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We present experimental data and associated theory for correlations in a series of experiments
involving repeated Landau-Zener sweeps through the crossing point of a singlet state and a spin
aligned triplet state in a GaAs double quantum dot containing two conduction electrons, which
are loaded in the singlet state before each sweep, and the final spin is recorded after each sweep.
The experiments reported here measure correlations on time scales from 4 µs to 2 ms. When
the magnetic field is aligned in a direction such that spin-orbit coupling cannot cause spin flips,
the correlation spectrum has prominent peaks centered at zero frequency and at the differences of
the Larmor frequencies of the nuclei, on top of a frequency-independent background. When the
spin-orbit field is relevant, there are additional peaks, centered at the frequencies of the individual
species. A theoretical model which neglects the effects of high-frequency charge noise correctly
predicts the positions of the observed peaks, and gives a reasonably accurate prediction of the size
of the frequency-independent background, but gives peak areas that are larger than the observed
areas by a factor of two or more. The observed peak widths are roughly consistent with predictions
based on nuclear dephasing times of the order of 60 µs. However, there is extra weight at the lowest
observed frequencies, which suggests the existence of residual correlations on the scale of 2 ms. We
speculate on the source of these discrepancies.

PACS numbers: 73.21.La, 03.67.Lx

January 2, 2017

I. INTRODUCTION

Nuclear spins in solid state systems provide a rich plat-
form to study quantum many-body dynamics. The cou-
pling of the electrons to the underlying nuclear environ-
ment plays an important role in spintronics [1] and uti-
lization of electron spins for quantum computation [2–
4]. More generally, the interaction between a driven
electron-spin qubit and its many-body environment leads
to complex dynamical phenomena which are absent if
the system is assumed to be at equilibrium with its en-
vironment [5–18]. Thus, a qubit can be utilized as a
probe for studying out-of-equilibrium physics in interact-
ing quantum systems. Furthermore, understanding the
rich system-environment dynamics is essential for phys-
ical implementations of fault-tolerant quantum informa-
tion processing[19].

In semiconductor quantum dots the qubit is defined
in terms of confined single or multi-electron states in a
two-dimensional electron layer confined in a heterostruc-
ture. The singlet (S) and Sz = 0 triplet (T0) states of
two electrons in a double quantum dot has proven to be a
promising candidate for quantum information processing
[2, 7, 20]. The wave functions of the electrons are typi-
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cally spread over ∼ 100 nm and the hyperfine interaction
between the electrons and their nuclear environment may
include several million nuclei. Although the fluctuations
in the nuclear spin environment act as a source of deco-
herence for the S-T0 qubit, the difference in polarization
of the nuclear spins between the dots of a double quan-
tum dot (DQD) has been usefully exploited to produce
rotations around an axis of the Bloch sphere of the qubit.
Thus, the stable controllability of the nuclear field gra-
dient is imperative for the efficient control of the qubit.
This has been experimentally achieved by protocols to
control the state of the nuclear spins through the hyper-
fine coupling between the electronic and nuclear degrees
of freedom [7, 8, 21].

Because the energy scale of the interaction between nu-
clei is much weaker than their hyperfine interaction with
the electrons, the consequent separation of time scales
allows one to perform high-fidelity quantum control of
the S-T0 qubit, despite the fluctuating nuclear environ-
ment. In this article we shall focus on the anti-crossing
between the singlet S and Sz = +1 triplet (T+) states of
the electrons, which is utilized for polarizing the nuclear
spins. As the gate-voltage is swept through the S-T+
anti-crossing, an electron spin can be flipped either by
spin-orbit (SO) or hyperfine (HF) interaction, and in ei-
ther case, the electron system, starting in the S state,
will emerge in the T+ state. (Note that the T+ state has
lower energy than that of T−, because the g < 0 in GaAs.)
Transitions caused by the HF interaction will also lead to
spin flips in the nuclear system, which can lead to a sig-
nificant change in the nuclear polarization, if the sweep
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protocol is repeated a sufficient number of times [7]. Ef-
fects of the nuclear hyperfine field on the electronic spin
state have also been employed in experiments on electron
dipole spin resonance (EDSR) by various authors [22–24].

In this article, we discuss an experiment where the elec-
tron sweep protocol is repeated 500 times, and the elec-
tronic state, singlet or triplet, is measured and recorded
after each sweep. We then calculate and analyze the
power spectrum, which characterizes correlations in the
triplet return probabilities for pairs of sweeps that are
separated by time intervals t between 4 and 2000 µs.
Non-trivial correlations are to be expected in these mea-
surements, because the nuclear configuration will evolve
on this time scale, primarily because of Larmor preces-
sion in the external magnetic field, which occurs at dif-
ferent frequencies for the three nuclear species involved.
More generally, the study of these correlations provides
crucial insights into the many-body dynamics of the cou-
pled electron-nuclear spin system. As the cumulative ef-
fect of 500 sweeps on the nuclear polarization is too small
to have a significant effect on the triplet return probabil-
ities studied in our experiments, the experiments may
be interpreted as a probe of intrinsic correlations of the
system.

In the article we present our experimental results and
we develop a theoretical model to describe measurements.
The model is based on the central spin problem [25–27],
where a two level system is coupled to a large number
of spins. The two levels in our case are the S and T+
states of two electrons. The collection of nuclear spins is
treated within a semi-classical approximation where the
Overhauser fields due to a mesoscopic aggregate of spins
can be treated as a set of Gaussian random variables. In
the absence of SO, when the electron spin-flip probabil-
ity is small, the correlations are dominated by spectral
peaks centered at zero frequency and at the differences
of nuclear Larmor frequencies of any two species. In the
presence of SO, there are additional peaks at the indi-
vidual Larmor frequencies, which are produced due to
the interference of the static SO term and the nuclear
precession. The center positions of the correlation peaks
extracted from the experiments are in very good agree-
ment with the values predicted from the known Larmor
frequencies. The power spectrum also has a frequency-
independent background which is well-predicted by our
theory. However, our main focus will be on the areas and
widths of the peaks.

A large part of this paper will be devoted to theoret-
ical discussions of the predictions for the triplet-return
correlation function and its power spectrum that may
be deduced from our model. Because of the Gaussian
nature of the nuclear spin fluctuation in the model, pre-
dictions for the triplet-return correlation function can be
accurately obtained, if the model parameters are known.
These parameters include the experimental sweep rates
and the strengths of the spin-orbit and the root-mean
square hyperfine fields, as well as assumptions about the
time scale and form for decay of correlations in the trans-

verse hyperfine fields for each of the three nuclear species.

Taking values of the key parameters from previous ex-
periments [28], we find qualitative agreement between the
predicted peak areas and the experimental results, but
there is a systematic discrepancy in which the measured
areas are typically smaller, by a factor of two or more
than the predictions of the model. We believe that the
most likely cause for this discrepancy is the effect on the
triplet return probability due to high-frequency charge
noise on the gates or in the quantum dots themselves.
It is clear from previous experiments [28], that depend-
ing on the sweep rate across the S-T+ anti-crossing, the
triplet return probability can be significantly affected by
such noise. Although we do not have a detailed knowl-
edge of the size and frequency dependence of the charge
noise that may be relevant for the current experiments,
and we have not conducted a quantitative analysis of
the possible effects of charge noise on these experiments,
we do include a qualitative discussion, which supports
the hypothesis that charge-noise may be the principal
source of the remaining discrepancies between the mea-
sured peak areas and the theoretical predictions.

In our analysis of the experimental data, we find that
we can obtain a qualitative understanding of the widths
and shape of the peaks in the correlation spectrum by
assuming that the decay of correlations has the form of
Gaussian relaxation functions, with correlation times of
order 60 µsec. However, the power spectrum has extra
weight at the lowest nonzero frequencies studied in these
experiments (ν . 500Hz), which is not explained by the
model. We discuss in an Appendix the form of the nu-
clear spin correlation functions to be expected if decay
is primarily the result of inhomogeneous broadening of
the nuclear Larmor frequencies. We find that the relax-
ation functions should be well described by a Gaussian for
times that are not too long, but there will be deviations
at larger times, which could possibly lead to anomalies
in the triplet return correlation function at very low fre-
quencies.

The general outline of the paper is as follows. In sec-
tion II we describe in detail the theoretical model used
to describe the coupled dynamics of the electron-nuclear
system in the double quantum dot. Section III includes
the specific multi-sweep protocol which was implemented
experimentally and furthermore derives the predictions
from the theoretical model for the frequency spectrum
of the correlation function in this scenario. In subsec-
tion III A, we present the predictions of our model for
the frequency-independent background contribution to
the correlation spectrum. In subsection III B, the conse-
quences of the model for the principal peaks in the spec-
trum are evaluated within a linear approximation, appli-
cable for fast sweep rates, where the Landau-Zener triplet
return probability is small. In subsection III C, we intro-
duce a nonlinear approximation, valid for smaller sweep
rates, which will prove necessary to make sensible predic-
tions for the experiments under consideration. In subsec-
tion III D, we show that an exact solution of our model
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is possible for the time-dependence of the triplet-return
correlation function, and we explain how these results can
be used to obtain precise predictions for the areas of the
leading peaks in the spectral function, if the model input
parameters are known. In section IV we discuss the im-
plications of charge noise in different frequency regimes
and comment on their relevance to current experiments.
The theoretical predictions of our model, at our various
levels of approximation, are compared with each other
and with the results of our experiments in Section V,
and our conclusions are summarized in Section VI. As
mentioned above, predictions for the form of relaxation
for the nuclear spin correlation function due to inhomo-
geneous broadening are discussed in an Appendix.
The present paper has some overlap with a recent pub-

lication by Dickel et al. [29]. In particular, the results of
our full calculation of the triplet-return correlation func-
tion in the time domain, described in Section III D below,
coincide with theoretical results described in that publi-
cation. Dickel, et al. also present experimental measure-
ments in the time domain, which agree, at least quali-
tatively with their theoretical predictions. By contrast,
in the present paper, we present results of an extensive
series of measurements and associated theoretical predic-
tions, analyzed in the frequency domain, which enables
us to determine separately the effects of hyperfine and
spin-orbit coupling on spin-flip correlations in the sys-
tem.

II. MULTI-SWEEP EXPERIMENTS AND

THEORETICAL MODEL

The system of interest is a double quantum dot con-
taining two electrons. The diameter of the dots in the
device used for the experiments is around ∼ 100 nm. For
the temperatures relevant to this work only the lowest
lying orbital state of the dots has any significant proba-
bility of occupation. Therefore, each dot could either be
doubly ((0, 2)/(2, 0)) or singly (1, 1) occupied by the two
electrons, although due to Pauli’s exclusion principle the
spin component of the (0, 2) (or (2, 0)) state is forced to
be a singlet. On the other hand, the (1, 1) state has no
such constraint. The spin component of the electronic
wave function is defined in terms of the projection of the
spin along the externally applied uniform magnetic field,
which we define to be the z-direction. The singlet and
triplet states take their canonical form

|S〉 =
1√
2
(| ↑1↓2〉 − | ↓1↑2〉) (1)

|T+〉 = | ↑1↑2〉 (2)

|T0〉 =
1√
2
(| ↑1↓2〉+ | ↓1↑2〉) (3)

|T−〉 = | ↓1↓2〉 (4)

in terms of the projections of the spins of individual elec-
trons.

