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Abstract

We present a theory of parametric mixing within the coplanar waveguide (CPW) of a super-
conducting nonlinear kinetic-inductance traveling-wave (KIT) amplifier engineered with periodic
dispersion loadings. This is done by first developing a metamaterial band theory of the dispersion-
engineered KIT using a Floquet-Bloch construction and then applying it to the description of
mixing of the nonlinear RF traveling waves. Our theory allows us to calculate signal gain vs. sig-
nal frequency in the presence of a frequency stop gap, based solely on loading design. We present
results for both three-wave mixing (3WM), with applied DC bias, and four-wave mixing (4WM),
without DC. Our theory predicts an intrinsic and deterministic origin to undulations of 4WM
signal gain with signal frequency, apart from extrinsic sources, such as impedance mismatch, and
shows that such undulations are absent from 3WM signal gain achievable with DC. Our theory is

extensible to amplifiers based on Josephson junctions in a lumped LC transmission line (TWPA).
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Keywords: superconducting, amplifier, kinetic inductance, traveling wave, frequency dispersion, three-wave
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I. INTRODUCTION

Superconducting amplifiers with wide frequency bandwidth, high dynamic range, and low
noise are used in both quantum computing! and photon-detector? research. They have util-
ity to measure large arrays of quantum-limited frequency-multiplexed microwave supercon-
ducting resonators, with recent strides made using nonlinear amplifiers based on Josephson
junctions.>° In particular, a near-quantum-limited Josephson traveling-wave parametric
amplifier (JTWPA) recently has been fabricated with a quantum efficiency of 75% and a
signal gain greater than 20 dB over a 3 GHz bandwidth.!? Focus of the present discussion is
the nonlinear kinetic-inductance traveling-wave (KIT) amplifier, first realized by Eom and
co-workers.!! In the coplanar waveguide (CPW) of the KIT, degenerate four-wave mixing
(4WM) can occur between RF input pump and signal, resulting in signal amplification and
generation of an idler product. This parametric mixing of traveling RF waveforms is analo-

12,13 a5 in recent nonlinear resonance

gous to 4WM realizable in the optical frequency regime,
experiments involving strongly pumped, high-Q optical microcavities made from nonlinear
media.'* In this 4WM-mode of operation the KIT possesses signal gain of ~ 20 dB, a band-
width of ~ 9 GHz (centered about the pump tone), and a dynamic range of the order of —100
dB, comparable to microwave transistor amplifiers. Another promising mode of operation
of the KIT is when a DC bias is applied: additional parametric three-wave mixing (3WM)
may ensue, producing signal gain of ~ 15 dB over an exploitable bandwidth of ~ 6 GHz,
centered about half the pump tone.'® This latter 3WM gain is achieved with less pump input
power than the 4WM mode due to DC biasing of the Kerr-like nonlinear kinetic inductance
of the waveguide. Unwanted higher pump harmonics and shock waves, prevalent at higher
pump powers, may be intentionally inhibited by proper CPW loading design, and additional
dispersion loading may be engineered to customize the onset, magnitude, and bandwidth of
the resulting signal gain. In this paper we present a quantifiable model of the dispersion
engineering and parametric mixing of the KIT amplifier, taking into account DC biasing,

showing how optimal amplifier design may be achieved.

KIT devices have been fabricated from superconducting TiN and NbTiN films on Si.%1!6

These materials are used to construct a CPW of a meter and more length, {7, with width
typically S = 2 microns. As in Fig. 1 (a), engineered loadings of repeat length ¢,, where

(1)L, ~ 103, are introduced that represent regions of increased width of the CPW-as much
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FIG. 1. (a) Schematic of KIT CPW of length ¢7 depicting example dispersion loadings of pattern
length ¢, = Ap/2, with non-loading width S and pump wavelength A\p. With no DC applied,
pump wp and signal wg tones are input and an additional 4WM idler w3 is observed on output.
(b) Corresponding periodic unit cell of length ¢, with R = 7 regions, representing the loading
pattern of (a). Showcased is loaded region r = 5 at distance x5 from start of cell, of length Axs,

capacitance per unit length Cs, and linear kinetic inductance per unit length L.

as 3 times wider than S. Loadings are designed with [, = Ap/2, where Ap is the wavelength
of a propagating RF pump, to maximize destructive interference. If the pump propagates
along the unloaded line with wavenumber k£ and dispersion frequency Q(k) = vyk, where v, =
1/v/L,C, is the group velocity and £, and C, are the unloaded inductance and capacitance
per unit length, respectively, then one effect of the loadings is to open gaps in (k) as a
function of k. Loadings designed in this way are often referred to as frequency stops, and

their corresponding gaps are known as stop gaps, since a tone will not propagate down



the waveguide if its frequency falls within a gap. For example, if £, = 1.05 pH/um and
Co, = 0.540 fF/um in the unloaded line, such that v, = 4.2 x 107 m/s, then loadings placed
at intervals of ¢, = 2565 pum introduce a first stop gap at frequency vy/Ap = 2v,/¢, = 8.2
GHz. Two additional loadings may be introduced between those of spacing ¢,, such that
the spacing between nearest loadings becomes ¢,/3, as pictured in Fig. 1 (a). The lengths
of these additional loadings can be made greater than the initially described loadings, as
suggested in the figure. This has the effect of broadening stop gaps at every third gap,
starting with the third stop gap at 6v,/¢, = 24.6 GHz. The advantage of this design is
that if a strong pump tone is placed just above or below the first stop gap, at ~ 8 GHz,
then the higher third harmonic of the pump, which is prevalent in the KIT amplifier when
operated in a 4WM nonlinear regime, can be suppressed, increasing efficiency of parametric
amplification.

Geometries such as a double spiral and a meandering line have been used to create very
long KIT CPWs, on chips of area ~ 4 cm?. At low temperature, traveling RF waves, con-
sisting of a strong pump of fixed frequency wp and a smaller-amplitude signal of adjustable
frequency wg, input to one port of the CPW, undergo degenerate 4WM along the direction
x of the CPW due to the Kerr-like nonlinear kinetic inductance per unit length, L(z,t), of

the underlying superconducting film, viz.

L(z,t) = Ly(z) {1 + {@r} (1)

where L, () is the linear kinetic inductance per unit length, made dependent on z to account
for engineered loadings, I(z,t) is the total time-dependent electrical current of the mixing
waveforms, and I, is a constant scaling factor.2!! The CPW may be modeled as a straight

LC ladder circuit where the total current I(x,t) and voltage V' (z,t) satisfy the equations

9 d
g_xl(‘x?t) + C<x>§a‘/<x’t) =0, (2>
5V (@) + Lw, t) = I (x,1) =0, (3)

within the waveguide. The model assumes perfect impedance matching between end nodes
of the CPW, although in practice high inductance of the thin lines can lead to mismatch,
making it difficult to obtain a smooth transfer function, S5;, on output. The solution of

Egs. (2) and (3) for traveling-wave boundary conditions produces output from the second
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port of the amplifier that includes the amplified signal (wg) and the pump (wp), as well as a
generated idler product of frequency ws. In the spectral output, wg and ws are equidistant
from wp, as sketched in Fig. 1 (a), in accordance with energy conservation, i.e., wg + ws =
2wp. The output is analogous to the products of degenerate 4WM that are encountered in

nonlinear optical fibers.'?

A. Implications of a Periodic Loading Design

In 4WM of pump, signal, and idler within nonlinear optical fibers, the electromagnetic
fields are described by plane waves. Signal gain arises on output by satisfying the three
criteria of (i) energy conservation, i.e., wg + w3 = 2wp; (ii) linear momentum conservation,
i.e., the respective plane-wave wavenumbers satisfy kg + k3 = 2kp; and (iii) overall phase
matching of the constituent waveforms. In the last criterion, phase matching is tunable by
adjusting the input power of the pump, which alters the extent of self-phase modulation
of the waveforms, as well as the cross-phase modulation between them.!? The RF pump,
signal, and idler currents that propagate along the CPW of the KIT amplifier also must
obey these same criteria in order to achieve signal gain. However, due to the engineered
periodic loadings, which necessitate L,(x + ¢,) = L,(z) and C(z + {,) = C(x) in Egs. (2)
and (3), the RF waveforms of the KIT amplifier cannot be described by plane waves. This
has particular implication for the definitions of both momentum conservation and phase
matching, and thus, parametric mixing as a whole, within the KIT.

A quantifiable theory of KIT operation, which addresses the magnitude and bandwidth
of parametric signal gain without introduction of ad hoc fitting parameters, must account
for the reduced translational symmetry imposed by periodic loadings. For example, in the
linear limit, where L(z,t) = L,(x), with {7 > (,, a solution of the voltage and current of

Egs. (2) and (3) is properly formed using Floquet-Bloch functions, viz.

eilmnfm(k)t7 (4)

where Vi (x) and I (z) are Floquet-Bloch coefficients periodic in ¢,. This construction intro-
duces a Bloch wavenumber k, analogous to the wavenumber of a plane wave, but unique to

the first of an infinite number of one-dimensional Brillouin zones. Any other wavenumber



may be reduced to one within the first Brillouin zone by translation via a reciprocal lat-
tice vector 2mn/l,, where n is an integer.!” In the KIT amplifier, momentum conservation
between parametrically mixing waveforms is defined in terms of these Bloch wavenumbers,
instead of their plane-wave counterparts. Additionally, the dispersion frequency (&), as
a function of £, forms one of a manifold of bands of dispersion frequencies that comprise
the metamaterial band structure of the KIT amplifier. These engineered photonic bands are
separated by the stop gaps we described earlier, and each band can have a distinctly different
group velocity as a function of k. As we shall see from our theory, the parametrically mixing
waveforms may be described as superpositions of these band states, which has important
consequences for how overall phase matching is defined and achieved within the KIT.

Application of the Floquet-Bloch equation to the study of elementary excitations in the
bulk of solid materials is well known, where the arrangement of atoms on a periodic lattice
dictates solutions of the form of Eq. (4). Introductory texts, such as those of Ref. (17),
provide the reader with solutions for lattice vibrations (acoustic and optical phonons) and
magnetic-moment precession (spin waves), to name a couple of examples. In particular,
electronic states of the bulk formed in this way are the basis for determination of the elec-
tronic band structure of solids, and thus, account for the fundamental electronic properties
of these materials. Similarly, the metamaterial bands engineered via loading design dictate
the parametric behavior of the KIT amplifier, and resemble in principle the development
of photonic crystals to manipulate light through the control of dispersion and formation of
photonic band states.'®

Thus, the periodic variations in CPW width depicted in Fig. 1(a), designed to create
frequency stops, also control, in a more general sense, the dispersion of RF traveling waves as
they propagate along the KIT. A similar concept has been developed for Josephson junctions
in a lumped LC transmission line (TWPA) using resonator-based dispersion engineering.!%-?
The engineered loadings are realized within our theory via the definitions we construct
for both the periodic linear kinetic inductance per unit length, L,(x), and the periodic
capacitance per unit length, C(z), as these functions enter Eqgs. (2) and (3).

Figure 1(b) shows a schematic of a single loading pattern, or unit cell, of length ¢,. The
unit cell is representative of the repeated loadings of Fig. 1(a), and accounts for changes in
inductance and capacitance attributable to variations in the width of the CPW. Specifically,

within Fig 1(b), there are R regions of different inductance and capacitance pairs, labeled by
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indexr = 1,2,..., R, and denoted by L, and C,, respectively. To simplify matters, we confine
our attention to unit cells of even symmetry, such that regions » and R —r + 1 of Fig. 1(b)
possess the same loading sizes, and therefore, the same inductance and capacitance values.
Thus, there exists a center region (R + 1)/2 that may be defined as a non-loading region,
with alternating loading and non-loading regions to either side, with the total number of
regions R always an odd number. We then model C(x) and L,(z) of a unit cell (0 <z < /,)

as

C(I) = 3 CT r—2x — T — Xy — AT
Lo(l‘) - ; ,C,,, S ( r) [1 S ( r A 7")]7 (5)

where z, and Az, are the starting position and length of region r, respectively, and O(x)
is the conventional Heaviside step function. The definition in Eq. (5) may be extended to
the entire length of the waveguide using C(x + ¢,) = C(z) and L,(x + ¢,) = Lo(z). To first
approximation it is reasonable to model the waveguide as straight, with tens to thousands

of repeated unit cells along the length.

B. Parametric Multiwave Mixing within the KIT Amplifier

As mentioned, application of a DC bias, Ipc, to the KIT amplifier can induce 3WM
processes, as well as additional 4WM processes.!> We refer to this scenario as parametric
multiwave mixing. Specifically, with Ipc > 0, mixing of a pump of frequency wp and a
signal of frequency wg produces three idlers of frequencies wq, ws, and ws. Figure 2(a)
summarizes the six parametric scattering processes that occur with onset of Ipo. Only the
degenerate 4WM process of wg + w3 = 2wp (bright red), when Ipc = 0, and 3WM process
of wg+w; = wp (cyan), when Ipc > 0, contribute to broadband signal gain since only these
processes achieve momentum conservation: kg + k3 = 2kp and ks + k1 = kp, respectively,
over a broad range of signal frequencies near the bottom of the amplifier dispersion-frequency
manifold.

