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Berry connection is conventionally defined as a static gauge field in the Brillouin zone. Here we
show that for three-dimensional (3d) time-reversal invariant superconductors, a generalized Berry
gauge field behaves as a fluctuating field of a Chern-Simons gauge theory. The gapless nodal lines in
the momentum space play the role of Wilson loop observables, while their linking and knot invariants
modify the gravitational theta angle. This angle induces a topological gravitomagnetoelectric effect
where a temperature gradient induces a rotational energy flow. We also show how topological strings
may be realized in the 6 dimensional phase space, where the physical space defects play the role of
topological D-branes.
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I. INTRODUCTION

Topology has played an increasingly important role in
condensed matter physics. An early application involved
using topological Chern-Simons theory in quantum hall
systems1–5. More recently, topological ideas applied to
Brillouin zone (BZ) have played a significant role in clas-
sifying topological phases of matter (for example, see6–8

and references therein). Whereas the former application
involved a dynamical gauge field in physical spacetime,
the latter cases were formulated in the momentum space
and involved topological aspects of static gauge fields
such as the Berry connection. It is thus natural to ask:
Can dynamical or fluctuational gauge fields naturally oc-
cur in a condensed matter system? The aim of this paper
is to argue that this can be done at least in the context
of three-dimensional (3d) time reversal invariant (TRI)
superconductors, where (a slightly modified version of)
Berry’s gauge field can be viewed as fluctuational in the
Brillouin zone and governed by the Chern-Simons field
theory. In this class of theories, the fluctuations of the
Berry connection are induced from quantum fluctuations
of the superconductor’s pairing amplitude. More inter-
estingly, 3d TRI superconductors are known to be capa-
ble of having gapless nodal lines in the BZ9,10, and we
will show that they play exactly the role of Wilson loop
observables in the Chern-Simons theory.

In nature, a large class of materials belongs to 3d
TRI superconductors, which includes most of the conven-
tional s-wave superconductors described by the Bardeen-
Cooper-Schrieffer theory, and a large number of uncon-
ventional superconductors such as many heavy fermion
superconductors, cuprates, iron-based superconductors
and the 3d topological superconductors. In particular,
unconventional superconductors often exhibit a highly
anisotropic pairing amplitude such as p-wave, d-wave
or their hybridizations with s-wave, and have much
richer phenomena in experiments9–12. Previous studies
have shown from different perspectives the significance of
topology in these TRI unconventional superconductors.

Gapped 3d TRI superconductors are shown to have a Z
topological classification7,13–15, which fit in the generic
K-theory classification framework of gapped topological
phases14,15. Topological superconductors are defined as
such superconductors with a nonzero topological num-
ber (e.g. the 3He-B phase), and are shown to support
gapless topological Majorana fermions on the surfaces7.
On the other hand, the gapless 3d TRI superconductors
contain gapless nodal lines in the BZ that are allowed by
the time-reversal symmetry, with known examples such
as the heavy fermion superconductor CePt3Si and the
cuprates9,10. Several recent studies show that topological
numbers can also be defined for these nodal-line super-
conductors in terms of K-theory16–18, which give rise to
various types of topological Majorana surface states19–21.
In addition, in analogy to 3d Weyl semimetals which can
be viewed as intermediate phases between 3d topologi-
cal insulators and trivial insulators22,23, nodal-line super-
conductors can also arise as gapless intermediate phases
between conventional TRI and topological TRI super-
conductor phases24. These different while related facts
strongly indicate the existence of a unified topological
field theory that describes both gapped and gapless 3d
TRI topological superconductors. This also motivates us
to consider the Chern-Simons theory in the 3d BZ for
these superconductors.

There is already a hint that a topological field theory
in BZ can be physically relevant. In particular, it has
been shown6,25,26 that for an insulator in odd spatial di-
mensions, the value of the Chern-Simons (CS) action for
Berry connection of the filled bands in the BZ computes
the effective theta angle of the corresponding cn(F ) = Fn

term (or a gravitational analog proportional to R ∧R in
the 3d case27,28), where F is the electromagnetic field in
the physical spacetime. In other words, there is a cou-
pling of the form

S ∝

[∫
T 2n−1
BZ

CS(aBerry)

]
×
[∫

R2n

Fn
]
. (1)

We will be specializing to the case of n = 2, i.e., 3d space
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in this paper. (A similar term can be used to compute
the gravitational response involving

∫
R∧R). Note that

the CS action, which is an angular quantity and has a
shift ambiguity, has the correct structure to be the coef-
ficient in front of F∧F , which needs to be defined only up
to shift symmetry. In this context, it is very natural to
ask whether the Berry connection aBerry can fluctuate. In
particular, we can imagine having in physical spacetime a
pulse where (1/8π2)

∫
F ∧F = k, which leads to an effec-

tive level of k for the CS theory in the BZ. Can the Berry
connection behave as if it obey the CS theory? For the
answer to be yes, the classical background for aBerry must
be flat, as is demanded by the CS equations of motion.
This is certainly not the case in general. However, as we
shall see, it is the case for TRI superconductors with a
slightly modified Berry connection. With this encourag-
ing result, one may then ask whether there are natural
objects in the BZ corresponding to Wilson loops of the
CS theory. Indeed, for TRI superconductors the symme-
tries allow gapless nodal lines in the BZ, which we will see
end up playing the role of Wilson lines for the CS theory.
For superconductors, the relevant term to compute is the
gravitational

∫
R∧R term. But with the gapless modes,

as would be the case if we have nodal lines, the theta
angle is ambiguous. It turns out the choices of resolving
this ambiguity by introducing infinitesimal time reversal
breaking perturbations to get rid of gapless modes are
in 1-1 correspondence with allowed basic charges for the
CS theory! We thus find that dressing up the nodal lines
with this data gives an unambiguous theta angle for the
coefficient of R ∧ R term, which is identified with the
free energy of CS theory in the presence of Wilson loops
and leads to physically measurable effects. In particu-
lar, as we shall see, when the nodal lines change from
linked to unlinked, the theta angle changes in units of
π. Our main discussion is in the context of the abelian
Chern-Simons theory, but we also indicate briefly how
the theory gets extended to non-abelian case, and how
in particular the U(2) case can be potentially realized
in experiments. We will also connect aspects of our dis-
cussions with topological strings29 which is formulated in
a 6-dimensional symplectic manifold (which is typically
taken to be a Calabi-Yau 3-fold). In our context, the
phase space which is T ∗T 3 turns out to play the role of
this 6d symplectic space. In the topological string setup,
CS theory lives on 3d Lagrangian defects (‘D-branes’).
If they are oriented along the BZ T 3, they give rise to
the CS theory we find in the BZ. In this context, Wilson
loop observables arise from a pair of such 3d defects in-
tersecting along a loop30. We will show that line defects
in physical space lead to such 3d Lagrangian branes and
can also give rise to Wilson loop observables (nodal lines)
in the BZ.

The organization of this paper is as follows. In section
II, we review the Hamiltonian of TRI superconductors
and define the modified Berry connection. In section III,
we relate the topological θ angle to a Chern-Simons term.
Section IV incorporates the nodal lines as Wilson loops,

first in minimal model and then in multi-band system. In
section V, we consider non-abelian nodal lines, first in a
U(2) example and then generalize to the U(N) example.
In Section VI we discuss connections with topological
strings and show how line defects in physical space also
lead to effective Wilson loops in the BZ. We present our
conclusions in section VII, and in the appendix are some
computational details.

II. HAMILTONIAN AND THE BERRY
CONNECTION

At the single-particle level, superconductors are de-
scribed by the Bogoliubov-de Gennes (BdG) Hamiltonian
which has an inherent charge conjugation symmetry C.
For a superconductor with N electron bands, the BdG
Hamiltonian can be written in terms of the Nambu basis
Ψk = (ψTk , ψ

†
−k)T as H = 1

2

∑
k Ψ†kH(k)Ψk, where

H(k) =

(
h(k) ∆(k)

∆†(k) −hT (−k)

)
(2)

is a 2N × 2N matrix, k is the momentum, and ψk =
(ψ1,k, · · · , ψN,k)T is the N -component electron basis of
the system. Both h(k) and ∆(k) are N × N matri-
ces. h(k) represents the single-particle Hamiltonian of
the system before superconductivity arises, while ∆(k)
is the pairing amplitude satisfying ∆(k) = −∆T (−k)
as required by the fermion statistics. The charge con-

jugation is defined as C−1ψkC = ψ†T−k, or equivalently

C−1ΨkC = CSΨk, where CS = τ1⊗IN is a 2N×2N ma-
trix, with τ1,2,3 denoting the Pauli matrices (for particle-
hole basis) and IN the N×N identity matrix. The charge
conjugation symmetry of the BdG Hamiltonian can be

seen via the relation C†SH(k)CS = −HT (−k).