The energy-level diagram of the system, as a function
of voltage difference between the dots (detuning ǫ), is
shown in Fig. 1. In the absence of spin non-conserving
terms in the Hamiltonian, the singlet S and triplet T sec-
tors are decoupled from each other. The uniform mag-
netic field splits the triplet states in energy, producing
gaps equal to the net Zeeman energy of the electrons be-
tween the ms = ±1 triplet states of the electrons T±,
and the ms = 0 triplet T0 state. At any given positive
detuning, the electronic states in the singlet sector are an
admixture of (0, 2) and (1, 1) states due to the tunneling
[30–32]. On the other hand, due to the total Sz conser-
vation tunneling has no influence on the triplet sector.

FIG. 1: Energy level diagram of two electrons in a DQD
as a function of detuning ǫ

The electron spin non-conserving terms in GaAs semi-
conductors are due to the nuclear hyperfine and spin-
orbit interactions. They couple the singlet and triplet
subspaces of the two electrons. There are several factors
contributing to the spin-orbit effect experienced by the
electron confined in the dots, like the shape of the dots
and the tunneling between them, the orientation of the
dots with respect to the crystallographic axes, the spin
orbit length of the host material, and magnetic field. The
two-dimensional electron gas is fixed to lie in the (100)
plane of the GaAs crystal in the experiments, but the
direction and strength of the in-plane magnetic field are
controllable. The magnitude of the spin-orbit interaction
strength can be varied by changing the direction of the
magnetic field and is given by [33]

vso = |ṽso sinφ|, (5)

where φ is the angle between the in-plane magnetic field
and the spin-orbit field direction, and ṽso is the strength
of the spin-orbit term at the S − T+ crossing point. (In
our experiments, the axis of the DQD is either in the
[011] or [011̄] direction, and the spin-orbit direction is
perpendicular to the DQD axis.) The value of ṽso will
depend on the details of the quantum dot system, and
on the magnitude of the applied magnetic field, but not
its direction in the plane, as long as the Zeeman energy
is much stronger than ṽso. For the relevant size of the
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gate-defined quantum dots, the electronic wave function
is typically spread over 106 − 107 lattice sites. The con-
tact hyperfine interaction with the nuclear spins of 69Ga,
71Ga, and 75As generates an effective spin-spin interac-
tion between the nuclei and the electrons given by

Ĥhf = Vs
∑

λ

Aλ

∑

j∈λ

∑

m=1,2

δ (Rjλ − rm) (Ijλ · sm) (6)

where λ represents the nuclear species, j is the position of
the nucleus, Aλ is the electron-nuclear coupling constant,
and m is the electron index. Vs is the volume per nuclear
spin in GaAs. Ijλ is the nuclear spin of species λ at site
j and sm is the spin of the mth electron. The gradient
in the transverse component of the nuclear Overhauser
field couples the S-T+ states and produces an anticross-
ing (∆ST+

) at a particular value of detuning ǫ0 fixed by
the magnetic field. Thus, the direction and magnitude of
the external magnetic field serves as a convenient exper-
imental control to tune the S-T+ anticrossing between
spin-orbit-dominated and hyperfine-dominated regimes.
It is convenient to define a set of quantities

vn = 〈ΨS |Ĥhf |ΨT+
〉 =

∑

λ

vλ, (7)

vλ = VsAλ

∑

j∈λ

ρ(Rjλ)I
+
jλ, (8)

where I+jλ ≡ (Ixjλ + iIyjλ)/
√
2 and ρ is the hyperfine cou-

pling amplitude defined in terms of the electronic orbital
S and T states, viz.

ρ(R) =

∫

d3r2ψ
∗
T (R, r2)ψS(R, r2), (9)

where, ψS and ψT are the orbital parts of the eigenfunc-
tions ΨS and ΨT+. Although I+jλ for an individual nu-
clear spin is an operator that should be treated quantum
mechanically, the quantities vλ are each the sum of very
many such variables, and they may be treated, with high
accuracy, as classical complex amplitudes, which evolve
in time as the nuclei precess about the applied magnetic
field.
The effective electronic Hamiltonian at the S-T+ anti-

crossing may then be written in the form

H(ST+) =

(

ǫS v
v∗ ǫT+

− Σhf

)

, (10)

where

v = vso + vn, (11)

and Σhf is the sum of the z-components of the Overhauser
fields on the quantum dots, which gives rise to a shift in
the energy of the triplet state. Specifically, we may write

Σhf = Vs
∑

λ

Aλ

∑

j∈λ

ζ(Rjλ)I
z
jλ (12)

where the hyperfine amplitude in the triplet state is

ζ(R) =

∫

d2r2|ψT (R, r2)|2. (13)

Without the loss of generality, the spin-orbit interaction
vso will be chosen to be real.
In the experiment the electrons are loaded in the sin-

glet state of the right dot ((0, 2)S) following which the
voltage is swept through the S-T+ anticrossing. As-
suming that one can neglect effects of high-frequency
charge noise, the choice of a linear sweep protocol,
ES(t)−ET+

(t) = βt/~, maps the problem to the famous
Landau-Zener case [34–37] which gives the probability of
the transition from the S to T+ state to be

PLZ = 1− e−2πγ (14)

for initial (Ti) and final (Tf) times tending to −∞ and
+∞ respectively, and where

γ = |v|2/β. (15)

In using this relation, for each sweep, we evaluate v
and γ at the instant of time when the gate voltage
passes through the level-crossing point, where the sin-
glet and T+ states would be degenerate in absence of
v. We have assumed that we can neglect the preces-
sion of the nuclei during the course of a single sweep,
which should be a good approximation for the experi-
ments under consideration. The precession frequencies
of the nuclear species are in the range of a few MHz.
The duration of the sweep is varied between 50− 700 ns
to adjust the average PLZ . However, the nuclear con-
figuration is only important during the shorter time in-
terval, when the system is close enough to the crossing
point for an electron spin-flip to occur. The total range
in the energy difference ES − ET+ during a sweep is
∼ 2π~× 2 GHz, but the range where spin-flips can occur
is when |ES − ET+ | . |v| ≈ 2π~× (10− 100) MHz.
In practice, there may be important corrections to the

Landau-Zener transition probability due to charge noise
in the sample or on the gates. We shall discuss effects of
charge noise in Section IV below, but we ignore them for
the moment.
In our experiments, the gate voltage is returned

rapidly, to avoid S-T+ transitions, to the (0, 2) side af-
ter each Landau-Zener sweep, the electronic spin state is
measured using the spin-blockade technique [38, 39], and
the outcome is recorded. To perform single-shot readout
of the double dot, we follow the protocol described in
[39]. Briefly, we histogram the measured voltages from
our charge sensor for all 288×50 runs of the same experi-
mental parameters. By fitting the histogram, which con-
tains two peaks corresponding to S and T+ outcomes, we
identify the voltage threshold which maximizes the read-
out fidelity. We then apply this threshold to the data
for the entire set of experimental runs. After this mea-
surement, the electronic state is reinitialized for the next
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sweep by loading the electrons in the (0, 2) singlet. Suc-
cessive sweeps are separated in time by a precise time in-
terval τ = 4µs, which includes the duration of a sweep as
well as the waiting period between sweeps, during which
the nuclear spins undergo free Larmor precession. Over
the longer time scale of many sweeps, the nuclear spins
also exhibit energy and phase relaxation due to nuclear
dipole-dipole interactions and other mechanisms, which
we shall take into account in an approximate way.
The measurements were carried out in a series of

“runs”, each consisting of Nτ = 500 successive sweeps,
labeled by 1 ≤ p ≤ Nτ , with sweep times separated by
τ = 4 µs. This protocol was repeated 288 times, with
a waiting period of 7.2 milliseconds between successive
runs. At the end of each set of 288 runs, a halt of 90 sec-
onds is implemented during which all components of the
nuclear spins are expected to reach back to equilibrium.
This whole procedure was then repeated 50 times. These
waiting periods are sufficiently long that at the begin-
ning of each run, at least the transverse components of
the nuclear spin configuration can be assumed to be in a
random state sampled from the thermal ensemble, so the
288× 50 = 14, 400 experimental runs may be considered
as different realizations of the same ensemble.
For each sweep p, we define a variable χp which is

equal to 0 or 1 depending on whether the electron state
has flipped from S to T+ or not. We may then define a
spin-flip probability 〈χp〉 and a correlation function

Cχ(p, q) = 〈χpχq〉, (16)

where 1 ≤ p, q ≤ Nτ , and the angular brackets indicate
an average over the 14,400 runs. Analysis of this corre-
lation function will be the main focus of this paper.
The electron spin-flip probability in any given sweep

depends on the orientations of the nuclei at the time tp
of that sweep. As remarked above, the distribution of the
nuclei before the first sweep in a run should be given by
the thermal equilibrium distribution of the nuclei in the
applied magnetic field. For the temperatures and fields
relevant to these experiments, the net polarization in the
z-direction will be very small compared to the maximum
possible polarization of the nuclei, so that the distribu-
tion of perpendicular spin components should be essen-
tially the same as in an equilibrium ensemble at zero
magnetic field. During the course of 500 sweeps, there
may be a change in the z-polarization of the nuclei due
to the effects of dynamic nuclear polarization (DNP), but
the polarization will still be very small compared to the
maximum polarization. If there were no dephasing of the
transverse components of the nuclear spins, there could
be conditions where the transverse components of the nu-
clear Overhauser fields could be significantly reduced af-
ter a relatively small number of DNP sweeps [31]. In our
experiments, however, we find nuclear dephasing times
τλ of the order of 60 µsec, so the spins are completely de-
phased after a few hundred sweeps, and this effect should
be absent. Consequently, the a priori probability distri-
bution for v at the beginning of any sweep in our sequence

should be the same as in thermal equilibrium.
Since the complex variable vn is the sum of small con-

tributions from a very large number of nuclei, it is clear
that the equilibrium distribution will have the form of
a Gaussian, whose form is completely determined by
its first and second moments. Since the orientations of
different spins are uncorrelated, it is easy to see that
〈vn〉 = 0, and 〈|vn|2〉 = 2σ2, where σ2 =

∑

λ σ
2
λ and

σ2
λ = nλA

2
λ

Iλ(Iλ + 1)

3
Vs

∫

|ρ(R)|2d3R, (17)

where Iλ is the spin and nλ is the fractional abun-
dance of species λ. For GaAs, nλ = 0.5, 0.2 and 0.3, for
75As, 69Ga, and 71Ga respectively, while Iλ = 3/2 for all
species. The coupling constants, measured in µeV are
A75As = 46, A69Ga = 38.2, and A71Ga = 48.5. The quan-

tityNn ≡
(

Vs
∫

|ρ(R)|2d3R
)−1

may be interpreted as the
effective number of nuclei contributing to the transverse
hyperfine field vn.
If we regard the real and imaginary components of vn

as a two dimensional vector ~vn, the probability distribu-
tion of ~vn may be written as

p(~vn) =
1

2πσ2
e−|vn|

2/2σ2

. (18)

Since the complex amplitudes vλ are themselves each a
sum of contributions from a large number of nuclei, their
individual thermal distributions are also Gaussians, with
σ2
λ replacing σ2 in the formula above.
We shall also be interested in the joint probability dis-

tributions of vn at several different times. Under the
influence of the applied magnetic field, the macroscopic
spins undergo Larmor precession. At the same time the
collection of nuclear spins experience energy and phase
relaxation due to dipolar and quadrupolar interactions.
The time scale for phase diffusion in nuclear spins in
GaAs is of the order 100µs while that of spin or energy
diffusion can be of the order seconds [40]. Since the value
of vn at each time is the sum of contributions from very
many nuclei, the joint distribution function of vn at two
different times is again a Gaussian distribution. Conse-
quently, the distribution is completely determined by its
second-order correlations.