To see this for the case of Ipc > 0, one can make a simple estimate of the total momentum
of each of the six scattering processes as a function of wg, using the unloaded dispersion
frequency Q(k) = vyk. Conservation of energy for the six parametric processes is assumed as
in Fig. 2(a). Recall that, within the loaded KIT, momentum conservation of parametrically

mixing waveforms requires the use of Bloch wavenumbers. This necessitates folding Q(k)
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FIG. 2. (a) Sketch of six parametric mixing processes of KIT with DC bias, involving pump
(wp), signal (wg), and idler (w;, we, ws) frequencies. Degenerate 4WM (bright red) and topmost
3WM (cyan) produce broadband signal gain when Ipc = 0 and Ipc > 0, respectively. Additional
processes are: 4WM (dark red and orange) and 3WM (blue and purple). (b) Simple depiction of
the low-lying frequency-dispersion bands of the KIT amplifier approximated as a CPW with no
engineered loadings, where v, is the magnitude of the approximate group velocity, assumed the
same in each band. (c¢) Total momentum of the six parametric processes of (a) as a function of wg

when wp is at the first stop gap, as obtained using the approximate band structure of (b).



into the first Brillouin zone so that every wavenumber k is a reduced-zone wavenumber,
as pictured in Fig. 2(b). In folding Q(k), we place the pump of tone wp at the first stop
gap, such that its corresponding wavenumber kp is representative of the zone edge, i.e.,
7 /4y, such that folding of (k) is done with respect to kp. Thus, for example, the 4WM
idler of frequency ws, matching to the second dispersion-frequency band, has the dispersion
frequency v, (2kp — k3), as illustrated in the figure. Because the simple approximate of Fig.
2(b) involves unloaded dispersion frequencies, there are technically no gaps in its manifold,
and the magnitude of the group velocity is the same in each dispersion-frequency band. This

is not the case in reality, but is useful for the present discussion.

For the case of the 3WM scattering process of wg+w; = wp, we have wg = vgkg, w1 = vyky,
and wp = v kp, such that kg + k; — kp = (ws + w1 — wp) /v, = 0. Hence, assuming a pump
tone placed near the first stop gap, momentum is conserved for this process across the range
of signal frequencies wg that lie within the first dispersion-frequency band. As another
example, consider the 4WM process of wg + w3 = w; + wy, where we note w; = vgk; and
we = v, (2kp — ko). In particular, we have ko = 2kp — wo/v,, and also k3 =2 2kp — w3 /v,.
Thus, the total momentum in this case is kg + k3 — k1 — ko = (wg — w3 — wy +w2) /v,. From
Fig. 2(a) we have w; = wp — wg, wy = wp + wg, and wy = 2wp — wg, so alternatively
we may write the total momentum as kg + ks — ki — ky = —2wp/v, + 4ws/v,, which
represents a straight line as a function of wg, with slope 4/v, and intercept —2wp/v,. The
total momentum of the other four processes may be approximated similarly. Figure 2(c)
summaries the approximate total momentum of the six parametric scattering processes as
a function of signal frequency. Apart from incidental momentum conservation of the 4WM
process of wg + w3 = w1 +wsy, at half the pump frequency, the 3WM process of wg+w; = wp
is the source of signal amplification when Ipc > 0, over the range of signal frequencies
wg of the lowest-lying dispersion-frequency band. This exercise illustrates the importance
of working within the reciprocal-lattice construct dictated by the underlying translational

symmetry.

To understand the behavior of parametric multiwave mixing, let us define the current
of the amplifier as I(x,t) = Ipc + Igrp(x), where Igp(x,t) is the total current of all RF

waveforms: pump, signal, and three idler products. Substituting this expression into Eq.



(1) we have a nonlinear kinetic inductance given by

L(z,t) = Lo(x) {1 - [IZC]Z +2 [IZC] {[RF_S:J)} * [Mr} ’ (6)

where the term proportional to Ipc /1, is associated with the three 3WM processes of Fig.

2(a). The three 4AWM processes correspond to the term involving the square of Irp(z,t) /I,.
Noting the energy of kinetic inductance per unit length: &;(x,t) = L(x,t) Izp(z,t)?/2, as
RF input power increases from zero with DC bias applied, it is the 3WM processes that
activate first, generating the three idler products. Only after RF input power is increased
further, beyond a threshold of amplitude Igp(z,t) ~ 2Ipc, do the three 4WM processes
begin to dominate, with the two additional 4WM processes arising secondarily, after 3WM
processes have generated the new idlers w; and ws. When Ipe > 0 and wp is situated just
above the first stop gap, one finds the 3WM process of wg + w; = wp initiates broadband
signal gain centered about half the pump frequency, i.e., ws = w; = wp/2.' In this case,
as sketched in Fig. 2(c), the total momentum kg + k; — kp (cyan) is essentially zero, i.e.,
ks + k1 = kp, for a range of signal frequencies wg about wp/2.

Because the energy of 3SWM contributions is one integer exponent less in the RF current
amplitude than 4WM contributions, it takes less pump input power to operate the amplifier
in this 3SWM mode. However, if the input power is increased too high, the amplitude of
traveling-wave current will increase beyond the Igp(z,t) ~ 2Ipc threshold, allowing 4WM
to dominate and thus wash out the effect of 3WM broadband gain. In particular, incidental
momentum conservation of the 4WM process of wg + w3 = wy + wo, as approximated in Fig.
2(c), will become more prevalent for wg = wp/2. Hence, the 3SWM mode of the amplifier
is limited to a range of RF input powers. Similarly, if the waveguide length is made too
long then the increased run length of the traveling waves will also lead to current amplitude
exceeding the 4WM threshold. Thus, when operated in 3WM mode, the signal gain of
the KIT does not exhibit exponential growth with waveguide length; to the contrary, the

amplifier has a waveguide length limitation.

C. Nonlinear Forward-Traveling Waves and the Floquet-Bloch Supermode

Periodic loadings create stop gaps in the dispersion-frequency spectrum of the KIT am-

plifier, but they also modify the group velocity of RF traveling waves as they propagate
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along the CPW. In our theory we assume the dispersive propagation is monochromatic,
such that, for example, an RF signal of frequency wg injected into the amplifier can be
matched to a specific dispersion frequency of the amplifier, as in Fig. 2(b), i.e., one has
wg = Qag(ks), where Q,(kg) is the matching dispersion frequency, governed by the loading
design, kg is the Bloch wavenumber of the signal as it propagates within the CPW, and ag
is the index of the matching band. If the the signal is injected at sufficiently low power,
i.e., small amplitude, and the waveguide length is not too long, then the traveling wave
will retain a linear form throughout the waveguide, with current and voltage satisfying the
Floquet-Bloch condition of Eq. (4). Since the coefficients Vi(z) and I(x) of Eq. (4) are
periodic in the unit cell length /¢,, each may be expanded in a discrete Fourier series. Hence,
in the linear limit of KIT operation, the voltage and current of the forward-traveling-wave

signal assume the form

‘/ks (C(],t) - Vn(k3>

eilks+2mn/lo)r—iwst | c.C., (7)
Iks (:L‘at) n=—00 ]n(ks)

where V,,(ks) and I,,(ks) are Fourier coefficients.

On the other hand, if the input power is sufficiently high, or the waveguide length is
long enough, then L(x,t) becomes nonlinear due to its dependence on the total current,
and therefore Eq. (7) is no longer a viable solution of Egs. (2) and (3). In this case, if
the resulting nonlinear forward-traveling wave propagates adiabatically, then we may still
assume the form of Eq. (7), except that the Fourier coefficients now take on a slowly varying
dependence on z, i.e., V,,(ks) = V,(ks,x) = v, (z) and I,(ks) — I(ks,z) = I)”(x). This

nonlinear Floquet-Bloch forward-traveling-wave solution is then of the form

Vi (2, 1) > | Vi)

i(ks+2mn/lo)z—iwgt
e + c.c., (8)
[k‘s (I, t) n=-—00 [T(LS) (:L‘)

where the slowly varying coefficients satisfy the condition

2 (5) (. (5) (1
0* ) V() < (ks+2m/zo)3 Vo () . (9)

Ox? LSS) (z) ox L(IS) (z)

Additionally, as we shall show in the development of the theory, the coefficients A (x)

and 1% (x) can be further written as superpositions of the dispersion-frequency band states
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at kg. In this later expansion, the nonlinear Floquet-Bloch forward-traveling-wave solu-
tion of Eq. (8) may be referred to as a Floquet-Bloch supermode construction, and is
not unlike the description of the plane-polarized electric field of nonlinear arrays of cou-
pled optical waveguides.?! The nonlinear response of these latter optical superlattices admit
transverse-propagating soliton and gap-soliton solutions.?? These collective supermode ex-
citations, referred to as Floquet-Bloch solitons, have been demonstrated experimentally in
optical waveguide arrays.?

In the KIT amplifier, the parametric mixing of supermodes of pump, signal, and idler
products makes for a complex description of overall phase matching, particularly as the band-
superposition of each supermode evolves with increasing x. Each band-component waveform
of a given supermode corresponds to its own characteristic group velocity, which compounds
the description of self-phase and cross-phase modulation between these components. In
our theory we are able to account for this complex overall phase matching and obtain a
quantifiable result for the magnitude and bandwidth of signal gain of the KIT amplifier
directly from the loading design.

In the preceding remarks we introduced several important concepts:

(i) KIT amplifiers are engineered with periodic loadings to create frequency stops to
inhibit higher pump harmonics, as well as to modify dispersion characteristics of RF

traveling waves. The loading design is incorporated into our theory.

(ii) Periodic loadings reduce the translational symmetry of the amplifier, which neces-
sitates introduction of a band structure of dispersion frequencies and the Bloch
wavenumber of a first Brillouin zone, as in Fig 2(b). In our theory the band structure
contains the stop gaps of the loading design, as well as group velocity that may vary

from Brillouin zone center to Brillouin zone edge, as well as from band to band.

(iii) The criteria for parametric amplification is altered by the reduced translational sym-
metry: momentum conservation must be expressed in terms of Bloch wavenumbers
and overall phase matching between parametrically mixing waveforms must include
dispersion-frequency bands with varying group velocities. Our theory incorporates

these modified criteria.

(iv) In our theory nonlinear, parametrically-mixing RF forward-traveling waves may be

12



expressed as Floquet-Bloch supermodes constructed from slowly-varying superposi-
tions of dispersion-frequency band states. As these dispersive forward-traveling waves
propagate along the CPW, the evolution of the components of their respective super-

positions defines the phase matching between them.

(v) In this way our theory allows us to calculate the magnitude and bandwidth of para-
metric signal gain directly from the loading design, without need to introduce ad hoc

fitting parameters.

In what follows we first derive the metamaterial band theory of the KIT amplifier and use
it as a basis for the theory of parametric multiwave mixing of nonlinear traveling waves.
We then present results of calculations using a specific even-symmetry loading design for
a KIT amplifier. The parameters of our model are those of Eq. (5), i.e., the set of x,,
Ax,, C., and L,, which determine the band structure. With band structure calculated, we
show the dispersion of a single nonlinear forward-traveling wave as it propagates down the
CPW of the KIT. We then present calculations of the signal gain of the KIT as a function
of signal frequency, both without and with DC bias. We conclude with remarks about
the extensiblility of our theory to other ladder-type, equivalent-circuit models of nonlinear

traveling-wave parametric amplifiers.

II. THEORY
A. Band Theory of the KIT Amplifier

We consider a KIT amplifier with engineered dispersion loadings as in Fig. 1(a), modeled
as a straight LC ladder-type transmission line of total length ¢7. The variable x measures
position along the length of the CPW. A unit cell of length ¢, of the loading design is
sketched in Fig. 1(b) and expressed via Eq. (5). We first confine our attention to the linear
limit of L(x,t) = L,(x), and with ¢ > ¢, we look for band solutions of Egs. (2) and (3)
using the Floquet-Bloch construction of Eq. (4). The current and voltage defined in this
way satisfy periodic boundary conditions where k is the Bloch wavenumber and Q(k) is the
band frequency.

Like L,(z) and C(x), the Bloch amplitudes Vi (z), Ix(x) of Eq. (4) are periodic in « with

periodicity ¢,. Thus, we have four periodic functions that may be expanded in a discrete
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Fourier series, i.e., each may be transformed in the manner

_ Z fn€27rina:/fo, (10>

n=—oo

1 [t .
fn _ f(.%‘) e—27rm$/€o d!L‘, (11)

where f € {Vi, I,C, L,}. We also introduce discrete Fourier transforms C;! and L, ",
which are elements of matrix inverses corresponding to C), and L,,,, respectively. These may

be written explicitly as

Cfl — i/eo 1 67271'1'71:):/80 dx (12)
" ?, C(z) ’
0
1 [~ 1 .

Lo—l _ - 727mn93/€od 13
L v, (13)

0
from which one may easily show >~ C, - 'O = 8y and > o Lon- L Lom—n =

5n,n’ .

If we now substitute Eq. (4) for I(x,t) and V(x,t) in Eqgs. (2) and (3), make use of the
discrete Fourier transform pair of Egs. (10) and (11) for each of our four periodic functions,
and apply the matrix inverses of Eqs. (12) and (13), we may decouple voltage and current

in the transform space, obtaining the result

Z DY (k) Vo (k) = Q(k)? V,,(K), (14)

n'=—oo

Z Dy (k) L (k) = Q(k)z I, (k), (15)

n/=—oo

where we have introduced a non-Hermitian dispersion matrix with elements given by

Z Lot Cob (k4 2nn” [e,) (k+ 20’ /L,) . (16)

on—n

n/'=—oco

Diagonalization of the matrix of Eq. (16) produces the metamaterial band structure of the

KIT amplifier.

Since the above dispersion matrix is non-Hermitian, we must introduce left, ugﬁ)(k:), and
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right, e%a)(k), eigenvectors and express the diagonalization formally as

S ) Dy ) = 20l w8, (1)
S Dok (k) = Quh)? ). (18)

Here « refers to a band index, of which there are an infinite number at each value of k. For

orthonormality and completeness we define

Y (k) i) (k) = Gas, (19)

n=—oo

3 e (k) ) (k) = b, (20)

which presupposes the existence of a non-unitary similarity transformation diagonalizing

Eq. (16). Several notable properties of the dispersion matrix, which are easily verified, are

Dn,n/<_k> = Dfnﬁn’(k% Qa(_k) = Qa(k)*v (21)
u@(—k) = u%)(k)", e (—k) = (k) . (22)

These relations are consistent with reciprocity of linear waveform propagation in either
direction of the waveguide.

