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We propose an order parameter for the Symmetry-Protected Topological (SPT) phases which are
protected by Abelian on-site symmetries. This order parameter, called the SPT-entanglement, is
defined as the entanglement between A and B, two distant regions of the system, given that the
total charge (associated with the symmetry) in a third region C is measured and known, where
C' is a connected region surrounded by A, B and the boundaries of the system. In the case of
1-dimensional systems we prove that in the limit where A and B are large and far from each other
compared to the correlation length, the SPT-entanglement remains constant throughout a SPT
phase, and furthermore, it is zero for the trivial phase while it is nonzero for all the non-trivial
phases. Moreover, we show that the SPT-entanglement is invariant under the low-depth quantum
circuits which respect the symmetry, and hence it remains constant throughout a SPT phase in
the higher dimensions as well. Also, we show that there is an intriguing connection between SPT-
entanglement and the Fourier transform of the string order parameters, which are the traditional
tool for detecting SPT phases. This leads to a new algorithm for extracting the relevant information
about the SPT phase of the system from the string order parameters. Finally, we discuss implications

of our results in the context of measurement-based quantum computation.

I. INTRODUCTION

Symmetry-Protected Topological (SPT) order is a new
kind of order at zero temperature which cannot be de-
scribed by the traditional Landau paradigm of symmetry
breaking! . Different SPT orders remain distinct from
each other in the presence of an appropriate symmetry.
However, there is no local order parameter to distinguish
SPT ordered phases from the trivial phase. Also, SPT
ordered phases do not exhibit long-range order between
distant sites. First known example of a SPT phase is
the Haldane phase of the antiferromagnetic spin chains
with odd integer spins®%, which has been recently real-
ized in several experiments (See e.g.” 1°). This phase is
protected by the Dy >~ Zy X Zy symmetry corresponding
to 7 rotations around a set of orthogonal axis. Recently
SPT order has attracted a considerable amount of atten-
tion in quantum information community (See e.g.!'716).

It is often claimed that (symmetry-protected) topo-
logical order of the system is fundamentally related to
its entanglement structure. Hence, it is desirable to have
order parameters which directly detect this entanglement
structure. In fact, in the case of topological order, topo-
logical entanglement entropy can reveal the presence of
topological order based on the entanglement properties
of the ground state'” 1°.

In this paper, we propose a new quantity, called SPT-
Entanglement, which detects SPT ordered phases based
on their entanglement properties. We show that for
Abelian symmetries and in the appropriate limits, SPT-
Entanglement is a universal quantity in all dimensions,
that is it remains constant throughout a SPT phase, sim-
ilar to the fact that topological entanglement entropy re-
mains constant throughout a topological phase'®19. Fur-
thermore, in the case of 1-dimensional systems we cal-
culate SPT-Entanglement in the Matrix Product State

(MPS) framework, and show that it always successfully
detects the presence of SPT order. We also show that
there is an intriguing connection between the concept
of SPT-Entanglement and the string order parameters.
More precisely, we show that SPT-Entanglement can be
expressed in terms of the Fourier transform of the string
order parameters.

Although the main results of this paper are focused on
the field of SPT order, it also contributes by showing that
the resource theory point of view to entanglement can be
useful in the study of many-body systems (See e.g.2!:22
for recent reviews). In this point of view, rather than
quantifying entanglement using a particular measure of
entanglement, entanglement of a given state is charac-
terized in terms of the equivalence class of all states that
can be reversibly reached from this state via Local Oper-
ations and Classical Communication (LOCC). This point
of view to entanglement is essential for understating and
proving the properties of SPT-Entanglement. This sug-
gests that the resource theory point of view to entangle-
ment might be useful in other many-body problems.

This point of view also enables us to clearly see the ad-
vantage of using entanglement measures instead of cor-
relation measures such as mutual information. Although
in the recent years entanglement measures have been ex-
tensively used in the study of many-body systems, it is
not always clear that why they are relevant in this con-
text, and why they cannot be replaced by other mea-
sures of correlation, such as mutual information, which
are often easier to calculate. Interestingly, in the argu-
ments presented in this paper, one can clearly see that the
monotonicity of measures of entanglement under classical
communication, which distinguishes them from general
measures of correlations, is crucial for having a univer-
sal quantity which remains constant throughout a SPT
phase.



A. Outline

We start by reviewing some preliminary concepts. In
particular, in Sec.(IT A) we review the notions of symme-
try and charge, and we discuss the example of Zy X Zo
symmetry. Then, in Sec.(IIB) we briefly review the no-
tion of low-depth symmetric circuits. Next, in Sec.(IIC)
we review some basic concepts of entanglement theory,
namely the concepts of measures of entanglement and
LOCC protocols. Then, in Sec.(III) we define the no-
tion of SPT-entanglement, and present a summary of
our main results. In Sec.(IIIC) we show that there is
a connection between the notion of SPT-Entanglement
and the string order parameters. Next, in Sec.(IV) we
consider the example of perturbed cluster Hamiltonian,
and calculate the SPT-Entanglement for its ground state,
which is in the SPT phase protected by Zs X Zs symmetry.
Then, in Sec.(V) we focus on the case of 1-dimensional
systems, and calculate the SPT-Entanglement using the
MPS classification of SPT phases. Finally, in Sec.(VI) we
present the formal versions of our general results on SPT-
Entanglement, based on the notion of low-depth symmet-
ric circuits.

II. PRELIMINARIES
A. From symmetry to charge

Consider a finite-dimensional lattice system. Let G be
an Abelian symmetry which has a unitary on-site rep-
resentation on this lattice. In particular, let wu;(g) be
the (linear) unitary representation of the group element
g € G on site I, such that w;(g1)ui(g2) = wi(g2)ui(g1) =
ui(g192) for all g1,92 € G. Note that the symmetry G
can be an Abelian subgroup of a non-Abelian symmetry
of the Hamiltonian.

Let C' be an arbitrary subset of sites on this lattice.
Then, the action of the group element ¢ € G on C
is represented by the unitary U()(g) = Recwl(g)-
Since all unitary Irreducible Representations (irreps) of
an Abelian group are 1-dimensional, this representation
can be decomposed as

U(g) = Quilg) =D ™I,

e

(2.1)

where each €"#(9) is a 1-dimensional representation (char-

acter) of the group G, and 1 is the projector to the
corresponding subspace.

As we will see in the following sections, instead of
thinking in terms of 1-dimensional irreps €9, it is
sometimes more useful to consider the functions (g) cor-
responding to the arguments of the 1-dimensional irreps,
and interpret them as different charges. Therefore, in
the above decomposition each projector H&C) can be in-
terpreted as the projector to the sector with charge x in
region C. Each charge « is a real function over the group

G. Note that the charges are defined only up to a 27
shift.The number of distinct irreps of an Abelian group
G are equal to |G|, the order of group. Therefore, the
set of distinct charges, denoted by @, has also |G| differ-
ent elements. Note that this set itself forms an additive
group. That is for any charges k1, k2 € Q, we have

K1+ ko = k3 (mod 27) , (2.2)
for some k3 € Q.
Recall the orthogonality relations between 1-
dimensional irreps of Abelian groups,
D@ 2 |G X Gy, (23)

geG

where § is the Kronecher delta function. Using these
relations, we find that the projector to the subspace with
charge x can be written as

1 _
@ - - —ir(9) 7 (C)
In, = ] g e ""IU ) (g) .
geG

(2.4)

It can be easily shown that the total charge in a region
can be written as the sum of the charges in the subregions
of this region. In particular, if we partition C into two
non-overlapping subregions C7 and Cs such that C' =
Cl U 02, then

e = >

K1,k2€Q
k1+ke=k (mod 2m)

LV SIE,  (25)

where the summation is over all charges k1, k3 € @ which
add up to x (mode 27). Note that the charges corre-
sponding to non-Abelian groups are not additive.

Let
Ulg) = Qulg) = Y =,

leC KEQ

(2.6)

be the representation of the group element g € G, on
all sites in the system, and II, be the projector to the
subspace with the total charge x in the system. We call
a unitary transformation V' symmetric if it commutes
with the action of the symmetry group, that is

YgeG: U(g)VU'(9) =V, (2.7)

or equivalently, [V,U(g)] = 0. This definition implies

VeeQ: VIL.VI=1I, , (2.8)
which basically means that the total charge in the system
is conserved under symmetric unitaries.

As we will see in the rest of the paper, this conserva-
tion law, together with the additivity relation in Eq.(2.5),
which holds only for Abelian groups, play important roles
in our arguments. Indeed, a useful advantage of think-
ing in terms of additive charges instead of 1-dimensional
irreps, is that one can use the standard intuition about



the additivity and the conservation of electrical charges
to find a better understanding of the SPT phases. Note
that even if the on-site symmetry of the Hamiltonian is
non-Abelian, we can choose G to be an Abelian sub-
group of this symmetry, and apply the arguments for the
charges corresponding to this Abelian subgroup.

1. FExample: Zo X Z2 symmetry

In this section we consider the example of the group
Zo X Zs. Formally, this group can be thought as the group
of strings of two bits b,b. with bitwise XOR as the group
operation, that is the set {00,01,10,11}. This groups
protects the Haldane phase of spin chain with spin-one
systems, which includes states such the AKLT stateb. In
this case the on-site representation of this group is the
set of four operators {1, e5+7 e?%v™ %27} where I is the
identity operator, and S, Sy and S, are spin matrices in
three orthogonal directions. Note that for integer spins
the 7 rotations around three orthogonal axes commute
with each other.

As another example, consider the representation of this
group on a spin chain with spin-half systems (qubits). We
can group pairs of neighbor qubits, and consider each pair
as one site. Then, on each site formed from two qubits,
the group Zy X Zy can be represented by

u(bobe) = Xt @ X% b, € {0,1}, (2.9)
where X denotes the Pauli o, operator. In other words,
on each pair of qubits the group is represented by one of
the following operators

(oL, X®I,IoX,X®X}.

Let C' be a connected region with even number of
qubits 2[. Then, the action of group in this region is
represented by

U (bobe) = XPbg,XxLe

even

(2.10)

where Xoqq = (X @ 1)® (or Xeyen = (I ® X)®) are the
Pauli o, operators acting on all odd (or even) qubits in
region C.

This Abelian group has four elements, and hence has
four different unitary 1-dimensional irreps, or equiva-
lently four different charges. These four different charges
can be labeled by two bits r,,7. € {0,1}. In particular,
for the charge labeled by r,r. the group element b,b. is
represented by (—1)"Po+7<be Then, the projector to the
subspace with this charge in region C' is

1
1
I = Do (F1)P e X, X (2.11a)
bo,be=0
I 71 TOX I 71 TCX ven
= (LD Ko L D" Xoven) (g 41,

2

3

Note that W is the projector to the subspace
for which the total parity of X measurements on all odd
qubits in region C' is r,. Similarly, (=D Xeven jg the
projector to the subspace for which the total parity of X
measurements on all even qubits in region C' is r.

We come back to this example in Sec.(IV), where we
discuss SPT phase of cluster state.

B. Symmetric low-depth circuits

Different SPT phases can be classified based on the
equivalence classes of states induced by the symmetric
low-depth quantum circuits??. According to this classifi-
cation, two states are in the same SPT phase if one can be
approximately transformed to the other by a low-depth
circuit V = chzl V; where each V; is a product of a set of
unitaries which (i) act locally on non-overlapping regions
of the system, and (ii) are invariant under the symme-
try (That is satisfy [V;,U(g)] = 0, for all ¢ € G). The
circuit should be low-depth in the sense that the depth [
times the maximum range of each unitary in the circuit is
bounded by some range R, which in the thermodynamics
limit is negligible compared to the system size.

An important feature of the low-depth circuits is that
they have a light cone. That is if the circuit V' has range
R, then for any local operator O, which has support only
on a single site a, the operator V1O,V has support only
on sites whose distance from site a is, at most, R.

Al

A

1

A

FIG. 1: The light-cone corresponding to a low-depth circuit.
After applying the unitary, information which is initially lo-
calized in region A, will stay inside region A’, which is only
slightly larger than A.