III. CORRELATIONS IN S-T+ SWEEPS

The off-diagonal matrix element coupling the S and T+
states has a time-independent part due to the spin-orbit
effect and a time-dependent contribution from the trans-
verse components of nuclear spins of the various species,
given by

vn(t) =
∑

λ

vλ(t)

≡
∑

λ

Ωλ(t)e
−2πiνλt (19)
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where νλ is the Larmor frequency of species λ and the
amplitude Ωλ is assumed to vary only slowly, on a time
scale of order 100µs. It is the interference of the terms
of different frequencies contributing to the S-T+ matrix
element that is the source of the interesting temporal
correlations in the electron spin-flip probability PLZ .
Let us write the two-time correlation function for Ωλ(t)

in the form

〈Ωλ(t)Ω
∗
λ′ (t′)〉 = 2δλλ′ σ2

λ gλ(t− t′), (20)

where gλ(0) = 1, and gλ(t) decays to zero on a time
scale τλ, which is the relaxation time of species λ arising
from interactions in the nuclear spin system, etc. Here we
have assumed that that there are no correlations between
the nuclear spins on different sites, so the correlations in
Eq. (20) arise entirely from spin correlations at differ-
ent times on the same nuclear site. As explained in the
previous section, we are assuming that the fluctuations
in the nuclear orientations perpendicular to the applied
magnetic field can be treated as a stationary stochastic
process, which will not be significantly affected by the
Landau-Zener process within a sequence of 500 sweeps.
Motivated by experimental observations, we assume here
a simple Gaussian form for gλ:

gλ(t) = e−t2/2τ2
λ . (21)

A discussion of reasons for the (approximate) validity of
this assumption, and of possible consequences of devia-
tions from the assumed Gaussian behavior, will be given
in the Appendix.
We now turn to predictions of our model for the cor-

relation function Cχ defined in (16). Suppose that the
nuclear configurations at the two times tp and tq are
known, so that the corresponding LZ probabilities are
also known. Then the conditional expectation value of
the product χpχq will be given by

χpχq = PLZ(tp)PLZ(tq) (1− δpq) + PLZ(tp)δpq, (22)

since the outcomes χp and χq are stochastic quantities
that are independent if and only if p 6= q. If we now
average this result over all possible initial conditions of
the nuclei, and take into account the effects of random
dephasing between the two times tp and tq, we obtain the
result

Cχ(p, q) = fB δpq + 〈PLZ(tp)PLZ(tq)〉, (23)

where

fB = 〈PLZ(tp)− [PLZ(tp)]
2 〉. (24)

As argued above, this expectation value should be es-
sentially independent of p. We remark that the term
proportional to fB is a quantum stochastic effect, which
reflects the random outcome for the value of χp, even
when the probability PLZ is specified. This will lead to
a frequency-independent background contribution to the
Fourier transform of Cχ.

In practice, it will be most convenient to work with a
Fourier expansion of χp and to discuss the power spec-
trum of Cχ. We define

χ̃n =

Nτ/2
∑

p=−Nτ/2

e2πinp χp, (25)

where n is an integer, and we impose the restriction
−1/2τ < νn ≤ 1/2τ , where νn is the frequency defined
by

νn ≡ n

Nττ
. (26)

The power spectrum is then defined as

F (νn) = 〈|χ̃n|2〉 =
∑

p,q

e2πin(p−q) Cχ(p, q). (27)

We define a correlation function

f(tp, tq) ≡ 〈PLZ(tp)PLZ(tq)〉 = f(tp − tq), (28)

which depends only on the time separation (tp − tq), and
should be a continuous function of that variable. (This is
because the values of vλ evolve continuously in time, and
are not affected by any intervening Landau-Zener sweeps
on the time scale we are considering.) For times large
compared to the dephasing times τλ, the function f(t)
will approach a limit,

f(t)
|t|→∞−−−−→ f∞ = 〈PLZ〉2. (29)

Taking the Fourier transform of f(t), after subtracting
the infinite time limit, we define a function

S(ν) ≡
∫ +∞

−∞

dt e−2πiνt (f(t)− f∞) . (30)

We now wish to relate the experimentally observed
power spectrum F (νn) to the function S(ν). The func-
tions differ for three reasons: because F includes a con-
tribution from the background term fB which is omitted
from S, because the experimental measurements are re-
stricted to a discrete set of time steps rather than as a
continuous function of time, and because the measure-
ments are restricted to a finite time interval Nττ . This
last restriction should be unimportant, provided that the
time interval Nττ is large compared to all of the corre-
lation times τλ. The contribution of fB can be added
explicitly, and the difference between the discrete sum
and the continuous integral can be handled by use of the
Poisson sum formula. The result is

F (νn) = N2
τ f∞δn0 +NτfB + F̃ (νn), (31)

F̃ (ν) =
Nτ

τ

∞
∑

l=−∞

S

(

ν +
l

τ

)

. (32)
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A. Background fB

The frequency-independent background of the power
spectrum,

FB = NτfB, (33)

may be computed by performing the average indicated in
Eq. (24) over the nuclear distributions given by Eq. (18):

fB =

∫

d2~vn p(~vn)PLZ (1− PLZ)

= 〈e−2πγ〉 − 〈e−4πγ〉. (34)

In the absence of spin-orbit interactions, the integrals are
simple Gaussian integrals, and one obtains, after a small
amount of algebra:

fB =
〈PLZ〉 (1− 〈PLZ〉)

1 + 〈PLZ〉
, (35)

where

〈PLZ〉 =
4π
β σ

2

1 + 4π
β σ

2
(36)

and σ2 ≡∑λ σ
2
λ.

The background in the presence of spin-orbit interac-
tion can again be calculated at all orders in γ. The first
average in Eq.(34) is now given by

〈e−2πγ〉 =
∏

λ

∫

d2~vλ p (~vλ)

× exp



−2π

β





(

vso +
∑

λ

vλ,r

)2

+

(

∑

λ

vλ,i

)2








=
1

1 + 4πσ2

β

exp



−
2πv2

so

β

1 + 4πσ2

β



 (37)

where vλ,r/i represents the real and imaginary part of vλ.
A similar calculation gives

〈e−4πγ〉 = 1

1 + 8πσ2

β

exp



−
4πv2

so

β

1 + 8πσ2

β



 (38)

B. Linear Approximation for S(ν)

We now discuss predictions for the function S(ν) by
first considering some simple cases. We begin by consid-
ering a linear approximation, which is valid in the regime
of fast Landau-Zener sweeps, where 2πγ ≪ 1. In this
regime the Landau-Zener probability is small, and it can
be expanded in a power series in 2πγ :

PLZ(tp) = 1− e−2πγ

≈ 2πγ + . . . =
2π

β
|v(tp)|2 + . . . (39)

where tp = pτ is the time of the p-th sweep.

1. Case vso = 0

In the absence of SOI, only the nuclear spin terms are
responsible for correlations in the electron spin-flip prob-
ability. For small PLZ , the Fourier transform of the low-
est order term in PLZ is given, for ν 6= 0, by

S(ν)

(2π/β)2
=

∫ +∞

−∞

dse−2πiνs[f(s)− f∞]

≈
∑

λλ′µµ′

∫

dse−2πiνse−2πi(νλ−νλ′ )se+i(νµ−νµ′ )s

× 〈Ωλ(t)Ω
∗
λ′(t)Ωµ(t+ s)Ω∗

µ′(t+ s)〉 . (40)

On averaging over the nuclear spin configuration, the
power spectrum has peaks at frequencies equal to the
differences of the Larmor frequencies of any two of the
species. In the absence of nuclear spin relaxation, these
peaks are delta functions in frequency, but as we in-
clude nuclear relaxation phenomenologically, these peaks
broaden and develop a finite line-width consistent with
a Gaussian decay of correlations given by Eq. (21). On
taking into account the Gaussian decay in time, the re-
sulting expression is

S(ν) = (4π/β)
2
∑

λ,µ

σ2
λσ

2
µGλµ(ν), (41)

where Gλµ(ν) is a Gaussian of unit area, given by

Gλµ(ν) =
√
πτλµ exp

(

−π2 (ν + νλ − νµ)
2 τ2λµ

)

, (42)

1/τ2λµ ≡ (1/τ2λ + 1/τ2µ)/2. (43)

The Gaussian peak around zero frequency receives con-
tributions from all the three species additively, and thus
is much stronger than the peaks at difference frequencies.
If we substitute the expression (41) into (31), we obtain
an approximate expression for the power spectrum, which
we can compare with experiments.
In Figure 2, we show experimental data (black curve)

for F (νn), with data for the singular point νn = 0 omit-
ted, taken at two values of the applied magnetic field
B. The magenta curve is an empirical fit of the data to
a set of Gaussian peaks, sitting on top of a frequency-
independent background. Data are shown only in the
positive half Brillouin zone, 0 < νn ≤ (2τ)−1 = 125 kHz,
as the spectrum depends only on |νn|.
In each plot, one sees clearly three Gaussian peaks cen-

tered at non-zero frequencies, as well as the positive half
of a quasi-Gaussian peak centered at ν = 0, all of which
sit on top of a frequency-independent background. The
vertical lines are drawn at the three difference frequen-
cies (νλ − νµ) mod (1/τ) which fall in the positive half
Brillouin zone. It can be seen that the centers of the
Gaussian peaks agree with the positions of the vertical
lines to a high degree of accuracy. We defer, until Sec. V,
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a more detailed comparison between theory and experi-
ment, including the areas under the peaks, the relative
widths of the peaks, and the height of the background.
In addition to the quasi-Gaussian peak around ν = 0,

the data shows enhanced values of the spectrum for the
lowest non-zero values of the discrete frequency, particu-
larly at νn=1 = 0.5 kHz. This will be discussed further
in Sec. V.
If one extends the theoretical analysis beyond the first

term in the expansion of PLZ = 1 − e−2πγ , one expects
to find additional peaks at arbitrary linear combinations
of the difference frequencies νλ − νµ, reduced to the first
Brillouin zone. However the areas of the higher order
peaks will be relatively small for the values of γ of interest
to us, and the widths of the peaks become larger with
increasing order. It is therefore not surprising that we do
not see signs of higher order peaks in the experimental
data.

