
to high field (HH) modes. In (,, the anomaly at H
should therefore by better visible, as is indeed the case.
The magnon heat conductivity from Eq. (30) contains an
additional factor in the integrand which is proportional
to the energy of the magnon-polaron modes. The lat-
ter compensates for the lower thermal occupation, which
explains why the anomaly at H| is more pronounced in
comparison with the spin Seebeck effect.

Perhaps surprisingly, the total heat conductivity k.,
in Fig. 7(a) displays only dips for n # 1 at the spe-
cial fields H . This can be explained as follows. For
7 > 1, the phonon contribution to the heat conductiv-
ity is larger than the magnon contribution. Except at
the critical fields H, |, the magnetic field dependence
of Ky, is therefore very weak (solid blue line). When
phonons mix with magnons with a short scattering time,
the thermal conductivity is suppressed, causing the dips
close to H, ||. For n <1, on the other hand, the magnon
contribution to heat conductivity prevails, as is seen by
the strong magnetic field dependence of k., (dotted blue
line). Since now [v™2| < [vPh|) the heat conductivity
of the resulting magnon-polaron mode is lower than the
purely magnonic one. Again dips appear close to the
“touching” magnetic fields.

Experimentally, the magnon heat conductivity (=P

at a given temperature was referred to the differ-
ence between finite-field value k., (H) and K., (00), i.e.,
RSP () = o (H) — kao(c0) [24]. The latter,
Kgz(00), corresponds to the saturation value of the heat
conductivity at high-field limit, above which it becomes
a constant function of the magnetic field, suggesting that
the magnon contribution has been completely frozen out
and only the phonon contribution remains. In general,

/i;(;;) and n&??exp) differ in the presence of magnetoelastic-

ity. The magnon heat conductivity g Fig. 7(b),
evaluated by subtracting the high-field limit for 7" = 10
K, shows dips for both n = 0.01 and n = 100, in con-
trast to the magnon heat conductivity /-a;‘;‘) in Fig. 6(b)
with peaks for = 100. The disagreement stems from
Kgz(00), which is the (pure) phonon contribution to the
heat conductivity at infinite magnetic fields, but is not
the same as the phonon heat conductivity at ambient
magnetic fields when the MEC is significant. In the lat-
ter case, the phonon heat conductivity itself depends on
the magnetic field and displays anomalies at H, |; hence
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FIG. 7: (a) The magnetic field dependence of the heat con-
ductivity kg at T = 10 K for different scattering parameters
n. (b) Magnetic field dependence of the heat conductivity
difference Kz (H) — K2z (00) simulating the experimental pro-
cedure [24] at T' = 10 K.

P

Nonetheless £{2®) can be useful since its fine struc-
ture contains information about the ratio between the
magnon-impurity and phonon-impurity scattering poten-
tials |v™8| and |[vP!|. Also, kg (00) for 7 = 100 is much
larger than for n = 0.01, and its value gives additional in-
formation about the relative acoustic and magnetic qual-
ity of the sample. For example, the results reported
by Ref. [24] can be interpreted, within our theory, as
suggesting a much higher acoustic than magnetic qual-
ity of the samples, i.e., 7 > 1. The authors, however,
have not investigated the magnetic field dependence of
the heat conductivity but rather the temperature depen-
dence, which is beyond the scope of this work. It is worth
to mention that already the work of Ref. [36] suggests
that impurity scattering plays a key role in determining
the magnetic field dependence of the heat conductivity.

The appearance of the anomalies can be understood
analytically with few straightforward simplifications. Let
us consider a one-dimensional system along x and H =
(0,0, H). According to Eq. (19) only the TA phonons
couple to the magnons leading to the magnon-polaron
dispersion

W + w1k = \/(wk — wlk)Q + OD;%
2 b

Qo = (33)

where @, = (S k)2 and S| = (nB1)?(yh?/4M,pc,).



The magnon-polaron spin amplitudes W o are

Wi — w1k + \/(UJk —wi)? + @}
2\/(wk 7w1k)2 +L:)z

and Wy, = 1 — Wy, Disregarding the small dipolar
interactions (M, < H ) the uncoupled dispersions touch
at poH, = ci/4Dem'y. We focus on the contribution of
the k;— mode (with k; = ¢, /2D,,) to the transport
coefficients (30) close to the touching field and expand
in dH = H— H,. As in Fig. 2(b), for ¥ = k, and
0H < H , the energies and group velocities of the upper
and lower magnon-polarons are approximately the same,
i.e., Qlk'L >~ ngL and ak91|k=kl >~ 8k92|k=kL. Eq. (34)
then reads

Wik =

»(34)

1 kSH
Wik, =5 |1+ ———| (35)
1+ (k6H)?