TRI superconductors are a large class of supercon-
ductors that are quite robust in nature. In the pres-
ence of time reversal symmetry T, electrons which are
time-reversal Kramers pairs have the maximal spatial
wave-function overlap, thus fall into cooper pairs most
easily31. For fermions, the time reversal symmetry T
is anti-unitary and satisfies T2 = −1. It acts on the
fermions as13,32 T−1ψkT = T ψ−k, where T is an N ×N
matrix satisfying T T ∗ = −IN , T †T = IN . The BdG
Hamiltonian of a TRI superconductor can then be shown
to satisfy T †hT (k)T = h(−k) and ∆(k)T = T †∆†(k),
namely, ∆(k)T is Hermitian. These conditions can be

more compactly written as T †SH
T (k)TS = H(−k), where

TS = diag(T ,−T †) is the 2N × 2N time-reversal trans-
formation matrix of the Nambu basis.

It is useful to define the chiral transformation χ =
iCSTS , which is a unitary Hermitian matrix that
anti-commutes with the BdG Hamiltonian, χH(k) =
−H(k)χ. Upon diagonalizing χ to χ̃ = τ3 ⊗ IN under

a new basis Ψ̃k = (ψTk + iψ†−kT †, ψTk − iψ
†
−kT †)T /

√
2,
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the BdG Hamiltonian becomes

H̃(k) =

(
0 J(k)

J†(k) 0

)
, (3)

where J(k) = h(k) − i∆(k)T . Since both h(k) and
∆(k)T are Hermitian, J(k) is a general N ×N complex
matrix. If J(k) is non-singular everywhere, the supercon-
ductor is in a fully gapped phase. On the other hand, the
superconductor becomes gapless (nodal) at momentum k
if det(J(k)) = 0. In the absence of additional symmetries
other than the time reversal symmetry, the gapless sub-
manifolds in the momentum space are nodal points for
two-dimensional (2d) superconductors, and are 1d nodal
lines for 3d superconductors17,18,20. When the super-
conductor is centrosymmetric, the nodal lines (points)
in 3d (2d) become doubly degenerate, as we shall show
in Sec. V. In this paper we focus on 3d superconduc-
tors with nodal lines, which are widely found in noncen-
trosymmetric superconductors9 and quasi-2d centrosym-
metric superconductors such as cuprates and iron-based
superconductors33,34.

In general, the matrix J(k) can be singular-value-

decomposed (SVD) into J(k) = U†kDkVk, where Uk, Vk
are unitary matrices, and Dk is a diagonal matrix with
all elements real and nonnegative. The BdG Hamiltonian
can then be diagonalized as

Λ†kH̃(k)Λk =

(
Dk

−Dk

)
, Λk =

1√
2

(
U†k U†k
−V †k V †k

)
.

(4)
In literature6–8,35, it is conventional to define a 1-form

U(N) Berry connection for the N occupied bands with
negative energy as a′αβ(k) = i〈α,k|d|β,k〉, where d =

dki∂ki is the exterior derivative in the momentum space,
and |α,k〉 is the eigenstate wave function of the α-th
occupied band at momentum k. This can be rewritten
into matrix form as

a′(k) =
i

2
(UdU† + V dV †) , (5)

where we have used U , V short for Uk, Vk. Berry con-
nection a′(k) defined in this way proves to be important
in characterizing the topology of non-interacting gapped
systems6–8. However, one should note that the U(N)
gauge freedom of a′(k) is not a symmetry of the Hamil-
tonian, since the eigenstates |α,k〉, if not degenerate, are
generically fixed by the Hamiltonian up to a phase factor
(see Appendix A). Instead, the U(N) gauge freedom of
a′(k) should be thought of as a symmetry of the projec-
tion operator onto the set of occupied bands6.

For the purpose of this paper, we wish to find a
gauge field in the BZ whose U(N) gauge symmetry is
a symmetry of the Hamiltonian, so that the CS the-
ory of such a gauge field can serve as an effective the-
ory of the system. For superconductors, this can be
achieved by defining a modified U(N) Berry connection

as amn(k) = i
∑
α〈0|ψm,k|α,k〉d〈α,k|ψ

†
n,k|0〉, where |0〉

is the vacuum state of no electrons, and α runs over all
the 2N eigenstates. The physical meaning of a(k) from
the definition is the Berry connection felt by an electron
when its wave function is projected onto the BdG eigen-
states and evolves adiabatically. In the TRI case where
the Hamiltonian takes the form of Eq. (4), such a Berry
connection can be rewritten as a form slightly different
from a′(k) in Eq. (5):

a(k) =
i

2
(U†dU + V †dV ) . (6)

Alternatively, one can view a as the standard Berry con-
nection for eigenstates of an associated Hamiltonian with

J(k) = UkDkV
†
k , i.e., with Uk → U†k and Vk → V †k .

This definition of a is closely related to the conventional
Berry connection a′, as we shall see in Sec. III. In par-
ticular, in the case N = 1, we have a = −a′, and the
two definitions are identical up to a sign. In the generic
N band case, although the eigenstates are fixed by the
Hamiltonian, the U(N) gauge transformation of a simply
corresponds to a momentum-dependent unitary transfor-
mation of the electron basis ψk → g(k)ψk, where g(k) is
a U(N) matrix, therefore is a gauge symmetry of the
system. By the definition, the new Berry connection
a transforms as a → g†ag + ig†dg, which is exactly a
U(N) gauge transformation. This unitary transforma-
tion, however, does not yield a gauge transformation of
the conventional Berry connection a′(see Appendix A).
In this sense, the modified Berry connection a is a U(N)
gauge field that is more natural for the purpose here. Ac-
cordingly, a slow external potential Vext(x) added to the
system will induce an effective Hamiltonian perturbation

δH =
∑

k ψ
†
kVext(i∇k + a)ψk in the momentum space.

III. TOPOLOGICAL THETA ANGLE AS A
CHERN-SIMONS ACTION

The topological nature of most weakly interacting
condensed matter systems is reflected in the Berry
connections6–8. In particular, a 3d gapped superconduc-
tor is shown to be described by an effective gravitational
topological action27,28,36

Sθ =
θ

1536π2

∫
d4xεµνρσRαβµνR

β
αρσ , (7)

where Rαβµν is the Riemann tensor of the 3 + 1d space-
time, and θ is the topological theta angle determined by
the superconductor up to multiples of 2π. For space-
times which are spin manifolds, the topological action
is quantized to Sθ = kθ with k ∈ Z being the gravita-
tional instanton number27. In the weak field limit, the
Einstein gravitation can be reformulated in the gravito-
electromagnetism framework37,38, and the above action
can be rewritten as28,36

Sθ =
θ

2π

αg
2π

∫
d4xEg ·Bg , (8)
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where αg is the effective coupling constant, while Eg and
Bg are the gravitoelectric field and the gravitomagnetic
field, respectively. When a 3d gapped superconductor
is TRI, exp(iSθ) = exp(−iSθ) is required and the theta
angle θ must take 0 or π. In general, a TRI topologi-
cal superconductor characterized by topological number
Nsc ∈ Z will have a theta angle θ = Nscπ mod 2π13,27.
In particular, a superconductor in the 3He-B phase has
θ = π.

This form of gravitational topological action is in di-
rect analogy with the topological electromagnetic action
for 3d topological insulators and axion insulators6,25,39.
These gravitational fields are closely related to the ther-
mal transport of the superconductor40. In particular,
a gradient ∇T of temperature T can be balanced by a
gravitoelectric field Eg = −∇T/T so that the system can
be treated as in equilibrium40, while the gravitomagnetic
field Bg characterizes the rotational energy flow and is
proportional to the effective angular velocity of the mat-
ter in the system28,36. As a result, the superconductor
exhibits a thermal magneto-electric effect which has a
coefficient proportional to the θ angle.