2. Case vso 6= 0

The presence of spin-orbit coupling allows for another
mechanism for electron spin-flips besides nuclear spins.
In the S-T+ matrix element, the effective SO interaction
vso, which depends on the angle φ between the spin-orbit
field and applied magnetic field according to Eq. (5),
can be varied by changing the direction of the field in
the plane of the sample. In this regime, the correlations
in PLZ receive contributions from the spin-orbit term in
combination with the dynamics of the nuclear spins. In
the approximation where we keep only the lowest order
term in the expansion of (1− e−2πγ), interference of the
two effects generates terms proportional to v2so in the cor-
relation function S(ν) with peaks at the Larmor frequen-
cies of the individual species, in addition to the terms in
Eq. (40). On using the form of the S-T+ matrix element,
given by

v = vso +
∑

λ

Ωλe
−2πiνλt, (44)

[cf. (11) and (19)], the power spectrum in the presence
of SOI acquires an additional term, so we now have

Sso(ν) = S0(ν) + (8π2/β2) v2so
∑

λ

σ2
λGλ(ν) (45)

where S0 is the predicted spectrum for vso = 0, given by
Eq. (41), and

Gλ(ν) =

∫ +∞

−∞

dse
−2πiνs− s2

2τ2
λ

(

e2πiνλs + e−2πiνλs
)

=
√
2π τλ

(

e−2π2(ν−νλ)
2τ2

λ + e−2π2(ν+νλ)
2τ2

λ

)

. (46)

Thus, the power spectrum in the presence of SOI, Sso,
has additional peaks at the bare Larmor frequencies of
the three different species given by the functions Gλ. (Of
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FIG. 2: Figs. 2a and 2b are the plots of the power spec-
trum S of the Landau-Zener probability (〈PLZ〉 = 0.4 in
both cases), at B = 0.19 and 0.4 T, respectively. Here,
φ = 0, so spin-orbit effects are absent. The black curves
are the experimental data while the magenta curves
are an empirical fit to a sum of Gaussian peaks sitting
on a frequency independent background. Vertical lines
are at the difference frequencies between two different
species: ν69Ga − ν71Ga (blue), ν71Ga − ν75As (green), and
ν75As−ν69Ga (red). All frequencies are folded back to the
interval −125 to +125 KHz. As a result peaks appear in

different order in the two plots.

course, in F̃ , the bare frequencies νλ are measured mod-
ulo 1/τ .) It is interesting to note that the widths of the
additional peaks due to the presence of SOI are predicted
to be narrower than the peaks at the differences of the
Larmor frequencies as given by (43).

If vso is turned on while the sweep rate is fixed, so that
the values of σ2

λ are unchanged, the value of 〈PLZ〉 will
increase, as follows from (11) and (39). This will lead
to an increase in the weight N2

τ f∞ of the delta function
at zero frequency, which is proportional to 〈PLZ〉2, ac-
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cording to (29). However, the change in 〈PLZ〉 may be
removed by an increase in the sweep rate, if desired.
Fig. 3 presents experimental results for the spectral

function F (νn) for two different values of the angle φ,
which give rise to increasing values of vso. Vertical lines
show the positions expected for the bare Larmor frequen-
cies and the difference frequencies, which align extremely
well with the positions of the experimental peaks, as ex-
pected from our model. Comparison between predicted
and observed peak heights and areas, as well as the fre-
quency independent background, will be discussed in Sec-
tion V.

C. Nonlinear Approximation for the Peak Areas

The formulas for the areas of the Gaussian peaks, de-
rived in the previous two subsections, are correct to low-
est order in γ, i.e., order γ2, when 2πγ is small and
PLZ(γ) may be adequately approximated by 2πγ. This
assumption is correct when the sweep rate β is sufficiently
large. For the experimental data to be discussed below,
however, this linear approximation is not adequate.
As will be discussed in Subsection III D, an exact an-

alytic calculation of the correlation function f(t − t′) =
〈PLZ(t

′)PLZ(t)〉 of Eq. (28), correct for arbitrary γ, is
possible for our model, in the absence of charge noise, as-
suming that the input parameters are known. However,
to extract the areas of the peaks in the frequency domain,
it is necessary to take the Fourier transform numerically,
and the results are not transparent. We shall therefore
begin by presenting an approximate nonlinear calcula-
tion, which yields transparent analytic results that are
a major improvement over the lowest order results, and
which also give some physical insight into the size of the
necessary corrections.
We shall be interested here in the areas under the peaks

in the correlation function S(ν), and we will not pay at-
tention to the detailed line shape. Our discussions, there-
fore, will be independent of the precise time dependence
of the correlation functions gλ(t) defined in (20).
Let us write

γ(t) = γ̃(t) + δγ(t), (47)

where

γ̃ ≡ β−1

(

v2so +
∑

λ

|vλ|2
)

, (48)

δγ = β−1



vso
∑

λ

(vλ + v∗λ) +
∑

λ6=λ′

v∗λvλ′



 . (49)

Then we may expand PLZ as

PLZ(γ) = PLZ(γ̃) + δγP ′
LZ(γ̃) +

1

2
(δγ)2P ′′

LZ(γ̃), (50)

0 20 40 60 80 100 120

100

150

200

250

300

350

ν in KHz

F
(ν

)

(a) Expt. C

0 20 40 60 80 100 120

100

150

200

250

300

350

ν in KHz

F
(ν

)

(b) Expt. D

FIG. 3: (a) Power spectrum of PLZ for B = 0.1 T,
〈PLZ〉 = 0.6, and the direction of the field φ = 5◦. (b)
Power spectrum of PLZ for B = 0.19 T, 〈PLZ〉 = 0.42,
and the direction of the field φ = 10◦. The black
curves are the experimental data while the magenta
curves are an empirical fit to a sum of Gaussian peaks
on a frequency-independent background. In both the
figures solid vertical lines are at the difference frequen-
cies between two different species: ν69Ga − ν71Ga (blue),
ν71Ga − ν75As (green), and ν75As − ν69Ga (red), while the
dashed vertical lines are at the bare frequencies: ν69Ga

(blue), ν71Ga (green), and ν75As (red). All frequencies are
folded back to the interval −125 to +125 KHz.

where our approximation shall consist in omitting terms
that are higher order in δγ.

As in the previous subsections, we assume that vλ(t)
is given by (19), where Ωλ(t) varies slowly in time, with
a correlation function of form (21). The precise form of
the correlation function is not important for the present
purposes; we need only assume that (i) the Ωλ are com-
plex variables with a Gaussian joint probability distribu-
tion, (ii) that there are no correlations between different
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species, and that (iii) there exists a coherence time τcoh
such that the correlation function vanishes for t ≫ τcoh,
but is essentially independent of time for t ≪ τcoh.
For t ≪ τcoh, we may expand the correlation function

f(t) as

f(t) = f0 + 2
∑

λ

fλ cos(2πνλt) +
∑

λ6=λ′

fλλ′e2πi(νλ−νλ′ )t,

(51)
where we have omitted terms containing other combi-
nations of frequencies, which will turn out to be higher
order in our expansion. When we take the Fourier trans-
form of f , we find that the terms included in (51) give
rise to narrow peaks in S(ν), centered at frequencies ±νλ
or (νλ− νλ′), whose areas are given by the coefficients fλ
or fλλ′ , respectively. The width of the peaks are of order
1/τcoh, but the areas do not depend on τcoh. Similarly,
there will be a peak in S centered at ν = 0, with width
of order 1/τcoh, whose area will be equal to f0 − f∞.
Now, using the approximation (50 ), we find that

f0 ≈ 〈P 2
LZ(γ̃)〉+ 〈PLZ(γ̃)P

′′
LZ(γ̃)(δγ)

2〉, (52)

fλλ′ ≈ β−2〈[P ′
LZ(γ̃)]

2|Ωλ|2|Ωλ′ |2〉, (53)

fλ ≈ β−2v2SO〈[P ′
LZ(γ̃)]

2|Ωλ|2〉. (54)

The above expressions can be evaluated using the
equalities

−P ′′
LZ(γ̃)

4π2
=
P ′
LZ(γ̃)

2π
= [1− PLZ(γ̃)] = e−2πγ̃ . (55)

It is convenient to define the quantities

x ≡ 2π

β
v2so, yλ ≡ 4π

β
σ2
λ, y ≡

∑

λ

yλ, (56)

pn =
∏

λ

(1 + nyλ) (57)

Then the results, which one finds after some algebra, (cf.
the calculations in Subsection III A, above), are

fλλ′ ≈ e−2xyλyλ′

p2(1 + 2yλ)(1 + 2yλ′)
, (58)

fλ ≈ e−2xxyλ
p2(1 + 2yλ)

, (59)

while the two terms contributing to f0 are given by

〈P 2
LZ(γ̃)〉 = 1− 2e−x

p1
+
e−2x

p2
(60)

〈PLZ(γ̃)P
′′
LZ(γ̃)(δγ)

2〉

=
∑

λ

2 x yλ e
−2x

p2(1 + 2yλ)
−
∑

λ

2 x yλ e
−x

p1(1 + yλ)

+
′
∑ e−2xyλyλ′

(1 + 2yλ′′)(1 + 2yλ′)2(1 + 2yλ)2

−
′
∑ e−xyλyλ′

(1 + yλ′′)(1 + yλ′)2(1 + yλ)2
. (61)

The primes over the last two summation signs signify
that the sums are to be taken over λ and λ′, with λ′ 6= λ,
while λ′′ denotes the third species, not equal to λ or λ′.
It should be emphasized that the expansion coefficients

f0, fλ, fλλ′ , etc., are all independent of the values of the
frequencies νλ and are well defined, as long as the fre-
quencies are incommensurate with each other.
As one test of the validity of these approximations,

we may calculate the value of 〈PLZ〉 using the expansion
(50):

〈PLZ〉 ≈ 〈PLZ(γ̃)〉+
1

2
〈P ′′

LZ(γ̃)(δγ)
2〉

= 1− e−x

p1
− xe−x

p1

∑

λ

yλ
1 + yλ

− e−x

2p21

′
∑

yλyλ′(1 + yλ′′) , (62)

and we may compare the result with the exact answer.
As an example, if we set vso = 0, and yλ = 2/9 for
all three species, the exact value of 〈PLZ〉 is given by
y/(1+ y) = 2/5, while the number predicted by Eq. (62)
is 0.3980. The value of 〈PLZ(γ̃)〉 in this case is 0.4523.
More generally, we expect that the expansion (50)

should be reasonable as long as the individual yλ are
small, even if the sum y + x is not.