Appendix B shows how one may apply Eq. (5) to Eq. (16) to obtain a useful formulation
of D, (k) for arbitrary loading design of even symmetry. The result is the real-valued

dispersion matrix element of Eq. (B8), which we may write as

2
Dy (k) = £<R+1)/21€<R+1)/2 (k +2mn /eo) St
Do (L), 10D <k+27m /e, ) DG} L) (k+27m' /e, ) (k+27rn’ /t, )
(23)
where we have introduced coefficients
1 B2 11 "
PulE e = 50 3 <Z+ £) (a _ C) sin <2W;Awn/fo)- (24)

Note that D, ({C,},{L}) is just Eq. (24) with £,, £, interchanged with C,, C,1. The
generality of Eq. (23) allows us to explore the band structure of a wide range of loading

designs of even symmetry.
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For the remainder of our discussion we adopt a specific convention for labeling the bands
a of the KIT amplifier. Figure 3 provides a comparison of reduced-zone scheme (—m /¢, <
k < m/l,) and extended-zone scheme (—oo < k < o0) representations of KIT dispersion
frequencies, using the no-load limit of constant C'(z) = C, and L,(z) = L, to illustrate
how the extended-zone dispersion curve Q(k) = k/v/L,C, is mapped to bands. The dashed
vertical blue lines represent Brillouin zone boundaries defined by reciprocal lattice vectors
Go = 2ima/l,. The black (blue) line segments of the reduced zone, corresponding to specific
positive (negative) indexes a, map to the extended-zone dispersion curve of k > 0 (k < 0).
Our convention is to label the bands o« = £1,42,... such that in the reduced zone we
have the ascending order Qq(k) < Q_1(k) < Qi(k) < Q_o(k) < ..., for 0 < k < w/{,, and
Qo(k) < Q(k) < Q_1(k) < Q(k) < ..., for =1 /l, < k < 0. In this way the mapping of
extended to reduced zone follows as Q(k + 2w /l,) = Q,(k), for any loading design. The
red and green dashed lines show several examples of mapping, involving the wavenumbers
+q of the reduced zone. This labeling convention is useful to the understanding of the effect

of a loading design on parametric mixing.

B. Theory of Multiwave Mixing within the KIT Amplifier

If dispersion loadings of the KIT are engineered to inhibit formation of pump harmonics
and shock waves then we may confine our solution of Egs. (2) and (3) to forward-traveling
RF waves, labeled by index p, consisting solely of the pump (4 = P), signal (1 = 5), and
idlers (u = 1,2,3), with corresponding frequencies w,,, as depicted in Fig. 2(a). Inside the
waveguide we approximate voltage and current of the pu-th forward-traveling wave in terms
of a Floquet-Bloch-like function, as in the example of Eq. (8) for the case of p = S, again
introducing a Bloch wavenumber, defined as k,. Assuming monochromatic dispersion, &, is
determined by matching frequency w, to a specific band «, of the KIT, i.e., w, = Q4 (k,),
as in Fig. 2(b). Like Eq. (8), we allow the Fourier-like coefficients of each traveling wave to

assume a slowly-varying dependence on x. Specifically, we may write

il | ) @)
et || @)

"

i kut2mn/lo)z—iwut 4 ¢ o (25)
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as in Eq. (9). Allowing for a DC bias Ip¢ the full solution, including all mixing waveforms

and DC, may be expressed as

Vie,t) =Y V(@ t) +ce, (27)

[({IJ t)—lpc—l—

ZI z,t) + c.c.

m

(28)

Equations (27) and (28) may be substituted into Egs. (2) and (3) to obtain an expression
of the current coefficients I/ ( ) decoupled from those of the voltage, v ( ). The steps of
derivation are similar to those we outlined for the linear limit, with the caveat that we may
also leverage the canonical transformation implied by Egs. (19) and (20). For example, the

current coefficients may be expanded as
IW(z) =1, ZA“) ) el (k,), (29)

where the dimensionless current amplitudes Al )(x) also are slowly varying in z, in the
manner of Eq. (26). Equation (29) expresses the fact that, although an initial boundary
condition may be imposed on the slowly-varying amplitude at = = 0, the effect of disper-
sion will cause the waveform to hybridize with other states of k, as it evolves in z along
the waveguide. These assumptions regarding the form of our solution hold as long as the
traveling wave propagates adiabatically along the waveguide.

With application of the canonical transformation, solution of the current I(z, ), in partic-
ular, follows by solving an infinite set of coupled differential equations involving amplitudes
Al )(a:), expressed in terms of eigenvalues and vectors of our band theory. Appendix C gives
a general derivation of the coupled equations. Our focus will be restricted to dynamics of

the six mixing processes of Fig. 2(a). These involve the phases

ABS,, = ki + ks — kp, (30)
ABSD)., = ks + kp — ks, (31)
ABS) =k + kp — ks, (32)
ABY = kg + ky — 2kp, (33)
ABY) = ky + ky — 2kp, (34)
ALY = kg + ks — ky — ko, (35)
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which measure the extent of momentum conservation for each process, respectively. Hence,
defining Apc = Ipc/ I, we have directly from Eq. (C10) the coupled subset of pump, signal,

and idler amplitude equations given by

. 8 7 () T
—ig Al AP Z £ (Ape) A () +24pc Y | f8070) A () A () €4 Psm

a/ a//

PS2 * 2 —3 P,1,3 1 * 3 —3
+ FP52) A (3)" AR) () e=iBSLme 4 f RIS AW ()" AB) () o=iABSL

OéOéOé OéOéOé Oé

a,af o o oo o «

p3 {[ Filattton AL @) AL (@) + 20005 AD (@) AR (@)

OéOtOc

+2f 800, A ()" AL

aOcOlOL «

)+ 2f 0 AD (@) A ()

OéOéOt

e
P AL @) A )| AL )

Oé”/

+2f PP A (2)" AS) () AG), () e DPhuime

a/ Oé” 1" a//

+2fPPLD AD ()" AQ (2) AD) () 2 5m® } (36)

—z—AS Z L (Apc) A ()

+2Apc Z [aS(;I,OIlD)A ( )*Afj)(x) —ingl) @ +faSP2)A (x )* Ag)(:c) ing®

Y { £S5 AD @) AG) @) + 2450, AD () A (@)

aoza

+ 2fo(zsa1izsa”’ A((;Vl/)( ) o (IE) + 2fa80127i S()l/// A(Q/) (ZE)*A((E) (:L’)
+275359 L AD ()" AL) (x)] AS)(x)

+ f(S?’PP o AS (:c)*A((j) (:c)A((I,)( )e —ibBne

OLOCOLO! O!

OéOcOéOl «

+2f83D A (1) AW (2) AR (2) e iABRme } (37)
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_Z—Al wa (Apc) A ()

1,5,P) * P —i (1,P,3) P) 3 _iAB®
+24pc Y | [fm E) AD) ()" AL (@) emibmt 4 fPE) AP (3" 4G) () =i

o O(
a/ O[”

Q’OCOLOL « a,of o« «

+ > {[ e AL (@) AQN @) + 2f 000 A (@) AL ()

OéOéOt

2 f it AS (@) A @) 4 2£ 0020 AD (2) AL (@)

OéOéOéOé « OjOéOlOé «

2/ 0 AD (@) AN )| A ()

a,a o a”’

* . (2)
+ f(l 2 PP (2) (I) A(P) (.Z')A(P) (l‘) e—ZAﬁ4wmI

a/ a a/// a/ a// a/ll

« a’’

+ 270259 A (2)" AS) (1) AL), () ' Pium } (38)

)
_Z- A2 Zfaa ADC A +2AD Z a2ap(f A(P )Ag?)( ) zAﬁéi,m

/

OCOLOCOL 0[&0&

+ Z { |: (2.2,2.2) " A((f/) (.T) Ag?)( ) + 2fa2 D:P2) " A(P ( ) A(I/D/) (QJ)

O!OéOé

+ 2f (2 S 52) " A(€)( ) o (I‘) + 2f 2’1’1’2 " A(l/) (]f)*A((;) (13)

+ 22352 A (o >*Ag,2 (a‘:)] A8 (x)

* . (2)
+ i AD ()" AL (2) AL () €7 AP

OZOCO[OZ a -

al a// Oé”/ Oé, (%

+2f2059 AW (1) AS) (1) A), () € Piom } (39)

(3)

i A =3 £ A00) A7(0) + 24v0 3 L0 AL ) A0 e
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l

S {[ JE8a L AD (@) AN @) + 2080, AD () AT ()

aaa

+ 2f (3 S S3) " A(g) (.T) /) (l‘) + 2f(37171 3) " A(l/) (l‘)*A((ll) (.T)

+2f 8050 0 AD(z) AG) <:c>] A9 ()

+f 3SPP,,, (€)(x)*A((5)(:c)A((w)( )e ~iAB

OéOéOéOé Oé

OéO!OéOé

+ 285D A ()" AY) (2) AL, () e Db } (40)
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In the above equations we have defined i = —p and k_, = —k,, as introduced in Appendix
C. Boundary conditions corresponding to injected pump and signal may be expressed as
Al )(O) = /_luém%, where Ap and Ag are constants defined by the RF input power. For the
idler products we set A; = A, = A3 = 0.

The mixing coefficients féflo)/(ADo), f(” ) and f(“ e

oaoza”’ a,af o«

/ // lll

") of the above coupled equa-
tions are given by Eqs. (C11) through (C13), respectively. These are the hybridizing coeffi-
cients

fc(ylf;/(ADC) = ]\;,Ia'(ku) [Q%(ku)g (1 + A%)C) - Qa’(kuf} ) (41)

the nonlinear 3WM coefficients

1"

A 1 ~_ o o
fan? = 5 Qb 32 DAL ) P (k) e () e (k) (42)
g

and the nonlinear 4WM coefficients

f(iﬂau/a Na/,l,ll) _ %Qau(ku)Q /2;/ i zﬁ:]\;j(?(ku) u%ﬁ)(ku) 6510,/)(]{;/) egf,“,,l)(kw) ei%i/l)(ku///)’
(nz—:; Z—n’T’L’—n)
(43)
where, from Eq. (C9), we also have
=3 M (B ul® ) €l (). (44)

Note that the mixing coefficients depend on a matrix of elements A, ,/(k) defined in Eq.
(C7). Similar to the derivation in Appendix B for the dispersion matrix D,, (k) of Eq.
(23), we may write A, (k) as

1
L(r+1)/2C(Rr+1)/2
+ Do w({Lh ACH [+ 7t n) [ |+ Duwl{C} ALY (k+270 /2, ), (45)

A (k) = (k + 2mn /4, >5n,n’

appropriate for a unit cell of even symmetry.
As can be deduced from Egs. (23) and (45), an important limiting form of the mixing
coefficients is obtained when engineered loadings are absent from the waveguide; in this case

we have
(k4 2ma, /0,)° (1 + A%) — (ky + 27ma /€,)?
2(k, +2ma /4,)

fzil,g’ (ADC> = (5a,a’7 (46)

f(u e

o Oél a//

(k’ —|—27T04/€) a,al ol (47)

l\DI»—t
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1
fo(tliall&l‘ ) _ 5 (k’” + 21 /g ) ata’,a’ (48)

/ // /// 1
fo(lﬂal*a a'// ) — _ (k‘ + 2T /f ) ata .o+ - (49)

The limiting forms of the mixing coefficients are comparable to textbook formulations of
plane-wave parametric mixing, provided comparisons are made in the limit £k,{, < 1, as
mentioned earlier.

As a last topic of theory discussion we note the five types of parametric scattering pro-
cesses implied by Egs. (36) through (40). Figure 3(b) illustrates these processes, where
a photon is labeled by forward-traveling-wave subscript w, i/, 1", i’ € {P, S, 1,2,3}, with
state described by both a Bloch-wavenumber momentum (k,,, k,/, k7, or k,»~) and a band
index (a, o, o, or o). For instance, diagram (i) expresses both the DC-induced self-phase
modulation (SPM), corresponding to a = o, and the DC-enhanced inter-band cross-phase
modulation (XPM), corresponding to o # «’, that can occur between superposed compo-
nents of a single traveling wave p. This process arises as a consequence of hybridization of
the initial waveform into a supermode as it propagates down the waveguide. The process is
mediated by mixing coefficient fc(y“ c)y’(ADC) of Eq. (41), whose strength may be augmented
by application of a DC bias. Equation (46) is the limiting form of fé“ O)[,(A pc) in the absence
of loadings.

In Fig. 3(b) the 4WM one-loop diagram of (ii) contributes to SPM of a given traveling
wave u, as well as XPM between mixing traveling waves, u # p'. These processes are
mediated by a 4WM coefficient a“ &“ o 5,,/ , as defined in Eq. (43). Diagram (iii) describes
the diffusive momentum transfer of 4WM, as in the example of two pump photons (2k,),
a signal photon (kg), and an idler-3 photon (k3), where the phase satisfies A,@iqlu)m =0. In
particular, the phase condition of momentum conservation does not preclude photons of
the collision from being in different band states. The viability of scattering from different
bands ultimately depends on the extent of symmetry breaking of the loading design, which
dictates the strength of the AWM coefficient of Eq. (43) that mediates the process. Inclusion
of bands in the description introduces multiple channels of scattering, which leads to a much
richer description of 4WM signal gain in the KIT than in fiber-optic textbook treatments of
4WM.'? Note that Eq. (49) represents the limiting form of all the 4WM coefficients in the
absence of loadings. In particular, diagrams (ii) and (iii) reduce to the parametric scattering

processes of the textbook if k,¢, < 1.
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TABLE I. Summary of important mathematical symbols employed in the formulation of the theory.

