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Abstract 

For metallic glasses, “flexibility volume” has recently been introduced as a 

property-revealing indicator of the structural state the glass is in. This parameter incorporates 

the atomic volume and the vibrational mean square displacement, to combine both static 

structure and dynamics information. Flexibility volume was shown to quantitatively correlate 

with the properties of metallic glasses [J. Ding et al. Nat. Comm. 7, 13733 (2016)]. However, 

it remains to be examined if this parameter is useful for other types of glasses with bonding 

characteristics, atomic packing structures as well as properties that are distinctly different 
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from metallic glasses. In this article, we tackle this issue through systematic molecular 

dynamics simulations of amorphous silicon (a-Si) models produced with different cooling 

rates, as a-Si is a prototypical covalently bonded network glass whose structure and 

properties cannot be characterized using structural parameters such as free volume used for 

metallic and polymeric glasses. Specifically, we demonstrate a quantitative prediction of the 

shear modulus of a-Si from the flexibility for atomic motion. This flexibility volume 

descriptor, when evaluated on the atomic scale, is shown to also correlate well with local 

packing, as well as with the propensity for thermal relaxations and shear transformations, 

providing a metric to map out and explain the structural and mechanical heterogeneity in the 

amorphous material. This case study of a model of covalently bonded network a-Si, together 

with our earlier demonstration for metallic glasses, points to the universality of flexibility 

volume as an indicator of the structure state to link with properties, applicable across 

amorphous materials with different chemical bonding and atomic packing structures.          

 

 

1.  Introduction 

For amorphous solids, quantitative property correlations have been difficult to come by, 

lagging far behind conventional crystalline materials. An example is the widely used 

amorphous silicon (a-Si). a-Si can be prepared via a number of processing routes, the most 

popular being chemical or physical vapor deposition [1-3]. Other routes include ion 

irradiation [4,5] or mechanical deformation [6] of crystalline silicon. The resultant 
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amorphous structures are all different, and so are their shear rigidity and deformability (e.g., 

some a-Si are brittle while others can be plastically deformed [6-8]). It remains a challenge to 

define a parameter that can be used to quantitatively link properties.  

For metallic or polymeric glasses, free volume is widely cited as a structural parameter to 

correlate with properties [9,10]. For example, a rapidly quenched metallic glass is believed to 

contain more free volume than a slowly cast one and is thus less rigid and more prone to 

flow. However, this picture is obviously invalid for a-Si, which is a prototypical covalently 

bonded network amorphous material. Here faster cooling from liquid actually retains a 

higher-density glass, containing less open volume, see Ref. 7, 8; but the resultant structure is 

more metallic- and liquid- like, making the glass more amenable to shear flow. Conversely, 

slower cooling leads to a network glass with a relatively open structure, but the material is 

stronger. More discussion on the inadequacy of excess atomic volume to reflect the 

deformability of a-Si will be presented later in this article. 

Fictive temperature [11,12] is another commonly used concept in the field of glass 

research, for representing the level of disorder in a glassy material. But this parameter is not 

descriptive of the atomistic origin of a property, and needs to be mapped to some other real 

physical quantities such as potential energy for it to be computed or measured. In terms of 

correlating with properties, a glass with a lower fictive temperature has a lower potential 

energy, and is usually stronger and has a higher elastic modulus. However, there are also 

cases where a glass has a higher energy and higher fictive temperature [13,14] but is more 

kinetically stable because the glass is in a potential energy valley with a higher curvature, 

leading to a higher glass transition temperature [15] and also a higher elastic modulus and 
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strength. In other words, fictive temperature is only correlated with thermodynamic stability 

but not necessarily with kinetic stability and strength/modulus. In the case of a-Si, faster 

quenching from liquid [7,8] results in an amorphous structure that is higher in energy, more 

metallic- and liquid- like, and hence more deformable and less stiff. This could perhaps be 

depicted as corresponding to a higher fictive temperature; nonetheless there is no equation 

that can directly predict modulus or strength, based on the fictive temperature or potential 

energy of the a-Si in question. 