In the band theories of gapped systems, the topologi-
cal theta angle is given by the momentum-space Chern-
Simons action of the non-abelian Berry connection as
follows6,7:

θ = Acs[a′] =
1

4π

∫
Tr

(
a′ ∧ da′ − i2

3
a′ ∧ a′ ∧ a′

)
, (9)

where a′ is as defined in Eq. (5) for superconductors
and is defined similarly for occupied bands of insulators,
and the integration is in the whole Brillouin zone. When
the gravitational instanton number k 6= 0, the total ac-
tion Sθ will become a Chern-Simons action at level k.
However, Acs[a′] cannot be regarded as defining a non-
abelian Chern-Simons theory. This is because the Berry
connection a′ has only U(1)N instead of U(N) gauge free-
dom, and is generically non-flat for N > 1: Namely, the
non-Abelian Berry curvature f ′ = da′ − ia′ ∧ a′ 6= 0 for
generic band structures, which is contrary to the classical
equation of motion f ′ = 0 of the Chern-Simons theory.

To obtain θ for gapped TRI superconductors from a
well-defined momentum-space Chern-Simons theory, we
consider the modified Berry connection a, and define

θ = −Acs[a] = − 1

4π

∫
Tr

(
a ∧ da− i2

3
a ∧ a ∧ a

)
.

(10)
For 3d gapped TRI superconductors, it can be shown
that Acs[a] = −Acs[a′] = nπ with n an integer, and the
two definitions of θ coincide (see Appendix A). Formula
(10) has the advantage that a is a well-defined gauge field
with U(N) gauge freedom as we have shown.

More importantly, the equation of motion of Chern-
Simons theory, i.e., the flatness of a, is satisfied by
a natural physical condition which is generically true
in mean-field theories of TRI superconductors: two
electrons will form a Cooper pair only when they are

time-reversal partners and have the same kinetic en-
ergy. This condition is equivalent to stating that
the two Hermitian matrices h(k) and ∆(k)T commute
with each other. As a result, they can be simulta-
neously diagonalized via a unitary transformation as

Ukh(k)U†k = diag(ε1(k), · · · , εN (k)) and Uk∆(k)T U†k =
diag(∆1(k), · · · ,∆N (k)). Therefore, Uk and Vk in the
SVD of J(k) are related by Vk = PkUk, where Pk =
diag

(
eiφ1(k), · · · , eiφN (k)

)
is a diagonal unitary matrix,

and φα(k) is the complex phase of εα(k) − i∆α(k) (1 ≤
α ≤ N). Following Eq. (6), one can readily show the
Berry connection is in the following form:

a = iU†
P †dP

2
U + iU†dU , (11)

which is just a gauge transformation of aU = iP †dP/2 =
−diag(dφ1, · · · , dφN )/2. It is easy to see that aU as a
diagonal matrix of exact 1-forms is flat, namely, fU =
daU − iaU ∧ aU = 0. Therefore, we reach the conclusion
that a is also flat, namely, the non-abelian field strength
(modified Berry curvature) f = da−ia∧a = U†fUU = 0
at the mean field level.

Unlike insulators where the Berry connection a′ is
fixed, superconductors always have quantum fluctuations
of the pairing amplitude ∆(k) around the mean-field so-
lution, which lead to fluctuations in both a′ and a. The
pairing fluctuations δ∆(k) generically need not respect
the time-reversal symmetry or preserve the commutation
of h(k) and ∆(k)T , therefore leading to non-flat fluctu-
ations in the Berry connection a. To the lowest order,
the fluctuation of a is linear to δ∆(k). Explicitly, for
the simplest N = 1 case where a is a U(1) gauge field in
3d, the fluctuation of the phase of ∆(k) breaks the time-
reversal symmetry and gives rise to a τ3 term in the 2×2

Hamiltonian H̃(k), which makes the Berry connection a
generically non-flat.

In calculating the partition function of the TRI super-
conductors, all the quantum fluctuations in ∆(k) around
the mean-field solution should be included in the path
integral. Correspondingly, any fluctuations in a induced
by the pairing fluctuation should be taken into account in
evaluating the θ angle. These fluctuation in a can then be
naturally regarded as Gaussian fluctuations in the vicin-
ity of the flat connection which is a classical solution.
Since the partition function of the gravitational topo-
logical action Sθ generically contains contributions from
topological sectors of all gravitational instanton numbers
k ∈ Z, the action Sθ = kθ in each topological sector
should be regarded as a physical action. For this reason,
we shall view the topological θ angle as a functional θ[a]
of the gauge field a in the rest of the paper, i.e., as the
free energy of the Chern-Simons theory. More specifi-
cally, we will focus on the case where the gravitational
instanton pulse has integer unit k = 1, which leads to
level 1 Chern-Simons theory using Eq. (7), and θ will be
identified with the free energy of this level 1 CS theory.
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IV. INCORPORATION OF NODAL LINES

When a TRI superconductor has nodal lines, the sys-
tem becomes gapless and dissipative, and the gravita-
tional topological action Sθ does not seem to have a clear
physical meaning. On the other hand, nodal lines look
like they can behave as Wilson line observables of the
Chern-Simons theory. But what picks the charges of
these Wilson lines? It turns out that these two prob-
lems cancel out, as we will show below: To make Sθ well
defined, we need to gap the system, which can be done
by choosing small time-reversal breaking perturbations.
The choices for these perturbation turn out to pick the
charges that the Wilson lines carry. In other words, we
will argue that fixing the charges on the Wilson line,
which leads to well-defined amplitudes for the CS the-
ory, is equivalent to choosing small perturbations which
gap the system, leading to well defined θ angle, which
will be identified with the free energy of the CS the-
ory in the presence of Wilson loop observables. In this
section, we will focus on TRI superconductors without
additional symmetries, such as the noncentrosymmetric
superconductors, while TRI nodal-line superconductors
with inversion symmetry will be discussed in the next
section.

A. Nodal lines as Wilson loops

In a TRI superconductor with no other symmetry, the
BdG band structure is in general nondegenerate except
for some zero-measure submanifolds which generically
consists of nodal lines. Therefore, each nodal line is as-
sociated with a definite pair of bands which are related
by the chiral transformation χ.

It is helpful to consider the minimal toy model with
N = 1 before dealing with the general case, though
it is not quite realistic as the spin degrees of freedom
(or equivalently, T2 = −1) requires the total number of
bands N to be even. The BdG Hamiltonian is then a
2× 2 matrix

H̃(k) =

(
0 λ(k)

λ∗(k) 0

)
, (12)

where the matrix J(k) from Eq. (3) reduces to a complex
number λ(k) = |λ(k)|eiφ(k), with φ(k) being its complex

phase. Accordingly, in the SVD λ(k) = |λ(k)|U†kVk, one

can choose Uk = eiγ(k) and Vk = eiφ(k)+iγ(k) where γ(k)
is an arbitrary real function corresponding to the U(1)
gauge freedom, and the Berry connection a reduces to a
U(1) abelian gauge field

a(k) = −a′(k) = −dφ(k)

2
− dγ(k) . (13)

The nodal lines are characterized by the equation λ(k) =
0, which are closed loops in the momentum space. There-
fore, the Berry connection a becomes ill-defined on each

nodal line Lb. As one winds around a nodal line Lb once,
the phase φ(k) will change by 2π as long as λ(k) is a
generic continuous function. Besides, the gauge func-
tion γ(k) must be chosen to change by 2nπ (n ∈ Z) per
winding around the nodal line Lb, so that Uk and Vk are
single-valued. The gauge field a then satisfies∮

Cb
a =

∮
Cb
a(k) · dk = π + 2nπ , (14)

where Cb is a loop that winds around the nodal line Lb
once, and n is an arbitrary integer. Therefore, a nodal
line can be viewed as a vortex line in the momentum
space that carries a Z2 Berry flux π mod 2π.