Symbol

Description

Apc
fp, Is: f1. f2, f3
wp, WS, W1, W2, W3
kp, ks, k1, k2, k3
n, n’, n”, n"”
a, o o’

s s i "
ap,as, 0, a, 03
Dy (k)

Qa (k)
wi (), ei (k)
ABm: Abium: A
ABms DB, ABS,
A((X“) (z)

ratio of DC to scaling factor I,
frequencies of traveling waves

angular frequencies of traveling waves
Bloch wavenumbers of traveling waves
Fourier indexes

dispersion-frequency band indexes
traveling-wave indexes

index of band matching traveling wave
non-Hermitian dispersion matrix

band dispersion frequency

left and right eigenvectors, respectively
3WM phase factors

4WM phase factors

dimensionless amplitude of traveling-wave current

lambda and canonically-transformed lambda, respectively

An,n’(k)y ]\a o’ (k)
f(#) (Apc), f (st p’") f(uu NS ;/t/’/”)

Oé, a// 9 o a/

hybridization, 3WM, and 4WM coefficients, respectively

Similarly, with onset of DC, diagrams (iv) and (v) of Fig. 3(b) are associated with
diffusive 3WM momentum transfer. For example, when Aﬁégm = (), diagram (iv) describes
a signal photon (kg) recombining with an idler-1 photon (k;), as mediated by the 3WM
coefficient a“ a“ (’l“ ) of Eq. (42), such that a pump photon (kp) is created. In the absence of
loadings this 3WM coefficient is given by Eq. (47). Conversely, as in diagram (v), a pump
photon (kp) can scatter into a signal photon (kg) and an idler-1 photon (k;), mediated by
a 3WM coefficient fa” a” (’;f, " which has the no-loading limit given by Eq. (48). As in the

case of 4AWM scattering these SWM processes are multichannel contributors to 3WM signal
gain, dependent on the loading design.

Table I summarizes mathematical symbols used in our description of the theory. Several

important observations arise from our theory:
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(i) A metamaterial band theory of the KIT amplifier follows from engineered periodic
loadings. The band theory is obtained via diagonalization of the non-Hermitian dis-

persion matrix of Eq. (23).

(ii) The band theory, via Eq. (29), serves as a basis for representing the current of forward-

traveling waves as Floquet-Bloch supermodes.

(iii) Dimensionless amplitudes AW (x) of parametrically mixing supermodes satisfy a set of
coupled, nonlinear first-order differential equations, not unlike those derived in simple

treatments of parametric mixing.

/ 1" / " mr
fo(f N ). and fé“o’ff et (;ffu) that enter these cou-

(iv) The mixing coefficients fo(fo)/(ADo),
pled equations are calculated solely from knowledge of the KIT band theory, i.e., the

engineered loading design.

We now turn to a discussion of the results of calculations of forward-traveling waves and the

signal gain that ensues from their parametric mixing.

III. RESULTS AND DISCUSSION

We present numerical computations using an example loading design of even symmetry
consisting of R = 7 regions, as in Fig. 1 (b). Model parameters for this design are shown in
Table 11, where £, and C, of regions r = 1 through r = 7 are defined as in Eq. (5), and the
unit cell corresponds to length ¢, = 2565 pum. This particular design inhibits every third
harmonic of a pump tone placed at ~ 8 GHz, in proximity to the first stop gap. While the
design was optimized for AWM we will use it throughout our discussion, for both 4WM and
3WM calculations, to maintain the closest comparisons between results.

In our approach to numerical solution we introduced a cutoff dimension N, for the matri-
ces of D, (k) and A, (k) of Egs. (23) and (45), respectively, such that —N./2 < n,n’ <
N./2. Consistent with this approximation, all sums over n, n/, n”, and n"” in our formulation
of mixing coefficients were evaluated using this same cutoff. This allowed us to numerically
diagonalize the matrix of D, ,(k), invert the matrix of A, o (k) of Eq. (44), and evaluate
the mixing coefficients of Eqs. (41) through (43), for any k of the first Brillouin zone. Calcu-

lations presented for the loading design of Table 1T used N, = 251, which gives convergence
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TABLE II. Model parameters of an example loading design of R = 7 regions, like that of Fig. 1
(b), with unit cell of length ¢, = 2565 um, and £, and C, defined as in Eq. (5).

r Zp (pm) Az, (pm) L, (pH/pm) Cr (fF/pm)
1 0 17.5 2.10 0.335
2 17.5 805 1.05 0.540
3 822.5 65 2.10 0.335
4 887.5 790 1.05 0.540

1677.5 65 2.10 0.335
6 1742.5 805 1.05 0.540
7 2547.5 17.5 2.10 0.335

to ~ 0.1% error in the ten lowest-lying dispersion-frequency bands. To evaluate the coupled
amplitude equations of Egs. (36) through (40) we employed a Dormand-Prince eighth-order
(853) adaptive-corrective Runge-Kutta method.?* We introduced a cutoff value of N, for the
number of lowest-lying bands used to solve these coupled equations, such that sums over
band indexes «, o/, o, and o were restricted to a count of N,. We then analyzed the
convergence of our amplitude solutions as we increased N,. For the loading design of Table
IT we found N, = 6 produced decibel signal gain with less than 10% error in most cases.?®
In a few instances, as we varied the signal frequency to obtain signal gain, we found the

Dormand-Prince algorithm would not converge; in these cases, breaks appear in plots of

signal gain as a function of signal frequency.

Figure 4(a) is a reduced-zone-scheme plot of the four lowest-lying bands of dispersion
frequencies Q(k) < Q_1(k) < Q1(k) < Q_2(k), denoted by the blue, orange, green, and red
curves, respectively. The inset depicts the vicinity of the first stop gap at higher resolution.
Table III summarizes the lower bounds and sizes of the first 9 stop gaps of this band structure,

those stop gaps that lie at the bottom of the dispersion-frequency manifold.

Figure 4(b) shows the same dispersion frequencies plotted as a function of wavenumber
in the extended-zone scheme (blue curve), with frequencies read from the left vertical scale.
This plot is an unfolding in k-space of the reduced-zone-scheme representation of Fig 4(a),
as in the sketch of Fig. 3(a). The locations of stop gaps in k-space are indicated by jump

discontinuities in the dispersion-frequency curve. In Fig. 4(b) we also plot the group velocity
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TABLE III. List of lower bounds and sizes of the 9 lowest stop gaps, corresponding the the loading
design of Table II.

Gap No. Lower Bound (GHz) Size (GHz)
1 8.013 0.1307
2 16.00 0.2658
3 23.20 2.153
4 32.16 0.4735
5 40.01 0.6274
6 46.57 4.119
7 56.53 0.7114
8 64.15 0.8717
9 70.19 5.780

as a function of wavenumber, with velocities read from the right vertical scale. The group
velocities go to zero at every stop gap. For the lowest-lying bands the group velocity is
nearly constant across the length of the band, although it diminishes on average from one
band to the next as one traverses higher and higher bands. At higher bands the group
velocity shows more variation across the length of a band as gap size invariably increases,
particularly at every third stop gap. Every third stop gap shown in the figure was designed
especially large to encompass 4WM harmonics of the pump frequency, as mentioned earlier,
so at these locations we see a particularly strong variation of group velocity across the length

of a given band.

Having solved for the metamaterial band structure of the KIT amplifier we now explore

the nonlinear regime of its operation in the presence of these bands. This includes calculating

the mixing coefficients fé“ c)v’ (Apc), C(Y’,‘C;’f:&fj,”)’ and fé’f&‘,‘”{;’fl/:&’f,l,”) of Egs. (41) through (43) using
this very band structure. We will first consider the effect of engineered loadings on a single
pump tone as it propagates down the waveguide. We then turn to the results of calculations

of signal gain, both with and without applied DC.
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FIG. 4. Metamaterial band structure of the example loading design of Table II, as described in
the text. (a) The lowest four bands of dispersion frequencies. The inset is a close-up view of the
first stop gap of 130 MHz size. (b) Group velocity as a function of wavenumber (orange), read
from right vertical scale, with extended-zone dispersion frequencies overlayed (blue), read from left

vertical scale.

A. Loading-Induced Dispersion of a Single Pump Tone

We consider the effect of engineered frequency dispersion on a single forward-traveling
pump tone injected into the CPW of Fig. 1. In this case Eq. (36) may be approximated as
.0

Zax oo o a

AP (@) 2 37 (P (Ape) AD @)+ S0 fEREE, A () AL () AL (2), (50)

Oél7all,a//l

with initial boundary condition A&P) (0) = VP, 0a,ap, where P, is the relative input power
of the RF tone. We also match frequency wp of the injected pump to a dispersion frequency

Q4 (kp) of Fig. 4, i.e., we set wp = Q,, (kp), where kp and ap are the Bloch wavenumber
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and band index, respectively, of the matching dispersion frequency.
First note simple limiting forms of the solution of Eq. (50). When nonlinearity is negligi-
ble then the solution is simply AP () = VP, 0a.ap- If we neglect off-diagonal components,

i.e., we set ASQQP (x) = 0, then we may approximate the solution of Eq. (50) as

ap,op p,ap,ap,ap © 0

AP (@) = VP exp {i | [, (Ape) + [EEE) L P @} duap (51)

This approximation illustrates self modulation of the pump, where, in the absence of load-

ings, via Egs. (46) and (49), we have

ap,ap p,ap,ap,ap = 0

p 1
firar(Ape) + £ ap Po = 5 (kp + 2map /L) (Do + Po) (52)

The sum of kp + 2mwap /4, is the extended-zone wavenumber, and the modulation is propor-
tional to both the DC and RF input powers, resembling a plane-wave solution.

Figure 5 shows a more general numerical solution of Eq. (50) using the Dormand-Prince
eighth-order (853) adaptive-corrective Runge-Kutta method.?* Calculations were performed
with increasing DC bias, with pump frequency fp = wp/27 set below the first stop gap,
at (a) fp = 8 GHz (kp = 1221 m™!, ap = 0) and (b) fp = 8.013 GHz (kp = 1225 m™,
ap = 0), corresponding to the very bottom of the gap. The real (blue) and imaginary (red)
parts of the relative amplitude of the lowest-lying band, A(()P) (x), are shown as a function of
x/lr, where {7 = 2.0 m is the length of the waveguide. The boundary condition was set to
Aép)(:c) = /P,, with relative input power at P, = 0.01, i.e., Agp)(O) =0.1.

Figure 5(a) depicts a jagged amplitude profile at fp = 8 GHz and zero DC bias. As
DC is increased the profile shows a more sinusoidal-like modulation, with steep changes in
amplitude as a function of z /¢, and a pronounced envelope appearing by Apc = 0.4. The
envelope exhibits a 90° phase relationship between real and imaginary parts, as well as a
period that decreases as Apc increases. In Fig. 5(b), where fp is increased by only 13
MHz, to fp = 8.013 GHz, one sees distinct changes in the amplitude profile, owing to a
sharp drop-off of group velocity near the gap. Recall from Fig. 4(b) that the group velocity
rapidly decreases to zero near a stop gap. Thus, at fp = 8.013 GHz, where fp is at the
bottom of the first stop gap, A(()P) (x) as a function of x corresponds to near-zero group
velocity. Here, the imaginary part of the amplitude is also very nearly zero, everywhere in
x. The real part of Aép)(x) is more square-like in shape at zero DC, but becomes more

sinusoidal and of shorter period as Apc is increased. Though not shown, the results for
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FIG. 5. Real (blue) and imaginary (red) parts of relative amplitude A(()P) (x) of first dispersion-
frequency band as a function of relative position /¢ along KIT. Amplitude corresponds to pump
frequencies (a) fp = 8 GHz and (b) fp = 8.013 GHz (bottom of first stop gap), for values of
Apc = Ipc/I. from zero to unity. Waveguide length is /7 = 2.0 m and input power is set to

P, =001, ie., AP (0) = 0.1.

A(_Pl) (x), corresponding to the second dispersion-frequency band, as a function of /¢y, are
similar to those of A((]P) (x), except for an overall phase difference of 180°. At P, = 0.01, the
maxima of higher-band amplitudes are no greater than 1% of those of the first two bands,
so the supermode traveling wave is well approximated by just the first two bands.

Figure 6(a) shows plots of the real (blue) and imaginary (red) parts of amplitude Agp) (x)

of the first band as a function of x/¢r for incremented values of RF input power P,. The
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FIG. 6. Real (blue) and imaginary (red) parts of relative amplitude correspond to (a) first band,
A(()P)(m), and (b) second band, A(_Pl) (x), as a function of relative distance x/¢r along KIT, for
incremented values of RF input power P,. Waveguide length is {7 = 2.0 m, pump frequency is

fp =8.013 GHz, at bottom of first stop gap, and no DC bias is applied.

DC bias is set to zero and the pump frequency is fp = 8.013 GHz, at the bottom of the first
gap, and again the length of the waveguide is ¢ = 2.0 m. From Fig. 6(a) we see that the
amplitude envelope, prevalent in the fp = 8.0 GHz results of Fig. 5(a), now also appears
at fp = 8.013 GHz with increasing input power P,, with envelope period decreasing as P,
increases. As in Fig. 5(a), there is a 90° phase difference between the real and imaginary
parts of the amplitude. For comparison, Fig. 6(b) depicts a similar set of plots for the
amplitude A(f? (x) of the second band. The results of Fig. 6(b) show a 180° phase difference
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from those of Fig. 6(a), such that the real and imaginary parts of the two amplitudes are
more or less interchanged. However, at low power, P, = 0.01, the amplitude Ag? (x) of the
second band has a triangle-shaped profile, in contrast to the square-like profile of A(()P) (x)
of the first band, and its maximum amplitude is slightly greater in magnitude. Recall the
jagged profile from the zero-bias result of Fig. 5(a), which appears to resemble a combination
of square and triangle shapes as a function of x. While the maximum amplitudes of A[()P) (x)
and A(fl) (x) tend to differ somewhat at low input power, as P, is increased they both converge
to \/P,.