with & = p07/(4S k1 )'/2. The scattering times (31) can
be approximated as

Tiog, ~ S 2k k=t 1 (3)
2k pn2 (1 — Wiz, ) + nWiak,
Hence
p s e
T LQ"UphP(ak 1k) (eﬁhglk _ 1)2 (h 1k) Ll
H=H,
where
a1+ (koH)?] (1+1)
yO((SH) = - 7
L+ [2 + 4(k6H)? + 77]
and
2 {1 +2(k6H)? + n}
v (0H) =

L [2+ 4(ROH)? + 1)

The indices n and m correspond to those in Eq. (30).
Both yg(6H) and y; (6 H) have a single extremum at H =
HJ_7 i.e.,

y6(5H)|5H:0 = yl1 (0H)|sp=0 =0, (38)
Yo (0H)|s—0 o (1 —n)?, (39)
yy (OH) |sr=0 o (1 —17). (40)

Egs. (38) and (39) prove that yo has a minimum at H =
H, for n # 1, while for n = 1 it is a constant. This
explains our numerical results for the heat conductivity
Kaz, Which is unstructured for n = 1 and always display
dips for both n < 1 and > 1 (see Fig. 7(a)). According
to Egs. (38) and (40) the function y; is also stationary

at H = H,, but it has a minimum only for n < 1, while
an inflection point for = 1, and a maximum otherwise.
The resulting dependence on 7 of Eq. (37) explains the
spin Seebeck coefficient (., the spin conductivity o,
and magnon heat conductivity %, in Figs. 4, 6(a) and
6(b) respectively. As we have discussed in detail in the
reporting of the numerical results, the anomalies can be
understood physically in terms of the scattering time of
the magnon-polaron. This scattering time is the sum of
magnonic and phononic scattering times, so, depending
on the value of 7, the spin transport is enhanced (1 > 1)
or suppressed (1 < 1) close to the touching point.

B. Spin diffusion length

Integrating the spin-projection of Eq. (24) over mo-
mentum leads to the spin conservation equation:

ns+vjs = —guk, (41)

where
3
ne= [ s 2 facle). 42)

is the total magnon density (in units of %), and

d3k 1 eﬂhﬂik
= Wik———— 4
I ﬂ/ (271')3 Z kTiILC (eﬁhQik _ 1)2 ( 3)

is the magnon relaxation rate, and we have introduced
the relaxation time 7;°. Elastic magnon-impurity scat-
tering processes discussed in the previous sections do not
contribute to 7;;°. However, we parameterize the spin
not-conserving processes as

— = 208 , (44)
ik

in terms of the dimensionless Gilbert damping constant

a. In the non-equilibrium steady-state Eq. (41) becomes

1
V= n, (45)

in terms of the magnon diffusion length A\, = \/022/9u
that is plotted in Fig. 8. At 10 K and 50 K, the spin
diffusion length decreases monotonously with the mag-
netic field for n = 1, in agreement with observations at
room temperature [33]. For nn = 100 (n = 0.01) the spin
diffusion length displays two peaks (dips) at the critical
fields H, and H), which become more pronounced when
lowering the temperature. At T = 1 K only the peak
(dip) at H is visible for n = 100 (y = 0.01). For n =1,
the spin diffusion length monotonically decreases with in-
creasing magnetic field. The curve for 7 = 0.01 behaves
similar except for the dip at H = H,. On the other
hand, for n = 100, the spin diffusion length behaves very
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FIG. 8: Magnetic field and temperature dependence of the
magnon diffusion length A, for different values of the scatter-
ing parameter 7.

differently showing strong enhancement at both low and
high magnetic fields. This strong increase of the diffusion
length (for constant Gilbert damping) happens when

9u(Hi)
gu(H2) ’

where H; 5 are two given values of the applied magnetic
field, with H; > Hy. To understand the dependence of
the ratio 0, (H1,n)/022(Ha,n) on n and on the tempera-
ture, we recall that the main contribution to the magnon
spin conductivity o, arises from magnon-like branches.
At relatively high temperature, the magnon-like branches
are sufficiently populated to overcome the phonon contri-
bution to the magnon spin conductivity at all . Indeed,
Fig. 6(a) shows that, at relatively high temperatures, the
ratio 0., (H1,m)/02:(Ha,n) hardly depends on 1. On
the other hand, when the temperature decreases below
the magnon energy, the contribution of the magnon-like
branches are quickly frozen out by a magnetic field. The
magnitude of  then becomes very relevant. On the other
hand, while the right-hand side of Eq. (46) depends on
temperature, it is not affected by n. For n < 1, the
phonon mobility is smaller than the magnon one and
hence the phonons are short circuited by the magnons.
For n > 1, the phonons prevail, leading to a higher ratio
Owx(H1,m) /02 (Ha,n) because the phonon dispersion is
not affected by the magnetic field. When n > 1, the
condition (46) is therefore satisfied. While in this regime
the spin current is very small, it is perhaps an interesting
limit for studying fluctuation and shot noise in the spin
current [9].