Simulating the a-Si model employing the Stillinger-Weber (SW) potential [16], 

Demkowicz and Argon showed that depending on the cooling rate used to quench from liquid 

silicon, the resultant a-Si models exhibit different elastic moduli, yield-point behavior and 

flow stresses [7,8]. These differences can be attributed to different fraction of liquidlike 

atomic environments, φ , in the amorphous structure [7,8]. The liquidlike atoms were defined 

based on their nearest-neighbor bond angle distribution that resembles liquid Si. However, 

while this structural descriptor is useful in explaining the property trend from the structural 

state the a-Si is in, again the challenge remains as to how to quantitatively derive from the 

descriptor a property such as shear modulus or strength.  

Very recently, Ding et al. [17] introduced a new indicator of the structural state, termed 

the “flexibility volume”, which is assessed via combining both atomic volume and atomic 

vibrations that probe local configurational space. This parameter incorporating local structure 

and local dynamics was developed for metallic glasses (MGs), a class of amorphous materials 

characterized by metallic bonding. A systematic study on a variety of MGs has demonstrated 

that the flexibility volume can deterministically predict the shear modulus, and strongly 
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correlate with various properties on both atomic and macroscopic levels. However, it is 

unclear if the same holds for a-Si, the amorphous material focused on in this paper. 

Specifically, the a-Si structure is a covalently bonded continuous random network (CRN), 

and loosely packed with a coordination number (CN) of ~4-6 [16,18-20]. This is very 

different from the densely-packed MGs with non-directional bonds that result in a high CN 

often of the order of 12 [21]. Moreover, free volume is often cited to characterize MGs, but 

not applicable to a-Si as discussed earlier. Therefore, it would be interesting and important to 

examine the validity of applying the flexibility volume parameter to a-Si; this would not only 

provide a useful indicator for establishing correlations with properties in a-Si, but also 

validate the concept of flexibility volume as a universal parameter for different classes of 

amorphous materials characterized by a variety of electronic bonding and atomic packing 

structures.  

 

2. Methods 

 Molecular dynamics (MD) simulations [22] have been employed to prepare and analyze 

the a-Si samples using the SW potential [16], which has been extensively utilized to model the 

structure and properties of a-Si (this potential is believed to be adequate to construct a 

representative model of a-Si for our purposes; we are aware that additional tweaking of the 

prefactor for the three-body term in the potential can change the degree of bond directionality, 

which was found to affect the coordination number of local defects and/or their behavior in 

plastic arrangements in similar network amorphous solids [23]). ). Our a-Si model contains 

85,184 atoms, i.e., 22ൈ22ൈ22 cubic unit cells of the diamond cubic configuration, under 
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periodic boundary conditions (PBC). The samples were quenched to room temperature (300 K) 

from equilibrium liquids above the melting point. The quenching was performed using a 

Nose-Hoover thermostat with zero external pressure, over a range of cooling rates from 

5.0ൈ1010 to 5.0ൈ1013 K/s. The average atomic volume (Ωa) of those simulated a-Si, increasing 

with decreasing cooling rate (note that this is the opposite to the trend for MGs), is shown in 

Fig. 1.   

Each sample was kept at equilibrium under a microcanonical ensemble (NVE) at room 

temperature to calculate the atomic vibrational mean square displacement, MSD. The MSD 

of the ith atom is defined as: ( )2( )i ix t x− , where ix  is the equilibrium (time averaged) 

position of the ith atom, and the MSD is evaluated on short time scales when the MSD is flat 

with time and thus contains the vibrational but not the diffusional contribution [17], see Fig. 

2a. The calculated MSD was taken by averaging over 100 independent runs, all starting from 

the same configuration but with momenta assigned randomly from the appropriate 

Maxwell-Boltzmann distribution [17,24]. Voronoi tessellation [25] was employed to obtain 

the atomic volume ( Ωa ). 