D. Full calculation

It is convenient to write

f(t) = 2〈PLZ〉 − 1 + P2(t) (63)

where 〈PLZ〉 is given by Eq. (36) and

P2(t) = 〈e−2πγ(t)e−2πγ(0)〉 (64)

Since the variables Ωλ have a Gaussian distribution, this
last expectation value can be expressed as a multivariable
Gaussian integral, which can be evaluated by standard
methods.
In the regime where t ≪ τcoh , the values of Ωλ may

be assumed to be independent of time, so the evaluations
require only integration over three independent complex
variables. Then, in the case where vso = 0, the results
simplify further to give

P2 =
1

det[M ]
(65)
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where M is the 3× 3 matrix

Mλλ′(t) = δλλ′ +
4π

β
σλσλ′

(

1 + e−2πi(νλ−νλ′ )t
)

, (66)

In the case where vso 6= 0, the result for t ≪ τcoh
becomes

P2 =
exp

(

−2x+ 4πxβ−1
∑

λλ′ σ̃∗
λ(M)−1

λλ′ σ̃λ′

)

det[M ]
, (67)

where

σ̃λ ≡ σλ(1 + e−2πiνλt). (68)

The equations above may be simplified further by using
the results

det[M ] = 1 +
8π

β

∑

λ

σ2
λ +

32π2

β2

∑

λ6=µ

σ2
λσ

2
µ sin

2[π(νλ − νµ)t], (69)

∑

λµ

σ̃∗
λ(M

−1)λµσ̃µ = 4

∑

λ σ
2
λ cos

2(πνλt) +
4π
β

∑

λ6=µ σ
2
λσ

2
µ sin

2[π(νλ − νµ)t]

det[M ]
. (70)

As may be seen from the above equations, in the limit
τcoh = ∞, the function f(t) is a quasiperiodic function,
with three fundamental frequencies νj , (j = 1, 2, 3), cor-
responding to the three different values of νλ. Then we
can expand f(t) in the form

f(t) =
∑

fm1m2m3
e−2πit(m1ν1+m2ν2+m3ν3), (71)

where mj are integers running from −∞ to ∞. The
expansion coefficients fm1m2m3

may then be obtained by
taking the limit T → ∞ of the integral

1

2T

∫ T

−T

dtf(t)e2πit(m1ν1+m2ν2+m3ν3). (72)

(In practice, convergence can be improved by using a soft
cutoff in the above integration.) The quantities f0, fλ and
fλλ′ of Eq. (51), which give the areas of the lowest order
peaks in S(ν), are given by the coefficients fm1m2m3

with
mj = 0 or ±1, and |∑mj | ≤ 1.
If one wishes to calculate P2(t) in the regime of inter-

mediate times, where t is comparable to tcoh, then the
values of Ωλ at t and t = 0 should be treated as sepa-
rate, but correlated, Gaussian variables. The expectation
value in Eq. (64) would then be expressed as an inte-
gral over a Gaussian function of six complex variables,
or twelve real variables. As a simpler alternative, how-
ever, one may consider the correlation function gλ(t) as
arising from an inhomogeneously broadened line, so that

σ2
λ gλ(t) =

∑

α

σ2
λα exp(−2πitδνλα), (73)

where the set of δνλα denote frequency shifts from the
line center, and σ2

λα are the corresponding weights. Then
P2(t) may be evaluated by treating each νλα as arising

from a different nuclear species and replacing the indices
λ and µ in formulas (65) to (70) by (λ, α) and (µ, β).
In the regime where t is comparable to tcoh, the func-

tion f(t) is no longer quasiperiodic, so the Fourier trans-
form will no longer be a sum of sharp δ-functions.

IV. EFFECTS OF CHARGE NOISE

A 2DEG buried around 100 nm below the surface of
a semiconductor heterostructure is susceptible to charge
noise from various possible sources, including the ran-
dom two-level systems in adjoining material or through
the metal gates on the surface [41]. Effects of charge
noise may be modeled by including fluctuations δǫ(t) in
the detuning parameter ǫ relative to the nominal ǫ0(t)
specified by the LZ sweep protocol. The consequences
of these fluctuations will depend on their characteristic
frequency.

A. High-Frequency Noise

Noise fluctuations may be considered to be “high fre-
quency” if they occur at frequencies that are comparable
to or larger than the typical value of the S-T+ spitting,
|v|. Effects of high frequency noise were discussed the-
oretically by Kayanuma [42], and were discussed more
recently in the supplementary material to Ref. [28] in
the context of the present experimental system.
High-frequency noise can lead to enhanced transitions

both from the singlet to the triplet state and from the
triplet state back to the singlet. To quantify the net
effect, let us define PT (v, β) as the probability to ob-
tain a triplet state in the presence of noise, after a
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Landau-Zener sweep that starts in the singlet state, with
an off-diagonal matrix element v and a sweep rate β.
Kayanuma [42] has shown that PT and PLZ are identical
for small γ, to first order order in γ, but more generally,
PT < PLZ . In the limit of strong noise, he obtains an
analytic form:

PT → PSN =
1− e−4πγ

2
. (74)

The effects of high frequency noise on the triplet-return
correlations should be accounted for, in principle, by re-
placing PLZ(γ) by PT (v, β) in the formulas derived in the
previous sections. In the linear approximation of Subsec-
tion III B, where areas of the Gaussian peaks in S(ν)
were calculated only to lowest order in γ, these results
would be unaffected by high-frequency noise. Beyond
lowest order, however, we expect that the effects of non-
linearity, which tend to reduce the areas of the low-order
peaks and increase the amplitudes of higher-order peaks,
should be enhanced when PLZ is replaced by PT , assum-
ing that the sweep rate is adjusted to keep the mean
value of PT fixed. For example, if we consider the (ap-
proximate) expression (53), we see that the value of fλλ′ ,
should be decreased by the charge noise, as the derivative
P ′
T should be smaller than P ′

LZ , for equal values of the
transition probabilities. In Experiments A and B, the
transition probability in the presence of high frequency
noise predicts the background FB to be 95 and 104.6, re-
spectively. These numerical values are very close to the
experimentally measured quantities given in Table I.
We would also expect the magnitude of the frequency-

independent stochastic background term, NτfB, to be
increased by high-frequency charge noise. Specifically, if
one uses the large-noise expression (74) instead of PLZ

in the analysis of Subsection III A, one finds

fB → 〈PT 〉
1 + 2〈PT 〉

>
〈PT 〉 (1− 〈PT 〉)

1 + 〈PT 〉
. (75)

Thus the fB in the presence of strong noise is larger than
the value without noise at equal values of the mean tran-
sition probability 〈PT 〉. In the limit of large noise and
slow sweep rates, where PT → 1/2, we see that fB → 1/4,
which is its largest possible value.

B. Intermediate-Frequency Noise

Noise fluctuations may be described as intermediate
frequency, if their frequency is low compared to v, but
comparable to or larger than the inverse of the time sep-
aration τ between successive LZ sweeps. Such fluctua-
tions will have no significant effect on the average spin-
flip probability in a single sweep, but they can give rise to
fluctuations in the actual times of the S-T+ anticrossings.
One possible way of incorporating this in our formalism
would be by treating the time between pulses to have a
fluctuating part, i.e. tp = t0p + δtp, where t

0
p = pτ is the

equally spaced regular component, while δtp is the fluc-
tuation at pulse p. For simplicity, we assume that there
are no correlations in δtp from one sweep to the next, and
we assume that δtp has a Gaussian distribution:

p(δtp) =

√

2

πδ2t
exp

(

−2

(

δtp
δt

)2
)

(76)

At least within the linear approximation in which we
keep only terms of order γ in the expansion of PLZ , we
can examine the effects of these fluctuations. Including
the fluctuating part of tp and tq in Eq. (22), and aver-
aging over the probability distribution in Eq. (76), we
find that the height of the peaks in the power spectrum
is weakened. Performing the Gaussian average of the
terms in Eq. (40), neglecting the contributions of δtp to
the terms originating from relaxation of correlation in
the nuclear spin environment and also assuming that the
fluctuations at time tp and tq are uncorrelated, the effect
on the finite frequency peaks due to charge noise can be
simply expressed by replacing the function Gλµ defined
in Eq. (42) by

Gcn
λµ(ν) = exp

(

−π2(νλ − νµ)
2δ2t
)

Gλµ(ν) (77)

Since νλ is proportional to the applied field B, for any
given species, the decrease in peak intensity predicted
by (77) should become more pronounced with increas-
ing B. We expect that weight lost from the Gaussian
peaks will largely reappear in the frequency independent
background, but this has not been analyzed in detail.
According to the current analysis, charge noise at fre-

quencies smaller than the inverse of the total time scale of
a run, Nττ , should have negligible effect on the measured
correlations, as it will lead to a uniform shift in cross-
ing times of all sweeps. We assume here that the low-
frequency noise is not large enough to cause changes in
the electronic wave functions that could affect the value
of PLZ .

V. COMPARISON BETWEEN THEORY AND

EXPERIMENT

In this section we examine the extent of agreement
between the various approximations of the theoretical
model and the experimental observations[43].
The correlation power-spectrum F (νn), which is the

main quantity of interest to us, was defined in Eq. 27
and was plotted in Figs. 2 and 3. For the experiments
under consideration the parameters which have been var-
ied are the rate of the LZ sweep β, and the direction φ
and magnitude of the magnetic field B. For experimental
data shown in Figs. 2a and 2b (from now on referred to as
Experiments A and B, respectively), the magnetic field
was aligned with the spin-orbit field (φ = 0), so we may
assume that spin-orbit coupling vso = 0. In a second set
of experiments shown in Figs. 3a (Experiment C) and
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3b (Experiment D), the magnetic field was at a non-zero
angle to the spin-orbit field, so vso 6= 0.
A comparison between the principal experimental re-

sults and the theoretical predictions described in Sec. III
is summarized in Table I. For each experiment, A - D,
there are four rows in the table, corresponding to the
linear approximation of Subsection III B, the nonlinear
approximation of Subsection III C, the full calculation of
Subsection III D, and the experimental results. The col-
umn labeled 〈PLZ〉 shows the theoretical predictions and
experimental results for the mean value of the electronic
triplet return probability for a single Landau-Zener sweep
in each of the four experiments. Columns labeled Fλλ′

are the areas under the Gaussian peaks in F (ν) centered
at the differences of the Larmor frequencies for the indi-
cated nuclear species. The columns labeled Fλ are the
areas under the peaks centered at the Larmor frequen-
cies of individual Larmor species, which are present only
for vso 6= 0. The column labeled ∆F0 is the area under
the full peak around ν = 0, excluding the singular δ-
function contribution from the point precisely at ν = 0.
[Cf. Eq. (31).] The column FB shows the theoretical

predictions and experimental results for the frequency-
independent background count. No values have been en-
tered, in this column, on lines corresponding to the linear
and nonlinear approximate theories, as the full theory of
Sec. IIIA for FB is already simple.

Theoretical predictions for the measured peak ar-
eas and background counts are related to the inten-
sive quantities calculated in Sec. III by FB = NτfB,
Fλλ′ = (Nτ/τ)fλλ′ , Fλ = (Nτ/τ)fλ, and ∆F0 =
(Nτ/τ)(f0 − f∞), where Nτ = 500 in these experiments,
and (Nτ/τ) =125,000 kHz. The input parameters for
these calculations were obtained from the measurements
reported in Ref. [28], which were taken with high sweep
rates, where γ was small enough that the linear approxi-
mation is reliable. The value of vso used for cases C and D
were chosen as vso = Ωso sin θ sinφ, where Ωso = 461±10
neV, and θ is the (11)-(02) mixing angle at the S − T+
crossing point, defined in Ref. [28], which depends on the
strength of the applied magnetic field. We have extracted
values of sin θ for the fields used in experiments C and D
from the plots in Ref. [28].