In our calculations we varied the number of lowest-lying bands N, used to solve the
coupled amplitude equations of Eq. (50), considering values of N, = 2 to N, = 8. As
mentioned, in our results for P, = 0.01, the maximum amplitude of the two lowest-lying
bands was max |Aép) ()] = max ]A(_Pl) (z)] = \/P,, with the maxima of amplitudes of higher
bands no greater than 1% of +/P,. Thus, at low input powers, the first two bands were
sufficient to describe the supermode traveling wave. However, as P, was increased toward
unity, we found amplitudes of the higher-lying bands became more significant, indicating the
need to incorporate more and more bands into the supermode solution. Generally speaking,
for the loading design of Table II, band-matching of injected frequencies to one of the first
two bands, and input powers less than unity, we found N, = 6 to be sufficient to describe
the supermode traveling waves.

We have shown results of calculations of amplitude for a single nonlinear forward-traveling
wave as it propagates along the waveguide of the KIT in the presence of the engineered
loadings of Table II. This was accomplished as a function of both applied DC (Ap¢) and
input RF power (P,). We next discuss the parametric signal gain of the amplifier when no

DC is applied.

B. Four-Wave Mixing Signal Gain of the KIT Amplifier

For the loading design of Table II, and a waveguide of length /7 = 2 m, we calculated the
4WM signal gain produced in the KIT amplifier with zero DC. In this case a strong pump, of
frequency fp = wp/2m = 8.013 GHz and initial amplitude AY”(0) = A(P) doap, and a small
signal of variable frequency fs = wg/27 and initial amplitude A&S)(O) = A®) 6, o, Were

injected into the waveguide. The resulting 4WM idler product, of frequency f3 = 2fp — fs,
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FIG. 7. Sketch showing traveling-wave pump frequency wp (red) and signal frequency wg (green)
matched to the KIT amplifier band structure upon injection, assuming wg < wp. In the case of (a)
the degenerate-4WM idler frequency ws (purple) is shown matched to the second band (a = —1).
Similarly, in (b) the idler of frequency w; (purple), responsible for SWM broadband gain, is shown

matched to the first band (a = 0).

was defined with initial boundary condition Agg)(()) = 0. We specifically solved the zero-DC
forms of Eqgs. (36), (37), and (40) for the relative current amplitudes AP (x), A((XS)(I'), and
AP (x) using the same Dormand-Prince eighth-order (853) adaptive-corrective Runge-Kutta
method?* we employed for the single traveling wave. In our calculations we set A®) = /P,

and A®) = 1073, where P, serves as a relative measure of the RF input power.

The pump frequency was fixed to the bottom of the first stop gap, with ap = 0 and
kp = 1225 m~!. The frequency wg of the injected signal was varied and the gain was
calculated at each value of wg. As wg was incremented it was matched to either the first
band (ag = 0) or the second band (ag = —1), depending on whether wg was below or above

the stop gap. If wg fell within the gap then calculation of signal gain was skipped, with
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gain reported as zero, since kg is indeterminate in this case. The frequency of the 4WM
idler, w3 = 2wp — wg, was matched to the band structure in a manner similar to the pump
and signal, with k3 obtained from the matching band of index as. Figure 7(a) is a sketch
of a typical scenario of band matching of the pump (wp), signal (wg), and 4WM idler (ws3)
frequencies. In the figure the pump frequency is just below the gap, and the signal and idler
straddle the gap, equidistant from the pump (wg + w3 = 2wp), matched to opposing bands.

Using Egs. (25) and (29) to form the root-mean-square (RMS) current, the signal gain

may be expressed as
2

S5 AD () el (k)
Gs(lr) = |———= : (53)
A0) X el (k)

n=—oo

Figure 8 shows calculations of Gg(¢r) as a function of fs = wg/2m, for several values of
relative input power P,. Results were reported for both N, = 4 (red curve) and N, = 6
(blue curve) to illustrate convergence characteristics.

In either case of Ny, Fig. 8 shows how the amplifier becomes fully lit as P, is increased to
unity. At lower powers, panels (a) and (b), features prevalent for both N, =4 and N, = 6,
particularly near the pump frequency (8.013 GHz), show little difference in magnitude, indi-
cating that, at these signal frequencies, the traveling-wave supermodes are well represented
by the lowest-lying bands. In contrast, at higher powers, panels (c¢) and (d), these features
show some increase in magnitude from N, = 4 to N, = 6, indicative of the importance of
higher-lying bands at these higher powers. For all curves of N, = 6 we see additional strong
features in the signal-gain profile, which tend to occur at signal frequencies of ~ 4 GHz and
~ 12 GHz. These are sideband contributions corresponding to participation of higher-lying,
supermode band states in the parametric scattering, which are additional channels of am-
plification. These are particularly evident in the sidebands of panel (d) where we see very
large undulations in the profile of N, = 4, but not for N, = 6. For N, = 4, amplification
is essentially either on or off in the sidebands as fg increases; for N, = 6, there are more
channels that can contribute, so there is never a value of fg where the amplification is zero.
As P, increases, Fig. 8 shows that these sidebands coalesce with the center band to form
one long broadband signal-gain profile, as in panel (d), N, = 6.

What is most striking about the 4WM signal gain depicted in Fig. 8 is the intrinsic

undulation of the gain with increasing fg. This occurs no matter the number of low-lying
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FIG. 8. Calculations of 4WM signal gain as a function of signal frequency for engineered loadings
of Table II, with pump frequency fp = 8.013 GHz set just below first stop gap and waveguide
length set to {r = 2 m. Relative RF input power P, was increased from panel to panel to
illustrate approach to full amplification, with (a) P, = 0.09, (b) P, = 0.25, (¢) P, = 0.64, and
(d) P, = 1.00. Calculations were performed using N = 4 (red) and N, = 6 (blue) lowest-lying

dispersion-frequency bands, as indicated.

bands incorporated into the calculation. Its origin is in the engineered dispersion and the
fact that in 4WM the signal and idler are matched to different dispersion-frequency bands.
As we saw in Fig. 4(b), the group velocity differs between bands, even in the centers of two
lowest-lying bands, where the group velocity is nearly constant. Thus, as fg is increased,
the momentum-conserving criterion kg + k3 = 2kp cannot be maintained robustly because
ks and ks change at different rates. This creates the effect of undulation in the signal gain
as fg is varied. The effect is compounded by inclusion of additional parametric scattering
channels of supermode band states since each has its own phase-matching criterion.
Experimental results reported in Fig. 3(a) of Ref. (15), for an unbiased NbTiN KIT
amplifier of loading design similar to Table II, show a 4WM signal gain of ~ 20 dB, which is
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much smaller than that calculated in Fig. 8. The differences can be attributed to (i) the lack
of loss, i.e., intrinsic @), modeling in Eqgs. (2) and (3), and (ii) the sensitivity of the signal
gain to the size of the first stop gap. In the later case, the theoretical results correspond to a
stop gap of 130 MHz whereas the stop gap of the results presented in Fig. 3(a) of Ref. (15)
is about 3 times larger. We are presently engaged in follow-on research to understand these
dependencies more clearly. In particular, for ripple observed in the 4WM signal gain of the
KIT, there is a need to understand the extent of reflections at the impedance transformers
as these operate at high input powers. What is clear from the present theoretical analysis
is that operation of the KIT amplifier without DC to produce 4WM signal gain is prone
to intrinsic spectral gain fluctuations that reduce its efficacy as an amplification device. As
we shall see next, when a DC bias is applied to the KIT, multiple channels of parametric
scattering once again come into play but the resulting signal amplification differs greatly as

a function of signal frequency from what we have presented in Fig. 8.

C. Multiwave Mixing of the KIT Amplifier with Application of Direct Current

Recall that if a DC bias is applied to the KIT amplifier then, in addition to the degenerate
4WM process of the zero-DC case, mixing of injected pump and signal results in five new
parametric processes, as sketched in Fig. 2(a). In this case momentum conservation of the
3WM process involving pump (fp = wp/27), signal (fs = wg/27), and idler (f; = wy/27)
becomes possible over an extended range of signal frequencies centered about fp/2, where
one has wg + w; = wp and kg + k1 = kp. In what follows we consider the signal gain

attributable to this 3SWM process.

1. Runge-Kutta Results with Application of a DC' Bias

As we did for the zero-DC 4WM signal gain, we calculated the 3WM signal gain for the
loading design of Table II, setting the DC to one tenth of the nonlinear scaling factor I,, i.e.,
Apc = Ipc/1. = 0.1. Also, we typically set the length of the waveguide to /7 = 2 m and
the pump frequency to fp = 8.144 GHz, at the top of the first stop gap. However, we also
explored other values for /7 and fp, particularly contrasting fp above the gap with fp below

the gap. With DC applied we solved the full set of coupled amplitude equations, Eqs. (36)
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FIG. 9. Calculations of 3WM signal gain for the loading design of Table II, as described in the text,
as a function of signal frequency fg, for several values of (a) relative DC bias Ap¢, (b) relative input
power P,, (¢) waveguide length I7, and (d) pump frequency fp, with other parameters as labeled.

In all panels optimal signal gain is the blue curve corresponding to Apc = 0.1, P, = 0.0049,

It =2.0 m, and fp = 8.144 GHz.

through (40), using the same Runge Kutta method as before, with calculations involving
N, =4 and N, = 6 of the lowest-lying bands. As in the case of zero applied DC, the initial
boundary conditions assigned to pump and signal amplitudes were A (0) = AP 5, ., and
AW (0) = A®) 5,0y, with AP) = /P, and A®) = 1073, The idler products, of frequency
fh=1fr—fs, fo= fp+ fs, and f3 = 2fp — fg were defined with initial amplitudes of
zero. Again, P, serves as a relative measure of the RF input power, which we varied as we
calculated signal gain as a function of fg using Eq. (53). Figure 7(b) is a sketch exemplifying
the matching of pump, signal, and 3WM idler frequencies to the band structure.

In Fig. 9 we present calculations of 3WM signal gain Gs(¢r), again computed via Eq. 53,
as a function of fg for different values of pump frequency fp, relative RF input power P,,

waveguilde length /7, and relative DC bias Ape. In all of the panels the blue curve is the
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optimal signal gain corresponding to pump frequency just above the gap (fp = 8.144 GHz),
with P, = 0.0049, /7 = 2 m, and Apc = 0.01. All curves show the behavior of multiwave
mixing as a function of fs: a smooth broadband 3WM contribution centered about fp/2
and a 4WM contribution concentrated at both ~ 4 GHz and ~ 12 GHz, equidistant from
fp. The 4WM features show the characteristic undulation with fg that we saw in Fig. 8. In
contrast, the SWM contributions show smooth progression with fg because the frequencies
of signal and 3WM idler match to the same lowest-lying dispersion-frequency band, as in
the sketch of Fig 7(b). Moreover, group velocity of this first band, as shown in Fig 4(b), is
nearly constant throughout the width of the band.

In Fig. 9(a) we varied Apc to show how the 3WM signal gain collapses beyond Ape = 0.1.
As Apc increases, the propensity for higher amplitude response increases as the traveling
wave propagates down the waveguide. Initially, this translates into higher 3WM signal gain,
resulting in an optimal gain at Apc = 0.1. However, recalling our introductory remarks that
4WM will begin to dominate 3WM beyond amplitude threshold Irp(x,t) ~ 2Ipc, as Apc
is increased past Apc = 0.1 the amplitude response will eventually exceed this threshold.
The collapse begins in the central region of the 3WM band because this where 4WM is
strongest-recall from Fig. 2(c) that the 4WM process of wg + w3 = w; + wy is momentum
conserving when the signal frequency is near half the pump frequency. The broadband 3WM
signal gain is therefore confined to a finite range of applied DC.

In Fig. 9(b) we instead varied P, about the optimal gain scenario. Similar to panel
(a), as P, is increased from zero we see a corresponding increase in broadband 3WM signal
gain, but eventually the gain profile collapses from the center of the band when the RF
input power exceeds P, = 0.0049. As in (a), increasing P, increases the amplitude response,
leading to an initial increase in gain. However, beyond P, = 0.0049 the amplitude response
again exceeds the threshold of 4WM dominance. Thus, broadband 3WM signal gain exists
within a range of RF input powers.

In Fig. 9(c) we next varied the length of the waveguide ¢7. As {7 is increased the run
length of the mixing traveling waves correspondingly increases leading to increased amplitude
response on exit from the waveguide. As in (a) and (b), there is an initial signal gain, but
again the amplitude threshold is exceeded beyond ¢y = 2 m and the broadband profile
collapses. In contrast to broadband 4WM signal gain, which tends to grow exponentially

with ¢, the 3WM signal gain has a limiting waveguide length.
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In Fig. 9(d) we varied the pump frequency fp, where the optimal 3WM signal gain
(blue curve) occurs when fp is placed just above the first stop gap, at fp = 8.144 GHz.
If pump frequency is moved to a position below the gap then the condition of ideal 3WM
phase matching diminishes, with gain profile collapsing from the center of the band. If
pump frequency is moved above fp = 8.144 GHz, to fp = 9.0 GHz, then the 3SWM signal
gain all but disappears. However, at fp = 9.0 GHz (red curve), we see the emergence of a
broadband 4WM gain profile about this value of pump frequency, albeit depressed within
its center. Note the smoothness of 4WM signal gain in this particular case; this occurs
because the pump, signal, and 4WM idler frequencies are all now matched to the same

second dispersion-frequency band.

2. Semi-Analytical Approximation of SWM Signal Gain

To facilitate understanding of the underlying physics of broadband 3WM signal gain in
the presence of engineered dispersion we derived a two-band approximation in Appendix
D. The approximation applies to an undepleted pump, with fp near the first stop gap,
and with P, sufficiently small for broadband 3WM to occur. It tends to underestimate the
magnitude and breadth of gain, particularly if fp is positioned away from the gap, but it
provides insight into the underlying mechanism of the parametric gain.