The vibrational anisotropy (ηi) of the ith atom is calculated by monitoring the 

time-dependent ( ) ( )i i in t x t x= − , where ( )in t is the Euclidean vector to describe the 

corresponding atomic vibration. The average of fabric tensor ( ) ( )= ⊗i iF n t n t  for ith atom 

yields three eigenvalues, λk  (k = 1, 2, 3). Then the vibrational anisotropy can be defined as

3
2

1

3 1( )
36

λ
=

−∑ k
k

. For the isotropic case, 1 2 3
1
3

λ λ λ= = = , so ηi = 0. For the extremely 

anisotropic case, e.g. one-dimension atomic vibration,  1 1λ =  and 2 3 0λ λ= = , then ηi = 1. 
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Simple shear deformation at a strain rate of 108 s-1 was applied on a-Si samples prepared at 

various cooling rates. During the shear deformation, the box was deformed by supercell tilting 

followed by MD relaxation, with a step length of 1ൈ10-7 in shear strain. The shear stress-strain 

curves are shown in Fig. 2b. The shear modulus G of a-Si models was derived from the shear 

stress-strain curves at small (0.5%) strain (around which the G value levels off to a steady 

value) and averaged over simple shear deformation along different directions (i.e. ±xy, ±xz, 

±yz). Our studied a-Si samples are large enough (containing 85,184 atoms) to achieve the 

converged G in the calculation.  

 The activation-relaxation technique (ART nouveau) in MD simulations [17,26-28] was 

used to investigate the energy barrier for thermally activated relaxation events in the a-Si 

sample quenched to room temperature from liquid at 1ൈ1011 K/s. To initiate the local 

excitations of the system, small perturbations in ART were introduced by applying random 

displacement on a small group of atoms (an atom and its nearest-neighbors with a distance 

cut-off of 3.0 Å). The magnitude of displacement was fixed, while the direction was 

randomly chosen. The system was pushed towards the saddle point using the Lanczos 

algorithm, when the curvature of PEL was found to overcome the chosen threshold. A total of 

~150,000 different activations were identified for that a-Si sample, after removing the failed 

searches and redundant saddle points. 

 

3.  Results and Discussion 

3.1. The flexibility volume 
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 As introduced before [17], the “flexibility volume” is defined as υ flex = 2r a⋅  , where 

a is the average atomic spacing, given by 3= Ωaa , Ωa  is the average atomic volume, and 

2r  is the atomic vibrational mean square displacement (in the regime where it is flat with 

time, as shown in Fig. 2a) This structure parameter is unlike all other previous ones, as it 

combines the structural information of both the atomic volume and the space accessed by 

atomic vibration, the two together quantitatively determining the shear modulus G of a-Si (as 

shown below in Section 3.2). The flexibility volume can in fact be evaluated on each and 

every atom (the ith atom), ,υ flex i , and υ flex of the sample (or local region) is then an average 

of all the ,υ flex i in the system (region).  

As shown in Fig. 1, the flexibility volume of a-Si undergoes obvious changes with the 

cooling rate used to prepare the amorphous sample. The trend that υ flex decreases with slower 

cooling rate is consistent with the case for MGs [17]. But, as mentioned earlier, unlike MGs 

the a-Si with slower cooling rate (equivalently with lower internal energy) exhibits larger 

volume (or lower density). The opposite trends between the flexibility volume and atomic 

volume for a-Si (see Fig. 1) brings forth an interesting scenario: a larger surrounding elbow 

room (Ωa,i or the system average Ωa) can actually be accompanied by a smaller wiggle space 

accessed via vibration (smaller MSD, ,υ flex i and υ flex ). To better explain this seemingly 

anomalous behavior, we also calculated the vibrational anisotropy (η) of the ith atom, by 

monitoring the time-dependent atomic oscillation (see Methods). As shown in Fig. 3a, for a-Si, 

the larger the flexibility volume, the greater the vibrational anisotropy. The latter is apparently 

a major contributor to the flexibility volume. For instance, the packing distortion around an 

atom entails looser directions and easier pathway for atomic movement, and consequently 
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higher vibrational anisotropy, leading to larger flexibility volume. Conversely, a well-defined 

and strongly bonded local motif such as tetrahedrally coordinated Si reduces anisotropy, and 

decreases flexibility, even though the surrounding space is enlarged. This can be confirmed by 

calculating the average vibrational anisotropy for CN = 4 and CN > 4, which are 0.151 and 

0.218, respectively (in the a-Si sample quenched using a cooling rate of 5.0ൈ1011 K/s). 