Thy./Exp. 〈PLZ〉
69Ga - 71Ga 71Ga - 75As 75As - 69Ga ν ≈ 0 69Ga 71Ga 75As FB

Fλλ′ (kHz) Fλλ′ (kHz) Fλλ′ (kHz) ∆F0 (kHz) Fλ (kHz) Fλ (kHz) Fλ (kHz)

Expt. A 0.39(0.05) 336(12) 611(11) 623(12) 1830(16) 0 0 0 98.8(0.3)

Full 0.44(0.03) 544(41) 1188(70) 1109(66) 341 · 101(16) 0 0 0 85.5(0.6)

Non-linear 0.47(0.04) 648(40) 1143(41) 1085(41) 391 · 101(20) 0 0 0 n/a

Linear 0.79(0.10) 42 · 102(11) 101 · 102(27) 94 · 102(25) 310 · 102(82) 0 0 0 n/a

Expt. B 0.40(0.04) 248(12) 393(13) 419(12) 1097(15) 0 0 0 106.6(0.3)

Full 0.56(0.03) 652(18) 1343(15) 1257(15) 3680(22) 0 0 0 78.8(2.5)

Non-linear 0.60(0.03) 716(5) 1142(36) 1092(32) 4237(30) 0 0 0 n/a

Linear 1.28(0.14) 109 · 102(24) 264 · 102(59) 246 · 102(55) 81 · 103(18) 0 0 0 n/a

Expt. C 0.60(0.06) 213(16) 306(15) 283(16) 848(18) 76(14) 89(56) 104(14) 106.1(0.6)

Full 0.69(0.02) 597(14) 1167(38) 1095(35) 332 · 101(11) 129(8) 135(8) 200(11) 62.5(3.3)

Non-linear 0.75(0.02) 530(43) 750(76) 724(72) 326 · 101(20) 34.4(6.0) 35.6(6.3) 48.6(9.5) n/a

Linear 2.28(0.23) 335 · 102(68) 81 · 103(16) 75 · 103(15) 249 · 103(51) 469 · 101(85) 504 · 101(92) 113 · 102(21) n/a

Expt. D 0.42(0.05) 124(23) 334(90) 169(18) 595(23) 246(15) 256(15) 468(18) 106.8(0.6)

Full 0.42(0.03) 274(18) 660(43) 613(40) 263 · 101(22) 531(56) 566(59) 1070(98) 86.2(0.2)

Non-linear 0.43(0.03) 409(29) 765(38) 722(37) 193 · 101(11) 872(65) 922(70) 163 · 101(15) n/a

Linear 0.72(0.09) 228 · 101(56) 55 · 102(14) 51 · 102(13) 169 · 102(42) 44 · 102(10) 48 · 102(11) 107 · 102(25) n/a

TABLE I: Comparisons between theoretical calculations and experimental data. Columns 3 to 9 show areas under
various peaks in the frequency spectra of the triplet-return correlation functions, obtained from various theoretical
estimates or from fits to the experimental data, for four experiments (A, B, C, and D) with different parameters.
Column 10, labeled FB shows the frequency independent background of the correlation spectrum, while column 2,
labeled 〈PLZ〉, shows the mean value of the triplet return probability, predicted by the various theories or experimen-
tally observed. The numbers in the parentheses are the estimated errors in the average values. Further explanations
are given in the text. The magnetic field values for experiments A, B, C, and D are 0.19 T, 0.40 T, 0.10 T, and 0.19
T respectively. For experiments A and B the magnetic field is pointing along φ = 0, while C and D have φ = 5◦ and
10◦ respectively. The experimentally controlled sweep rate β in units of 10−3µeV2 are 9.2± 1.1 (A), 5.67± 0.54 (B),

3.24± 0.27 (C), and 12.4± 1.3 (D). The errors have been rounded off to 2 significant figures.
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The rms values σ of the x- and y-components of the
effective nuclear Overhauser fields are also expected to
depend on the applied magnetic field, and should be fit,
following Ref. [28], with a form 2σ2 = σ2

HF cos2 θ, where
σHF ≈ 34 ± 1 nev. Since cos θ is close to unity in all
our experiments, we have ignored the θ-dependence in
our calculations and simply used σ = 24 nev for all four
experiments.
The uncertainty in the parameters β, σ, and Ωso ex-

tracted from the experiments lead to errors in the theo-
retically predicted areas (Fλ, Fλλ′) and the background
(FB). In the linear and non-linear approximation, errors
in the theoretical values were estimated using the alge-
braic relations in Sections III B and III C. For the full
calculation, 150 − 200 realizations of the triad of quan-
tities were generated from a Gaussian distribution with
widths given by their experimental errors. The error due
to a specific parameter was estimated by fixing the rest
of the parameters to their average values, and evaluating
the quantity of interest for the distribution. This was re-
peated for each individual parameter and the total error
in the predicted value of the quantity was calculated by
summing the errors in quadrature. These errors are listed
in Table I next to the average values within parentheses.
We emphasize that effects of charge noise have not

been included in the theoretical results presented in Ta-
ble I.
Experimental values listed in Table I, and in Table

II below, were obtained by fitting the experimental data
shown in the figures to the sum of a constant background,
a half-Gaussian peak centered at ν = 0, and three or six
Gaussian peaks centered at finite frequencies, depending
on whether vso = 0, as in experiments A and B, or vso 6=
0, as in C and D. In each case, the areas and widths of the
fitted Gaussians were taken as adjustable parameters, as
were the center positions of the finite-frequency peaks.
The error in the fitted quantities were evaluated using
a least-squares fitting procedure. The resulting fits were
shown as the magenta curves in Figs. 2 and 3 and the
errors are shown within brackets in Table I and II.
As explained in Sec III, because the experimental mea-

surements were performed at a series of equally-spaced
discrete times, separated by τ = 4µsec, the frequencies
entering in the measured power spectrum F (νn) may be
restricted to the half Brillouin zone 0 ≤ νm ≤ 1/(2τ) =
125 kHz, taking into account the inversion symmetry of
the underlying power spectrum S(ν). [See Eq. (32).] Ac-
cordingly, an observed peak in F (νm) whose center fre-
quency νc is closer than its width to the zone boundary
125 kHz, is actually the sum of contributions from two
peaks in S(ν), with center frequencies at ±(νc − l/τ),
for some integer l. In two cases, therefore, in order to
compare with the theoretical computations of S(ν), the
experimental areas listed in Table I have been reduced
from the fitted areas by a factor of two. In these cases

the peaks are close enough, so that the width of the peaks
do not change significantly given the resolution of the ex-
periments.
As was remarked in Sec. III A, the center positions of

the fitted Gaussian peaks agree very well, in all cases,
with the known values of the Larmor frequencies of
the three species, [44] or with the differences between
them, when aliased back into the half Brillouin zone
0 ≤ νm ≤ 125 kHz, as predicted by theory. However,
as seen from Table I, the areas predicted by the simple
linear theory are very much larger than those seen experi-
mentally. This is not surprising, because the experiments
reported here were all performed under conditions where
the PLZ is not close to zero, and the linear theory is
not adequate. Results of the non-linear approximation,
shown in the table, are much smaller than the linear ap-
proximation results, and are much closer to the experi-
mental results. Results of the full theoretical calculation
are in some cases smaller than those of the nonlinear ap-
proximation and in some cases larger; however the full
calculations and the non-linear calculations do not differ
by a large factor. Theoretical predictions for the ratios
between peak areas, within any one of the four experi-
ments, are apparently in reasonable agreement with the
experimentally measured ratios. However, the absolute
values of the theoretically predicted areas are still larger
than experiment by factors of 2 or more.
We believe that a large part of the remaining discrep-

ancies can be attributed to the effects of charge noise,
which have been omitted from the calculations shown in
Table I, and which are known to be significant under the
conditions of these experiments. In earlier experiments
performed by Nichol et al. [28] with measurements on the
same device the influence of charge noise was mitigated
by employing LZ protocols with fast sweeps. Accord-
ing to Kayanuma [42], asymptotic behavior of the triplet
return probability PT at large β is unaffected by the pres-
ence of high-frequency white noise. Though in real exper-
iments the noise may be colored, numerical simulations
with realistic parameters showed that this behavior still
survived beyond Kayanuma’s theoretical approximation.
The model parameters σ and vso used in our calcu-

lations were obtained from analysis of the behavior of
〈PT 〉 at large β, so they may be considered reliable de-
spite the effects of noise. Both σ and vso are independent
of sweep rate, and they should not be directly affected
by noise. However, for the slower sweep rates used in
the current experiments, the value of 〈PT 〉 is, apparently,
already affected by noise, according to the data and sim-
ulations shown in Fig. 1 of the Supplementary Material
for Ref. [28]. Extending the picture incorporated in the
nonlinear approximation developed in subsection III C,
we would expect the effect of charge noise on the areas
of the correlation peaks to be much greater than on the
mean value 〈PT 〉. As discussed in Sect. IV above, if the
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value of PT saturates, for large values of γ at a value much
below the asymptotic value of unity for the case without
noise, then the value of P ′

T ,which should actually appear,
for example in Eq. (53), could be much smaller than the
value of P ′

LZ in the absence of noise, even if the values of γ
are chosen in the two cases to make the mean value of PT

the same. Since the square of P ′
T enters in the nonlinear

renormalization of the peak area, it seems quite plausible
that high-frequency charge noise could be responsible for
much of the remaining discrepancies between theory and
experiment.
As discussed in Sec. IV, effects of high frequency

charge noise might also be a reason why the observed
background counts FB are higher, by about 20%, than
predictions of the theory without noise.
Besides the areas of peaks in the correlation power

spectrum and the size of the frequency-independent back-

ground, the widths of the Gaussians fitted to the experi-
mental data may provide a window into the decoherence
of the nuclear spin ensemble. The parameters τλµ and
τλ characterizing the phase-coherence time [see Eq. (21)
and (43)] extracted from the Gaussian fits are shown in
Table II. It appears that the values of τλ extracted from
the single-frequency peaks in the presence of spin-orbit
interactions do not bear the relation to the values of τλµ
given by Eq. (43), but the scatter in the experimental val-
ues of τλ is large, and it is difficult to attach significance
to these numbers. As one source of error, we note that
due to non-linear effects, there should be weaker peaks
at various combinations of the harmonics of the nuclear
Larmor freqencies, which are not generally resolved in the
data, and the fitted width of one of the six basic peaks
may be erroneously large, if there is an overlap with one
or more of these unresolved peaks.

Exp. 69Ga - 71Ga 71Ga - 75As 75As - 69Ga ν ≈ 0 69Ga 71Ga 75As

A 57.7(1.5) 59.2(1.6) 52.3(1.2) 56.55(0.57) ∅ ∅ ∅

B 53.6(1.3) 51.1(1.2) 52.3(1.2) 57.71(0.59) ∅ ∅ ∅

C 52.3(1.2) 57.7(1.5) 53.6(1.3) 60.83(0.66) 45.5(7.8) 69(30) 45.5(5.2)

D 52(11) 62(12) 66.2(7.8) 72.6(2.3) 58.9(4.4) 75.8(3.6) 66.3(2.8)

TABLE II: τλµ and τλ in µs extracted from Gaussian fit of spectral peaks in experimental data. The numbers in
the parentheses are the estimated errors from the least-squares fit of the experimental data. The errors have been

rounded off to 2 significant figures.

The magnitudes of the observed peak widths are
roughly consistent with an interpretation that the pri-
mary reason for decay of the nuclear spin correla-
tion functions gλ(t) is some combination of electric
quadrupole effects and an inhomogeneous broadening of
the nuclear Larmor frequencies due to interactions be-
tween neighboring nuclear spins [45, 46]. Our measured
line widths are also approximately consistent with pre-
vious measurements of nuclear magnetic resonance line
widths at low temperature in GaAs quantum wells[46].
In [45] the width of the 69Ga, 71Ga, and 75As lines are 90,
70, and 107 µs, respectively. While the typical time scales
from the quadrapolar splittings in [46] are 23, 32, and 14
µs, respectively. Also, as discussed in the Appendix, be-
low, these interactions should lead to a distribution of the
Larmor frequencies for each species that is roughly Gaus-
sian in shape, which would lead to a roughly Gaussian
shape for the time-dependent nuclear spin correlations
gλ(t), given by Eq. (21), as we have assumed in the anal-
ysis of subsection III A. However, the deviations from a
Gaussian distribution may have an important effect on
the triplet return correlations at the lowest frequencies.