Such a U(1) Berry connection can be derived from the
equation of motion of the Chern-Simons theory by re-
garding the nodal lines as Wilson loops. By modifying
the topological theta angle to

θ[a] = − 1

4π

∫
a ∧ da+

∑
b

qb

∮
Lb
a (15)

and regarding it as a physical action, one finds the equa-
tion of motion

f = da =
∑
b

2πqbδ
2(k⊥ − kb)dk

1
⊥ ∧ dk2

⊥ , (16)

where δ2(k⊥ − kb) stands for the delta function at the
nodal line Lb in the two perpendicular directions k1

⊥ and
k2
⊥ of Lb. The flux formula in Eq. (14) is then satisfied

by assigning each Wilson loop a half-integral charge qb.
To better understand such a modified theta angle, we

can consider a weak time reversal symmetry breaking in
the system. More explicitly, we introduce a small TRI
breaking mass term m to the system, so that the Hamil-
tonian becomes

H̃ ′(k) =

(
m λ(k)

λ∗(k) −m

)
. (17)

and a nodal line will be lifted into a gap of size 2m (m is
real). This mass term may emerge effectively from mag-
netic disorders, or could be induced via uniform tuning
of the parameters of the system (e.g., the phase of ∆(k)).
If m is nonzero on all nodal lines41, the superconductor
becomes fully gapped, and the Berry connections a and
a′ = −a become well-defined everywhere. In particular,
in the limit m→ 0, the Berry phase along a loop Cb that
winds around a nodal line Lb once becomes definite:∮

Cb
a = −

∮
Cb
a′ = πsgn(m) , (18)

where sgn(m) denotes the sign of m. This is analogous to
the Berry phase around a Dirac point in the 2d graphene,
which falls into ±π depending on the sign of the Dirac
mass added. Accordingly, the Wilson loop charge be-
comes qb = sgn(m)/2 and is no longer indefinite, ei-
ther. In principle, different nodal lines can have different
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signs of mass, and therefore different Wilson loop charges.
Therefore, the ambiguity of Wilson loop charges qb dis-
appears once the time reversal symmetry of the super-
conductor is explicitly weakly broken, and are restricted
to ±1/2. We note that m need not be constant, but can
be any real function that is nonzero on nodal lines.

Let us clarify the meaning of half-integral U(1) charge.
Recall that we are dealing with a U(1) Chern-Simons
theory at level 1. The Hilbert space of this theory con-
sists of conformal blocks of the 2d CFT associated with
a complex free fermion.42 This theory also admits an ex-
tra field, the spin field, which creates branch cuts for
the fermion correlations. Using bosonization, we can
view the fermion as ψ = exp(iφ) and the spin field as
σ± = exp(±iφ/2). The insertion of the σ± fields corre-
sponds to charge ±1/2 states in the U(1) Chern-Simons
theory at level 1. Here we have restricted to gravitational
instanton number k = 1. For a more general k, the action
is Sθ = kθ[a], which we argue emerges from CS theory at
level k coupled with Wilson loops: for Eq. (18) to still
hold, we also need to rescale the charges on the Wilson
loops so that the charge carried by the Wilson loops are
now ±k/2.

The gravitational topological action Sθ with coefficient
θ[a] defined in Eq. (15) also acquires a physical mean-
ing under such a weak time reversal symmetry breaking.
Since the mass term m gaps out the superconductor, Sθ
is now well-defined as discussed in Sec. III, and one has
to go back to Eq. (9) for the definition of θ in the absence
of time reversal symmetry. On the other hand, making
use of the equation of motion in Eq. (16), one can show∑

b

qb

∮
Lb
a =

1

2π

∫
a ∧ da , (19)

and thus the classical value of θ[a] defined in Eq. (15) is

θcl[a] =
1

4π

∫
a ∧ da =

1

4π

∫
a′ ∧ da′ = Acs(a′) , (20)

which agrees exactly with the definition of θ in Eq. (9),
and we have used the fact that a = −a′ for N = 1. This
verifies the validity of the topological theta angle θ[a]
defined in the presence of nodal lines.

As a topological quantum field theory, the Chern-
Simons theory has an intrinsic connection with the knot
invariants as first revealed by Witten42, which plays an
important role in the description of (2 + 1)d topologi-
cal many-body states such as the quantum Hall states,
and quasiparticle statistics therein1–5. Indeed, we will
now argue that the partition function of the theory as
measured by the θ-angle, in the presence of nodal lines,
behaves exactly as expected for a quantum Chern-Simons
theory with the corresponding Wilson loops. In the U(1)
case at level 1, the partition function of CS theory with
Wilson loops is given by42,43

θcl[a] = π
∑
b,c

qbqcΦ(Lb,Lc) , (21)

Lb Lb

Lc Lc

W  [a]

(a) (b)

(c)

1 W  [a]2 Lb

Lb Lc Lb Lc Lb Lc

p + p+ p =  0-1 +1 0

FIG. 1: (a) Illustration of local crossing of two nodal lines,
which leads to a π/2 change in the θ[a] angle. (b) This shows
how a nodal line Lb can cross itself, after which its self-linking
number changes by 2. (c) The generic skein relation for knot
polynomials, which gives the rules for the local surgery of a
knot configuration.

where

Φ(Lb,Lc) =
1

4π

∮
Lb

dxi
∮
Lc

dyjεijk
(x− y)k

|x− y|3
(22)

is the Gauss linking number between nodal lines Lb and
Lc. In the case of U(1) Chern-Simons theory, this is
also the classical valuation of the action at the critical
point (because the action is quadratic). Since the Wilson
loop charges qb are half integral, changing the linking
number between two nodal lines by 1 yields a π/2 shift in
θ[a]. Besides, the calculation of Eq. (21) needs a proper
regularization of the self-linking number for b = c, which
is related to the framing of the Wilson loop.

Now we would like to derive this same result using the
definition of the θ-angle for our system. We will show
that as we change the linking number between nodal
lines, the θ-angle changes exactly as expected for U(1)
CS theory at level 1. Consider the local crossing of
two nodal lines Lb and Lc as shown in Fig. 1(a). Lb
and Lc can be either different nodal lines or different
parts of the same nodal line. The two configurations in
Fig. 1(a) can be adiabatically connected by a parameter
t ∈ [−1, 1], where t = −1 and t = 1 corresponds to the
left and right configurations, respectively. For example,
this can be realized by assuming the off-diagonal element
in Eq. (12) to be λ(k) = λ0(kx + t + iky)(kx + ikz)
locally, where Lb and Lc are at (kx, ky) = (−t, 0) and
(kx, kz) = (0, 0), respectively. Accordingly, the field
strength in the 4d parameter space (t, kx, ky, kz) is f =
2π[qbδ(kx+t)δ(ky)d(kx+t)∧dky−qcδ(kx)δ(kz)dkx∧dkz].
Besides, the Wilson loop integrals

∫
Lb a and

∫
Lc a change

by 2πqc and 2πqb, respectively. The resulting total vari-
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ation in the expectation value of θ[a] is thus

θcl[a]
∣∣∣t=1

t=−1
= −

∫ 1

−1

dAcs[a] + 2πqbqc + 2πqbqc

= − 1

4π

∫
4d

Tr(f ∧ f) + 4πqbqc = −2πqbqc + 4πqbqc

= 2πqbqc = ±π
2

mod 2π ,

(23)

where we have used the fact that qb, qc are ±1/2. If we
define W [a] = eiθcl[a] = 〈eiθ[a]〉 as a knot invariant, the
above result yields a simple skein relation

W1[a]− ei2πqbqcW2[a] = 0 , (24)

where W1[a] and W2[a] correspond to two configura-
tions which are only different locally as shown in Fig.
1(a). This is a special case of the general skein rela-
tion as shown in Fig. 1(c), with coefficients p−1 = 1,
p+1 = −ei2πqbqc and p0 = 042,44. It is convenient to as-
sign each nodal line Lb a direction along which the Berry
flux is +π, i.e., qb = +1/2, so that skein relation is unam-
biguous with p+1 = −i. In particular, when a nodal line
Lb crosses a distinct nodal line Lc the θ-angle changes the
contribution to θ-angle changes by π/2 exactly as is ex-
pected from Eq. (21). This is easy to explain: both com-
putations can be reduced to finding classical solutions
of the CS theory with a given nodal line and evaluating
the action at the classical value. However, we also need
to discuss the nodal line crossing itself as shown in Fig.
1(b). Here θcl[a] should also change by π/2 due to the
skein relation, which indicates the ‘self-linking number’
Φ(Lb,Lb) should change by 2. The self-linking number is
also known as the framing of the knot42, which we have
not yet discussed in the context of the nodal lines. As we
will argue below, due to the doubling of the nodal lines
due to time reversal invariance, such self-linking, or fram-
ing contributions, cancel pairwise as a nodal line crosses
itself. In other words, we can delete the b = c terms in
the sum in Eq. (21) as far as its contribution to the total
θ-angle is concerned.45

In practice, in TRI superconductors, nodal lines usu-
ally occur in pairs at momenta related by the time-
reversal symmetry. Therefore, the nodal line crossings
are always doubled, and the change in θ[a] will be doubled
to 0 or π, depending on the signs of masses of each nodal
line in the weak breaking of time-reversal symmetry. For
instance, if one assign Lb and its time-reversal partner
the same mass, but assigns Lc and its time-reversal part-
ner opposite masses, the crossing of Lb and Lc (and their
time-reversal) will induce a π shift in θ[a]. However, if a
nodal line Lb crosses itself once and recovers the original
configuration, due to the time-reversal doubling, time-
reversal related nodal lines always have opposite self-
crossing phases, and the total change in θcl[a] is always
zero. This justifies why we may neglect the contribution
of self-linking (or framing number) in finding the contri-
bution of linked nodal lines to θ.