We note that the flexibility volume evaluated for individual atoms, i.e., ,υ flex i , is not 

uniformly and randomly distributed across the a-Si sample. Instead, a spatial correlation is 

revealed in Fig. 3b, by employing the spatial correlation function, ( )flexC r . A similar function 

of non-affine displacement was used before to indicate the size of shear transformation zones 

in MGs [29]. We define ( )flexC r  as: 
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where ijr is the distance between the ith and jth atom, and the function ( )
11,   
2
10,   
2

⎧ ≤ Δ⎪⎪= ⎨
⎪ > Δ
⎪⎩

x
n x

x
 (

Δ is the width of the bins used in calculating and plotting ( )flexC r , see Fig. 3b) . The spatial 

correlation functions of flexibility volume, for a-Si prepared with various cooling rates, 

decreases with increasing distance r. Following Ref. 29, the corresponding correlation length, 

as indicated in Fig. 3b, is the distance where spatial correlation vanishes. For all four samples 

prepared with different cooling rates, this correlation length for a-Si is at ~1 nm, which is 

consistent with the approximate size of shear transformation zones in a-Si (Ref. 8, 30 and 31). 
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This implies an underlying link between the local structure (in terms of flexibility volume) and 

shear transformation in a-Si (more discussions in Section 3.4). 

 

3.2. The υ flex – G correlation. 

We probe into the correlations based on flexibility volume, by first quantitatively 

determining the shear modulus G of a-Si. Here G is taken as our primary target because it is 

widely regarded as a key baseline property that controls the energy barrier for relaxation and 

shear flow [32,33]. G is also known to depend strongly on glass configuration, and hence on 

processing history [34]: the slower the cooling rates, the higher the G (as reflected by the 

steeper slope of stress-strain curve in Fig. 2b). The connection between G and the atomic 

mean square displacement (MSD), 2r , was recognized before [35] but has not been 

quantitatively verified using systematic data, let alone for different types of glasses. 

Moreover, we have shown recently that MSD alone is actually not universally deterministic 

of G, but “flexibility volume” is [17].  

For an isotropic Debye solid, the Debye temperature θD  can be expressed as [32] 

( )
1/31/3

1/3
3 3

4 1 2
9
πθ

ν ν

−−
− ⎛ ⎞⎛ ⎞= Ω +⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠
D a

B l s

h
k

,           (2) 

where 4( ) /
3

ν ρ= +l B G  and s
Gν
ρ

=  are the longitudinal and transverse sound 

velocities, respectively, B is the bulk modulus and ρ =
Ωa

m
is the mass density, where m is 

average atomic weight. For SW a-Si [16], B/G is in the range of 3.21 to 4.81. Thus the cases 
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we are dealing with are those for which B = (4. 0 േ0.8)G. Over this range, approximating 

B=4G would only involve an error of no more than ~1 % in θD , because in Eq. (2) the second 

term in the last bracket overrides by far the first term. Hence Eq. (2) can be simplified to  

       ( ) ( )
1/3

1/3 1/34 2.082
9
πθ

ρ

−
− −⎛ ⎞≈ Ω⎜ ⎟

⎝ ⎠
D a

B

h G
k

 ,                (3) 

Now, recall that the Debye temperature is also known to scale with the vibrational MSD, 2r , 

following [36] 

2
2

2

9θ = h
D

B

T
mk r

  ,                   (4) 

Combining Eqs. (2), (3) and (4), we arrive at [17] 

   2
B B

Si Si
flex

k T k TG C C
r a υ

== =
⋅

,          (5) 

where kB is the Boltzmann constant and the constant ( )
2/3

2/3
2

9 4 2.082
4 9SiC π
π

⎛ ⎞= ⎜ ⎟
⎝ ⎠

= 0.464. 