1. Excess weight at the lowest frequencies.

In contrast with the peaks centered at finite frequen-
cies, the peak centered at zero frequency is not so well
fit by a Gaussian shape. This is evident in Figure 4,
which presents expanded views near zero frequency of the
power spectra of the four experiments shown in Figures 2
and 3. Within the linear theory of subsection III-A, the
peak around zero frequency should be the sum of three
Gaussians of possibly different widths, arising from the
different nuclear species, which might account for some
of the deviation from simple Gaussian behavior. The ef-
fects of nonlinearities on the line shape have not been
explored carefully. However, there is one striking feature
of the data shown in Fig. 4 that cannot be explained by
non-linearity alone – i.e., the significant amount of extra
weight in the intensity at ν = 0.5 kHz, which is the lowest
non-zero frequency in our discrete Fourier transform. In
all cases, these intensities are larger, by 50 to 100 counts
than the value one would expect extrapolating the in-
tensities from the nearby points, at 1-4 kHz. This sharp
feature points to some sort of drift or low-frequency noise,
with correlations that exist on time scales of 2 ms, the
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duration of a run of 500 Landau-Zener sweeps.
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FIG. 4: The weight at low frequencies in the power spec-
trum F (νn). Panel (a) is at field orientation φ = 0,
where spin-orbit effects are absent, with magnetic field
strengths B = 0.19 T and 0.40 T. Panel (b) is at field
strengths B = 0.10 T and 0.19 T, at orientations φ = 5◦

and 10◦, respectively, where SO is effective. In both cases
the excess weight at low frequencies is prominent as non-

Gaussianity in the experimental data.

A related anomaly occurs in the fluctuation contribu-
tion to the intensity at zero frequency, which we may
define by

δF (0) ≡ 〈χ̃2
0〉 − 〈χ̃0〉2. (78)

The experimental values of δF (0), (not shown in the
plots), were found to be

δF (0) = 555, 441, 934, 516, (79)

for Experiments A-D, respectively. These values are
again larger, by amounts ranging from 200 to 700 counts,
than the numbers one would obtain by smoothly extrap-
olating the values of F (νm) from small non-zero νm to
ν = 0, which are the values one would have expected to

find for δF (0) in the absence of drift or low-frequency
fluctuations.
At present, we do not have a clear explanation for

the extra intensity at our lowest frequencies. We have
checked for a possible systematic drift in the triplet re-
turn probability during the course of 500 sweeps by sepa-
rately calculating the triplet return probability averaged
over sweeps in the first, second, third, and fourth groups
of 125 sweeps within a run, for each of our four exper-
iments, averaged over the 14,400 runs accumulated for
each experiment. The data suggests the possibility of a
small downward drift in the triplet return probability by
an amount of the order of a fraction of one percent, but
this amount is comparable to the fluctuations in the data,
and may not be statistically significant. In any case, a
drift of this amount is far too small to explain the ob-
served extra weight at the lowest frequencies. A possible
source of the weight at low frequencies are noise effects in
the measurement process that distinguishes singlet from
triplet state after a sweep. Because the measurement
process does not have 100% fidelity, low-frequency 1/f -
like noise on the gates of the sensor could lead to spurious
low-frequency fluctuations in the recorded triplet-return
data, which would appear as extra noise at low frequen-
cies. 1/f -like charge noise will also cause quasi-static
fluctuations in the sweep rate β, because the exchange
splitting depends nonlinearly on the detuning. Fluctua-
tions in β could lead to extra noise at low frequencies in
the power spectra. However, based on the measured val-
ues of charge noise and the dependence of the exchange
splitting on the detuning in our double quantum dot, we
find that this effect is too small to explain the observed
excess noise. Our theoretical treatment of the noise is
insufficient to quantitatively predict the behaviour of the
excess weight at very low frequencies measured in these
experiments.
Another possible origin of the low-frequency anomaly

in the triplet return correlation spectrum may arise from
residual long-term correlations of the nuclear spins. This
possibility is discussed in the Appendix, below.

VI. CONCLUSIONS

In this paper, we have presented experimental data
and associated theory for correlations in the triplet re-
turn probability in a series of experiments involving re-
peated Landau-Zener sweeps through the crossing point
of a singlet state and a spin aligned triplet state in a
double quantum dot (DQD) containing two conduction
electrons. As the probability of an electron spin flip
is strongly influenced by the nuclear Overhauser fields
transverse to the applied magnetic field, correlations in
the triplet return probability are sensitive to correlations
in the nuclear orientations. The experiments reported
here employ a series of 500 sweeps that are separated by
intervals τ = 4µs, so they measure correlations on time
scales from 4 µs to 2 ms.
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Our theoretical analysis employs a semi-classical de-
scription of the transverse nuclear spin components.
Neglecting complications such as the effect of high-
frequency charge noise during a Landau-Zener sweep,
the probability PT of triplet-return in a given Landau-
Zener sweep should have the Landau-Zener form, PLZ =
1−e−2πγ , where γ is proportional to the absolute square
of the sum of the transverse nuclear Overhauser fields and
the spin-orbit field and is inversely proportional to the
Landau-Zener sweep rate. The effective spin-orbit field
depends on the strength and direction of the in-plane
magnetic field, and it may be eliminated if the magnetic
field is aligned in a direction determined by the orienta-
tion of the axis of the DQD.

Correlations in the triplet return probability are
most conveniently discussed in terms of the frequency-
dependent power spectrum F (ν). In the cases where the
spin-orbit field is absent, the most prominent features
of the experimentally measured F (ν) are a set of peaks
centered at ν = 0 and at the differences of the Larmor
frequencies of the nuclei, which sit on top of a frequency-
independent background. When the spin-orbit field is
non-zero, there are additional peaks, centered at Larmor
frequencies of the individual species. (All frequencies in
F (ν) should be interpreted modulo 1/τ , due to the peri-
odic spacing of the sweeps.)

Our theoretical analysis correctly predicts the posi-
tions of the observed peaks, and gives a reasonably accu-
rate prediction of the size of the frequency-independent
background. However, a theoretical analysis neglecting
the effects of high-frequency charge noise predicts peak
areas that are larger than the observed areas by a factor
of two or more. Our estimates suggest that the effects of
high-frequency charge noise may be responsible for this
discrepancy, but we have not attempted a quantitative
calculation of these effects. The observed peak widths are
roughly consistent with theoretical predictions, which re-
late these widths to the widths of the nuclear NMR lines,
which might result from inhomogeneous broadening or
other mechanisms, corresponding to time scales for nu-
clear dephasing of the order of 60 µs. However, there is
some uncertainty in the fitted experimental peak widths,
and we are not able to assert a quantitative understand-
ing of the peak widths.

In our discussions of the theoretical predictions for the
areas of the principal peaks in F (ν), we presented, in
addition to the full theory of Section III D, two approx-
imate calculations, designed to elucidate the underlying
physics. In Section III B, we discussed a linearized the-
ory, where the exact formula for PLZ was replaced by
its linear approximation 2πγ . While this approxima-
tion should be adequate at sufficiently high sweep rates,
where γ is small, the approximation fails seriously for the
parameter values in our experiments, where the mean val-
ues of PLZ are ≥ 0.4. For the parameters appropriate to
our experiments, we find that peak areas obtained from
the linearized theory are larger than those predicted by
the full theory by factors of six or more. In Section III

C, we presented an approximate theory that takes into
account the most important effects of the nonlinear de-
pendence of PLZ , and which gives predictions that are
in reasonable agreement with those of the full theory, as
detailed in Table I.

The experimental values for F (ν) show excess weight
at our two lowest frequencies, ν = 0 and ν = 500 Hz,
which cannot be explained by our theoretical model, with
or without the effects of high-frequency charge noise, if
we assume Gaussian line shapes for the decay of nuclear
spin correlations. However, part or all of this excess
weight might be explained by deviations from a Gaus-
sian line shape. In particular, if one takes into account
broadening due to interactions of the nuclear quadrupole
moments with gradients in the local electric field, which
can vary from site to site, and if one can neglect all other
broadening mechanisms, then the frequency spectrum for
the transverse spin correlations of a given nuclear species
will consist of a δ-function at the unshifted Larmor fre-
quency, in addition to a component that is broadened by
the quadrupole coupling.[46, 47] Similarly, if the nuclear
spin correlation functions are inhomogeneously broad-
ened due to interactions with nearest neighbor nuclear
spins, there could be narrow components at the unshifted
Larmor frequencies of the various species that could lead
to excess weight at low frequencies in the values of F (ν).
These possibilities are discussed further in the Appendix
below.

In order to clarify further the sources of extra weight
at low frequencies, it would be desirable to conduct addi-
tional experiments, with sweep sequences that last longer
than the 2 ms used here. In order to clarify the reasons
for deviations between theory and experimental measure-
ments of the areas of the peaks in F (ν) it would be de-
sirable to do experiments at faster sweep rates, where
effects of charge noise should be less important.
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Appendix. Quadrupole and inhomogeneous

broadening of the nuclear Larmor frequencies and

their consequences for correlation experiments.

In the discussions of Section III, we assumed a phe-
nomenological Gaussian form for the correlation func-
tion 〈Ωλ(t)Ω

∗
λ(t

′)〉 of the transverse hyperfine field for a
given species λ. Here, we discuss two possible mecha-
nisms that might lead to such a frequency broadening of
the NMR lines: nuclear quadrupole shifts and inhomo-
geneous broadening due either to nuclear dipole-dipole
coupling of superexchange. Because the resolution of our
data is not sufficient to indicate which mechanism is the
most important, we consider both effects in detail here.

If a nucleus with spin 3/2 sits in a position with a
nonzero electric field gradients, the correlation function
for the spin components perpendicular to an applied
magnetic field in the z-direction will be split into three
lines [46, 47]. The portion corresponding to transitions
between spin states Iz = 1/2 and Iz = 3/2 and that
corresponding to transitions between Iz = −3/2 and
Iz = −1/2 will generally be shifted, in opposite direc-
tions, by the quadrupole coupling, while the portion cor-
responding to transitions between the states Iz = ±1/2
will be unshifted. The size of the shifts will be propor-
tional to the magnitude of electric field gradients but
will also depend on the orientation of the magnetic field
relative to the gradients. For nuclei in GaAs, the elec-
tric field gradients are expected to be proportional to the
local electric field in the vicinity of the nuclear location,
and so will have values that vary from one position to an-
other over the thickness of the electronic wave function.
Therefore, if there is no other mechanism for broadening,
the space averaged spectrum for spin fluctuations trans-
verse to the magnetic field will be the sum of a δ-function
at the unshifted Larmor frequency and a broadened peak
whose width is determined by the size of the quadrupole
splitting. The δ-function contribution to the spectrum, in
this case, would clearly provide a possible explanation for
our experimental observations of extra weight in F (νm)
at the lowest frequencies. However, it is less clear how
well our observations of apparently Gaussian line shapes
for the finite-frequency peaks in F (νm) can be reconciled
with the assumption of purely quadrupolar broadening.