C. DMeasures of Entanglement and LOCC

In recent years entanglement theory in general-and
measures of entanglement in particular- has found lots of
applications in many-body systems (See e.g.?*2%). Many
authors have studied how different measures of entan-
glement, such as negativity®® or concurrence®?, can de-
tect certain properties of a many-body system. In this
paper, however, we are not concerned with particular



measures of entanglement, because our results on SPT-
Entanglement hold for all such functions. Indeed, it turns
out that to understand SPT phases, and in particular,
the notion of SPT-Entanglement, it is useful to go be-
yond particular measures of entanglement, and take a
more resource-theoretic perspective to entanglement.

In quantum information theory entanglement is de-
fined as the property of states that cannot be gener-
ated with Local Operations and Classical Communica-
tions (LOCC). These are basically all and the only trans-
formations that can be implemented on a bipartite sys-
tem shared between two distant local parties, Alice and
Bob, if the only interactions between them is through a
classical channel. These transformations include (i) local
operations on each side, such as local unitary transforma-
tions, measurements, and discarding subsystems (partial
trace) and (ii) classical communication between the two
parties. Under this restricted class of operations, an un-
tangled state cannot be transformed to an entangled one.
Also, a given entangled state cannot be transformed to
another arbitrary entangled state, if the latter state has
more entanglement.

Recall that a general bipartite mixed state pA2 is un-
entangled, or separable, if it can be written as pAf =
> piplt ® pB, that is a convex combination of uncor-
related states pf ® pB, where {p;} is a probability dis-
tribution. Note that using LOCC transformations it is
possible to transform an uncorrelated state p? @ pZ, to
a correlated one Y, p;ipit ® pP, using LOCC a state with
zero mutual information can be transformed to a state
with non-zero mutual information.

Unlike mutual information which can increase under
classical cimmunication, measures of entanglement can
distinguish between classical correlations and quantum
correlations which cannot be generated via classical com-
munication. In particular, if using LOCC a bipartite
state pA8 can be transformed to state o5, then any
measure of entanglement E should be non-increasing in
this transformation, i.e.

pAB ﬂ) O'AB — E(pAB) > E(O’AB).

(2.12)
Here, the arrow LOCC, eans that the transformation
from the first state to the second is possible via Local
Operations and Classical Communication.

In this paper, rather than focusing on a particular
measure of entanglement, we phrase our results in terms
of interconvertability of states under LOCC. Note that
monotonicity of measures of entanglement under LOCC,
i.e. Eq.(2.12), immediately implies that

Proposition 1 Suppose a pair of states p*B and 4P

can be reversibly transformed to each other using LOCC,

. LOCC Locc
that is pAP === A8 and 048 === pAB. Then,

any measure of entanglement E takes the same value on
these two states, i.e. E(pAP) = E(a4P) .

In addition to the monotonicity under LOCC, it is usu-
ally assumed that a measure of entanglement vanishes on

4

all unentangled (separable) states. In particular, for all
product states p? @ p®, it should hold that
E(p*®pP)=0. (2.13)
Note that because any unentangled state can be trans-
formed to any other unentangled state via LOCC, propo-
sition 1 implies that all measures of entanglement should
take the same value on all unentangled states. Therefore,
Eq.(2.13) can be thought as just a convention that fixes
this value to be zero.
A well-known example of measures of entanglement is
negativity®® defined by

ABTa
agy _ e 1 —1
NP =5

(2.14)

where pAB T4 s the operator obtained by partial trans-
pose on system A (relative to an arbitrary basis), and
I-]l1 is the sum of the absolute values of the eigenvalues
of the operator. One can easily check that for a maxi-
mally entangled state of a pair of d-dimensional systems,
i.e. state ﬁ Zle lit) the negativity is equal to (d—1)/2.

Note that the entanglement entropy of pure bipartite
states, defined as the entropy of the reduced state of one
side, is non-increasing under LOCC in pure state to pure
state transformations. However, it can increase in the
transformations between mixed states, and therefore it
is not a valid measure of entanglement for mixed states.
For instance, for the totally mixed state of a bi-partite
system, which is clearly unentangled, the entropy of the
reduced states could be arbitrarily large, depending on
the dimension of the Hilbert space.

1. Exzample: Conditionally rotated states

Consider a bi-partite pure state |)4P shared be-
tween two distant parties, Alice and Bob. For any lo-
cal unitary U acting on the Bob’ system, the two states
(I ® U)[¢)AB and [1)AB, have the same amount of en-
tanglement relative to any measure of entanglement F,
that is E(I® U)[$)4B) = E(j)4B).

Now suppose {U} is an arbitrary set of unitary trans-
formations acting on system B, and {px} is a probability
distribution over this set. Consider the convex combina-
tion

QA8 =3 (o Un)[)wAP (o Ul) ,  (215)
k

that is a mixture of rotated versions of state [¢)A5,
weighted by the probability distribution {p}.

Then, in general, for any measure of entanglement F
it holds that

B(047) < B(j0)(w|*7) .

This is because state [¢))4® can be transformed to state
Q4B via local operations, namely by applying unitary

(2.16)



Uy on system B with probability pg. In general, the left-
hand side is strictly smaller than the right-hand side. In
particular, we can always choose unitaries {Uy}; and a
probability distribution pj such that this state is unen-
tangled, for all initial states |¢)45.

Next, consider state

QABK = 3"y [k KIK © (T ® U)W B (I @ U]) .
k

(2.17)
Here, states {|k)} are orthonormal states of a classical
register K, which keeps information about the unitary
Uy which is applied to system B. Now suppose we give
the systems K, and B to Bob, and system A to Al-
ice. In other words, we partition these three systems
as A|KB. Then, it can be easily seen that the bi-partite
entanglement of state Q45X relative to this partition is

still equal to the entanglement of state |)4Z. In other

Ap LOCC

words, both transformations |) =2 QABK and

QABK LOCC1VAB can be implemented via LOCC. In

particular, to perform the latter transformation, Bob can
measure the value of register K, and if he finds the reg-
ister in state k, then he applies unitary U 2 on system B.
We conclude that for any measure of bi-partite entangle-
ment E for the partition A|K B, it holds that

BEQPE) = BE(jy)*P) . (2.18)
One can easily check this formula for negativity A, and
show that it takes the same value on both states.

Next, suppose instead of partition A|K B, we consider
the partition AK|B. That is we give the classical register
K to Alice, instead of Bob. What is the entanglement
of state QALK relative to this partition? It can be eas-
ily seen that the entanglement remains unchanged. The
reason is that register K has only classical information,
and therefore Alice and Bob can transfer this information
from one side to the other via classical communication.

Note that in the above argument about the equivalence
of bi-partite entanglement relative to A|KB and AK|B
partitions, the monotonicity of entanglement measures
under classical communication plays an important role.
If instead of measures of entanglement, we consider a gen-
eral measure of correlation, such as mutual information,
which can increase under classical communication, then
the bi-partite correlation in state Q45X will not be gen-
erally the same relative to these two different partitions.

III. SPT-ENTANGLEMENT
A. Definition

Let A and B be two non-overlapping regions of the
system, and C' be a connected region surrounded by A,
B and the boundaries of the system (see Fig 2). Let G
be an Abelian symmetry which has on-site linear unitary
representations on the sites of this system. Suppose we

measure the total charge associated with the symmetry
G in region C and obtain charge k. Here, each x cor-
responds to a distinct irreducible representation of G as

g — €9 Let HSQC) be the projector to the subspace
of states with charge  in region C' (See Eq.(2.4)). If
the system is in state p, then by measuring the total
charge in C the charge k is obtained with the proba-
bility p, = tr(pl’[,(.cc))7 and given this outcome, the re-
duced state of AB after the charge measurement will be
p,&AB) = trﬁ(ﬂ,(ic)p)/pm where the trace is over all the
sites in the system except those in A and B.

‘\
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FIG. 2: Region C is surrounded by regions A and B and the
boundaries of the system.

Consider the state

Q(ABI|C) (p) = ZPK|H><R|(KC) ® p'(QAB) (3.1a)
=" )8 F) @ trgp(I©p) , (3.1b)

where {|x)} are the orthonormal states of a classical reg-
ister K¢ which keeps the information about the outcome
of charge measurement in region C. State QABI9)(p)
describes the average joint state of regions A and B and
the register K¢ after the charge measurement.

Note that the super-operator

QUBION ) =3 k) (k] K @ trgm(O) (3.2)

is a trace-preserving completely positive map, i.e. a
quantum channel. This is basically the map which traces
over all the degrees of freedom in the system except (i)
the total charge in region C, and (ii) local degrees of
freedom in regions A and B. Therefore, an alternative
interpretation of state Q451 (p) is that it is the reduced
state of the system relative to the algebra generated by
the local observables in regions A and B and the observ-
able corresponding to the total charge in region C.

Now we are ready to define the notion of SPT-
Entanglement:

Definition 2 Let A and B be two non-overlapping re-
gions of the system, and C be a connected region sur-
rounded by A and B and the boundaries of the system
(see Fig 2). The SPT-Entanglement of state p between
A and B relative to C is defined as the bipartite entan-
glement of state QUEIC) (p) relative to AK¢|B partition,
or equivalently, relative to A|K¢cB partition (See Fig 3).



FIG. 3: State QU519 (p) describes the joint state of the lo-
cal degrees of freedom at regions A and B, and register K¢,
which corresponds to the total charge in region C'. The SPT-
Entanglement is defined as the bipartite entanglement of this
state relative to the partitions A|K¢B or AK¢|B.

Several important remarks are in order: First, since K¢
is a classical register, it can be transferred from one local
party to the other via classical communication. There-
fore, the bipartite entanglement of state QAEIC)(p) rel-
ative to the partitions AKc|B and A|K¢B is the same.
Second, we are interested in the SPT-Entanglement in
the limit where regions A and B are large and far from
each other. Third, the Abelian group G could be a sub-
group of a (possibly non-Abelian) group that protects the
phase.

Note that in this definition we talk about bipartite
entanglement of state Q451 (p), without specifying a
particular measure of entanglement. This is because
the results presented in this paper hold for all measures
of entanglement, and we do not need to specify one.
But, to have an explicit example, we can quantify SPT-
Entanglement using negativity, which yields the function

N(AB\C)(p) = N(Q(ABlc) ()

—;[Z

K

‘ |t Op)] -

- 1] . (3.3)
1

where T4 denotes the partial transpose, and || - |1 is
the trace norm, i.e. the sum of the absolute value of
eigenvalues. As we will see in Sec.(IITC), this function
can be expressed in terms of the string order parameters.

B. Main Properties: Summary of results

In this section we present a summary of the main prop-
erties of the SPT-Entanglement.

(i) Tt is clear from the definition of SPT-Entanglement
that applying a symmetric unitary which acts non-
trivially only on one of the three regions A, B and C,
does not change the SPT-Entanglement. On the other
hand, a symmetric unitary with support in more than
one region, can change the SPT-Entanglement. How-
ever, we prove that if the symmetric unitary is a low-
depth circuit then the SPT-Entanglement cannot change
drastically. More precisely, we show that the effect of
a low-depth symmetric circuit on the SPT-Entanglement
can be bounded based on the effect of small deformations
of the boundaries of regions A and B on this quantity:

If by deforming the boundaries of these regions the SPT-
Entanglement cannot change considerably, then it also
cannot change considerably under low-depth symmetric
circuits (See theorem 11). Note that SPT-Entanglement
can change drastically under low-depth non-symmetric
unitaries. In the following, we explain the intuition be-
hind this result. See Sec.(VIB) for a more formal (and
slightly different) argument.

Suppose a symmetric low-depth circuit V is applied on
a system in the initial state p, and transforms it to state
VpVT. Under this transformation quantum information
and charge from region A can leak to region AA, which
is a subset of sites in region C' which are close to the sites
in region A (See Fig.(4)). Similarly, the charge and quan-
tum information in region B can leak to AB, a subset
of sites in region C' which are close to the sites in region
B. Let C" = C'\ (AAUAB) be the set of sites in region
C which are outside AA and AB, and therefore are not
close to A or B. Then, under the effect of circuit V' the
charge from region C’ can also leak to regions AA and
AB (See Fig.(4)).