In the approximation we assume amplitudes of signal and idler traveling waves can be
represented via the lowest dispersion-frequency band, i.e., a = 0, and we allow fp to be
positioned to either side of the first stop gap, treating the pump traveling wave as a su-
perposition involving the first two bands, i.e., a = 0, —1. From Eqs. (D4) and (D5), the

amplitudes of the two components of the pump traveling wave are then of the form
5(P) 5(P)
AP (@) = AP, Ape) @9+ o) 4 AIPN(P, Ape) eie= (Apo)e, (54)

AP (2) = AD) (P, Apg) et Aoedr 4 AT (P, Ape) e (oo, (55)

with canonical phase coefficients given by Eq. (D6) as

¢ (Apc) = % [fé,lg)(ADc) +f Sli,)_1(ADC)]

+ %\/ [féi? (Apc) — fi’i?_l(ADc)] "4 £ (Ape) 50 (Ape). (56)
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The canonical phase coefficients embody both self-phase modulation (SPM) of pump com-
ponents, via féf?(ADC) and fgi),l(ADC), and cross-phase modulation (XPM) between com-
ponents, via féi)l(ADc) and fﬁﬁ’fo(ADC). The mixing coefficients féfg_)l(ADc) and fﬁf}O(ADC)
convey the strength of hybridization of the supermode traveling wave between the two bands
as it propagates down the waveguide.

Our approximation therefore simplifies the supermode representation of the pump trav-
eling wave to just the two most significant components, adequate for P, < 1. Because the
pump is comprised of these two component waveforms, there are then two criteria for phase
matching of pump with signal and idler. From Eq. (D12) the relevant phase relationships
may be defined as

pi(Apc) = 08 (Ape) — 153 (Ape) — foi (Ape) — MBS, (57)

each of which depends on (i) momentum conservation, in terms of Bloch wavenumbers, (ii)
SPM of both signal and idler, matched to the same lowest-lying band, and (iii) a canonical
pump phase coefficient, qb(_P)(ADC) or ¢(+P)(ADC), which contains both SPM and inter-band
XPM of the pump components.

As either of ¢ (Apc) tends to zero a corresponding channel of signal gain may arise.

From Eq. (D22), the gain coefficient of each of the two channels may be expressed as

1
+(P,, Apc) = \/f (S.L.P) (P, Apc) f (Pm Apc) — ZSD:I:(ADC> ; (58)

where, via Eq. (D11), we defined canonical nonlinear mixing coefficients
fir PP, Ape) = 2ADCZ f6mP) AQ) (P, Ape), (59)

which are real-valued for the loading design of Table II. The resulting two-channel signal

gain may be approximated from Eq. (D27) as

GS(PO) ADC7 ET) =

: v (Apo) i1 (Apc) br/2
.A_:,_(PO, ADC) |:COSh g+(PO, ADC) gT 29+(P07 ADC) smh g+(PO, ADC) gT] e

2

Y

* _ ip—(Apc) ; ip—(Apc) br/2
+A_(F,, Apc) [COShg—(POaADC)gT 29_(Py, Apo) Smhg—(Po,ADC)fT}@

(60)
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FIG. 10. (a) Real and imaginary parts of approximate gain coefficients of Eq. (58) as a function
of signal frequency, as described in the text. (b) Approximate 3WM signal gain of Egs. (60) and

(62) as a function of signal frequency. All results employed mixing coefficients calculated from the

loading design of Table II.

where, via Eq. (D26), we have defined pseudo dimensionless amplitudes

> SR, Ape) — if ST (B,, Ape)
m==%
Ay (P,, Apc) =

- — (61)
5PN P, Ape) — U5 (P, Ape)

Note that if the two channels of Eq. (60) were ideally separable we could express them as

GA(S'i) (Poa AD07 éT) -
2 ivs(Apc) . ?
|AL(P,, Apc)|”|cosh g (P,, Apc) by — —————— sinh g+ (P,, Apc) {r| . (62)
29+ (F,, Apc)

If hybridization is very weak, i.e., féi)l(ADC) = 0 and fﬁ’)o(ADC) 2 0, then qs(f)(ADc) =
féf)) (Apc) and o) (Apc) = ffli)_l (Apc). Ashybridization increases, such as by structurally
altering the loading design or by simply increasing the DC dynamically, the splitting between
ngrP) (Apc) and ¢ (Ape) also increases, such that for the loading design of Table II, we find

qs(f) (Apc) (gb(_P)(A pc)) becomes larger (smaller) and eventually strongly positive (negative).
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Since the terms fé%)(ADC) + fo(’lo) (Apc) +ABY tend to be collectively positive in Eq. (57),
for the loadings of Table II, we find ¢, (Apc) tends to tune to zero as the hybridization
increases, whereas ¢_(Apc) becomes increasing detuned from zero, becoming more and
more negative. Figure 10(a) shows the resulting impact this has on the gain coefficients of
Eq. (58) when these are computed using the band structure, for the case of P, = 0.012,
Apc = 0.1, by = 2 m, and fp = 8.014 GHz. Here g, (F,, Apc) as a function of fg implies
a channel exhibiting broadband signal gain whereas g_(P,, Apc) corresponds to a channel
that is essentially inert.

The underlying physics can be explained as follows. In the supermode representation
the injected traveling wave is hybridized by the dispersive property of the loadings, made
increasing so by applied DC, for example. A pump traveling wave with frequency just below
the gap takes on an additional component corresponding to the excited band state at k), of the
second dispersion-frequency band, with occupancy of this excited state at x proportional to
)A(_Pl) (x) ‘2. One then has XPM induced between the two superposed components of the wave,
which in turn creates a strong, broadband condition of phase matching, i.e., ¢, (Apc) = 0.
This condition of phase matching persists whether the pump frequency is just below or just
above the gap, with optimal phase matching occurring just above the gap.

In contrast, if the pump frequency is set well below the first stop gap, such that the

pump traveling wave can be described by just one component, with amplitude A(()P)(x) =
£(P)

Aép)(Po, Apc) efoo (Apc)® then in analogy with Eq. (57), the phase matching condition in

this case is

w(Apc) = i) (Apc) — 153 (Ape) — fo (Ape) — ABS., (63)

)

which is the no-hybridization limit of ¢, (Apc). For the loading design of Table II one finds
the condition ¢(Apc) = 0 is never definitively established, i.e., strong inter-band XPM is
required to create the phase matching condition, with additional tuning supplied by a DC
bias. This explains why the signal gain diminishes in Fig. 9(d) as fp is decreased below the
stop gap. The engineered dispersion, via the stop gap, is truly necessary to establish the
broadband 3WM signal gain, borne out in the details of the band structure.

Figure 10(b) illustrates SWM signal gain computed from the approximation of Eqs. (60)
and (62) using the band structure of the loading design of Table 1. The figure shows the

dominance of the + channel in defining Gs(P,, Apc, ¢r). The results are comparable to the
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optimal signal gain presented in Fig. 9 (blue curve), although we had to set the RF input
power P, = 0.012 to a value about twice as large as that of Fig. 9 in order to obtain the
comparison.

In Fig. 9 we calculated a maximum 3WM signal gain of ~ 30 dB. This is larger than the
experimental results of Fig. 3(b) of Ref. (15), where a 3WM signal gain of ~ 10 dB was
measured. As in our earlier comments regarding 4WM, the higher theoretical gain may be
attributable to (i) the lack of a finite intrinsic @) in our model and (ii) the stop gap size and
position—in the results of Fig. 3(b) of Ref. (15) the loading design differs markedly from
Table II, particularly the design of the first stop gap at ~ 16 GHz rather than ~ 8 GHz.
Nevertheless, as we saw in Fig. 9, operation of the KIT with a DC bias increases its efficacy
as an amplification device because the 3WM signal gain so produced is a much smoother
function of signal frequency. Given a loading design more optimal for 4WM, we also saw in
Fig. 9 that 4WM features exist in the center of the 3WM signal band. Using our theoretical
framework as a guide, we are presently engaged in follow-on research to obtain a loading
design that maximizes the 3WM gain and bandwidth, and is also free of the 4WM features

seen in Fig. 9. Important highlights from the results of our numerical calculations are:

(i) Dispersion-frequency bands of the KIT amplifier may be calculated from knowledge of
loading design, which creates stop gaps between bands and group velocities that differ

between bands, as shown in Fig. 4.

(ii) A forward-traveling current of the KIT amplifier may be represented by a superposition
of these dispersion-frequency band states, as in Eq. (29), where the slowly-varying
dimensionless amplitudes A&P) (x) of the superposition are solutions of the coupled
nonlinear first-order differential equations of Eq. (50). Initial boundary conditions
match the frequency of the traveling wave to a particular band state, but as the
traveling wave propagates along the CPW it hybridizes into adjacent band states. The
superposition may be approximated by a number NV, of the lowest-lying bands, but as

input power increases hybridization becomes stronger, requiring /N, to be increased to

retain numerical accuracy.

(iii) Omnset, magnitude, and bandwidth of both 4WM and 3WM signal gain is obtained

solely from knowledge of loading design, as in Figs. 8 and 9.
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(iv) Apart from external sources, such as impedance mismatch, intrinsic undulations in
4WM signal gain as a function of signal frequency are characteristic of matching of
signal and idler frequencies to bands on either side of the first stop gap, as pictured
in Fig. 7(a). Because signal and idler frequencies lie in different bands, they have
different group velocities as a function of changing wavenumber, as calculated in Fig.
4(b), which means momentum conservation and overall phase-matching cannot be

robustly maintained as signal frequency is varied.

(v) In contrast to 4WM signal gain, 3WM signal gain is a relatively smooth function of
signal frequency because signal and idler are matched to the same lowest-lying band,

as in Fig. 7(b).

IV. CONCLUDING REMARKS

We presented a theoretical framework that describes the operation of a KIT amplifier
designed with periodic loadings placed along the length of its CPW. Within this framework
we first developed a metamaterial band theory of the dispersion engineering using Floquet-
Bloch waves as a basis. From the band theory we constructed nonlinear forward-traveling
waves as Floquet-Bloch supermodes built up from band eigenstates, showing how one defines
and computes the slowly-varying amplitudes of these traveling waves. We then applied
the supermode representation to a formulation of parametric mixing of an injected pump
and signal, showing how one can calculate signal gain as a function of signal frequency,
both with and without application of a DC bias. Our framework can be applied to other
equivalent-circuit models of nonlinear traveling-wave parametric amplifiers that leverage
periodic engineered dispersion to generate signal amplification, such as TWPAs based on
Josephson junctions in lumped LC transmission lines.

In our analysis of a model KIT amplifier using the framework we came to several impor-
tant conclusions. One is that, in the absence of a DC bias, the 4WM signal gain exhibits
intrinsic undulations as a function of signal frequency. These occur apart from any extrin-
sic sources that may be encountered in real KIT amplifiers, such as ripples attributable to
impedance mismatch between end nodes of the CPW. The cause of intrinsic undulations is
the fact that injected signal and 4WM idler product are matched to different dispersion-

frequency bands, as in Fig 7(a). As signal frequency is varied the criterion of phase matching
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cannot be maintained robustly because group velocity differs in the two bands, as demon-
strated in Fig 4(b). The problem is exacerbated by the presence of multiple channels of
parametric scattering involving excited-band-state constituents of the supermode traveling
waves. The contributions of excited band states becomes more prevalent the higher the RF
input power and the longer the waveguide length because these factors increase the sensitiv-
ity of traveling waves to the dispersive property of engineered loadings. Each new channel
of parametric scattering, resulting from the symmetry-breaking of the loading design, cor-
responds to a distinct phase matching criterion and channel of signal gain. Thus, with
variation of signal frequency, each phase-matching criterion exhibits either strengthening or

weakening, which can lead to large non-monotonic variations in signal gain.

Intrinsic undulations are a general consequence of 4WM in the presence of engineered
dispersion because, on average, group velocity cannot remain invariant from band to band
as one progresses upward through the dispersion-frequency manifold. The issue may be
mitigated by (i) the choice of nonlinear traveling-wave parametric amplifier, (ii) a design
of loadings that minimizes the size of stop gaps, (iii) reduction of waveguide length, (iv)
minimization of required RF input power, or (v) application of a DC bias, as described
below. One can model the amplifier using the present framework to establish the extent
of intrinsic undulations and then compare these to Fourier analysis of the length scales in
the signal gain of the actual amplifier. Assuming traveling waves of frequencies adjacent to
the first stop gap, if intrinsic undulations are mitigated to a single channel of contribution
then the length scale of undulations should be the order of the stop-gap size. In the case
of the KIT amplifier of Table II, with large stop gaps at every third multiple of the pump
frequency, we find very many fine undulations due to the effect of a number of contributing

channels.

A second conclusion of our analysis of the KIT amplifier is that we can mitigate the issue
of intrinsic signal-gain undulation by applying a DC bias, thereby leveraging 3WM signal
gain on either side of the center of the resulting band. Incidental 4WM features present in
the center of the 3WM band may be addressed by any of the methods mentioned above,
although removal of these incidental features is not essential to operation of the amplifier.
The 3WM signal gain is achievable at an order of magnitude less RF input power than
4WM signal amplification, albeit with reduced gain when compared to 4WM. Because the

injected signal and 3WM idler are matched to the same first dispersion-frequency band, as
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in Fig 7(b), phase matching remains robust as signal frequency is varied, with the result that
3WM signal gain is a very smooth function of signal frequency. Caveats to utilization of
3WM signal amplification include the limited range of input powers and waveguide lengths
permitted, due to the continual presence of 4WM processes, which tend to dominate at
higher signal amplitude.

A last point of our analysis is that we showed how dispersion engineering generates
3WM signal gain. In our presentation of results we developed an analytical approximation
of the 3WM signal, given by the two-channel form of Eq. (60). We showed how phase
matching arises in the + channel of this approximation via ¢, (Apc) = 0, where ¢ (Apc)
is given by Eqs. (56) and (57). From gb(f)(ADC) of Eq. (56) we saw how inter-band XPM
of the pump, i.e, cross-phase modulation between components of the dispersion-hybridized
supermode traveling wave, create the necessary condition of phase matching, leading to the
gain coefficient and signal gain depicted in Fig 10. For the engineered dispersion of Table II,
the phase matching condition was shown to be particularly tuned when the pump frequency
was just above the stop gap.