B. Wilson loop in the multi-band case

Now we proceed to consider nodal lines in general
N -band TRI superconductors. Following the discussion
above Eq. (11), we shall assume h(k) and ∆(k)T are si-
multaneously diagonalized by Uk = (u1(k), · · · , uN (k))†,
where uα(k) is the α-th normalized eigenvector of h(k)
(1 ≤ α ≤ N), or the wave function of the α-th electron
band before superconducting. In the absence of addi-
tional symmetries, each nodal line Lb is associated with
a definite electron band. The modified topological theta
angle can then be naturally generalized as

θ[a] = −Acs[a] +
∑
b

qb

∮
Lb
u†αbauαb , (25)

where a is now a U(N) gauge field, Acs[a] is the
non-abelian Chern-Simons action, and uαb is the N -
component wave function of the electron band αb asso-
ciated with nodal line (or Wilson loop) Lb. Similarly,
the Wilson loop charges qb are half-integral. The Wilson
loops Lb are coupled to the projected U(1) Berry connec-
tion a(αb) = u†αbauαb , and thus breaks the U(N) gauge
symmetry. If the 3d momentum space is viewed as a
2 + 1d ”spacetime”, the Wilson loops can be interpreted
as world lines of particles, while uαb are the U(N) color
states of the particles. Due to such a coupling, the Chern-
Simons theory governed by θ[a] acquires more structures.
The equation of motion for a then becomes

f =
∑
b

2πqbuαbu
†
αb
δ2(k⊥ − kb)dk

1
⊥ ∧ dk2

⊥ , (26)

where f is now the U(N) Berry curvature of a. When
two nodal lines Lb and Lc cross each other as shown in
Fig. 1(a), a calculation similar to Eq. (23) yields the
jump in theta angle

∆θcl[a] = 2πqbqc|u†αbuαc |
2 = 2πqbqcδαbαc , (27)

provided the eigenvectors uαb and uαc are nonsingular
(up to phase factors) during the crossing. Therefore, the
crossing produces a change in θcl[a] only if the two nodal
lines are in the same band. We will come back to this
point at the end of this subsection.

In metals which become superconductors at low tem-
peratures, nodal lines always live on the 2d fermi surfaces
of the metals. One may therefore wonder what kind of
fermi surface can give rise to linked nodal lines. Fig.
1(a) shows how two nodal lines of linking number 1 can
be drawn on a 2-torus fermi surface. We note that they
are not time-reversal invariant by themselves. Therefore,
their time-reversal partners should coexist on another 2-
torus fermi surface in the BZ. To unlink the two nodal
lines L1 and L2, one must imagine a process during which
the poloidal radius of a certain part of the torus shrinks
to zero and then expands back. The two nodal lines can
then cross each other at the point of zero poloidal radius.

The theta angle θ[a] defined in Eq. (25) also explains
in a different way the fact that θ = Nscπ mod 2π for a
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kx
ky

kz

kx
ky

kz

A

B

kx
ky

∆α >0

kz

fermi surface

∆α >0

∆α <0

∆α <0

(a)

(c) (d)

M

L1

L2

L

C1(α)=+1

b

L1
L2

fermi surface
(b)

FIG. 2: (a) Two linked nodal lines in the same band can be re-
alized on a torus fermi surface. (b) A nodal line can be created
at point A and annihilated at point B, whose trajectory is a
closed surface M. (c)-(d) The sign of pairing ∆α on a fermi
surface of a gapped TRI superconductor can be reversed by
creating nodal lines and making them sweep around the fermi
surface, which leads to a phase transition between topological
superconductors if the fermi surface Chern number C1(α) is
nonzero.

TRI gapped topological superconductor with topological
number Nsc. This fact comes from the following obser-
vation: consider the process in which a nodal line Lb is
created at point A and then annihilated at point B as
shown in Fig. 2(b) as a function of adiabatic parameter
t ∈ [−1, 1], during which the system remains TRI. The
trajectory of Lb is thus a closed 2d manifold M in the
3d momentum space. Accordingly, the change in θcl[a] is

θcl[a]
∣∣∣t=1

t=−1
= −

∫ 1

−1

dAcs[a] + qb

∫ 1

−1

d

∮
Lb
a(αb)

= − 1

4π

∫
4d

Tr(f ∧ f) + qb

∮
M
da(αb)

= 0 + qb

∮
M
f (αb) = 2πqbC1(αb) ,

(28)

where we have used the fact that f ∧ f = 0 when there
is no crossing of nodal lines, while f (αb) = da(αb) =
d(u†αbauαb) is the projected U(1) Berry curvature of elec-
tron band αb, and C1(αb) is the first Chern number of
band αb on the 2d manifold M. We note that even if
the U(N) Berry curvature f = 0, the projected U(1)
Berry curvature f (αb) and thus C1(αb) can be generically
nonzero. Therefore, θ[a] of a TRI gapped superconduc-
tor can be changed by creation and annihilation of nodal
lines.

Physically, this can be done by adiabatically chang-
ing the pairing amplitude ∆(k) of the BdG Hamiltonian.

We shall still assume Ukh(k)U†k = diag(ε1(k), · · · , εN (k))

and Uk∆(k)T U†k = diag(∆1(k), · · · ,∆N (k)), so a nodal
line in band α is given by εα(k) = ∆α(k) = 0. We note

that εα(k) = 0 defines the fermi surface Mα of electron
band α, while ∆α(k) is a real function of k. When the
superconductor is gapped, ∆α(k) is nonzero everywhere
on the fermi surface Mα, and thus has a definite sign
sgn(∆α) there. Qi, Hughes and Zhang13 has shown that
the topological number Nsc of a gapped TRI supercon-
ductor is given by

Nsc =
1

2

N∑
α=1

C1(α)sgn(∆α) , (29)

where C1(α) =
∮
Mα

f (α)/2π is the fermi-surface first

Chern number of electron band α. Now consider a fermi
surface Mα with C1(α) = +1 and ∆α > 0 as shown
in Fig. 2(c) at the beginning. One can then create
two nodal lines L1 and L2 (which are time-reversal part-
ners) from the north and south poles of the fermi sur-
face as shown in Fig. 2(d), and make them annihilate
on the equator. Since ∆α on Mα changes sign across
a nodal line, the sign sgn(∆α) is reversed at the end of
the process, and Nsc decreases by 1. On the other hand,
Eq. (28) tells us that the change in the theta angle θ is
∆θ = 2πqb = −π mod 2π, which therefore agrees with
the fact θ = Nscπ for TRI topological superconductors.
This also verifies that the Wilson loop charges qb have to
be half-integral.

This also indicates that θ[a] for N > 1 could acquire a
geometric contribution

qb

∫
d

∮
Lb
a(αb) = qb

∫
da(αb)

solely from the deformation of a nodal line Lb, without
involving any nodal-line crossings. This is different from
the U(1) Chern-Simons theory discussed in Sec. IV A
which is purely topological. Such an additional phase
change is due to the Berry curvature carried by the eigen-
vectors uα. In practice, T2 = −1 always requires the
total number of bands N to be even, so such a geometric
contribution is in general present and nonzero.