Now suppose Alice is given all the sites in region
A" = AU AA, and Bob is given all the sites in region
B’ = B U AB. Furthermore, suppose they know the
charge in region C’ (for state VpVT). In other words,
assume they are given state Q(A/B"C')(VpVT). Then, by
applying a symmetric unitary on region A’, Alice can
undo the effect of V' on A and restore the leaked charge
and quantum information back to this region. Similarly,
by applying a local symmetric unitary on B’, Bob can
restore the charge and quantum information leaked from
region B back to this region. Next, by measuring the
charges in regions AA and AB, and adding these charges
to the charge in region C’, whose value is given to them,
Alice and Bob can find the charge in region C for the
original state p, and construct the state Q(AEI€) (p). This
proves that there exists a LOCC protocol which trans-
forms QU BIC)(V V1) to state QABIO)(p), which, in
turn, implies that for any measure of entanglement F,

E(Q(A/B/W/)(VpVT)) > E(Q(ABlc)(p)) ; (3.4)

where the entanglement can be considered relative to
A|K¢ B partition or AK¢|B partition.

Similarly, using the fact that if V is a symmetric
low-depth circuit, then V1 is also a symmetric low-
depth circuit, we can find an upper bound on the SPT-
Entanglement of state V pV'T for regions A’ and B’, based
on the SPT-Entanglement of the original state p for re-
gions which are slightly larger than A’ and B’.

(ii) According to the classification of SPT phases based
on the symmetric low-depth circuits?®, the trivial phase
is the set of states which can be transformed to a product
state p = ), p; using such circuits. As we saw above,
the effect of low-depth symmetric circuits on the SPT-
Entanglement can be bounded by the effect of small de-
formations of the boundaries of regions A and B on this
quantity. But, clearly, for a product state @), p; the
SPT-entanglement between any non-overlapping regions
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FIG. 4: Under the symmetric low-depth circuit V' quantum
information and charge from region A can leak to region AA,
that is a subset of sites in region C' which are close to the
sites in region A. Applying the symmetric unitary U on the
region A’ = AU AA, Alice can restore the leaked charge and
quantum information from region A back to this region.

A’ and B’ is zero. It follows that, in the limit where two
regions A and B are far from each other compared to the
correlation length, the SPT-Entanglement is always zero
in the trivial phase. Applying this general result to the
negativity, as an example of measures of entanglement,
we find

T
Trivial phase = lim Z Htrw(f[ff)p)] o= 0,
K 1
(3.5)
where T 4 denotes the partial transpose, and || - ||1 is the

trace norm, and we are looking to the limit where A and
B are far from each other.

Therefore, a non-vanishing SPT-Entanglement be-
tween two distant regions, in the limit where the distance
between them is large, indicates the presence of SPT or-
der. We show that this method can always detect all non-
trivially SPT ordered phases in 1-dimensional spin sys-
tems. Another way to interpret this result is that it gives
a criterion that should be satisfied by any state which can
be prepared by symmetric low-depth circuits. Note that,
this method works even in the absence of translational
symmetry (See?® for a different approach).

(iii) The above result implies that the SPT-
Entanglement remains constant throughout the trivial
phase. Making an assumption about the decay of cor-
relations in the system, we can extend this result to all
SPT phases, and show that in the limit where regions
A and B are large and far from each other compared
to the correlation length, SPT-Entanglement is a wuni-
versal quantity in all dimensions, i.e. it remains con-
stant throughout the phase (See corollary 13). Similar
to the argument that shows topological entanglement en-
tropy remains constant throughout a phase'®'?, our ar-
gument is based on a reasonable, but unproven assump-
tion: Since SPT-Entanglement increases monotonically
with the sizes of regions A and B (See proposition 10),
given that the correlations are short range and the system
is sufficiently homogenous (e.g., translational invariant),
it seems reasonable to assume that in the limit where re-
gions A and B are large, SPT-Entanglement is saturated,
i.e. it does not increase if we make A and B a bit larger.
Then, this assumption together with our result (i) imply

that SPT-Entanglement should remain invariant under
symmetric low-depth circuits, and therefore is constant
throughout a phase.

Note that in the case of 1-dimensional systems explicit
calculation of SPT-Entanglement in the MPS framework
confirms this assumption. However, the validity of this
assumption in the higher dimensions is not clear, and
remains an open problem.

(iv) We directly calculate SPT-Entanglement of 1-
dimensional systems in the Matrix Product State (MPS)
framework, and show that in the limit where A, B and
C are large compared to the correlation length, SPT-
Entanglement is: (1) independent of the sizes of these
regions, (2) constant throughout all SPT phases, and (3)
zero if and only if the system is in the trivial phase. Fur-
thermore, we show that the value of SPT-Entanglement
in the SPT ordered phases is related to a physical prop-
erty of the SPT phase, namely the edge mode degeneracy
associated with each edge of an open chain. More pre-
cisely, we show that in the limit where A and B are large
and far from each other the SPT-Entanglement is equal
to the entanglement of a maximally entangled state of a
pair of d|,j-dimensional systems, where d|,; is the dimen-
sion of the projective irreducible representations of the
group G in the cohomology class [w] which characterizes
the SPT phase of the system! . Note that, in general,
irreducible representations which belong to the same co-
homology class have different dimensions. However, in-
terestingly, we find that for Abelian groups all such ir-
reducible representations have the same dimensions (See
lemma 5). It turns outs that the parameter dp,) has a
natural interpretation as the edge mode degeneracy as-
sociated with each edge of an open chain'!?* (Note that
this parameter is only defined for 1-dimensional systems).

According to the classifications of the SPT phases of
1-dimensional systems, the equivalence class [w] uniquely
determines the SPT phase’™. Therefore, in the case
of 1-dimensional systems direct calculation of SPT-
Entanglement confirms our general result that SPT-
Entanglement is constant throughout a SPT phase.

It follows from this result that, using different measure
of entanglement to quantify SPT-Entanglement we can
construct different order parameters to detect SPT or-
der of 1-dimensional systems. In particular, suppose we
quantify the SPT-Entanglement using negativity. Then,
since the negativity of a maximally entangled state of a
pair of dy,)-dimensional systems is (d[,) — 1)/2, this re-
sult implies that in the limit where A, B and C' are much
larger than the correlation length, lim N(ABIC)(p) =
(djw) — 1)/2, or equivalently

lim Z

K

~1=dp, -1
1

(3.6)

‘ [tr@mff)p)} o

A 1-dimensional system is in a non-trivial phase iff the
corresponding cohomology class [w] is non-trivial' ™, or
equivalently iff dj,; > 1. Therefore, the left-hand side
of Eq.(3.6) can serve as an order parameter whose value



for the large blocks of A, B, and C not only detects the
presence of SPT order, but also reveals the dimension
of the irreducible representations in the equivalence class
[w] which characterizes the phase. For example, in the
case of Haldane phase where d|,; = 2, the left-hand side
of Eq.(3.6) converges to 1, while it converges to zero in
the trivial phase. In Sec.(IV) we check this result in the
case of the cluster Hamiltonian.

C. Connection with the string order parameters

Remarkably, it turns out that the notion of SPT-
Entanglement is closely related to the concept of string
order parameters, which have been the traditional tool
for detecting the SPT order?10:31,33-36

The string order parameters are the expectation values
of state for string operators, in the following form

spi(g) = Tr(p X ®u3 Y(B ), (3.7a)
jec
=Te(p XV 0UO(g) 0V, ) (3.70)

where {X,iA)}k and {YZ(B)}Z are basis for the space of
local operators acting on A and B respectively, and g —
u;(g) is the representation of the group element g € G on
site j. The relation between the string order parameters
and the SPT-Entanglement can be established using the
notion of Fourier transform for Abelian groups. Let

ir(9)
S (k el Ze ski(9) 5

geG

(3.8)

be the Fourier transform of the string order parameter
ski(g). Then, using I = |G|~ Y geq e DU g),
and the definition of state Q4B (p) in Eq.(3.1), we can
easily see

Sial) = T (| 1n) (6] 1<) 0 X1V @ 1 | AP )

(3.9)

Using these equations for different charges x € @, and

different local operators X,gA) and YZ(B), one can re-
construct state QABIC)(p), and hence find the SPT-
Entanglement of p, between A and B relative to C.

In particular, suppose the local operators { X ,gA)} r and

{YZ(B)}l form an orthonormal basis for the space of lo-
cal operators acting on A or B, respectively, such that

i
Tr(XlgA)Xl(c;q) ) = Ok and TY(Y(B)YES ) = 0. Then,
from Eq.(3.9) we find

=22 Suile)

K

QBIC)(, Bt

) k) (k| K @ X(A)Jr ®Y,

(3.10)

Therefore, choosing any measure of entanglement, we can
quantify the SPT-Entanglement of state in terms of the

string order parameters. In particular, if we use the neg-
ativity of entanglement, we find

- S

N(ABIO)(, ) (XY & Yz(B)T]H _1,

1

(3.11)
where T is the transpose relative to an arbitrary basis. As
we explained before, in the case of 1-dimensional systems,
and in the limit where A, B and C' are large this quantity
converges to (dp, — 1)/2, where d|,) is the dimension of
the irreps in the cohomology class |[w] that characterizes
the SPT phase.

We conclude that, although each single string order pa-
rameter si;(g) alone does not have any information about
the SPT phase of the system33, but together they provide
enough information to find the SPT-Entanglement, and
hence detect the SPT order. Indeed, even further, they
can be used to find the dimension d,) corresponding to
the phase of system.

See®! for another recent approach to string order pa-
rameters, which applies for Abelian groups, provided that
the cohomology class describing the phase satisfies a con-
dition called mazimal non-commutativity.

D. Remarks on the definition of SPT-Entanglement

Can we modify the definition of SPT-Entanglement
and keep its nice properties? There are several assump-
tions in the definition of SPT-Entanglement, and one
may wonder if these assumptions are crucial or not. Here,
we discuss more about the importance of these assump-
tions.

1. Why Abelian symmetries?

In both arguments that we present in the paper, i.e.
the 1-dimensional argument based on MPS in Sec.(V),
and the general argument based on symmetric low-depth
circuits in Sec.(VI), the fact that the symmetry under
consideration is Abelian is crucial. It is interesting to
see how in these arguments, which are completely dif-
ferent from each other, this assumption is needed in dif-
ferent ways. For instance, in the argument in terms of
symmetric low-depth circuits, we use the fact that the
charges corresponding to an Abelian group are additive.
That is the total charge in one region can be written as
the sum of the charges in its subregions. On the other
hand, in the case of 1-dimensional systems, where the
SPT phases can be classified in terms of the cohomol-
ogy class of projective representations of the symmetry,
to prove our result we use another interesting fact about
Abelian symmetries: All irreducible projective represen-
tations of an Abelian group in the same cohomology class
have the same dimension (See lemma 5).

Of course the notion of charge measurement can be
extended to the case of non-Abelian groups, where the



charge can be interpreted as the label for different irreps
of the group. However, it can be easily shown that for
non-Abelian groups, if we measure the charge in region
C, then regions A and B can become entangled, even if
the system is in the trivial phase (Note that unlike the
case of Abelian charges, to measure a non-Abelian charge
in region C' we need to act on all the sites in this region
collectively, and this can create entanglement between
A and B). It follows that for non-Abelian charges the
SPT-entanglement is not a universal quantity.

We remind the reader that the Abelian group in the
definition of SPT-Entanglement could be a subgroup of
a possibly non-Abelian group that protects the phase.

2. Entanglement versus correlation

Whenever one uses entanglement measures to detect
or understand a physical phenomenon in the context of
many-body systems, one should ask if entanglement is
really the relevant property to consider. In other words,
why we should look at a measure of entanglement and not
other measures of correlations such as mutual informa-
tion, which are often easier to calculate (Note that in the
special case of bipartite pure states, mutual information
is just twice the entanglement entropy, and therefore is a
measure of entanglement. In other words, in this special
case entanglement and correlation can be thought to be
the same properties).