Photonic metamaterials of the micro scale and smaller that exhibit strongly-correlated
behavior continue to be an interesting and exploitable realm of quantum physics.?® Nonlinear
traveling-wave parametric amplifiers, like the present KIT amplifier, represent one such
category of device. In these devices one must account for the physical role of dispersion
engineering to fully understand and quantify their behavior. In the case of periodic loading
designs, the photonic band structure is essential to this comprehension, both within the
waveguide and at its nodes, just as electronic band structure is essential to understanding
many basic electromagnetic properties of solids, both in the bulk and at material interfaces.
We hope that our theoretical framework can help to build better amplifiers and also stimulate

new avenues of research.
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Appendix A: Summation Relations

Sums that arise in the metamaterial band theory of the KIT amplifier are

=, sinwa (n —n") sin7B(n” —n'
57(:7)1’(&’ 6) - Z 7T(2 (n _ n)//) (n// _(n/) )7 (A1>
2) s~ sinma(n—n") sinaB(n" —n)
Smn/(Oé, p) = Z n 72 (n—n") (n" —n') ) (A2)

where we assume 0 < «, § < 1. Alternatively, these may be expressed as

ST(:T)L,(Oé,ﬁ):/ da/ dp’ Z cosma’ (n —n") coswf (n" —n'), (A3)
Sﬁ?z,(a,ﬁ)z—%éii%a—gb/ da/ ag’ ”_Z e cosmal (n —n'") coswf (n" —n).
(A4)

The cosine functions that appear in the above integral expressions may be written in the

=—0Q

form cosz = (e + e *)/2, such that their respective sums may be evaluated using the
definition of the delta function given by §(x) = (1/2) > X In this way the sums are
n=0

removed from the above integrals and we now have

Q) ’ ’
Sy (v, B) = /0 do//o dp' [0(a/ + ') cosm (a'n+ B'n') + §(a’ — ') cos (o/'n — B'n')],

(A5)
(2) __ v N im(a'n+B8'n")
Sn,n’(OéaB) 271'(}512%8(25/ da / dﬁ |: ﬁ)e
FO(6 40/ BN L (g — o 4 ) L 5(g 4ol — e,
(A6)

In Eq. (A5) the first term in square brackets evaluates to zero since «, 5 > 0 while
evaluation of the second term depends on the relative magnitudes of a and 5. The integrated

result is then
SO, (e, ) = ———— [6(8 — ) sinma (n — ') + O(a — B)sinmf (n—n)], (A7)
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where ©(x) is a step function given by

0;z<0
O(x) = %;x:()- (A8)
1;2>0

Similarly, in Eq. (A6), weighing also the magnitude of ¢, we have the intermediate step

1 .0

" 22 (n—n’) ¢1£>%8_¢

{ (06 —a = 8) = 06— a+ ) emnmrren]

(B0 —a+ ) = O(=0 —a— )] et -en
+H[O(—0—a =) ~O(—p+a — e

+10(0 +a =) = O(¢ — a — )] eI } (A9)

Differentiating with respect to ¢ then taking the limit as ¢ — 0 we arrive at

Si?zl,(oz,ﬁ) = I OB —a)n' sinta(n—n')+O(a—pF)n sintB(n—n')]. (A10)

7 (n—n')
Appendix B: Dispersion Matrix of Arbitrary Loading Design of Even Symmetry

Assume a unit cell of alternating regions of loadings and non-loadings, symmetric about
the center of the cell, as in Fig. 1(b). The total number of regions is R, an odd whole
number, with region (R4 1)/2 at the center of the cell. Pairs of regions r and R —r+1, on
either side of the center region, are identical in length Az, and have the same capacitance
per unit length C, and linear inductance per unit length L,.

Substituting Eq. (5) into the Fourier coefficients of Egs. (12) and (13) we initially find

o TR B
n Cr —2minAx, /l, —2mwinx, /Lo
L1 " 2 1 (e te — 1) € /e (B1)

on r=1 L,
Then exploiting the symmetry of the unit cell, as described above, we obtain after some

algebra the real-valued coefficients

cit -1)" :
_ u Ciranz \ gin (ﬂAx(R+1)/2 n /[l >

-1 ™ 1
LOn ﬁ(R+1)/2
LECE r L
T Clr [sin (27TZAxT/n/€O> — sin <27TZA%'”/€0)]~ (B2)
™
r=1 Ly =1 =t
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The sums of this expression may be further simplified to

-1 1 1 (R=1)/2 [ 1 1 T
c .
n — FED2 S 5o + — § G Crpr L 27TE Azx.n/l, |. (B3)
Lt 1 ™m 11 :
on L(rt1)/2 r=1 Zr Lo =1

With the aid of Appendix A, if we then substitute Eq. (B3) into Eq. (16), and apply the
sums SSZ,(@, S) and S,(le,(oz,ﬁ) defined in Egs. (A1) and (A2), we obtain

1

Dy (k) = (k +2mn /o) G
L(r+1)/2C(R41)/2
(R—1)/2
1 1 1 1
4+ — —_ = k' =+ 271'71 go
e X (e ) ()
—i—(i— 1 ) 1 (k+27m'/€ sin 27TZASCT n—n')/l, | (k+2mn'/l,)
Ly L1/ Crinye
(R=1)/2 (R—1)/2 1

HDIEDS

ri=1 ro=1

kS | 2 Z Ay [l 2 Z Ay [0

’_ /I
ri=1 ro=1

r1+1> (C_rz N Cr2+1>

X

—S QZA% /zo,zzam /e, (k:+27m’/€o> (B4)

ri=1 rh=1

Substituting the summation evaluations given by Eqs. (A7) and (A10) we arrive at

1 1
(k + 210 /Ly) g +

Dy (k) = o
(%) L(r+1)2C(R+1) /2 ™ (n —n’)

5(311)/2 (é a Cr1+1> <k +2mn /o ) * (ﬁir - ﬁrl+1> C(Rj—l)/Q (k +2mn /b >]
(R-1)/2 (R-1)/2

(k:+27m'/€o> Z Z O(ry —12)

ri=1 ro=1

(R-1)/2

<D
r=1

X sin [27r Z Az, (n—n')/t,

r’'=1

TRE VAN <c%—c;><k+2m'/eo>]

(k: +27n’ /L, ), (B5)

X

X sin [27‘(‘ Z Az, (n—n') /L,

r'=1

where we have used the fact that
(2 > Aw, fl, —2 Z Az, /0, ) O(ry — 1), (B6)
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with ©(ry — ry) defined as in Eq. (A8).
Explicitly evaluating ©(r; — rq) in the expression of D, (k) above we obtain

1
L(r+1)/2C(R41)/2

(R-1)/2
trim 2 Al (6 2 G - g (e ame)

(- el e (vome)

X sin [27r Z Az, (n—n') /L,

Dy (k) = (k =+ 270 /€,) 00

(k +2mn’ /4, )

r'=1
R ]. /2 ri—1
1 1
Z Z —)(—— )(k‘—i—?#n/ﬁ(,)
n — TL o S r1+1 Crz Cr2+1

+ (2

(%— Gl

X sin [27r Z Az (n—n') /L,
r'=1

<k v om0, ) (B7)

After some manipulation of sums, the above expression of D, (k) may be written more

succinctly as
1

2
D, (k)= k+2mn /b, ) &
(k) L(r+1)/2C(R41)/2 ( / )

+ D {£34CY) (k+2mm /6, )+ Do (G ALY (Rt2mn /2, )

<k+27rn’ /e, )

(B8)
where we have defined coeflicients
1 B2 1 11 "
— — — in |2 Ax.n/l,|. (B
puieh ) =5 X (220 (e C)<wz n/) (B9)

Equations (B8) and (B9) express an element of the dispersion matrix appropriate for an

arbitrary loading design.

Appendix C: Derivation of Nonlinear Traveling-Wave Equations

Consider a solution of Egs. (2) and (3) involving a mix of forward-traveling RF waves,

where the pi-th such traveling wave propagates with wave number £, and frequency w,,. Inside
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the waveguide the voltage and current of each wave are expressed in terms of Floquet-Bloch-
like functions, similar to Eq. (7), but with coefficients of Fourier expansion slowly varying

in z, in the manner of Eq. (26). Specifically, we write

(1) 00 (1)
Vk# (x,1) _ Vo' () pilkut2mn/Lo o —iwyt (C1)
1) (2, 1) nzz_oo (@)

ku

where in the sum over p we also include complex-conjugate terms. That is, for every index p,
for which we have k, and w,,, there is another complex-conjugate term — corresponding to

k_, = —k, and w_, = —w,, with amplitude coefficients Vi " (z) = V* (z) and IS (z) =

n
1 (_’;) (:1:')>k This nomenclature ensures voltage and current are real-valued, and permits simpler
notation for nested summations. With DC given by Ip¢, the full solution may be expressed

as

Vie,t) =Y V(1) (C2)
I(z,t) = Ipc+ Y I (x.1), (C3)

which includes the complex-conjugate p terms.

For example, substituting Eqs. (C1) through (C3) into Eq. (1) we obtain

o0

1 4 '
L(z,t) = Lo(aj){l 4 9ZPC Z Z [75;1) (z) pilkut2mn/bo )z —iw,t

n n=—o0

1 ! 7 1 2m(n+n’) by |z—i(wu+w,
Yl O W) I @) el <M>t}, (C4)

where both the sums over p and g’ include complex conjugates. Then substituting Eqs. (C1)
through (C4) into Egs. (2) and (3) we obtain an expression of I (x) and v, (x) decoupled
from one another. As in the linear limit, we again use the discrete Fourier transforms of
C(z) and L,(x), as given in Egs. (10) and (11), and we also apply Eqgs. (12) and (13). Since
v, (x) and g (x) are slowly varying in z we may treat the functions of discrete Fourier

expansions as approximately orthogonal. In this way we obtain an intermediate expression
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of the current given by
- 0 0
-1 . / ; (1) o~
n/g_oo C. (ku +2mn Jl, — z%) (k,L + 270’ Jl, — z%) LV (z) =

I
wi [1 ( DC) Z Lon n’ Ir(;u )
IDC A "— T
P X 3 L L@ L) e

/ ll l

(UJ /—Hu 1n=wy)
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T3 2 Y Lonowonwrmnr I (@) 107 (@) 17 () R thir =k,
* ul MN HW n' ' n/"
(wul-l-w 7"+w ///—wu)

(C5)

Via Eq. (26) we keep only the first derivatives in z on the left side of Eq. (C5). Also, to

both sides of this equation we multiple by L, of Eq. (13), and then sum over n. With

_n7

change of arbitrary index names the result may be expressed as

Inc\’
v () ] 190) = 3 Do )10

2
4.%# Z Z [ [(M)() (/+k// k)

*
/ // n, n n//

(w,, /+w n=wy) (n'+n’"=n)

‘ d N
— 2> Ay (k) %Ifjf) () = w?

1 w2 / " " .
+3 7 > So o 1) 180 @) 100 (@) ¢ R R ke ()

! 1" " ’ " "
T n,n’,n';n

(W Fwymtw, m=wy) (n' +n”+n”’ n)

where we have made use of (23) and introduced a new matrix of elements
=2 Lonlw Gt [t (" 0) /] (c7)

Solving the eigenproblem of Eqs. (17) and (18) gives us the band structure of dispersion
frequencies €, (k,) of the KIT. The incident traveling wave p of frequency w, is matched
to a particular dispersion frequency such that w, = Q. (k,), where k, and a,, are matching
wave number and band index, respectively. Adiabatic propagation of the wave, with slowly-
varying amplitudes v, )(x) and I (x), allows us to express the solution as a superpositions
of band states corresponding to matching k,, as in Eq. (29). The amplitude AW (x) is

introduced as dimensionless and slowly varying in z.
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If we apply Eq. (29), along with the band-matching condition w, = Q4 (k,), to Eq. (C6),
we may make use of Egs. (17) and (18), and the orthonormality of left and right vectors in
Egs. (19) and (20) to find

. ~ 0
- QZZAa,a%ku)%Ai’f)(:v) 2 [Qu, (k) (14 ADe) — Qa(k,)?] AL (x)

ADcZ oo Y ulk) ey () e (k)

/ ll n, ,n/ nl/
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«

where Apc = Ipc/1. and

=3 N () u (k) €0 (). (C9)

Assuming the matrix of Eq. (C9) may be inverted we obtain the final form of the coupled

amplitude equations governing multiwave mixing within the KIT, viz.
_Z_Au Zfaa A(N (k IL')

+ADC Z Z féua“’ap//) Agf/)(l’) A(alf,”)(x) ei(ku’+ku”*ku)x

/ /l

(w /+0J 1 =Wh)
1 ’ 1" n / 1" " .
tg 2 X REED AP @ AL @) AL @) e ez,
o’ NN
(w#/er n+w ///—wu)
(C10)
In the above expression we have defined band-hybridization coefficients
L+ 2 2
Fa(Ape) = 5 A% (k) [Qa, (k)" (14 Abe) — Qo ()] (C11)
3WM coefficients
’on 1 ~ o o
falshan) = 5 Qa, k) D0 Y AR u? (k) e (k) e (k) (C12)
n, n n// 6
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and 4WM coefficients

/ 1 ///) uy

flan e =10, (k)" 2 ygmmaﬂ)(m 3 (k) €5 () €57 (B,

n, n/ nl/ n//l

(,n +nll+nl//_n)

(C13)
where one may use the relation e\ (k_,) = e\ (—k,) = e(_og(k#)*, from Eq. (21), as applica-
ble, to assist in evaluation. Equation (C10) is a general description of the coupled amplitude
equations of multiwave mixing. The mixing coefficients of Eqgs. (C11), (C12), and (C13)
may be computed directly from the band theory, as obtained from the solution of Eqs. (17)

and (18).