Ux:z:(Hlun) >

Ozx (H27 77)

(46)

C. Comparison with experiments

The spin Seebeck effect was measured in Pt|[YIG|GGG
structures in the longitudinal configuration, i.e., by ap-
plying a temperature difference normal to the interfaces
(z-direction) and subjecting the sample to a magnetic
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field H || z [12]. The thermal bias induces a spin cur-
rent into the Pt layer that by the inverse Spin Hall effect
(ISHE) leads to the detected transverse voltage V' over
the contact, see Fig. 1. The bottom of the GGG sub-
strate and the top of the Pt layer are in contact with
heat reservoirs at temperature Ty, and T}y, respectively.
Disregarding phonon (Kapitza) interface resistances, the
phonon temperature gradient is VI' = (Ty—T1)/L, with
L being the thickness of the stack, and average temper-
ature T = (Ty + T)/2. As discussed, we assume that
the magnon and phonon temperatures are the same and
disregard the interface mixing conductance. The mea-
sured voltage is then directly proportional to the bulk
spin Seebeck coefficient.

In the experimental temperature range of 3.5—50 K the
thermal magnon, Apag, and phonon, Apy ,,, wavelengths
are of the order of 1 — 10 nm. Even if the magnon and
phonon thermal mean free paths have been estimated to
be of the order of ~ 100 pm at very low temperatures [24],
here we assume that the transport in the YIG film of
thickness L ~ 4 um can be treated semiclassically. Note
that scattering at the interfaces can make the transport
diffusive even when the formal conditions for diffusive
transport are not satisfied. The bulk spin Seebeck coeffi-
cient is then well-described by Eq. (30) and proportional
to the observed voltage V. These assumptions are en-
couraged by the good agreement for the observed and
calculated peak structures at H, and H| with a single
fitting parameter n = 100 [12]. We may therefore con-
clude that the magnons are more strongly scattered than
the phonons. This points towards a relatively high crys-
talline quality of the sample and towards the presence of
magnetic impurities. Experimentally [38], it was indeed
found that that the magnon and phonon scattering rate
could be relatively tuned, which provides a possible route
to experimentally investigate our predictions.

V. CONCLUSION AND OUTLOOK

We have established a framework which captures the
effects of the magnetoelastic interaction on the transport
properties of magnetic insulators. In particular, we show
that the magnon-phonon coupling gives rise to peak-like
or dip-like structures in the field dependence of the spin
and heat transport coefficients, and of the spin diffusion
length.

Our numerical evaluation reproduces the peaks in the
observed low temperature longitudinal spin Seebeck volt-
ages of YIG|Pt layers as a function of magnetic field.
We quantitatively explain the temperature-dependent
behavior of these anomalies in terms of hybrid magnon-
phonon excitations (“magnon-polarons”). The peaks oc-
cur at magnetic fields and wave numbers at which the
phonon dispersion curves are tangents to the magnon
dispersion, i.e., when magnon and phonon energies as
well as group velocities become the same. Under these
conditions the effects of the magnetoelastic interaction



are maximized. The computed angle dependence shows
a robustness of the anomalies with respect to rotations of
the magnetization relative to the temperature gradient.
The agreement between the theory and the experimental
results confirms that elastic magnon(phonon) impurity-
scattering is the main relaxation channel that limits the
low temperature transport in YIG. Our theory contains
one adjustable parameter that is fitted to the large set
of experimental data, consistently finding a much better
acoustic than magnetic quality of the samples. The spin
Seebeck effect is therefore a unique analytical instrument
not only of magnetic, but also mechanical material prop-
erties. The predicted effects of magnon-polaron effects
on magnonic spin and heat conductivity call for further
experimental confirmation.

We believe that the presented results open new av-
enues in spin caloritronics. We focused here on the low
energy magnon dispersion of cubic YIG, which is well
represented by the magnetostatic exchange waves of a
homogeneous ferromagnet [21]. However, the theoretical
framework can be easily extended to include anisotropies
as well as ferri- or antiferromagnetic order. The magne-
toelastic coupling in YIG is relatively small and the con-
spicuous magnon-polaron effects can be destroyed eas-
ily. However, in materials with large magnon-phonon
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couplings these effects should survive in the presence of
larger magnetization broadening as well as higher tem-
peratures.
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