As we discussed in Sec.(IIC) the defining property of
measures of entanglement which distinguishes them from
measures of correlations, is their monotonicity under clas-
sical communication. But, in the context of many-body
systems or field theories it is not often clear that why
this distinction between classical and quantum commu-
nication is relevant at all.

Interestingly, the monotonicity of measures of entan-
glement under classical communication plays a clear role
in both arguments that we present to prove the properties
of SPT-Entanglement (i.e. the general argument based
on low-depth circuit in Sec.(VI), and the 1-dimensional
argument in Sec.(V)). One of the reasons that mono-
tonicity of entanglement measures under classical com-
munication is important in these arguments is the follow-
ing fact: When we measure the charge in region C' then
regions A and B can become correlated. In particular, if
the total charge in A, B and C' is known, then measuring
the charge in region C' can induce correlations between
the charges in region A and region B (They should sum
up to a known value, and therefore they should be cor-
related). But this is a classical correlation between the
charge degrees of freedom of regions A and B. There-
fore, using measures of entanglement we can automati-
cally filter out this kind of classical correlations, which
are induced by the measurement in region C.

8. Total charge or the charges of all the individual sites?

In the definition of state QA1) (p), the register K¢
only keeps the information about the total charge in re-
gion C. In other words, Alice and Bob do not know the
charges of the individual sites in this region. But, what
if instead of the total charge, they are given the informa-
tion about the charges of all the individual sites in region
C? Does the entanglement between A and B remain uni-
versal if Alice and Bob have this extra information? One
can easily construct examples to show that the answer is
no. In other words, having this extra information about
the charges in region C, in some cases allow Alice and
Bob to extract more entanglement from regions A and
B.48

4. Topology of the three regions

Another assumption which is made in the definition
is that, region C is surrounded by regions A, B and the
boundaries of the system. This condition guarantees that
if we apply a local symmetric unitary to the system, then
the charge in this region either goes to region A, or region
B. Therefore, having access to these regions one can find
the original charge in region C. Again, one can easily
construct examples to show that if this condition does not
hold, then the SPT-Entanglement will not be a universal
quantity.

IV. EXAMPLE: PERTURBED CLUSTER
HAMILTONIAN

The cluster Hamiltonian for qubits (spin-half systems)
on a ring is defined by

Hows ==Y ZiaXiZipn=-Y» K;, (4.1)

where X and Z denote the Pauli o, and o, operators,
and K; = Z;_1X;Z;11. For simplicity we assume the
ring has even number of qubits (The Hamiltonian can
also be defined on an open chain, where one can add two
commuting boundary terms to remove the degeneracy
(See e.g.4%)). It can be easily seen that all the terms K;
commute with each other, and their eigenvalues are +1.
Hence the Hamiltonian is gapped, and exactly solvable.
Indeed, using the standard results in the stabilizer for-
malism, it can be easily shown that H.,s has a unique
ground state |U.,s), called the (1-dimensional) cluster
state, which is the common eigenvector of all K; opera-
tors with eigenvalue 1, that is
Ki|\11clus> = |\I]clus> . (42)
This state plays an important role in the Measurement-
Based Quantum Computation (MBQC)*3. The cluster



Hamiltonian and its perturbed versions have been ex-
tensively studied in the recent years. In particular, for
the case where the Hamiltonian is perturbed by uniform
magnetic field in « direction, i.e. by the term B ), X, it
has been shown that the Hamiltonian has quantum phase
transition at |B| = 14245,

The cluster Hamiltonian commutes with the unitaries
Ricoven Xi and &), coqq Xi, that is all Pauli 2 operators
acting on even qubits or odd qubits, respectively. These
unitaries clearly form a representation of the group Zs x
Zs. By grouping pairs of neighbor qubits together, we
can interpret each pair as a site. Then, for any pair of
qubits, unitaries X ® I and I ® X generate an on-site
representation of Zg x Zy'12 (See Sec.(ILA 1)).

As we discussed before, according to the classification
of SPT phases in 1-dimensional spin systems, there is
only one non-trivial SPT phase protected by Zs X Zo
symmetry, and it has been shown that the cluster states
is in this non-trivial phase!!2. (Note that in the absence
of the symmetry, the cluster state can be transformed to
a product state via a low-depth circuit, and therefore
it does not have topological order). Remarkably, this
property of cluster state has been linked to the fact that
it is a computational resource in the context of MBQC,
and more specifically, to the fact that it can be used as a
quantum wire'>'2. The computational power of cluster
state is also closely related to the fact that it has a non-
zero SPT-entanglement.

We have seen that in the case of 1-dimensional sys-
tems and Abelian symmetries, the SPT-Entanglement
of state is determined by dj,, the dimension of the ir-
reducible projective representations in the cohomology
class [w] corresponding to the SPT phase of the system.
In the case of group Zs X Zs, the dimension of these
irreducible representations are either one or two, corre-
sponding to the trivial and non-trivial phase (The set
of Pauli operators together with the identity operator
forms an irreducible projective representation of Zy X Zso
with dimension two). Therefore, for the non-trivial SPT
phase protected by Zg x Zz, we have d|,; = 2. Hence,
according to our general results, the SPT-Entanglement
of 1-dimensional cluster state should be equal to the en-
tanglement of a maximally entangled state of a pair of
2-dimensional systems.

In the following, we examine this claim in more de-
tails. Indeed, we show that the claim holds true for the
grounds states of a general class of Hamiltonians obtained
by perturbing the cluster Hamiltonian. Note that this
result can be interpreted as an independent proof of the
fact that the cluster state is in the non-trivial SPT phase
protected by Zo X Zo.

A. SPT-Entanglement for cluster state

To calculate SPT-Entanglement, first recall from
Sec.(ITA1) that the group Zs x Zs has four possible
charges, corresponding to four 1-dimensional irreducible

10

representations. These charges can be labeled by two
bits r,7e € {00,01,10,11}, such that the group element
bobe € {00,01,10,11} is represented by (—1)"ebet7ebe,

Let C' be a connected region with even number of
qubits, which could be arbitrary large. Then, the projec-
tor to the subspace with charge labeled by 7,7, in region
C is given by

I+ (=1)7XS) 1y (—1)rex S,
me — odd 4.
ToTe ( 2 )( 2 )’ ( 3)
where
xQ =T xi, and x5 =T1] (4.4)
i€C ieC

are the product of X operators on even and odd qubits
in region C, respectively. In other words, measuring the
total charge in region C' is equivalent to measuring both
operators Xég.;)n and Xédcg. Therefore, the charge mea-
surement can be done, for instance, by measuring X op-
erators on all qubits in region C, and then looking to
the total parity of the outcomes of these measurements
for odd qubits (which determines the bit 7,), and even
qubits (which determines the bit 7). Incidentally, this is
how the identity gate is performed on the 1-dimensional
cluster state in the MBQC (See Sec.(IV C) for further
discussion).

Suppose C is surrounded by two regions A and B in
the left side and the right side respectively, where each
region contains at least two qubits (See Fig.(2)). Let
|<I>5xf7€)> be the post-measurement joint state of regions
A and B corresponding to the charge labeled by 7,7 in
region C'. Then, for the case of cluster state W s, the
state QUABIO) (W),.) defined in Eq.(3.1) is given by

1

Y Pron

To,7e=0

ToTe)(ToTe ‘Kc ® UE(H&CA [ Wetus) (Yetus|)

(4.5)

where p, ., is the probability of outcome r,r. in the
charge measurement.

Then, using the nice properties of the cluster state,
one can easily show that (i) each of these four charges
are obtained with equal probability 1/4, and (ii) for each
particular charge r,r. € {00,01,10,11}, region A is en-
tangled with region B and this entanglement is equal to
the entanglement of a maximally entangled state of a pair
of qubits (A general proof is presented below). More pre-
cisely, assuming the outcome of the charge measurement
in region C' is 7,7, then up to local unitaries on A and
B, the joint state of these regions is given by

BUD) = (In © Xy 25 Hu)|Oap) © [24) @5
(4.6)
where

o |00>ab + |11>ab

|©ab) = 7 (4.7)



is a maximally entangled state of a qubit a in region A
and a qubit b in region B, |®4rest) is the state of the rest
of qubits in region A, |®Prest) is the state of the rest of
qubits in region B, and Hy, is the Hadamard operator
acting on qubit b.

Therefore, we conclude that in this example state
QUBIC) (T ),s) defined in Eq.(3.1) is equal to

1
1
10 Irared(rore e @ () [ Wetus) (Perus])

To,re=0

1 1

=2 D0 Irr ol e @ [RAPN@UD] | (48)
To,Te=0

~

where = means the equality holds up to local unitaries
on systems A and B, which do not change the entangle-
ment. Next, note that because state |®Arest)|PBrest) ig
uncorrelated across A and B, the entanglement of state
Q(AB‘C)(\IICMS) relative to A|K¢B partition, or AK¢|B
partition, is equal to the entanglement of state

1
TS e 0 (1o U,,)|0) Blan (B UL,,.)
To,Te=0

(4.9)
where U, , = X{°Z;°H,. As we have seen in
Sec.(ITC1), this state can be reversibly transformed to
state |0©)ap via LOCC, and hence for any measure of en-
tanglement FE, its entanglement relative to A|K¢B par-
tition or AK¢|B partition is equal to the entanglement
of state |Oan), i.e.

E(QUBIO)(0444)) = E(|Oab)). (4.10)

For instance, if we use the negativity N (c4B) =

loABT A, -1
, as a measure of entanglement, then the

above equation turns out to the following form

1

1 Ta 1 1
5 Z {trﬁ(ngfr)l |\ch1us> <\I/clus|)} - 5 = 5 .
To’r‘l:O 1
(4.11)

Note that this equality holds regardless of the size of
regions A, B and C (as long as they contain at least two
qubits).

In conclusion, we see that this example is consistent
with our general results: For the non-trivial phase of
Zo X Zso, the dimension of the irreducible projective
representations is dy,) = 2, and therefore the SPT-
Entanglement should be equal to the entanglement of
a maximally entangled state of a pair of qubits, which is
exactly the case for the cluster state.

In the following, we present a general argument to show
that why after measuring the charge in region C' on the
cluster state, the regions A and B should become entan-
gled. This argument is based on some symmetries of the
cluster Hamiltonian, and hence applies to a more general
class of perturbed cluster Hamiltonians.
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B. A general argument based on the symmetries of
the Hamiltonian

Let C be a connected region on the ring. For simplicity
assume C has even number of qubits. Let qubits a and
a’ be, respectively, the first and the second qubits imme-
diately outside C' in the left-hand side of this region, and
qubits b and b’ be, respectively, the first and the second
qubits immediately outside C' in the right-hand side of
this region. Define the unitaries

Fil = (lw ©Z) 8 X[ © (Xp © Zy) ,  (4.12a)
Fé\?eL = (Za’ & Xa) ® Xé\%)n ® (Zb & Ib’) ) (412b)

where I, X, Y and Z are, respectively, the qubit identity
operator, and Pauli operators. Note that

c c
[Flons Fiad) = [Fiads Hes) = [F{oh Hes] = 0 -
(4.13)
These equations follow from the fact that Fé\g)n and F(fgd)

can be written as products of K; operators, namely

FO = Ka| T] 5] sand P = [ T] K35
ieC =

1:even

(4.14)

Then, because all K; operators commute with each other,
it follows that Hews = — >, K; commutes with F, égd) and

Fe(vc;zl, and therefore these unitaries are symmetries of the
cluster Hamiltonian.

As we show in Sec.(IV D), all Hamiltonians with such
symmetries behave similar to the cluster Hamiltonian in
the following sense:

Proposition 3 Suppose a Hamiltonian H is invariant
under unitaries Fe(vce)n and Fo(gd) defined in Egs.(4.12),
i.e. [H, Fe(UC;)n] = [H, Fo(dcd)] = 0. Then, given any non-
degenerate eigenstate of this Hamiltonian, by measuring
the observables ngce)n and X(()gg, and performing a uni-
tary transformation on qubits aa’ and a unitary trans-
formation on bb we can transform qubits a and b to a
mazimally entangled state.