Note that G in Eq. (5) contains no viscoelastic relaxation. This derivation conveys the idea that 

high frequency, atomic-level vibrations contain a signature of long-wavelength phonons which 

depend on G. The equation predicts that at a given temperature T (e.g., room temperature), a 

single structural parameter υ flex can be used to predict the shear modulus (in the current paper, 

for a-Si). In other words, once the structural descriptor υ flex is quantified via computational or 

experimental measurement for a-Si samples that have been processed differently to give rise to 

differentυ flex , a quantitative correlation is available to gauge and compare the mechanical 

response G of these various a-Si. In the following, we will demonstrate that Eq. (5) indeed 

holds for a-Si.  
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Fig. 4 plots G versus υ flex .The error bar for the group of data used for averaging is smaller 

than the size of each data point shown in the plot. The dataset demonstrates a strong 

correlation, and in fact conforms within ~ 3% to the linear relationship predicted in Eq. (5), 

which is the straight dashed line in Fig. 4 (the slope of this line itself has an error margin of 

~2%, from the uncertainty in B/G or /l svν in the approximation used in the derivation of 

equations above). The small error in our dataset (< 3%) may also be partly from the method 

used to derive G, i.e., taking the slope of the shear stress-strain curve at 0.5% strain. Fig. 4 

establishes that υ flex is all that is needed to account for G quantitatively, allowing prediction 

and comparison for various a-Si prepared under different conditions. This conclusion is 

consistent with that reported for MGs [17]. As seen in the inset of Fig. 4, which includes the 

data set for MGs as well as that for the a-Si samples studied here, the prediction given in Eq. 5 

(dashed line) is an adequate representation of all the data (in other words, CSi here is practically 

the same as the constant C known for all MGs [17]). This observation of a single flexibility 

volume parameter to quantitatively correlate with the mechanical response of different 

amorphous materials is very interesting. In contrast, all other structural metrics used before, 

even in cases where they themselves are quantifiable (e.g., fraction of liquidlike sites φ, or 

potential energy, or excess volume over a reference such as the corresponding crystal, or even 

the absolute value of free volume if that is actually quantifiable by some means), cannot be 

plugged into an equation to directly calculate a particular property.  

 

3.3. Correlating υ flex with atomic-level static structure  
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Next we connect the static atomic-level structure of a-Si with the flexibility volume. Two 

static structural indicators at the atomic level, the CN and fraction of liquidlike sites, are 

commonly used for a-Si [16,37]. Several examples of atomic sites in a-Si with different CN 

(CN = 3-6) are plotted in Fig. 5a. In comparison, crystal Si (c-Si) has the tetrahedral packing 

with CN = 4, which is also regarded as the favored local motif in a-Si. Several decades ago, the 

defects in a-Si were originally hypothesized to be under-coordinated sites (e.g. CN = 3), 

referred to as “dangling bonds” [38,39]. But more recent findings have indicated that 

over-coordinated sites (e.g. CN = 5) are more defect-like and liquid-like [7,37,40]. As 

presented in Fig. 5b, the atomic flexibility volume in a-Si correlates predominantly with CN = 

5 (the fractions of CN = 3 and CN = 6 are negligible): more CN = 5 at the expense of CN = 4 

corresponds to larger atomic flexibility volume. The other static atomic-level structural 

indictor for a-Si is the liquidlike sites. These sites were characterized by Demkowicz and 

Argon according to the mean bond angle as well as its standard deviations (see details in Ref. 7 

and 37). Following this practice, we analyzed the bond angles in our a-Si in Fig. 5c, where 

liquidlike and solidlike atomic sites can be well separated. Interestingly, as shown in Fig. 5d, 

the flexibility volume exhibits a strong correlation with the fraction of liquidlike sites φ: the 

larger the flexibility volume, the higher fraction of liquidlike sites. All these analyses indicate 

that the flexibility volume reflects very well the existing static structural indicators at the 

atomic level. But the new parameter of flexibility volume brings unprecedented advantages: it 

offers not only another way to quantitatively identify the liquidlike sites (more defect-like 

sites), but also a descriptor of structure state that can deterministically predict the shear 

modulus. 
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3.4. Correlating υ flex with local relaxation events 