We now go back to Eq. (27) and add a few more words
about it. When two nodal lines Lb and Lc cross each
other, the kinetic energy matrix h(k) necessarily has two
degenerate eigenvectors u1 and u2 of zero eigenvalue at
the crossing point, and uαb and uαc must approach cer-
tain superpositions of u1 and u2 near the crossing point.
If the superposition coefficients involve a discontinuous
jump before and after the crossing, uαb and uαc will be
singular, and the jump in theta angle given by Eq. (27)
becomes unclear. However, we can always smoothen the
crossing process, i.e., smoothen the discontinuous jump
of the superposition coefficients. The change in theta an-
gle is then simply the jump given in Eq. (27) plus the
geometric contribution from the eigenvectors uαb and uαc
which vary smoothly.
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V. NON-ABELIAN NODAL LINES

So far, we have discussed TRI superconductors with
nondegenerate bands, where nodal lines behave as Wil-
son loops coupled to projected U(1) Berry connections.
To construct Wilson loops with a non-abelian coupling
to the Berry connections, one needs the band structure
of the superconductor to have an N -fold degeneracy46.
Theoretically, we can discuss all N > 1 cases, but it turns
out that the N = 2 case is particularly well motivated in
certain superconductors: In particular, adding inversion
symmetry to the superconductor yields a 2-fold degen-
eracy and leads to U(2) nodal lines, as we shall show
below. In subsection A, we discuss the U(2) case and in
the subsection B, we turn to the more general U(N) case.

A. U(2) nodal lines for centrosymmetric
superconductors with even-parity pairing

Many TRI superconductors are also centrosymmetric,
namely, have an inversion symmetry P. In this case,
the combined symmetry TP is an anti-unitary symme-
try with (TP)2 = −1. Since the TP symmetry keeps
the momentum k invariant, such a symmetry ensures the
N electron bands (N is even) to be doubly degenerate
according to the Kramers theorem. If one denotes the
action of P on the electron basis as P−1ψkP = Pψ−k
where P2 = P†P = IN , one can show (T P)∗T P =
−IN and (T P)†T P = IN , namely, the matrix T P
has the same properties as T . The inversion symme-
try of the superconductor requires P†h(k)P = h(−k),
and P†∆(k)P∗ = ±∆(−k), where + and − signs in-
dicate even and odd parity pairings, respectively. Note
that ∆(k) = −∆T (−k), so this parity requirement can
be rewritten as ∆(k)P∗ = ∓P†∆T (k), i.e., the matrix
∆(k)P∗ is anti-symmetric for even parity, and symmet-
ric for odd parity.

When the superconductor has a pairing amplitude
∆(k) of even parity, nodal lines are allowed to arise and
are stable against perturbations. This can be seen as

follows. Assume h(k) = U†kEkUk, where Ek = I2 ⊗ εk
with εk = diag(ε1(k), · · · , εN/2(k)) being a diagonal ma-
trix, while the basis of each I2 (2 × 2 identity matrix)
consists of two eigenstates related by the TP transfor-
mation. Effectively, one can regard the two states as
carrying spin up and down, respectively. The matrix T P
can be written as T P = U†k(iσ2 ⊗ IN/2)U∗k , where σ1,2,3

denote the Pauli matrices in the doublet basis of TP re-
lated eigenstates. We note that Uk is not unique. Since
h(k) commute with the Hermitian matrix ∆(k)T , the
same matrix Uk diagonalizes ∆(k)T into 2×2 blocks. To-
gether with the condition that ∆(k)P∗ = −∆(k)T (T P)∗

is anti-symmetric (symmetric) for even (odd) parity, we

find

∆(k)T = U†k

 f1(k)I2
. . .

fN/2(k)I2

Uk (30)

for even parity pairing, where fn(k) are real functions
even in k, and

∆(k)T = U†k

 ξ1(k) · σ
. . .

ξN/2(k) · σ

Uk (31)

for odd parity pairing, where ξn(k) are real vector func-
tions odd in k. When the parity is odd, the gapless con-
dition for the BdG Hamiltonian is εn(k) = ξn(k) = 0,
which is overdetermined in 3d and generically has no so-
lution. On the contrary, when the parity is even, the
BdG band structure becomes gapless εn(k) = fn(k) = 0,
which defines the nodal lines in the doubly-degenerate
electron band εn. In practice, such nodal lines widely
exist in cuprates with d-wave pairings33 and iron-based
superconductors with modulated s±-wave pairings34.

Due to the double degeneracy of the BdG band struc-
ture, the nodal lines are coupled to the Berry connection
as non-Abelian U(2) Wilson loops. In the N = 2 case,
the Berry connection a is itself a U(2) gauge field, and
the θ-angle is simply given by the conventional U(2) non-
abelian Chern-Simons theory. These Wilson loops re-
side in the fundamental representation R of U(2) where
the generators are given by T 0 = I2/2 and T i = σi/2
(i = 1, 2, 3)47, and accordingly the Berry connection can
be decomposed into a =

∑
a T

aaa. The matrix J(k)
in this case is simply J(k) = h(k) − i∆(k)T = λ(k)I2,
where λ(k) is a complex number function. A nodal line
is defined by λ(k) = 0, while winding around the nodal
line increases the phase φ(k) of λ(k) by 2π. To com-
pute the classical value of gauge field a, one can choose
Uk = e−iφ(k)I2 and Vk = I2 in the vicinity of the nodal
line, in which case the field strength is

f = 2πT 0δ2(k⊥ − kb)dk
1
⊥ ∧ dk2

⊥ . (32)

Alternatively, one can choose Uk = ei(−T
0+n̂iT i)φ(k) and

Vk = ei(T
0+n̂iT i)φ(k) with a unit vector n̂ = (n̂1, n̂2, n̂3),

which yields a field strength

f = 2πn̂iT iδ2(k⊥ − kb)dk
1
⊥ ∧ dk2

⊥ . (33)

Both choices ensure Uk and Vk to be single-valued. This
choice of classical solutions exactly results from the U(2)
gauge freedom of the nodal line. Similar to the U(1)
case, the field strength of a nodal line becomes well de-
fined when the time reversal symmetry or the inversion
symmetry of the system is weakly broken. For instance,
the Hamiltonian could acquire a small mass term and
become

H̃ ′(k) =

(
m0I2 +mn̂ · σ λ(k)I2

λ∗(k)I2 −m0I2 −mn̂ · σ

)
. (34)
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Explicitly, there are four degrees of freedom, which are
m0 and min̂i (i = 1, 2, 3), which is the expected number
for arbitrary fluctuations of a U(2) gauge field in d = 3
because N2(d− 2) = 4, where here N = 2 and d = 3.

It is important to note that the field strength f will
depend on the signs of the eigenvalues of the upper 2× 2
block. If the signs of the mass eigenvalues of the upper
2 × 2 block is (±,±), this leads to the curvature sitting
in the abelian subalgebra of U(2) given by

f = 2π

[
±1

2
,
±1

2

]
δ2(k⊥ − kb)dk

1
⊥ ∧ dk2

⊥. (35)

This can be interpreted (when the gravitational instan-
ton number k = 1) as the response of the U(2) system to
a charged object with charges [±1/2,±1/2] in the Cartan
of U(2). If both signs are the same, the Wilson loop will
carry only a U(1) ⊂ U(2) charge. If the signs are oppo-
site, the two possibilities correspond to the fundamental
of SU(2) ⊂ U(2) together with some overall U(1) charge.
Note that when the inversion symmetry is broken, the
U(2) nodal lines naturally breaks down to abelian nodal
lines with Wilson loop charges ±1/2, in agreement with
our observation in Sec. IV. The Wilson loop observables
etc. will work exactly as in the abelian case we already
discussed, because the level of the U(2) CS theory is 1.

If we change the gravitational instanton number so
that the level of the U(2) CS theory is changed to k,
we would need to choose different weights in the U(2)
weight lattice in order to get the same f we computed in
Eq. (35). In particular, the Cartan weights will now be
(±k/2,±k/2). Apart from the U(1) part, this belongs to
the k-fold symmetric representation of the fundamental
of SU(k), which is known to generate a free current and
thus means that its correlations behave as in the abelian
case, leading exactly to the same result expected, where
θ gets multiplied by a factor k.