More precisely, we show that given a non-degenerate
eigenstate |¥) of Hamiltonian H, if the outcome of Xe(\%)n
measurement is (—1)" for r, € {0,1} and the outcome
of Xédcd) measurement is (—1)" for r, € {0,1}, then by
applying a Controlled-Z unitary (defined below) on aa’
and a Controlled-Z unitary on bb’ we can transform the

post-measurement state of system to
(@rr,) = (Ta ® X{ T 20 Hy) | Oab) @ [D55) , (4.15)

where |®_) is the state of all qubits except a and b,
and Hy is the Hadamard operator acting on qubit b.
Furthermore, the two bits f,, fo € {0,1} are defined by

(—1)fe = (U|FSL®) and (~1)fe = (U|F)|W). Finally,



the controlled-Z unitary is the two-qubit unitary which
maps |11) to —|11) and leaves states |00}, |01), and |10)
unchanged.

Note that state in Eq.(4.6), which is obtained from the
cluster state, is a special case of state in Eq.(4.15)(For
cluster state f. = f, = 0).

Proposition 3 has the following corollary: Suppose we
add a perturbation to the cluster Hamiltonian Hjys,
which (i) acts trivially on qubits a, a’, b, and b’, and
(ii) commutes with Xe(gg)n and X c()(cfg. Then, if an eigen-
state of the perturbed Hamiltonian is non-degenerate, by
measuring X(SVC.;)H and X (gdca)“ and applying local unitaries
on qubits aa’ and bb’, we can transform qubits ab to a
maximally entangled state.

This corollary implies that the SPT-Entanglement for
non-degenerate eigenstates of such Hamiltonians is non-
zero regardless of the size of region C, and therefore, it
follows from our results on SPT-Entanglement that the
state should be in the non-trivial SPT phase. That is it
cannot be transformed to a product state by a low-depth
circuit which respects Zs x Zs symmetry represented by
®i6even X; and ®i60dd Xi.

For instance, suppose we perturb the cluster Hamilto-
nian by adding a (possibly non-uniform) magnetic field
in x direction everywhere throughout the system, except
on the four qubits aa’, and bb’, where the distance be-
tween aa’ and bb’ is arbitrary large, i.e. of the order
of the system size. Then, our result implies that if the
ground state of such Hamiltonian is non-degenerate, then
it should be in the non-trivial SPT phase. More specif-

ically, we know that by measuring operators Xég;)n and

X (Edcg and applying controlled-Z unitaries on aa’ and bb’,
we can transform qubits ab to a maximally entangled
state, similar to the case of cluster state.

Note that the maximally entangled state we obtain in
this way might be different from the one we obtain from
the cluster state. This is because the final state of a and
b, not only depends on the outcomes of X(gvce)n and Xogd
measurements (encoded in r, and r.), but also depends
on the value of the bits f. and f,. This fact has important
consequences in the context of MBQC. We discuss more
about this in Sec.(IV C)

In the above argument we assumed the perturbation
acts trivially on the four qubits aa’, and bb’. Clearly
this assumption does not hold if, for example, we apply
a uniform magnetic field in x direction to all qubits in the
system, that is if we add the term B )", X; to Heiys. But,
in this situation we can decompose the perturbation to
two parts: a part which acts trivially on these four qubits,
and a small part which acts non-trivially on them. In
the example of uniform magnetic field in x direction, for
instance, we can write

Hclus(B) - Hclus + B Z Xi (4168,)

= ~clus""B()(a‘i‘)(a’ +Xb+Xb’) s (416b)

where Heys = Hes + B Ziia’a,b’b, X;. Clearly, Hcys
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satisfies the symmetry conditions required by the above
proposition. Then, it follows form the proposition that
if the ground state of Hjys is unique then it should have
a nonzero SPT-Entanglement, regardless of the size of
region C', and therefore, using our general results on SPT-
Entanglement, we conclude that it should be in the non-
trivial SPT phase.

Now we can think of the term B(X,+ Xa + Xp + Xp)
as a small (norm-bounded) symmetric perturbation on
the Hamiltonian Hep,s. Assume we know the ground
state of Heyus(B) is non-degenerate, and its energy gap
with the first excited state is AE(B). Then, if AE(B) >
8|B|, we can conclude that the ground state of Hamil-
tonian E[Clus is also non-degenerate, and has an energy
gap larger than AE(B) — 8|B| (This follows from the
fact that adding a perturbation V to a Hamiltonian can
change the energy of each eigenstate by, at most, ||V,
where || - || is the largest singular value of the opera-
tor). Indeed, considering the family of Hamiltonians
ﬁclus+sB(Xa+Xa/+Xb+Xb/) for s € [0, 1], we can eas-
ily see that if 8| B| < AE(B), then there exists a smooth
path in the space of gapped symmetric local Hamiltoni-
ans which connects Hcjys t0 Hepys(B). This implies that
the ground state of Hys and H_us(B) should be in the
same SPT phase. More precisely, the ground state of the
Hamiltonian Hys + B(Xa + Xar + Xp + Xp) can be
obtained from the ground state of Heus via a low-depth
symmetric circuit acting in a neighborhood around aa’
and bb'.

To summarize, we conclude that if H.,s(B) has a
unique ground state with gap AFE(B) > 8|B| then it
should be in the non-trivial SPT phase protected by
Zo X Zso. This is consistent with the previously known
result in42.

We can easily generalize this argument for a general
perturbation }; V. The idea is that we choose a pair of
neighbor qubits aa’ and another pair of neighbor qubits
bb’ which are arbitrary far from each other. Then, we
adiabatically turn off all the terms V; which act non-
trivially on each of the qubits a, a’, b and b’. We also
turn off all the terms which act non-trivially on both sides
of aa’, i.e. those which connect the qubits on the left side
of aa’ to the ones on the right side of aa’. Similarly, we
turn of all the interactions which act on both sides of bb'.
Then, if the perturbation > ; Vj is local and the gap of
Hamiltonian H = H.yus + Zj V; is large enough com-
pared to the norm of V; operators, as we turn off these
interactions the gap does not vanish. This means that
the modified Hamiltonian H is connected to the original
Hamiltonian H = Hgys + Zj V; via a smooth path of
gapped symmetric Hamiltonians, and therefore they are
in the same SPT phase. Furthermore, if the ground state
of H is unique then the ground state of H should also be
unique.

Then, using the facts that (i) all V; operators commute
with both @ Xi and @;cqq Xi, and (ii) all the
remaining V; operators in H acts trivially on aa’ and b’b,

1€even



and they do not connect the two sides of these qubits, we
can easily see that [H, Fég’;)n] = [H, Fo(gd) ] = 0, where C
is the region between aa’ and b’b, and for simplicity we
assume it has even number of qubits.

Therefore, because [ﬁ,FéVC(;)n] = [ﬁ,Fsgd)] =0, and H
has a unique ground state, by proposition 3 we know that
by measuring charge in region C, one can create a max-
imally entangled state between a and b, which implies
the state should be in the non-trivial SPT phase. Since
H and H are in the same SPT phase, this implies the
ground state of the original Hamiltonian H should also
be in the non-trivial SPT phase.

Using this argument we can easily prove the following
result:

Theorem 4 Consider the perturbed cluster Hamiltonian
H = H s + Zj Vj, where each term V; has Zy X Zs
symmetry (i.e. commutes with both Q)¢ .y, Xi and
Ricodqa Xi), and is k-local (i.e. it acts non-trivially,
on at most k neighbor qubits). Also, assume there are,
at most, t different terms V; which act non-trivially on
any given qubit in the system. Then, if the ground
state of H is mon-degenerate and has the spectral gap
AE > 4t(k + 1) x maw;||V;||, then it is in the non-trivial
SPT phase protected by Zo X Za symmetry.

We can also directly argue that for the ground of any
such Hamiltonian, the SPT-Entanglement between two
sufficiently large regions A and B should be nonzero, re-
gardless of the distance between A and B: Suppose we
choose the connected region A such that qubits aa’ are
somewhere in the middle of region A, far from its bound-
aries. Similarly, we choose the connected region B such
that bb’ are in this region, and far from its boundaries.
Then, from 3 we know that if in the ground state of H,
we measure the charge in the region between qubits aa’
and bb’ then the entanglement between aa’ and bb' is
nonzero.

Now as we add the extra terms to H, which act non-
trivially on aa’ and bb’, because the system is gapped,
the effect of these local perturbations on the ground state
is equivalent to two local (symmetric) unitaries which act
in a neighborhood around aa’ and bb’. In other words,
there are local unitaries V4 and Vp which act respec-
tively, in a neighborhood around aa’ and bb’, such that
V4Vp transforms the ground state of H to the ground
state of H. But, if regions A and B are large enough then
the support of these unitaries are contained in these re-
gions, and therefore applying these local unitaries cannot
change the SPT-Entanglement of state between regions
A and B. It follows that in the limit where regions A
and B are large then the SPT-Entanglement should be
nonzero, regardless of the distance between A and B.
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C. Identity gate in MBQC is the charge
measurement

As we mentioned before, it has been shown that the
computational power of the 1-dimensional cluster state
can be understood as a consequence of the fact that
this state lies in the non-trivial SPT phase protected
by the Zo X Zo symmetry. More precisely, it has been
argued by Else et. al'’!? that for any other state of
a l-dimensional chain that lies in the same SPT phase,
the operation which corresponds to the identity gate in
MBQC can be implemented over arbitrary long distances
(See also!'4716). Their argument is based on the classifi-
cation of the SPT phases in the MPS framework, and
holds for a more general class of SPT phases, which cor-
respond to the mazimally non-commutative cohomology
classes!' 112,

It is interesting to note that the measurements required
to implement the identity gate on the 1-dimensional clus-
ter state are basically equivalent to a charge measure-
ment: to implement the identity gate one measures X
operators on all qubits between the two endpoints, and
then finds the parity of the outcomes of measurements
on the even and odd qubits. As we have seen before, this
process basically measures the total charge correspond-
ing to Zo X Zo symmetry in the region between the two
qubits. This simple observation may, to some extent, de-
mystify the robustness of the computational power of 1-
dimensional cluster state under symmetric perturbations,
and provide a new insight into this important result. For
instance, consider the cluster state on an open chain, and
suppose we apply an arbitrary symmetric unitary which
acts trivially on the two qubits at the two endpoints of
the chain. Under any such unitary the total charge in
the region between the two endpoints remains conserved.
This immediately implies that the transformed state can
also be used to implement the identity gate between the
two endpoints, exactly in the same way that the cluster
state itself can be used.

Finally, it is worth noting that the fact that the state is
in the non-trivial SPT phase alone, does not mean that
we can use it as a resource for quantum computation
or teleportation. For example, consider the family of
Hamiltonians

Heius(0) = S(0) HeusS™(0) (4.17)
which are obtained from the cluster Hamiltonian by ap-
plying the local unitary

S(0) =cosbl +isinb(Z;_1 @ Zj11) , (4.18)
where j is an arbitrary qubit in the system. Observe
that the unitary S(¢) commutes with both &);cyen Xi
and @,;cqq Xi, and therefore all the Hamiltonians in
this family have Zs x Zo symmetry. Furthermore, all
these Hamiltonians have the same spectrum as the clus-
ter Hamiltonian H..s, and hence they are gapped. It
follows that for any value of 6 there is a smooth path of



symmetric gapped Hamiltonians which connects Hejys(6)
to H¢us, and therefore their ground states are in the
same SPT phase (Equivalently, their ground states can
be transformed to each other via a low-depth symmetric
circuit, namely S(6) itself).

Suppose we want to use the ground state of Hyus(6)
to perform the identity gate between qubit j7 and another
qubit k£ # 7 + 1 in the system. It can be easily shown
that if we follow the same steps that we do in the case of
cluster state, i.e. we measure the charge in the region be-
tween the two qubits and then decouple them from the
rest of qubits by applying controlled-Z unitaries, then
we can still create a maximally entangled state between
qubits j and any arbitrary qubit k& # j + 1, regardless of
their distance. However, the maximally entangled state
we create in this case is different from the one we ob-
tain in the case of cluster state, by a local unitary which
depends on 6. It follows that if we do not have any infor-
mation about 6, then the average state will be the totally
mixed state, and therefore it cannot be used as a resource
for teleportation, or quantum computation.