Appendix D: Approximation of 3WM Signal Gain

We approximate 3WM signal gain in the presence of a strong undepleted pump. Via Egs.
(36) through (38), the amplitude equations of 3WM become

.0
—io Al wa (Apc) AL (), (D1)
.0
~igp A7 (@) 2 3 1% (Anc) AD @)+ 240 C%:ffjpfl“)( 2)" AD) (@) B, (D2)
z‘ﬁAl Zfaa, ) AQ (2) + 24p0 Zfélfj AD(2) AL (2)" €% (D3)

From our numerical analysis, the lowest two dispersion—frequency bands are sufficient for

the approximation of pump amplitudes, so we may estimate the solution of Eq. (D1) as

AP (@) = AP, Ape) 400 1+ ATI(P, Ape) (o) (DA)
AR (@) = AY) (P, Ape) 4 4 AT (P, Ape) e (ec, (D)

with two distinct phase coefficients

¢ (Apc) = % [ 0 (Apc) + fEIi,)fl(ADC)]

i%\/[fgfgmw)—f”i?1<ADC>} + 454 (Ape) [ 4(Ape). - (DG)

The amplitudes may be expressed as

(P) _ 4P
ALL(P,, Apc) = Z;“’“ADC)_ = Uve) /5 (D7)



AP, Ape) = fia(Anc) V7, (D8)
B8,x ) Cbgcp)(ADC) B EFP)(ADC) )

where « =0, § = —1 (o = —1, f = 0) for a pump frequency matched to the first (second)
band.

Applying the pump solution to the equations coupling signal to idler, and neglecting
higher-lying bands, we may write for the amplitudes of the first band

i A7) 2 5 A00) A7)+ 30 T B Ape) 1 Aol 4
o " " A [ (P) (1) <D9)
A (@) [10(Ape) AV @)+ 30 FESPIR,, Ape)” e 1A A0Sl 49 )
e (D10)
where
Fi 0 (Poy Ape) = 24p0 3 15" AL (Po, Avc) (1)

If we define a transformation A(()”) (x) = BW(x) exp [z’féff)) (Apc) ], for p € {S,1}, and let

s

#2(Apc) = 61 (Apc) = f3 (Ape) = f0(Ape) = A, (D12)

then we have

0 (5.1 ; *
—im B ) 2 37 JE (B, Ape) e (4 5O ()’ (D13)
m=%
0 * ~1 @ * .
i——BW(x)" =Y fISPN(P, Apc) e omAre) BE)(g), (D14)
oz ot
To solve the coupled differential equations of B(™)(z) and BM ()" we introduce another
transformation

BW (z) = CJ(FM) (z) eip+Apc)e/2 4 C(_“)(x) eiv—(Apc)e/2 (D15)

which yields

19 A9 ip+(Apc)z/2 _ ; 0 ~(5) ip—(Apc)z/2 oy
— %C+ (x)| e —1 %C, (x)] e =
1 , 1 ,
— 59+(Ape) OF () €902 — 2o (Ape) O () efe- (ne) /2
+ Z f;s;g,i,P) (Po7 ADC) eiSDm(ADC)IL' |:C_(i_1) (:U)* 67@'@+(ADC)$/2 + C(_l) (x)* 67i4p_(ADC)$/2 7

m=%

(D16)

o4



i [20_(:)(x)*] e~ p+(Apc)z/2 4 |:a£

C’(l) *| —iv_(Apc) /2 ~
B o (x) | e

— 1 ADC C(l) T *e—itp+(ADc)x/2 _1 B ADC’ 0(71) T *G_W’f(ADC)x/Q
+ Z fﬁ’g’P)(PO,ADC)*e—i<ﬂm(ADc):c [CELS)( )e ip+(Apc) z/2 O(S (z ) ¢-(Apc)z/2| (D17)

m==%
We then make an approximation by separately equating terms of the spatial harmonics
exp [ip+(Apc) x/2], on either side of Egs. (D16) and (D17). In so doing we neglect terms
associated with beating of these harmonics. In this harmonic-balance approximation we

arrive at two distinct criteria of phase matching, embodied in pairs of coupled equations

0 1

—im O () = —oa(Ape) OF (@) + NPy, Ape) O (@) (D18)
8 * 1 * ~(1 G *
i O (1) = —Spu(Ape) CL (@) + 57 (P Ape) (). (D19)
Thus, setting
P () = C(P,, Apc) 9= (Prvo)s, (D20)
P (@) = CO(P,, Ape) es:(Poriro)e, (D21)

we obtain the gain coefficient of each criterion, viz.

1
+(P,, Apc) = \/ FsL P Po,ADC) f (Po, ADC) - Z@i(ADc)2, (D22)

such that B®)(z) and B (z)" take the general form

S (Po; ADC) e9+(FoApc) @ 4 C (PO, ADC) e~ 9+(Po,ApC) "’”] cip+(Apc) /2

+ [C*(S (P,, Apc) e9-TeAve)z 1 G8) (P, Apy) em9-PeApe)a } ~(Apa)e2 - (D23)

Cfl(Po, Apc) ed+(PorApc)
i9+(Py, Apc) + 59+ (Apc)
C*(f:)_(po’ Apc) e=9+(PoAnc)e
—ig+(P,, Apc) + 30+(Apc)
@(5> (PO,ADc) egf(ADC)x
9—(Po, Apc) + 50— (Apc)
N 0_7 (P,, Apc) e_gf(PmADC)x
—ig- (P, Apc) + 3-(Apc)

*

BW(z)" = f{"*7(P,, Apc)

e~ ip+(Apc) /2

+

+ 80P, Ape) |-

e p-(Apc) /2 (D24)

95



The four constants C*fi(Po,ADc) are determined from B®)(0) = A®), BM(0)" = 0,
0B® (2)/0z|,_, = 0, and [0BW(2)"/0z|,_, = A®) S FM5P(P, Ape) . After some
m==+
algebra we obtain

m . nem(Apc)

28 (P, Ape) = i— Am(P,, Apc)* |1 — A® D2
Cm,n( 0 DC) 22 Am( 05 DC’) Z2gm<Po,ADC) ) ( 5)

where m,n = + and

S RSP, Ape) —i Nq(cl’S’P)(Po, Apc)
m==

Ay (P, Apc) = (D26)

Lo (P, Ape) = 77 (P, Apc)
From Egs. (D23) and (D25), the 3WM signal gain, Gs(P,, Apc, {1) = ]B(S)(KT)//_X(S)E,

may be expressed as

Gs(P,, Apc, lr) =

* . i<P+<ADC) . ip+(Apc) br /2
A (P, Apc) [COSthr(Po,ADCMT —29+(PO,ADC) Slnh9+(PmADC)€T]€
2
+A_(P,, Apc)” [cosh g—(P,, Apc) br— _p-(Apc) (Apc) sinhg_(P,, Apc) KT} gip—(Apc) br/2
29_(P,, Apc)

(D27)

* Electronic address: David.Pappas@NIST.gov

L A. Wallraff, D. I. Schuster, A. Blais, L. Frunzio, R.-S. Huang, J. Majer, S. Kumar, S. M. Girvin,
and R. J. Schoelkopf, Nature 431, 162 (2004).

2 P. K. Day, H. G. Leduc, B. A. Mazin, A. Vayonakis, and J. Zmuidzinas, Nature 425, 817
(2003).

3 M. A. Castellanos-Beltran, K. D. Irwin, G. C. Hilton, L. R. Vale, and K. W. Lehnert, Nature
Physics 4, 928 (2008).

-~

N. Bergeal, F. . Schackert, M. Metcalfe, R. Vijay, V. E. Manucharyan, L. Frunzio, D. E. Prober,
R. J. Schoelkopf, S. M. Girvin, and M. H. Devoret, Nature 465, 64 (2010).

5 L. Spietz, K. Irwin, M. Lee, and J. Aumentado, Appl. Phys, Lett. 97, 142502 (2010).

6 M. Hatridge, R. Vijay, D. H. Slichter, J. Clarke, and I. Siddiqi, Phys. Rev. B 83, 134501 (2011).
7 D. Hover, Y. F. Chen, G. J. Ribelli, S. Zhu, S. Sendelbach, and R. McDermott, Appl. Phys.
Lett. 100, 063503 (2012).

o6



10

11

12

13

14

15

16

17

N. Roch, E. Flurin, F. Nguyen, P. Morfin, P. Campagne-Ibarcq, M. H. Devoret, and B. Huard,
Phys. Phys, Lett. 108, 147701 (2012).

J. Y. Mutus, T. C. White, E. Jeffrey, D. Sank, R. Barends, J. Bochmann, Y. Chen, Z. Chen,
B. Chiaro, A. Dunsworth, J. Kelly, A. Megrant, C. Neill, P. J. J. OMalley, P. Roushan,
A. Vainsencher, J. Wenner, 1. Siddiqi, R. Vijay, A. N. Cleland, and J. M. Martinis, Appl.
Phys, Lett. 103, 122602 (2013).

C. Macklin, K. OBrien, D. Hover, M. E. Schwartz, V. Bolkhovsky, X. Zhang, W. D. Oliver,
and I. Siddiqi, Science 350, 307 (2015).

B. H. Eom, P. K. Day, H. G. LeDuc, and J. Zmuidzinas, Nature Physics 8, 623 (2012).

G. P. Agrawal, Nonlinear Fiber Optics, 3rd ed. (Academic Press, New York, 2001) pp. 389-436.
I. H. Agha, Y. Okawachi, and A. L. Gaeta, Opt. Express 17, 16209 (2009); Y. K. Chembo and
N. Yu, Phys. Rev. A 82, 033801 (2010); Y. K. Chembo, D. V. Strekalov, and N. Yu, Phys.
Rev. Lett. 104, 103902 (2010); T. Hansson, D. Modotto, and S. Wabnitz, Phys. Rev. A 88,
023819 (2013); C. Godey, I. Balakireva, A. Coillet, and Y. K. Chembo, ibid. 89, 063814 (2014).
T. J. A. Kippenberg, Nonlinear Optics in Ultra-high-Q Whispering-Gallery Optical Microcavi-
ties, Ph.D. thesis, California Institue of Technology (2004); P. Del’Haye, A. Schliesser, O. Ar-
cizet, T. Wilken, R. Holzwarth, and T. J. Kippenberg, Nature 450, 1214 (2007); P. Del’Haye,
T. Herr, E. Gavartin, M. L. Gorodetsky, R. Holzwarth, and T. J. Kippenberg, Phys. Rev. Lett.
107, 063901 (2011); M. A. Foster, J. S. Levy, O. Kuzucu, K. Saha, M. Lipson, and A. L.
Gaeta, Optics Express 19, 14233 (2011).

M. R. Vissers, R. P. Erickson, H.-S. Ku, L. Vale, W. Xian, G. C. Hilton, and D. P. Pappas,
Appl. Phys. Lett. 108, 012601 (2016).

B. A. Magzin, B. Bumble, P. Day, M. E. Eckart, S. Golwala, J. Zmuidzinas, and F. A. Harris,
Appl. Phys. Lett. 89, 222507 (2006); R. Barends, N. Vercruyssen, A. Endo, P. J. de Visser,
T. Zijlstra, T. M. Klapwijk, P. Diener, S. J. C. Yates, and J. J. A. Baselmans, ibid. 97, 023508
(2010).

C. Kittel, Introduction to Solid State Physics, 5th ed. (John Wiley & Sons, New York, 1976)
pp- 37-70,105-124,190,457-498; N. W. Ashcroft and N. D. Mermin, Solid State Physics, 1st ed.
(Holt, Rinehart and Winston, Philadelphia, 1976) pp. 85-129,133-141,430-447,671-689.

S. John, Phys. Rev. Lett. 58, 2486 (1987); E. Yablonovitch and T. J. Gmitter, ibid. 63, 1950
(1989); K. M. Leung and Y. F. Liu, ibid. 65, 2646 (1990); Z. Zhang and S. Satpathy, ibid. 65,

o7



19

20

21

22

23

24

25

26

2650 (1990); K. M. Ho, C. T. Chan, and C. M. Soukoulis, ibid. 65, 3152 (1990); S. Y. Lin, J. G.
Fleming, D. L. Hetherington, B. K. Smith, R. Biswas, K. M. Ho, M. M. Sigalas, W. Zubrzycki,
S. R. Kurtz, and J. Bur, Nature 394, 251 (1998).

K. O’Brien, C. Macklin, I. Siddiqi, and X. Zhang, Phys. Rev. Lett. 113, 157001 (2014).

T. C. White, J. Y. Mutus, I.-C. Hoi, R. Barends, B. Campbell, Y. Chen, Z. Chen, B. Chiaro,
A. Dunsworth, E. Jeffrey, J. Kelly, A. Megrant, C. Neill, P. J. J. O’'Malley, P. Roushan, A. Sank,
D. andVainsencher, J. Wenner, S. Chaudhuri, J. Gao, and J. M. Martinis, Appl. Phys. Lett.
106, 242601 (2015).

D. L. Mills and S. E. Trullinger, Phys. Rev. B 36, 947 (1987); J. E. Sipe and H. G. Winful,
Optics Lett. 13, 132 (1988).

W. Chen and D. L. Mills, Phys. Rev. Lett. 58, 160 (1987); Phys. Rev. B 35, 524 (1987); D. N.
Christodoulides and R. I. Joeseph, Optics Lett. 13, 794 (1988).

D. Mandelik, H. S. Eisenberg, Y. Silberberg, R. Morandotti, and J. S. Aitchison, Phys. Rev.
Lett. 90, 053902 (2003).

W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery, Numerical Recipes: The
Art of Scientific Computing, 3rd ed. (Cambridge University Press, New York, 2007) p. 920.
The numerical program that solves the coupled differential equations and obtains the signal
gain is available from the authors upon request.

Y. Liu and A. A. Houck, Nature Physics (2016), 10.1038/nphys3834.

o8