B. U(N) nodal lines

Though uncommon in nature, condensed systems with
n-fold degenerate (n > 2) band structures are theoret-
ically possible when the symmetries of the systems are
high enough. For instance, systems where electrons carry
both a spin 1/2 and a pseudospin 1/2 may have a 4-
fold degenerate band structure when there are no spin-
pseudospin couplings. When such a system is TRI and
develops a superconductivity, nodal lines with a U(n)
symmetry may arise.

For simplicity, here we only consider the case when the
total number of electron bands is N = n, which is the
minimal system that realizes U(n) nodal lines. The ma-
trix J(k) in Eq. (3) is then of the form J(k) = λ(k)IN
with λ(k) = |λ(k)|eiφ(k) being a complex function. A
nodal line is defined by λ(k) = 0; it occupies the funda-
mental representation of U(N) group, of which the gen-

erators are T 0 = IN/
√

2N and the N2 − 1 generators T i

of SU(N) group47. The matrices U and V around the
nodal line can be generically chosen as

Vk = eiφ(k)Uk = eiω
aTaφ(k) , (36)

where ω0 =
√

2/N` (` ∈ Z), and ωi (1 ≤ i ≤ N2 − 1)

generates the element eiω
iT i = e−i2π`/N of the center of

SU(N). The resulting field strength f is

f = 2πωaT aδ2(k⊥ − kb)dk
1
⊥ ∧ dk2

⊥ , (37)

which is a classical solution of the U(N) Chern-Simons
theory with U(N) Wilson loops. In paricular, just as in
the U(2) case this will lead to curvature which is propor-
tional to [±1

2 , ...,
±1
2 ], which is in the fundamental repre-

sentation of U(N) at level 1, leading to similar formulae
as before.

VI. NODAL LINES INDUCED BY LINE
DEFECTS AND TOPOLOGICAL STRINGS

In many cases it is desirable to consider the effect of de-
fects in the physical space of a condensed matter system.
In the physical space of 3d superconductors, vortex lines
can be naturally created as line defects, while crystallo-
graphic line defects (dislocations and disclinations) may
also be present, which lead to a breaking of the transla-
tional symmetry. Interestingly, as we shall show below,
such line defects in physical space give rise to effective
nodal lines in the BZ, or more precisely, in the phase
space under a semiclassical approximation.

For simplicity, let us consider a line defect along z-
direction located at x = y = 0 in the physical space.
The line defect will generically produce a potential energy
Vd(x, y) for the BdG quasi-particles that is centered at
x = y = 0. An quasi-particle with kinetic energy ε(k)
will then have a Hamiltonian:

Hd(kz) = ε(−i∂x,−i∂y, kz) + Vd(x, y) , (38)

where we have used the fact that kz is still a good quan-
tum number. Assume the Hamiltonian has a bound state
|ψd(kz)〉 with a bound state energy εd(kz)

48–50. Such a
bound state is in general a wave packet of size `d centered
at x = x0(kz) and y = y0(kz) in the physical space, and
also a wave packet of size π/`d with the center located
at kx = kx0(kz) and ky = ky0(kz) in the BZ, where `d is
the localization length of the bound state (which we as-
sume is much larger than the lattice constants), and the
functions x0(kz), y0(kz), kx0(kz) and ky0(kz) are deter-
mined by the line defect Hamiltonian Hd(kz). Therefore,
all the bound states on the line defect live on a ”smeared
out” line in the BZ given by (kx, ky) = (kx0(kz), ky0(kz)),
which is a closed loop, and also live on a ”smeared out”
line (x, y) = (x0(kz), y0(kz)) in the Lagrangian space
(x, y, kz)

51.
Now we assume a quasi-particle is bounded on the line

defect. We then introduce an additional slow potential
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Vs(z)� |Vd(x, y)| which slightly breaks the translational
symmetry along the line defect. Such a slow potential
could result from inhomogeneity of the system or slight
distortions of the defect line. Consider a local minimum
where Vs(z) ≈ z2/2M . The quasi-particle is then located
near z = 0, and has an effective 1d Hamiltonian

Hq =
(id/dkz + vK · a+ vL · ã)2

2M
+ εd(kz) ,

where we have defined vK = (dkx0/dkz, dky0/dkz, 1) and
vL = (dx0/dkz, dy0/dkz, 1), while a is the Berry connec-
tion in the BZ defined in Sec. II. and we have also in-
cluded a new Berry gauge field ã(x, y, kz) = (ãx, ãy, ãkz )
in the Lagrangian space (x, y, kz)

30,51. Such a Berry
gauge field ã arises generically when the translational
symmetry of the system in the x-y plane is broken26.
For instance, in the presence of z-direction translational
invariant lattice displacements, a particle may acquire
an adiabatic z-direction translation zt(x, y) when mov-
ing in the x-y plane, thus gain a phase factor eikzzt ,
which induces a nontrivial Berry gauge field (ãx, ãy) =

(kz∂xzt, kz∂yzt) with field strengths f̃kzx = ∂xzt and

f̃kzy = ∂yzt. Furthermore, if there are also disloca-
tions, zt will depend the electron’s moving path in the

x-y plane, and a nonzero f̃xy proportional to kz will arise.
Note that the first term in the Hamiltonian Hq can

be viewed as a kinetic energy in the kz space, while the
second term εd(kz) behaves as a periodic potential along
kz. In this perspective, the Lagrangian corresponding to
Hq is

Lq(kz, k̇z) =
M

2
k̇z

2
+ K̇q · (a+ ã)− εd(kz) ,

where Kq = (x0(kz), y0(kz), 0, kx0(kz), ky0(kz), kz) is the

position of the particle in the 6d phase space, and K̇q

is the time derivative of Kq. Since the z coordinate
of the particle is not important, we simply fix it to its
mean value z = 0. All the possible positions Kq(kz)
forms a loop Ld in the phase space (x, y, z, kx, ky, kz).
In the periodic time path integral formalism, the quasi-
particle can wind around the loop nw times, of which
the tunnelling amplitude is given by exp(−|nw|St) ≈
exp(−|nw|

∮
Ld

√
2Mεd(kz)dkz) according to the WKB

approximation. The path integral of the bounded quasi-
particle is thus

Zq =

∫
Dk(t)ei

∫
Lqdt ≈

∑
nw

e
inw

∮
Ld

(a+ã)−|nw|St . (39)

Therefore, one sees the loop Ld plays exactly the role of
a Wilson loop (nodal line) that couples to both a and ã,
where the Wilson loop charge is now the winding num-
ber nw. We note that the shape of the slow potential
Vs(z) is only relevant to the tunnelling action St, while
does not affect the Wilson loop integral. In this case,
the Wilson loop charge nw and the level of CS action

of a, i.e., the gravitational instanton number k, are in-
dependent of each other. In principle, the gauge field ã

may also have a physical CS action at some level k̃ in
the Lagrangian space (kz, x, y), which then yields a more
interesting doubled CS theory.

Generically, the number of quasi-particles bounded on
the line defect is not limited to one. To take all number
of quasi-particles into account, we can second quantize
the above action, rewriting the path integral as

Zq =

∫
Dψ̄jDψjei

∫
dtψ̄j [i∂t+K̇j

q(t)·(a+ã)+iSt/β]ψj , (40)

where ψj is the fermion mode associated with a particular
closed path Kj

q(t) on the loop Ld, t is the time, and β is
the period in the time direction.