We conclude that to be able to exploit the computa-
tional power of the perturbed cluster Hamiltonian just
knowing that the ground state is in the non-trivial SPT
phase is not enough, and one needs to have further infor-
mation about the perturbation, or equivalently about the
ground state of the perturbed Hamiltonian. In particu-
lar, if one assumes the perturbation is sufficiently weaker
than the gap of the cluster Hamiltonian, then the maxi-
mally entangled state obtained from the ground state of
the perturbed Hamiltonian is close to the one obtained
from the cluster state, even if the two qubits are arbi-
trary far from each other (In the above example, this
means that we need to assume |6] < 1).

D. Proof of proposition 3

In the rest of this section we present the proof of propo-
sition 3.

Let |T) be a non-degenerate eigenstate of H. The fact
that F(Egd) and Fe(vcézl commute with H, together with the
fact that this eigenstate is non-degenerate implies that
|¥) should also be an eigenstate of F, égg and FL&). Using
the facts that F (Sfd) and Fe(VCeL are both unitary operators,
and the square of both is the identity, we find that

C
FOw) =
FLO)|w) =

where f,, fo € {0,1}.
c

Next, note that unitaries F o(d(f and Fe(VC;,L commute with

évce)n and X égg, and hence they commute with

(—1)F[w)
(~1) ey

(4.19a)
(4.19D)

e — I+ (=1)"X

X0 I+ (D)X
ToTe ( 2 )

odd)( 5

(4.20)
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This immediately implies that the vectors H7($729|\I/> are

also eigenstates of F_; (C) and Fe(gezl with eigenvalues +1,

%) FONw) = (—1)%1C) |w)
(4.21a)

1) FO 1wy = (—1)71C) |W) .

T Te even ToTe

(4.21b)

C
F{GQmio) |w) =

FOIC) |w) =

even-— - r,re

Next, observe that anfgeX égg = (—1)“1’[7(526, and
Hﬁfﬁxév?n = (—1)”115522, which can be seen using
Eq.(4.20). Therefore, multiplying both sides of

Fuga = (n © Za) © X5} © (Xo © Zu)

F = (Za @ Xa) ® X, ® (Zb @ Iy)

even

in H&fﬁe we find

FOO), = (—1)"(Za ® X ® Zp)TC), , (4.220)
FLOIS), = (-1 (Zw @ Xa @ Zp)IIT), . (4.22b)
This together with Eqs.(4.21) imply that
[Za & (Xb 29 Zb')] Hg“?re |\II> ( 1)T0+fo 7"07"8 |\I’>
(4.23a)
[(Zer ® Xa) ® Z6] T W) = (=1)7 T ILD) |0) .
(4.23b)

Let CZ be the controlled-Z unitary, i.e. the two-qubit
unitary which maps [11) to —|11) and leaves states |00),
|01), and |10) unchanged. Define

‘(I) > _ [CZaa’ & Cbe']HToTe|\I]>

C
(WIS, )

(4.24)

to be the state of system after projecting region C to
the sector with charge r,7., and applying a controlled-Z
unitary on qubits a and a’ and a controlled-Z unitary to
qubits b and b’. Then, by applying the operator CZaa ®
C Zpp on both sides of Egs.(4.23), and using the fact that

CZ(X® Z)C’Z = (X ® I), we find
(Za @ Xp) |Pr,r,) = (_1)T°+fo|q>rore> ) (4.25a)
(Xa ® Zb) ‘(I)ron) = (_1)Te+fe|q)rorc> : (4’25b)

It can be easily shown that these two equations together
uniquely determine the state of qubits a and b. More
precisely, up to a global phase, the only state of qubits a
and b which satisfies these equations is the state

(In ® Xpe o zret e Hy) |©ap) (4.26)

%, and Hy is the Hadamard

gate. It follows that any state |®, , ) which satisfies
these equations should be in the form of

1B,,,.) = (I ® X{o o 20 Hy) | Oap) @ |B) , (4.27)

where |®_3) is the state of the rest of qubits in the system,
which is arbitrary (i.e. it is not constrained by these
equations). This completes the proof of the proposition.

where |@ap) =



V. SPT-ENTANGLEMENT IN 1-D SYSTEMS

In this section, we use the classification of the SPT
phases in the Matrix Product State (MPS) framework to
calculate SPT-Entanglement in the case of 1-dimensional
systems. We start with a short review of this classifica-
tion (we follow the presentation of*” and®!).

A. MPS representation of SPT phases

For a 1-dimensional system with short range correla-
tions by blocking the sites in the large blocks a transla-
tionally invariant ground state will converge to a fixed
point in the form of

[¥) = SN EN (5.1)
where [A) = >, Ax|k)|k) is a virtual entangled state
between adjacent virtual sites with Schmidt coefficients
{Ar}, and S is an isometry which maps two virtual sites
iz and ip to a physical site i (See Fig.5)38. This isom-
etry can indeed be thought as a Renormalization Group
(RG) transformation on a block38. It is shown that for
any gapped 1-dimensional system with a unique ground
state, by blocking the physical sites, the ground state can
be approximated by a state in the form of |¥) with an
accuracy which is exponential in the block sizes32.

Consider a symmetry group G with on-site linear uni-
tary representation g — wu(g). After blocking L sites
together this symmetry will be represented by g — U(g)
on each block, where U(g) = u(g)®F. Assume |¥) is
invariant under this symmetry, i.e. U(g)®V|¥) = |¥).
Then, it turns out that there always exists a projective
representation g — V(g) of group G such that

Ui(9)S = S [Vi,(9) @ Vi (9)] (5.2)

and

(Vi (9) @ Vig), (9)] 1IN = 1) (5.3)
where V*(g) is the complex conjugate of V(g)3%. Note
that for any phase e the representation g —
9V (g) will also satisfy the above equations, and hence
V(g) is defined only up to a phase. Let w be the 2-cocycle
of the representation g — V(g), i.e.

Vg,h e G: V(g)V(h)=w(g,h)V(gh) . (5.4)
Then, the gauge transformation g — 9V (g) induces
an equivalence relation on the space of the 2-cocycles: w
and w’ are equivalent, or belong to the same cohomology

class, if there exists a phase €?(9) for which
Vg, he G:  w(g, h) =uw(g,h)e!lM=0@)=0M0] (5 5)

For any 2-cocycle w, its corresponding equivalence class
is denoted by [w]. The set of equivalence classes forms a
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FIG. 5: Isometry S maps virtual subsystems i;, and ir to the
physical site 3.

group, which is called the second cohomology class of G,
and is denoted by H?(G,U(1)).

According to the classifications of the SPT phases of
1-dimensional systems, the equivalence class [w] uniquely
determines the SPT phase'™. For example, the 2-
cocycles corresponding to the Abelian group Zsy X Zs have
two different equivalence classes, which correspond to two
different phases protected by this symmetry. See Sec. IV
for further discussion about the example of Zo X Zs.

B. Cohomology of Abelian groups

Interestingly, it turns out that for Abelian groups the
irreducible projective representations in the same coho-
mology class have the same dimension. Indeed, in the
Appendix we prove that

Lemma 5 Let g — uq(g) and g — ug(g) be two finite-
dimensional projective irreducible representations of an
Abelian group G, whose 2-cocycles belong to the same
cohomology class. Then, these representations have the
same dimensions. Furthermore, there exists a unitary W
and a phase e9 such that
YgeG: uplg) =" OWuu ()W . (5.6)
Basically, this lemma means that in the case of Abelian
groups, up to a unitary and a phase freedom, there is only
a unique irreducible projective representation in each co-
homology class. Note that this is not true for a general
non-Abelian group.
In the following, the dimension of the projective irre-

ducible representations in the cohomology [w] is denoted
by d,)-

C. Main result in 1-dimensional systems

We calculate the SPT-Entanglement for states in the
form of state in Eq.(5.1), that is for the fixed points of
the RG. For a general MPS, which is not in this form,
we know that by blocking the sites, the state converges
to a fixed point in the form of Eq.(5.1). Therefore, for a
general MPS if we calculate SPT-Entanglement for large
regions A, B and C' the result should converge to what
we obtain for these fixed points. Note that other ap-
proaches have been recently proposed for detecting SPT



order based on the properties of the fixed point of the
RG40.41

Let A and B be any two non-neighbor blocks of a 1-
dimensional system, and C be a (connected) region be-
tween A and B.

Theorem 6 Let |¥) be a state in the form of Eq.(5.1)
in the SPT phase corresponding to the cohomology class
[w]. Then, with respect to any measure of entanglement
E, the SPT-Entanglement between A and B is equal to
the entanglement of a mazximally entangled state of a pair
of d.,)-dimensional systems.

In particular, if we use the negativity to quantify SPT-
Entanglement, then this theorem implies

>

K

{trﬁ(ﬂ’gc)|\ll> <\Il|):| Ta = d[w] s (57)

1

which is equal to 1 in the trivial phase, and larger than
or equal to 2 in the non-trivial SPT phases. Note that
since the SPT phase of state |¥) is uniquely determined
by the equivalence class [w], this theorem implies that
for states in the form of Eq.(5.1), the SPT-Entanglement
depends only on the SPT phase of the state.

Consider state

(ABlC) Z‘

and let

) (k| @tr

W), (5.8)

dlw]

MZ“CIC

be a maximally entangled state of a pair of d,-

dimensional systems. Then, another way to phrase
L
occ

(5.9)

theorem 6 is that both transformations |©)
QUBIC) () and QABIC) (1) Loce, |©) can be imple-
mented via LOCC. In the following we prove this result.

D. Finding SPT-Entanglement in MPS framework

The first step in the proof of theorem 7 is the following
simple observation, which is depicted in Fig.(6).

Proposition 7 Applying local operations on Alice’s
and Bob’s systems, we can reversibly transform state
QUBIC)N (W) to state
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Another way to phrase this result is that, by local
operations on Alice and Bob systems, the two states
QUBIC) (W) and ¢(?) can be transformed to each other.
This implies that state QABIC) (W) and state (@) have
exactly the same entanglement properties.

Note that the set of projectors {f[,(ga/b/) t Kk € Q) de-
scribes the charge measurement on the virtual systems
a and ¥'.

This proposition follows from the following simple ob-
servations which are depicted in Fig.(6): (i) Applying
local isometries do not change the entanglement of state.
Therefore, instead of entanglement in the physical space,
we can look at the entanglement in the virtual space. (ii)
In the state QMBIC) (W) the only virtual system in Al-
ice’s side which can be correlated with a virtual system
in Bob’s side is the one at the boundary of regions A
and C, that is the virtual system ag in Fig.(6). Sim-
ilarly, the only virtual system in Bob’s side which can
be correlated with a virtual system in Alice’s side is the
one at the boundary of regions B and C, that is the
virtual system by, in Fig.(6). (iii) Using the fact that
Ui(9)S = S [Vi,(9) ® V;*.(g9)] for all g € G, we find that
the charge measurement in the physical space can be in-
terpreted as a charge measurement in the virtual space,
defined by the projectors

ST s = |Ze—m<g®v;L 9) @ Vi (g) . (5.11)

geG ieC

Furthermore, because Vg € G : V¥ (9) ® Vii41), (9)|\) =
|A), the charge for each state |)\> is zero. Therefore
any state |A) whose corresponding pair of virtual systems
both live inside region C' do not contribute in the total
charge of this region. It follows that the total charge in
region C'is just determined by the two unpaired virtual
systems at the left and the right boundaries of this region
(See Fig.6). Putting these facts together, we can easily
show proposition 7 (Note that a and b in state o(@) cor-
respond, respectively, to the virtual systems ag and by,
in Fig.6).

Therefore, because states ¢(®?) and QMUBIC) () have
the same entanglement properties, to prove theorem 6 we
can focus on the entanglement properties of state o(®?).