In a recent experiment, Botzem et al.[47] have inves-
tigated nuclear spin correlations using a technique based
on electron spin-echo measurements in a GaAs DQD, and
have interpreted the results in terms of a distribution of
quadrupole splittings for the three nuclear species. For
a magnetic field either parallel or perpendicular to the
axis of the DQD they report a line width δB which is of
order 2 mT for the As nuclei, and is of order 0.4 - 0.5
mT for the two Ga species. Taking into account the g-
factors for the different species, this would translate, in
our notation, to a quasi-Gaussian (rms) decay time τλ of
order 30 µs for 75As, and order 60 and 100 µs for 71Ga
and 69Ga. The value τλ ≈ 30µs for 75As is smaller, by a
factor of two, than the value obtained from our Gaussian

fit to the data for F (ν), as listed in Table 2 above, but
this could be due to differences in the quadrupole split-
tings for the different samples. Thus, it seems plausible
that electric quadrupole splitting is the dominant factor
in the spectral line width for 75As. However, if electric
quadrupole splitting were also the dominant factor for
the Ga line widths, then the results of Ref. [47] would
require that the decay times for the Ga species would be
two to three times longer than for 75As, which is not in
accord with our observations. This would then suggest
that another mechanism should be responsible for the
decay of correlations in the Ga species.

Nuclear spin correlations were also investigated in
Ref. [28] using a protocol in which the triplet return prob-
ability in a DQD was measured after a pair of Landau-
Zener sweeps, without reloading the electron. As may
be seen in Fig. 3 of that reference, the spectral func-
tion for 75As consisted of a central peak, surrounded by
two smaller side peaks, when the field orientation angle
was close to 90o. The observed splitting between the
central peak and the side peaks, of the order of 10 kHz,
is roughly consistent with the estimates of Ref. [47] for
the quadrupole effect. However, the central peak itself
appears to have a width larger than the experimental
resolution, suggesting that some broadening mechanism
in addition to the quadrupole splitting is in play, even
for the 75As.

A second mechanism for NMR broadening is inhomo-
geneous broadening, where each nuclear spin experiences
an effective magnetic field arising from its interactions
with the z-component of the nuclear spins on nearby sites.
Previous investigations suggest that dipole-dipole inter-
actions and superexchange interactions give comparable
contributions to the frequency broadening of the NMR
lines.[45, 48]

If one assumes that the frequency shift of any given
nucleus is the sum of contributions from a large number
of neighboring nuclei, then one recovers immediately a
Gaussian distribution for the individual frequencies and
consequently a Gaussian time-dependence of the corre-
lation function gλ defined in Eq.(20). At the other ex-
treme, however, we may consider a model where only
interactions between nearest neighbor nuclei are impor-
tant. (This might be a good approximation for the su-
perexchange contribution, but less so for the dipolar in-
teraction.) If we consider, as an example, a 69Ga nucleus
on a lattice site j, then the shift of its Larmor frequency
will be given by

δνj = J69
∑

k

Izk (80)

where the sum is over the four 75As nuclei that are near-
est neighbors to j, and J69 is the appropriate coupling
constant. Since the As nuclei have spin I = 3/2, the sum
in (80) can take on any integer value between -6 and 6,
with a maximum probability at δνj = 0. The correlation
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function gλ for 69Ga can then be written as

g69(t) =

6
∑

n=−6

wn exp(−2πinJ69t ) (81)

where wn = w−n is 2−8 times the number of ways one
can choose a sequence of four integers from the set (-3,
-1, 1, 3) so that their sum is equal to 2n. As |n| varies
from 0 to 6, the quantity 28wn takes on the values 44,
40, 31, 20, 10, 4, and 1.

- 6 - 4 - 2 0 2 4 6
n

0.2
wn

FIG. 5: Distribution of shifts in the Larmor frequency
of a 69Ga or 71Ga nucleus due to interactions with the
four nearest neighbor 75As nuclei, leading to an approx-
imately Gaussian decay of the autocorrelation function.
The red vertical lines are the normalized probability of
a frequency shift nJ69 or nJ71, while the blue curve is a

Gaussian fit.

The values of wn are compared to a Gaussian with
variance 〈n2〉 = 20, in Figure 5. The Fourier transform
of g69(t) will consist of 13 delta-function peaks at fre-
quencies nJ69, with weights equal to wn.
The correlation function for 71Ga should have an iden-

tical form to (81) but with a different coupling constant
J71 instead of J69. The correlation function for 75As is
more complicated because each of its four nearest neigh-
bors can be either of the two isotopes of Ga. Thus, its
Fourier transform will have many more peaks, and its
envelope should be even closer to a Gaussian.
Generalizing the arguments given in Section III above,

we expect that the line shape for the interference peak
near the frequency difference νλ − νµ should be propor-
tional to the Fourier transform of the product gλ(t)gµ(t).
For the case λ =69Ga, µ =71Ga, if J69 and J71 are in-
commensurate, the Fourier transform will be a sum of
169 δ-function contributions. If one of the two species
is 75As, the number of distinct δ-functions will be even
larger. In either case, when viewed with less than per-
fect resolution, the line shape should be quite close to the
Gaussian form Gλµ(ν) given in Eq (42). Second neighbor
nuclear interactions, which we have thus far ignored, will
further split each δ-function into multiple peaks, which
should make the line shapes even more Gaussian-like

when viewed with finite frequency resolution. We remark
that the nonlinear corrections included in Section III C
should have little effect on the line shape of the peak,
even though they may greatly reduce the overall area of
the peak.
In contrast, the deviations of gλ(t) from the Gaussian

form (21) may play a larger role in case of the peak cen-
tered at ν = 0 in the correlation function S(ν). Here
we find a contribution from each λ that is proportional
to the Fourier transform of |gλ(t)|2. In the case where λ
represents 69Ga or 71Ga, the Fourier transform has only
13 δ-function peaks, so the deviations from a continu-
ous Gaussian may be more pronounced. The most pro-
nounced effect should occur for the δ-function precisely at
ν = 0, where one expects significant contributions from
both Ga species. The fractional weight of this δ-function,
relative to the contribution of the two Ga nuclei to the to-
tal area of the peak near zero frequency, should be given
by
∑

n w
2
n ≈ 0.13.

When interactions with second and further neighbors
are taken into account, the predicted zero-frequency δ-
function will split into multiple contributions, slightly
shifted from ν = 0, so that the peak would effectively be
slightly broadened. It is possible that such a broadened
peak might account for part or all of the extra weight
observed experimentally in the correlation functions at
our lowest frequencies (ν = 0 and 0.5 kHz), as discussed
above.
With regard to quantitative comparisons between the-

ory and experiment, we note that when correlations
are present on time scales comparable to the experi-
ment duration Nττ , predictions for the observed discrete
power spectrum F (νn) should be extracted from the pre-
dicted correlation function f(t) by replacing Cχ(p, q) by
fBδpq + f(tp − tq) in Eq. (27). Then, replacing the sum-
mation variable p by s = p − q, the double sum can be
reduced to a single sum, with the result

F (νn) = NτfB +

Nτ
∑

s=−Nτ

e2πins/Nτ f(sτ) |Nτ − s|. (82)

We note that a combination of quadrupole splitting
and inhomogeneous broadening due to interactions be-
tween nearest-neighbor nuclei would still lead to a finite
δ-function peak at the unshifted Larmor frequency in the
spin autocorrelation function for each nuclear species,
which would still lead to a singular peak at zero frequency
in the electronic triplet-return spectrum F (ν). Whether
such a contribution could be large enough to explain our
observations remains to be seen.
In addition to quadrupole and inhomogeneous broad-

ening, there may be additional processes which lead to
decay of the correlation functions gλ(t), and such pro-
cesses could also lead to deviations from Gaussian behav-
ior. For example flip-flop terms between the nuclear spins
would more likely be a Poisson process giving rise to an
exponential decay of the correlations, and a Lorentzian
behavior in the Fourier transform. However, we expect
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that the rate for flip-flop transitions would be relatively
slow on the time scale of interest here, so this process
should not be of importance here. In any case, analy-
sis of our experiments seems to favor the Gaussian as-

sumption. We also note that Lorentzian behavior would
primarily affect the Fourier transform at large frequency
shifts, and would not lead to an extra contribution at the
smallest frequencies.

[1] I. Žutić, J. Fabian, and S. Das Sarma, Rev. Mod.
Phys. 76, 323 (2004), URL http://link.aps.org/doi/

10.1103/RevModPhys.76.323.
[2] J. R. Petta, A. C. Johnson, J. M. Taylor, E. Laird,

A. Yacoby, M. D. Lukin, C. M. Marcus, M. P. Han-
son, and A. C. Gossard, Science 309, 2180 (2005),
ISSN 1095-9203, URL http://www.ncbi.nlm.nih.gov/

pubmed/16141370.
[3] K. C. Nowack, F. H. L. Koppens, Y. V. Nazarov,

and L. M. K. Vandersypen, Science 318, 1430 (2007),
ISSN 1095-9203, URL http://www.ncbi.nlm.nih.gov/

pubmed/17975030.
[4] C. Kloeffel and D. Loss, Annual Review of Condensed

Matter Physics 4, 51 (2013), URL http://dx.doi.org/

10.1146/annurev-conmatphys-030212-184248.
[5] E. A. Chekhovich, M. N. Makhonin, A. I. Tar-

takovskii, A. Yacoby, H. Bluhm, K. C. Nowack, and
L. M. K. Vandersypen, Nature Materials 12, 494 (2013),
ISSN 1476-1122, URL http://www.ncbi.nlm.nih.gov/

pubmed/23695746.
[6] J. R. Petta, J. M. Taylor, A. C. Johnson, A. Ya-

coby, M. D. Lukin, C. M. Marcus, M. P. Han-
son, and A. C. Gossard, Phys. Rev. Lett. 100,
067601 (2008), URL http://link.aps.org/doi/10.

1103/PhysRevLett.100.067601.
[7] S. Foletti, H. Bluhm, D. Mahalu, V. Umansky, and

A. Yacoby, Nature Physics 5, 903 (2009), ISSN
1745-2473, URL http://www.nature.com/doifinder/

10.1038/nphys1424.
[8] H. Bluhm, S. Foletti, D. Mahalu, V. Umansky, and

A. Yacoby, Physical Review Letters 105, 216803 (2010),
ISSN 0031-9007, URL http://link.aps.org/doi/10.

1103/PhysRevLett.105.216803.
[9] I. T. Vink, K. C. Nowack, F. H. L. Koppens, J. Danon,

Y. V. Nazarov, and L. M. K. Vandersypen, Nat Phys 5,
764 (2009), ISSN 1745-2473, URL http://dx.doi.org/

10.1038/nphys1366.
[10] A. Tartakovskii, T. Wright, A. Russell, V. Falko,

A. Vankov, J. Skiba-Szymanska, I. Drouzas, R. Kolodka,
M. Skolnick, P. Fry, et al., Physical Review Letters 98,
026806 (2007), ISSN 0031-9007, URL http://link.aps.

org/doi/10.1103/PhysRevLett.98.026806.
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