We note that the Berry connection a here should be
treated as a gauge field defined at the specific point
(x, y, z) = (x0(kz), y0(kz), 0) of the physical space where
the quasi-particles are trapped. In fact, the strict defi-
nition of the Berry connection a does require specifying
a point r in the physical space as an origin52, namely,
a is defined via the Bloch wave functions in the unit
cell at r. In particular, since the Bloch wave func-
tions have a shift ambiguity |α,k〉 → eik·R|α,k〉 under
a translation r → r + R (where R is a lattice vector),
the Berry connections a defined at r and r + R are re-
lated by ar+R = a|r + R · dk. This shift ambiguity is
closely related to the 3d quantum Hall effect52,53, but
does not affect the calculation of θ[a] of TRI systems
here. Similarly, the gauge field ã and the associated La-
grangian space (kz, x, y) should be viewed as located at
the specific position z = 0 (local minimum of Vs(z)) and
(kx, ky) = (k0x(kz), k0y(kz))

26,48.
It turns out that the above description is very natu-

ral in the context of topological strings, which was in-
troduced by Witten29 and gives a realization of Chern-
Simons theory as a string theory. This corresponds to
strings propagating on a six dimensional symplectic man-
ifold which is typically taken to be a Calabi-Yau 3-fold.
N D-branes wrapping Lagrangian 3-cycles lead to U(N)
Chern-Simons theory living on it. Moreover, intersect-
ing D-branes along a loop leads to insertion of Wilson
Loop observables as in Eq. (39) on the intersection30.
To connect this to the present discussion, we note that
the phase space (x, y, z, kx, ky, kz) is a sympletic mani-
fold T ∗T 3. We take two Lagrangians to be one wrapped
around (kx, ky, kz) giving us the CS theory with gauge
field a, and the other to represent the defect, given by
the Lagrangian (kz, x, y) with gauge field ã living on
it. These Lagrangians intersect along kz, leading to a
fermion field which couples to the two gauge fields exactly
as in Eq. (40)30. It is remarkable that phase space in 3d
can naturally give a realization of topological strings!

Though our discussion here is based on a straight
line defect in physical space, the result holds for generic
smooth line defects. In the semiclassical approximation,
one can define a momentum along the defect line which
plays the role of kz here, and all the rest of the derivation
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will follow.

VII. DISCUSSION

We have seen how a modified Berry’s connection of a
TRI superconductor can behave as a fluctuational gauge
field in the 3d BZ governed by a CS theory whose level
is given by the gravitational instanton number in the
physical spacetime. Moreover, we have seen that gap-
less nodal lines play the role of Wilson loop observables
for the Chern-Simons theory. The free energy of this CS
theory computes the θ-angle of the topological gravita-
tional response R ∧ R of this system. Changing of the
topological mutual linking numbers of nodal lines leads
to a shift of the θ-angle in units of π. Whereas the linking
of degenerate manifolds is also studied for the 5d Weyl
semimetals54, it is reasonable to expect linking and knot
invariants to play an important role in more generic gap-
less topological states of matter.

The examples we have discussed exhibit mostly an
abelian structure. Even in the multi-band case where we
got U(N) CS theory, the computations reduce to U(1)N

abelian CS theory. It would be nice to find ways where
the linked nodal amplitudes are genuinely non-abelian.

This paper provides an example of how the Berry con-
nection in the BZ can become fluctuating. In addition,
in the discussion of physical space defects in Sec. VI,
we see possibility of realizing topological string theory in
a condensed matter set-up. We have seen an intriguing
realization of topological strings on the six dimensional
phase space where defects play the role of D-branes. It
would be very interesting to develop this connection fur-
ther, for instance, to see how the gauge field ã in the
Lagrangian manifold (kz, x, y) can also be made dynam-
ical and governed by a CS action. It would also be use-
ful to find more examples along these lines in different
condensed matter systems in different dimensions, which
need not be limited to topological theories.
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Appendix A: Relation between two kinds of Berry
connections

The conventionally defined Berry connection a′αβ(k) =

i〈α,k|d|β,k〉 in the literature6–8 provides a non-abelian
generalization of the U(1) Berry connection proposed by
Berry35, where |α,k〉 are the eigenstates of the Hamil-
tonian H and α, β runs over the N occupied bands. In
this definition, the number of occupied bands and that
of empty bands are not required to be equal. When the
system is gapped, such a Berry connection naturally de-
scribes the topology of the N occupied bands, which re-
mains unchanged as long as the gap of the system does
not close. However, one should note that the generic
U(N) gauge transformation of a′ necessarily involves the
variation of the Hamiltonian, therefore is not a symme-
try of the system. This is because a gauge transforma-
tion involves a redefinition of eigenstates in the space
spanned by the original N occupied eigenstates |α,k〉,
which varies the Hamiltonian if the N eigenstates are
not all degenerate. For example, in the BdG Hamilto-
nian of Eq. 4 we considered here, a gauge transformation
a′ → w†aw+ iw†dw with an N ×N unitary matrix w(k)
is realized by V → w†V and U → w†U , under which the

Hamiltonian H̃(k) in Eq. (4) becomes

H̃w(k) = Λk

(
wDkw

†

−wDkw
†

)
Λ†k . (A1)

Therefore, the Hamiltonian is varied if w does not com-
mute with Dk, which is not a unitary transformation of
the Hamiltonian. When all the bands are nondegenerate,
the Hamiltonian is invariant only if w is diagonal, i.e., one
is making a U(1)N transformation. In contrast, the pro-

jector onto the N occupied bands Π̂ =
∑N
α=1 |α,k〉〈α,k|

is invariant under an arbitrary gauge transformation of
a′, so one may think of the gauge symmetry of a′ as a
symmetry of the projector.

For the purpose of this paper, we wish to find
a Berry connection with a gauge symmetry that
is the symmetry of the Hamiltonian. Here we
shall show the modified Berry connection amn(k) =

i
∑
α〈0|ψm,k|α,k〉d〈α,k|ψ

†
n,k|0〉 is such a well-defined

U(N) gauge field, which is uniquely defined for supercon-
ductors (or any Hamiltonian invariant under the chiral
transformation). To see this, we note that under a U(N)
unitary transformation of the electron basis ψk used for
writing the Hamiltonian and the eigenstates

ψk → g(k)ψk

where g is an N×N unitary matrix, the hole basis trans-
forms as

T ∗ψ†T−k →= −
(
ψ†−kT

†g∗†
)T

= gT ∗ψ†T−k .

This leads to V → V g and U → Ug, and transforms a
given in Eq. (6) as

a→ g†ag + ig†dg , (A2)
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which is exactly the gauge transformation of the U(N)
gauge field. Meanwhile, the Hamiltonian is solely doing a
unitary transformation. Therefore, the basis transforma-
tion ψk → g(k)ψk gives the U(N) gauge transformation
of a, which is a trivial ”symmetry” of the Hamiltonian.

One may wonder what happens to the conventional
Berry connection a′ if one makes a unitary basis trans-
formation ψk → g(k)ψk. As we have seen, such a trans-
formation leads to V → V g and U → Ug, and according
to Eq. (5), a′ will transform as

a′ → a′ +
i

2
[U(gdg†)U† + V (gdg†)V †] (A3)

which is not a gauge transformation. Therefore, the ba-
sis transformation does not transform a′ legally. Thus
we conclude the conventional Berry connection a′ is only
allowed to do U(1)N gauge transformation if the Hamil-
tonian is fixed, while the modified Berry connection a has
the full U(N) gauge freedom.

Now we proceed to show the two Berry connections
have opposite Chern-Simons actions A[a] = −A[a′] for
TRI gapped superconductors. From the expressions of
Eq. (5) and Eq. (6), we have

Tr

(
a ∧ da− i2

3
a ∧ a ∧ a

)
= Tr

[
− (U†dU + V †dV ) ∧ (dU† ∧ dU + dV † ∧ dV )

4
− 2

3

(U†dU + V †dV )3

8

]
=

1

6
Tr
(
U†dU ∧ U†dU ∧ U†dU + V †dV ∧ V †dV ∧ V †dV

)
,

(A4)

where we have used the fact that dU† = −U†dUU†. Following the same calculation one will find

Tr

(
a′ ∧ da′ − i2

3
a′ ∧ a′ ∧ a′

)
=

1

6
Tr
(
UdU† ∧ UdU† ∧ UdU† + V dV † ∧ V dV † ∧ V dV †

)
= −1

6
Tr
(
U†dU ∧ U†dU ∧ U†dU + V †dV ∧ V †dV ∧ V †dV

)
.

(A5)

Therefore, for gapped superconductors where U and V
can be well defined everywhere in the Brillouin zone, we
have A[a] = −A[a′]. Besides, note that the integral in
the 3d Brillouin zone

1

24π2

∫
Tr
(
UdU† ∧ UdU† ∧ UdU†

)
(A6)

is an integer for unitary matrix U , we conclude that
A[a] = −A[a′] = nπ with n ∈ Z, in agreement with
the requirement of the time reversal symmetry. In the
presence of nodal lines, however, U and V become ill-
defined on the nodal lines, and this conclusion no longer
holds.
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