LOCC

1. Proof of |©) === QUBIO) ()

It follows from the above proposition that, to prove

|©0) —— Loce, QUBIO) (W) it suffices to show |O) Loce,
o(®) In other words, we need to show that by consum-

ing a copy of the maximally entangled state |©) one can

olab) — Z 16) (5] P9 @ Trgry (T YV [|A) (A aar @ |AY(Alys]) ,Prepare a copy of state o(@?),

where

ﬁl(ﬁa'b’) Z —ik(g) V

gEG

9 @Vilg) .  (5.10)

To show this first note that state o(*®) can be generated
in the following way: Alice locally prepares state |A)qa/,
and Bob prepares |A)yp,, where

(Va*(g) ® Va/(g))|/\>aa’
(Vi (9) ® Vi(9)) [ \)ers =

= |>\>aa’ )
Nos

(5.12a)
(5.12b)
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FIG. 6: Top: We look at the entanglement of regions A and
B, given the value of charge in region C is known. Here, each
isometry S maps two virtual systems to a physical system.
Middle: Applying local isometry S does not change entangle-
ment, or charge. Therefore, we can ignore the isometries and
look at the charge and entanglement at the level of the virtual
systems. Bottom: For each pair of virtual systems in state |\)
the total charge is zero. Thus, if both pairs are inside region
C then they do not contribute in the total charge in this re-
gion, and therefore we can ignore them. Furthermore, all the
virtual subsystems in A or B, except the ones at the bound-
ary, are uncorrelated with the virtual systems in the other
regions. Therefore, since we are only interested in the entan-
glement between the two regions, we can ignore them. The
resulting state is state o(®® defined in proposition 7, where a
and b correspond, respectively, to the virtual systems ar and
br, in this figure.

forallg € G. Then they perform the projective measure-
b’ *

ment {H(a ) = |G‘ dgec € w9 Vo (g)@Vii(g) v € Q}

on systems a’ and ', and keep the outcome of the mea-

surement in register K¢. In other words, they measure

the total charge in the systems a’b’. Clearly the resulting
state will be state o(@®). Therefore, to prove statement

19) 2295, (@b it suffices to show the following

Proposition 8 The measurement

{f[f/fl/b/) : Kk € Q}, can be implemented via LOCC, by
consuming a mazximally entangled state of a pair of
dj,)- dimensional systems, where dy,) is the dimension

of the irreps in the cohomology class of representation
9—=V(g).

projective  charge

To prove this, we assume Alice and Bob are given a
pair of d,j-dimensional ancillary systems Z, and Z,
which are prepared in the maximally entangled state

d w
©)z,z, = \/—Z “ k)2, k) z, . Let g — u(g) be an
irreducible representation of group G in the same coho-

mology class that the representation g — V' (g) belongs to
it. From lemma 5 we know that all the irreps in the same
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cohomology class have the same dimension, and therefore

the dimension of this representation is d|,). Also, note
that state |O)z, 7, satisfies
[u"(9) ® u(9)l|©)z,2, = 1©)z.z, - (5.13)

This means that if we assume the representation of sym-
metry on system Z, is ¢ — u*(g) and on system Z, is
g — u(g), then state |©)z_ z, has charge zero.

It follows that to perform the charge measurement
{ﬁ,&"”') : kK € Q} on systems a’ and b, Alice and Bob
can perform the local charge measurements on systems
a'Z, and b' Zy, (See Fig.7). More precisely, Alice performs
the measurement corresponding to the projectors

=@ o

geG

g7 (g)®u"(9)

tkeEQ, (5.14)

on systems a’ and Z, and obtains charge k4. Similarly,
Bob performs the local projective measurement corre-
sponding to the projectors

_ ‘Gl Zefzn(g V* ) ( )

geaG

' Ze) —

Kk EQ, (5.15)

on systems b’ and Z;,, and obtains charge xp. Finally,
they add these charges together, and obtain the total
charge Kk = K4 + K.

Then, using the fact that state |©)z, z, has charge zero
with respect to the representation g — u*(g) ® u(g) (See
Eq.(5.13)), we find that adding systems Z, and Z; in
state |©)z, z, does not change the total charge. There-
fore, the charge k = k4 + Kk is equal to the total charge
in systems a’ and ¥'.

This proves proposition 8, and completes the proof

of |©) Locoe, o) which by proposition 7 implies

0) Loce, QMUBIO) ().

Locc
—

2. Proof of QUBIO) (1) |©)

In the following, similar to the approach we used in the

previous section, we prove (@) Loce, |©), and this to-

gether with proposition 7 imply QABIC)(w) ===, LOCC LSISENTENS

First, we prove (@) Loco, |®), for the special case

where the projective representation g — V'(g) of group
G on the virtual systems is an irreducible representation,
and then explain how this argument can be extended to
the general case. The proof is based on the following
lemma

Lemma 9 Let ¢ — u(g) be an irreducible projective
representation of an Abelian group G. Then, for any
1-dimensional representation g — e9) of group G,
|761¥\ > e~ "9 [u(g) @ u*(g)] is either zero, or a rank one
projector |O(k))(O(k)].

mally entangled state.

Furthermore, |©(k)) is a mazi-
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FIG. 7: By consuming the maximally entangled state
|6>Zu z,, Alice and Bob can measure the total charge in sys-
tems a’ and b’, and thereby prepare state o(*®)| which is equiv-
alent to state QA1) (W) up to local operations. The idea is
that by adding systems Z, to the Alice’s side and Z; to the
Bob’s side, the representations of symmetry G on both sys-
tems a’Z, and b’'Z, become non-projective. Therefore, Alice
and Bob can locally measure the charges in a’Z, and b'Z,,.
But, because the total charge in |©)z,z, is zero, the total
charge in a’b’ is equal to the sum of the charges in a’Z, and
b’ Zy, denoted by ka and kp in the above figure.

This lemma basically means that for the composite sys-
tem with represdentation g — u(g) ® u*(g), any state
with a definite charge is a maximllay entangled state.

This lemma follows from the fact that ¢ — u(g) ®
u*(g) is a (linear) unitary representation of group G, and
since the group is Abelian any such representation can be
decomposed to 1-dimensional irreps as

[u(g) @ u*(9)]|O(r)) = ™ D|B(k)) , Vge G (5.16)
where g — €*(9) is a 1-dimensional representation of G.
Then, the fact that g — u(g) is an irreducible representa-
tion, together with the Schur’s lemma implies that each
state |O(k)) should be a maximally entangled state. It
follows that in the decomposition g — u(g) ® u*(g) each
1-dimensional representation g — (9 can show up at
most once.

From this lemma we find that if the representation g —
V(g) is an irreducible projective representation, then

o = 3" pal) (5] K @ |O(=m))(O(—=K) s (5.17)

This is true because if register K¢ has value x then this
means that the charge measurement on a’b’ has projected
them to the charge sector with charge x. But, because
states |A)qqr and |A)pp both have charge zero, the initial
total charge of systems aba’d’ is zero. This means that
if the systems a’b’ are projected to state with charge x
then the systems ab should be projected to state with
the total charge —x. Then, by lemma 9 we know that
there is a unique state of ab with charge —k, namely state
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|©(—k)). Furthermore, from this lemma we know that
state |O(—k))qp is a maximally entangled state. Then,
using the fact all maximally entangle states can be trans-
formed to each other via local unitaries, we conclude that

the entanglement of state 0(*) in Eq.(5.17) is equal to the

entanglement of state |©). This proves o(®*) Loce, )

for the special case where g — V(g) is an irreducible
projective representation.

To prove the result for the general case where the rep-
resentation ¢ — V(g) is not irreducible, we first recall
that according to lemma 5, all the irreducible projective
representations of an Abelian group in the same cohomol-
ogy class are equivalent up to a unitary and a phase. This
result implies that any projective unitary representation
g — V(g) of an Abelian group G, induces a tensor prod-
uct decomposition of the Hilbert space as H = M @ N,
where the subsystem M corresponds to g — u(g), an
irreducible projective representation in the same equiva-
lence class of the representation g — V(g), and A is the
corresponding multiplicity subsystem. In other words,
there exists a unitary W such that

VgeG: WV(W=u(g)® ) " Dir)(r|, (5.18)

where g — u(g) acts irreducibly on M, and {|r)} is a ba-
sis for the subsystem A/, and €*?r(9) are arbitrary phases.

Using this observation, we can extend the above proof
to the case where the representation g — V'(g) is not irre-
ducible: Because the initial states |A)qqr and |A)pp both
have charge zero, if the charge measurement on systems
a'l’ projects them to the subspace with charge k, then
systems ab should be in charge —k sector. Then, if Alice
and Bob perform projective measurements on multiplic-
ity subsystems A of the virtual systems a and b, they will
find the total charge of the irreducible subsystems M of
systems a and b. But, from lemma 9 we know that any

state of ab which has a definite charge should be a maxi-

mally entangled state. This proves that (%) Loce, |©),

and completes the proof of theorem.

VI. SPT-ENTANGLEMENT IN ARBITRARY
DIMENSION

In this section we study some general properties of
SPT-Entanglement, which hold in arbitrary dimension.
In particular, we study how SPT-Entanglement changes
under the effect of low-depth symmetric circuits.

A. DMonotonicity of SPT-Entanglement with the
size of regions A and B

Our first result states that as we make regions A and
B larger, SPT-entanglement either remains constant or
increases. More formally,



Proposition 10 Let A’ and B’ be a pair of non-
overlapping regions that contain A and B respectively,
that is A C A’ and B C B’. Let C be a region sur-
rounded by A, B and the boundaries of the system, and
C' = C\ (A UB') be the subregion of C surrounded
by A, B’ and the boundaries of the system (See Fig.8).
Then,

QA B1E) (p) LOCG B () (6.1)

Therefore, for any measure of entanglement E, it holds
that E(QUAPIO(p)) < B@QUWFIE)(p)) .

If we choose negativity as a measure of entanglement then
this implies

>

K

B B

i)

‘ |t (1)

1

<>
Lo (6.2)

Note that here we are looking at the bipartite entangle-

FIG. 8: Region A’ is partitioned to region A and region AA.
Similarly, region B’ is partitioned to region B and region AB.
Region C' = C'\ (A’ U B’) is the subregion of C' surrounded
by A’, B’ and the boundaries of the system.

ment of state

QAWEIE) (p) = 37 k) (] Ko @ b (11 p) |, (6.3)

where the systems K¢/, A’ and B’ are partitioned as
A'|Ke B’ (or equivalently A’ K¢/|B’). In other words, all
the sites in region A’ are given to Alice, and all the sites
in region B’ are given to Bob, and the classical register
K¢, which keeps the information about the charge in
region C’, is given to either Alice or Bob.

The proof of proposition 10 is simple: Let AA = A"\ A
and AB = B’ \ B be, respectively, the part of region A
which is not in A’, and the part of region B which is not
in B’ (See Fig. 8). Alice and Bob, who are given all the
sites in regions A’ and B’ respectively, can measure the
charge of the sites in regions AA and AB. Then, because
the charge is Abelian, the total charge in region C' is

KCc = Ko’ + KAA + KAB (mod 27T), (6.4)
where k¢ is the charge in regions C’, ka 4 is the charge in
region AA, and kap is the charge in region AB. There-
fore, adding the charges ka4 and kap to the charge in
region C’, whose value is written in the register K¢/, they

find the total charge in region C, and they update the
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value of this register, i.e. they implement the following
transformation

ko) K — |ker + kaa + kap (mod 27))Ke) (6.5)

Finally, by tracing over the sites in regions AA and
AB they can transform state Q(A'Bllcl)(p) to state
QUBIC) (p). Note that to find the total charge in region
C and update the classical register, Alice and Bob need

to have classical communication with each other.

B. Effect of low-depth symmetric circuits on
SPT-Entanglement

Next, we consider the effect of low-depth symmetric
circuits on SPT-Entanglement, and show that under such
transformations SPT-Entanglement cannot change dras-
tically.

Let A and B be two non-overlapping regions of the
system and C be a region surrounded by A, B and the
boundaries of the system. In the following, to simplify
the presentation, we assume these three regions cover the
entire system, and there is no site outside these regions.
For any region X let Xy be the set of sites in the ball of
radius R from X, that is the set of sites whose distance
from X is less than or equal to R. Similarly, for any re-
gion X let X_g be a subset of X whose distance from the
complement of X is larger than R. Note that region C_g
is surrounded by regions Ar and Bp, and the boundaries
of the system, and similarly region Cg is surrounded by
regions A_pr and B_pg, and the boundaries of the sys-
tem. Therefore the sets {A, B,C}, {Agr, Br,C_gr} and
{A_R, B_g,CRr} define three different ways of partition-
ing the sites of systems to three regions.