We first examine the correlation between flexibility volume and shear transformations, 

which are the fundamental processes underlying the inelastic deformation [41]. As already 

revealed in Ref. 7, 37 and Fig. 2b, a-Si samples with different quench rates show different 

propensity for shear deformation driven by imposed stresses (and flow stress and yield point); 

slower cooling rate results in higher resistance to flow, in line with the higher G. Now the latter 

can be directly linked with a higher υ flex , see Fig. 4. Moreover, we can use ,υ flex i  as an 

effective descriptor of local structure to offer a zeroth-order explanation of the different local 

response to the stress stimulus (longer-range collective effects on atomic motion in amorphous 

solids are neglected for the time being). Fig. 6a-d shows that ,υ flex i is indeed a very effective 

indicator of the propensity to undergo shear transformations. Specifically, here athermal 

quasistatic shearing (AQS) [42,43] was applied to induce atomic rearrangement in a-Si, and the 

shear transformations were tracked by monitoring the non-affine displacement D2
min [43]. The 

contoured maps of the spatial distribution of ,υ flex i are then compared/superimposed with the 

top 5% atoms that have experienced the most accumulative non-affine strains, after a global 

strain (e.g., 5%). The clear correlation in Fig. 6a-d establishes that under externally imposed 

stresses, shear transformations have a high propensity to originate from those regions with the 

highest flexibility volume [17]. Note that not all such regions would undergo shear 

transformation for a particular loading. This is reasonable because apart from the intrinsic 

flexibility of the local configurations, the stress field (tensor) is another (extrinsic) factor that 

will influence the response of the atoms. As presented in Fig. 7, such a correspondence with 
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shear transformations is clearly absent, when a similar contour map is made to correlate with 

local atomic volume. This lack of correlation echoes our earlier statement that atomic volume 

is not a tell-tale structure parameter that connects well with the properties of a-Si. 

 In addition, it was found that the flexibility volume is also strongly correlated with the 

activation energy barrier for thermally activated relaxation events for a-Si, which can be 

monitored using the ART nouveau in MD simulations [17,26-28] (see Method Section). The 

distribution of activation energy for all the atoms in the a-Si is shown as the dashed line in Fig. 

8 (consistent with previous literature [44]). Then the atoms with the lowest 10% and highest 

10% ,υ flex i  are identified, and the distribution of activation energy for thermally activated 

events surrounding these atoms (as illustrated in Methods, small perturbations in ART were 

initially introduced on the designated atom and its nearest-neighbors) is plotted. We observe in 

Fig. 8 that there is an obvious gap (a difference as large as ~1.1 eV) between the two peak 

positions for the two groups with the lowest 10% and highest 10% ,υ flex i : the sites with larger 

flexibility volume are found to exhibit lower energy barriers, and the lowest flexibility volume 

sites correspond to high energy barriers. This clear bifurcation for thermally activated 

relaxation, based on ,υ flex i  is also what was observed in the case of MGs [17]. 

 

3.5. General applicability of υ flex for amorphous materials 

 Our results above have demonstrated the successful application of the new flexibility 

volume parameter for network-forming amorphous solids, using an a-Si model as the 

representative. Flexibility volume not only deterministically predicts the macroscopic shear 
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modulus (Section 3.2), but also strongly correlates with the local relaxation events activated 

by shear stress or thermal agitation (Section 3.4). These findings, together with our previous 

work on MGs, point to the generality of the flexibility volume parameter for different 

amorphous materials, irrespective of their distinct structure and bonding characteristics. 

Therefore, flexibility volume as a descriptor of the structure state is projected to be 

universally useful for other amorphous materials, such as glassy polymers [45] and oxide 

glasses [46], to build a bridge between the structure and properties.  