Theorem 11 Let V' be a symmetric circuit with range R
which is bounded by R < dist(A, B)/2. Then, the follow-
ing transformations can be implemented via LOCC,

Q(ARBﬁlc—R)(p) N Q(AB|C)(VpVT) — (A-rB-Rr|Cr)

That is there exist LOCC transformations which trans-
form QURBRIC=r) (p) to QUBIC)N(V pVT), and the latter
state to QUA-rB-rICR)(p). Therefore, for any measure of
entanglement E,

E(QUA-rB-rICR) ()} < BQUBIO) (V51 T))

< BQURBRIC-R) () . (6.7)

In words, this inequality means that the SPT-
Entanglement of state V pV' T for regions A and B is lower
bounded by the SPT-Entanglement of p between A_g
and B_p, and upper bounded by the SPT-Entanglement
of p between A and Bpg.

In Sec.(IIIB) we sketched a proof of this theorem.
Here, we present another proof, which is based on a
slightly different point of view. (IIIB).



Proof. The key point in the argument is that because
V is a low-depth circuit with range R, having access to
all the sites in the extended regions Ar and Bpg, Al-
ice and Bob can apply all the unitaries in this circuit
which are in the light cones of region A and region B
(See Fig.(1)). Call these local symmetric unitaries which
act non-trivially on Ar and Bg, Va, and Vp,, respec-
tively. Then, for any operator X,

Trap(VXVT) = Trgg([Va, ® Va,] X [V, ® vg,R(]) 3

6.8

where the partial traces is over all sites in the system ex-
cept those which are in A and B. Note that this equation
is simply a consequence of the fact that V' is low-depth.
In particular, applying this equation for X = p we find

Trog (VeVT) = Trag([Van, © Veal 0 V], ® V;R]() o

6.9

Next, using the fact that both unitaries V and V4, ®Vp,
are symmetric, and hence preserve the total charge, to-
gether wit the fact that the reduced state of regions A and

B is the same for states VpVT and (V4,, ® VBR)p(V);R ®

VgR), we can easily show that the charge in region C' is
also the same for these two states (Note that the charge
in region C can be thought as the total charge in the
system minus the charge in regions A and B). In other
words, applying Eq.(6.8) for X = Il p, where I, is the
projector to the subspace with charge x in the system,
and using (I, V] = [IL., Va, ® Vg,] = 0, we can easily
show that
Trag(IOVpVT) = Trz (1T
(6.10

where ch) is the projector with charge x in region C.

Using this observation we can easily find a LOCC pro-
tocol which transforms state

= 32 el & Tr (L)

(6.11)

O (ArRBRIC- R)

to state

QUBIO) (v p1 Ty K @ Trm(MOVpvT) .

- St
(6.12)

The protocol includes the following steps: (i) Alice and
Bob apply the local symmetric unitaries V4, and Vg,
defined above on the sites in regions Agr and Bpg. (ii)
They measure the charges in regions AA = Ag \ A and
AB = Bgr \ B. (iii) They add the charges obtained in
these regions to the charge in region C'_p which is written
in register K, to find the total charge in region C for state
p, and write down this charge in register K. (iv) They
discard all the sites in regions AA, and AB.

One can easily show that this protocol implements the
following transformation

Q(ARBR‘C—R)(p) LOCC; Q(AB\C)(VP‘/T) ) (6.13)

KC) [VAR®VBR] p [V,J;R@Vg ]) )
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Next, to prove the rest of the theorem, we use the fact
that if V is a symmetric circuit with range R, then VT is
also a symmetric circuit with range R. Then, applying
the above result with VT instead of V', and VpV' instead
of p, we can easily show that

QUBIO) (1 pyrty HOCC, g(A-rBrICR) () . (6.14)

This completes the proof. m

1. SPT-Entanglement vanishes in the trivial phase

Using this result, we can easily show that SPT-
Entanglement should vanish for all states in the trivial
phase.

Corollary 12 Suppose there exists a symmetric circuit
with range R, which transforms state p to a product state.
Then, the SPT-Entanglement of state p between any two
regions A and B with distance more than 2R is zero,

for any measure of entanglement E, it holds that
dist(A, B) > 2R implies E (Q4BI9)(p)) = 0.

2. SPT-Entanglement is universal in all phases

Corollary 12 implies that in the trivial phase SPT-
Entanglement remains constant throughout the phase.
This result was a corollary of theorem 11 which shows
that the effect of symmetric low-depth circuits on SPT-
Entanglement can be bounded by looking to the small
deformations of the boundaries of the regions A and B.

Next, we consider the consequences of theorem 11
for SPT-Entanglement in a general, non-trivial SPT
phase. In particular, we show that, assuming the SPT-
Entanglement remains unchanged under small deforma-
tions of the boundaries of regions A and B, then this
theorem implies that the SPT-Entanglement should re-
main constant under the effect of symmetric low-depth
circuits. That is the SPT-Entanglement should be con-
stant throughout a phase.

To explain the assumption, first recall that as we
showed in proposition 10 by making regions A and B
larger SPT-Entanglement cannot decrease, i.e.

ACA BCB = QWBIC)(,) KOG qaBIo) ()

(6.15)
The above relation holds for arbitrary state p and arbi-
trary regions A and B. For a general state, the SPT-
Entanglement between the larger regions A’ and B’ is
larger than the SPT-Entanglement between the smaller
regions A and B, and hence this transformation is not re-
versible via LOCC. However, assuming that the system
is sufficiently homogenous and regions A and B are suffi-
ciently large and far from each other compared to the cor-
relation length, one expects that the SPT-Entanglement
should saturate, and therefore a small increase in the



sizes of regions A and B does not increase it anymore.
In other words, it seems natural to assume that in this
limit the inverse transformation should also be possible

via LOCC, i.e QUBIO)(p) Loce, Q(A/B"Cl)(p). Note
that, as we saw in the previous section, our results based
on MPS representation of SPT phases proves the validity
of this assumption in the case of 1-dimensional systems.
However, the validity of this assumption in the higher
dimensions is still an open problem.

In the following to simplify the presentation we assume
the regions A, B and C' include all sites in the system.

For any region X let X g be the set of sites in the
ball of radius R from X, that is the set of sites whose
distance from X is less than or equal to R. Similarly, for
any region X let X_pg be a subset of X whose distance
from the complement of X is larger than R.

Then, using theorem 11 we can easily show that

Corollary 13 Suppose state p satisfies the condition

QA-rB-rICsr) (p) LOCC (A4rB4rIC-R)(p). That is
the SPT-Entanglement for smaller regions A_p and
B_pr is the same as the SPT-Entanglement for the
larger regions Ayr and Bigr. Then, for any sym-
metric circuit V. with range R, the SPT-Entanglement
of p and VpVT between A and B relative to C are
equal, i.e. QUBIC)(p) Loc QUBICN(V pVT). There-
fore, for any measure of entanglement E(QUEIC)(p)) =
E(QUBICN(V oV ).

VII. CONCLUSION

The fact that symmetry-protected topological orders
should admit an entanglement-based order parameter
measuring the nonlocal entanglement between the edge
degrees of freedom, seems natural. In this work, we pro-
vided an explicit example of such order parameters. Re-
markably, this order parameter turns out to be closely
related to the string order parameters, via Fourier trans-
form.

Another appealing aspect of this work is to show how
the resource theoretic point of view to entanglement
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could be useful in the context of many-body systems. If
one tries to formulate the notion of SPT-Entanglement
in terms of a particular measure of entanglement, such as
negativity, then understanding and proving the proper-
ties of SPT-Entanglement will be much harder. Further-
more, using the resource theoretic point of view to entan-
glement, enabled us to clearly see how the universality of
the SPT-entanglement relies on the defining properties
of measures of entanglement, namely their monotonic-
ity under classical communication and local operation.
Quantum resource theories have recently attracted a lot
of attention in the quantum information community, and
it is interesting to see if they find other applications in
other fields of physics, such as many-body systems.

Another feature of the SPT-Entanglement is that it
uses measures of bipartite entanglement to capture tri-
partite correlations in the system, that is correlations
between local degrees of freedom in regions A and B,
and a classical degree of freedom in region C', namely the
total charge in this region. It is interesting to see if this
sort of quantification of tripartite correlations via bipar-
tite entanglement measures have any other applications
in many-body systems (See*%47 for a different approach
to tripartite correlations).

Finally, we noted that the identity gate in MBQC can
be interpreted as the charge measurement for the group
Zo X Zs. This simple observation may, to some extent,
demystify the robustness of the computational power of
1-dimensional cluster state under symmetric perturba-
tion.
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Appendix A: Projective irreducible representations of Abelian groups (Proof of lemma 5)

In the following we repeat the statement of lemma 5 and prove it:
Lemma Let g — ug(g) and g — u,(g) be two finite-dimensional irreducible projective representations of an Abelian
group G whose 2-cocyles belong to the same cohomology class. Then, their dimensions is the same. Furthermore there
exists a unitary W, and a phase €9 such that

VgeG: ug(g) = e @DWu,(g)W . (A1)
Proof. Let w(g, h) be the 2-cocycle of the representation g — ug(g), i.e.

ug(g)us(h) = w(g, h)us(gh) . (A2)

Since the 2-cocycle of the representations g — u(g) and g — ug(g) belong to the same cohomology class, we know
that there exists a phase €*(9)| such that the 2-cocycle for the representation g — eis(g)uv(g)7 is also w(g, h), that is

eis(g)u’y(g)eis(h)u’y(h) _ w(g’ h)eis(gh)u’y(gh) . (A3)

Let uj(g) be the complex conjugate of ug(g). Then, we can easily see that the representation g — uj(g) ® e (g)
is a (non-projective) unitary representation of G, that is its 2-cocycle is trivial.

Next, we note that since the group is Abelian all of its non-projective irreducible representations are 1-dimensional,
and therefore the representation g — uj (9) ® e’s(g)uA, (g9) can be decomposed to 1-dimensional irreducible represen-
tations of G. Let the normalized vector |©(k)) be a 1-dimensional subspace on which g — uj(g) ® e Du,(g) acts
irreducibly, i.e.

Vge G |uj(g) ® e Wu,(g)| 0(r)) = D|O(r)) (A4)

for some 1-dimensional representation €”(9). Then, using the fact that the representations 3 and v are irreducible,
it follows from the Schur’s lemma that |©(k)) should be a maximally entangled state, and its corresponding reduced
state on both subsystems should be proportional to the identity operator (To see this consider the reduced density
operator corresponding to state |O(k)) on one subsystem, and then use Eq.(A4) to show that this reduced state should
commute with an irreducible representation. Then, using Schur’s lemma we find that this density operator should be
proportional to the identity operator, which means state |©(x)) should be maximally entangled.).

This implies that the dimension of the irreducible representations 5 and ~ are the same. We denote this dimension
by d. Furthermore, since |©(k)) is a maximally entangled normalized vector, there exists a unitary V such that

d
O(k)) = (V@ Dp™)) = (V®I)%Zlii>, (A5)

where |(H)) = ﬁ

¢= i1y, and I is the identity operator acting on the d-dimensional space. Then Eq.(A4) implies
=1
[(L TUZ(Q)L ) ® UV(Q)} W}(H> = 62'(m(g)is(g))|?/’(+)> . (A6)

Next, we use the fact that for any operator B we have (I ® B)[¢(T)) = (BT @ I)|¢y(H)), where BT is the transpose of
B. Tt follows that

[(VTu(9)Val (g)) ® I] [ipP) = B =) )y A7)
This implies that Vuj(g)Vul(9) = ¢ix(9) =59 and therefore
Vg e G ouy(g) = DDV Ty v (A8)

Choosing W = VT and ¢(9) = ¢H%(9)=5(9)) we obtain Eq.(A1). m