This general applicability is not possible with any previous indicator of the amorphous 

configuration. For example, one can again compare with previous parameters based on the 

magnitude of the local volume, such as the two-order-parameter model (TOP) proposed by 

Tanaka [47]. In this model, i) there exists distinct locally favored structures (LFS) as state F 

and ii) such structures are formed in a “sea” of normal liquid structures (L). Each state is 

associated with a different value of energy (U), specific (or atomic) volume (V) and entropy 

(S). For amorphous or liquid Si [47], UF < UL, VF > VL (LFS with tetrahedral order has a 

higher specific volume) and SF < SL. For metallic glasses/liquids, however, UF < UL, VF < VL, 

SF < SL, because in this case the LFS is efficiently packed motifs with smaller volume. In 

both cases, the fraction of the LFS increases upon cooling, with lowered U and S. But V goes 

in opposite direction between a-Si and MGs. Now, using flexibility volume rather than V, in 

both cases υ flex consistently decreases with increasing undercooling and with decreasing 

cooling rate. As such, flexibility volume can act as a universal and quantitative descriptor of 

the LFS, or the structure state in general, in lieu of the static volume. In other words, specific 

LFS can be vastly different for different glasses, such as tetrahedral order for a-Si versus 
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icosahedral order for some MGs, but all LFSs inherently entail lower flexibility volume. This 

brings forth a unified description of atomic-level structure state for amorphous materials, 

despite of their differences in chemical bonding and atomic packing.          

 

4. Concluding remarks 

We conclude by highlighting several salient features of our results. First of all, the 

correlation we have demonstrated above is an advance over relying solely on the static 

configuration (often merely a single aspect of the structure) to correlate with properties. 

Instead, our υ flex purposely incorporates dynamics information via MSD and reflects the 

overall flexibility that is actually available in the glass internal structure. For a-Si, this 

descriptor implicitly covers information such as the nature of atomic bonding and how 

liquidlike the environment is. Although υ flex does not directly describe anisotropy, it does 

reflect the effects of the latter on atomic flexibility. Second, the new flexibility parameter 

here arises from Debye theory and enables a quantitative calculation of G directly from Eq. 

(5). Currently none of the existing structural parameters for glasses incorporates dynamics 

and has one-to-one correspondence with key properties. Third, which is an important point of 

this work, the success with a-Si lends support to the universality of Eq. (5) for various types 

of glasses, beyond the demonstration earlier for metallic glasses [17]. In fact, the material we 

are modeling here is different in nearly all respects from the metallic glasses for which the 

formalism was initially developed: different from metallic glasses, a-Si is a network glass with 

directional covalent (rather than metallic) bonding, and importantly, does not show the 

correlation of properties with free volume that we have grown to expect in metallic glasses. We 
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have confirmed again that indeed excess volume is not of fundamental importance in 

governing the fertile sites where shear transformations tend to take place (see Fig. 7). Fourth, 

υ flex is a good candidate as a single internal variable characterizing the state of the glass in a 

possible continuum description of mechanical rigidity. In the meantime, we also see that for 

this open-structure glass, high ,υ flex i and its local average remains to be a tell-tale indicator of 

regions most amenable to imposed local shape change via stress-driven shear 

transformations, as demonstrated by the correlation in Fig. 6a-d. ,υ flex i  is thus a prognostic 

parameter in monitoring the deformability distribution inside a-Si, to explain the spatial 

heterogeneity of the mechanical response in an amorphous solid [48-50]. Finally, our current 

approach of incorporating dynamics information overcomes some shortcomings associated 

with the earlier approach using the vibrational modes [43,51-53], where the soft spots were 

identified based on a pre-selected cut-off vibrational frequency (for example, arbitrarily 

choosing the 1% lowest frequency), and the participation of atoms in these soft modes is 

evaluated on a relative basis. This makes it difficult to decide which soft spots are truly 

eventful, in terms of being actually activated in relaxation. There is also no quantified measure 

of their contributions to the overall glass properties. Moreover, it is not feasible to directly 

compare the soft spots in different samples and in different glasses. In comparison, flexibility 

volume is universal and easier to use, and it quantitatively scales with G. One can now use this 

parameter to directly calculate and compare for different amorphous solids, and explain the 

spatial heterogeneity of mechanical properties mapped out for different local regions. Taken 

together, the new points made in this study constitute a step-forward in developing 
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(mathematically) verifiable correlations that link the amorphous configuration with 

properties. 
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Figures 

Figure 1. The system-averaged flexibility volume υ flex  and atomic volume Ωa as a function 

of cooling rate for a-Si samples prepared using various cooling rate (q, in K/s) from liquid. 

 

Figure 2.  For a-Si configurations prepared using various cooling rate (q, in K/s) from 

liquid, (a) Mean square displacement (MSD), <r2>, as a function of time. <r2> is evaluated on 

these short time scales and thus contains the vibrational but not the diffusional contribution. 

(b) MD-simulated stress-strain curves under simple shear loading with strain rate of 108 s-1. 

 

Figure 3.  Four a-Si configurations prepared using different cooling rate (q, in K/s) from 

liquid, (a) System-averaged vibrational anisotropy η versus flexibility volume. (b) Spatial 
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correlation function of the atomic flexibility volume for a-Si configurations. The correlation 

length is around 1 nm, as indicated by the red arrow.  

 

Figure 4.  Quantitative correlation between the shear modulus G and the flexibility volume 

υ flex  for a-Si obtained using different quench rate q, in K/s. The inset includes all the data 

points for a-Si (present work) and MGs (from Ref. 17). The dashed red straight line (green in 

the inset) is the prediction derived in Eq. (5). 

 

Figure 5.  Correlation between flexibility volume υ flex  and static structural indicators for 

a-Si. For the a-Si with the cooling rate of 5.0ൈ1011 K/s, (a) Illustration of examples of atomic 

sites in a-Si with different CN; (b) Correlation between the flexibility volume and the fraction 

of atomic sites with different CN (from CN = 3 to CN = 6). All the atoms are sorted, from left 

to right, based on flexibility volume ,υ flex i  into bins each containing 10% all of the atoms. 

(c) Mean bond angles and their corresponding standard deviation for all the atomic sites; the 

solidlike and liquidlike sites can be separated accordingly. (d) Correlation between the 

flexibility volume and the fraction of liquidlike sites. All the atoms are sorted based on 

flexibility volume ,υ flex i  into bins each containing 10% all of the atom. 

 

Fig. 6 Strong correlation between flexibility volume ,υ flex i  and the propensity for shear 

transformations. Contoured color maps show the spatial distribution of ,υ flex i  (see sidebar) in 

the a-Si quenched using a cooling rate of 5.0ൈ1011 K/s. Four representative slabs (a-d) are 

sampled for illustration purposes and each has a thickness of 2.5 Å. White spots 

superimposed in the maps mark the locations of atoms that have experienced the most (top 

5%) accumulative non-affine displacement (D2
min), upon athermal quasi-static shear of the 

simulation box to a global strain of 5%. Note that not all such regions would undergo shear 
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transformation for a particular loading. This is reasonable because apart from the intrinsic 

flexibility of the local configurations, the stress field (tensor) is another (extrinsic) factor that 

will influence the response of the atoms.  
 

Fig. 7 Contour color maps showing the spatial distribution of local atomic volume (Ωa,i) (see 

colored sidebar for the magnitude) in the a-Si quenched using a cooling rate of 5.0ൈ1011 K/s. 

Four representative slabs (a-d) are sampled for illustration purposes and each has a thickness 

of 2.5 Å. White spots superimposed in the maps mark the locations of atoms that have 

experienced the most (top 5%) accumulative non-affine displacement (D2
min), upon athermal 

quasi-static shear of the simulation box to a global strain of 5%. There appears to be no clear 

correlation with the locations with the highest local atomic volume. 

 

Fig. 8 Correlation between flexibility volume and thermally activated relaxation events. 

Distribution of activation energy in the a-Si (quenched with the cooling rate of 1.0ൈ1011 K/s) 

characterized using ART nouveau. The activated relaxation events are for atoms in the center 

of their coordination polyhedra. This plot shows the distribution of activation energy for the 

two groups with the highest and lowest 10% flexibility volume ( ,υ flex i ) and the green line is for 

the entire sample. Here each curve is normalized by the total number of activated events 

sampled by the entire group of atoms involved in the distribution.  

 


















