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Since the concept of spin superconductor was proposed, all the related studies concentrate on
spin-polarized case. Here, we generalize the study to spin-non-polarized case. The free energy of
non-polarized spin superconductor is obtained, and the Ginzburg-Landau-type equations are derived
by using the variational method. These Ginzburg-Landau-type equations can be reduced to the spin-
polarized case when the spin direction is fixed. Moreover, the expressions of super linear and angular
spin currents inside the superconductor are derived. We demonstrate that the electric field induced
by super spin current is equal to the one induced by equivalent charge obtained from the second
Ginzburg-Landau-type equation, which shows self-consistency of our theory. By applying these
Ginzburg-Landau-type equations, the e↵ect of electric field on the superconductor is also studied.
These results will help us get a better understanding of the spin superconductor and the related
topics such as Bose-Einstein condensate of magnons and spin superfluidity.

PACS numbers:

I. INTRODUCTION

Since its original discovery about one century ago,1

superconductivity has led to an incredible number of
surprising phenomena. Among them, there are several
important milestones, such as the London theory,2 the
Meissner e↵ect,3 the Ginzburg-Landau (GL) theory,4 the
BCS theory,5 and the Josephson e↵ect.6 Conventional
charge superconductivity can be regarded as a superfluid
of electric charge, where electrons form Cooper pairs in
the superconductor and condense into the BCS ground
state.5 Each Cooper pair carries an electric charge 2e
and is spin singlet for s-wave pairing. The charge super-
conductor can support dissipationless charge currents at
equilibrium, with the resistance being zero. It is also a
perfect diamagnet, which expels external magnetic fields
and is known as the Meissner e↵ect. Electrons have both
charge and spin degrees of freedom. The concepts of
charge current and voltage can also be applied to the
case of spin, namely spin current and spin voltage. The
physical phenomena of the Hall e↵ect7 and the quantum
Hall e↵ect8 have their counterpart versions, i.e., the spin
Hall e↵ect9 and the quantum spin Hall e↵ect.10 The spin
can thus be considered as the counterpart of the charge,
and this correspondence now expands the area of super-
conductivity.

Recently, the concept of spin superconductivity was
proposed.11–16 The spin superconductivity is a novel
quantum state and can be viewed as the counterpart of
the charge superconductivity. The charge superconduc-
tor is a superfluid of electric charge as mentioned above,
while the spin superconductor is a superfluid of spin.
The spin superconductor can carry dissipationless flow
of spin current, with spin resistance being zero. How-
ever, the spin superconductor is a charge insulator and
the charge cannot flow through it. The spin superconduc-
tivity may exist in spin-polarized triplet exciton systems

of graphene,11–16 3He superfluidity, Bose-Einstein con-
densate of magnetic atoms, Bose-Einstein condensate of
magnons and spinons, and so on.17–19 Exciton is charge
neutral and its spin may be either singlet or triplet. The
theory has predicted that the exciton could be realized
in a double-layer system,20,21 and later on the experi-
ments have demonstrated the existence of exciton con-
densate in an electron-hole bilayer system.22,23 We have
also noted that a growing interest has recently arisen in
the related topic of spin superfluid, a superfluid state of
spin, which is similar to spin superconducting state. The-
oretical works have proposed several methods to realize
dissipationless spin current in both ferro- and antiferro-
magnetic insulators.11,24–26 The influence of long-range
dipole interactions on the spin transport properties has
been considered.27 The phase coherent dc spin transport
has shown distinct nonlocal magnetoresistances and evi-
dence of spin superfluid state.28 More recently, two-fluid
theory has been proposed for spin superfluid,29 which
can be seen as the extension of systems exhibiting U(1)
symmetry breaking. Some theoretical works have also
suggested to detect spin superfluid in the ⌫ = 0 quan-
tum Hall state of graphene.13,30 In the previous works of
the spin superconductivity, the London-type theory, the
BCS-type theory, the electric Meissner e↵ect, the GL-
type theory, and the spin-current Josephson e↵ect have
been well established.11,14,15 However, these works are
referred to spin-polarized case, where the spin direction
is fixed by external magnetic fields or magnetic moment
of ferromagnetic materials.

The main di↵erence between the spin degree and the
charge degree is their dimension. Spin is a vector in spin
space, whereas charge is a scalar in real space. The spin
superconductor can be viewed as Bose-Einstein conden-
sate of charge neutral and spin-nonzero Bosons. For a
system of identical Bosons with spin f (f is a nonzero
integer), the eigenstates of spin operators {s2, s

z

} are



2

|f,mi (m=f ,f � 1,· · · ,�f). Each spin state can be char-
acterized by a GL order parameter  

f,m

and the total
number of order parameters is 2f + 1. If the spin di-
rection is completely fixed by external magnetic fields or
ferromagnetic moment, Bosons will only occupy a single
spin state |f, fi. All the order parameters vanish ex-
cept for  

f,f

. Thus, the order parameter is a scalar for
the polarized spin superconductor, as discussed in the
previous work.14 However, in general, the spin direction
is not fixed and can rotate in space. In this spin-non-
polarized case, all the spin states have a probability to
be occupied by Bosons. The order parameter should be
a vector { 

f,m

} (m=f ,f � 1,· · · ,�f) in spin space for a
non-polarized spin superconductor.

The flow of electric charge generates charge current
and similarly the flow of spin produces spin current. The
charge only has translational motion, whereas the spin
possesses both the translational motion and rotational
motion (precession) because it is a vector. As a result, be-
sides a linear spin current which corresponds to the trans-
lational motion of the spin, there also exists an angular
spin current which describes the rotational motion of the
spin.31,32 Regarding the polarized spin superconductor,
since the spin direction is fixed by magnetic fields or fer-
romagnetic moment, there only exists the linear spin cur-
rent with the angular one being zero. However, when the
spin direction is not fixed, both the translational motion
and the rotational motion of the spin could exist.

In this paper, we generalize the study to the non-
polarized spin superconductivity, where both the lin-
ear spin current and the angular one can flow along
the system without dissipation. However, the non-
polarized spin superconductor is a charge insulator and
the charge current cannot flow through the system,
because Bose carriers are electric neutral. The non-
polarized spin superconductor may exist in a variety
of systems, such as Bose-Einstein condensate of mag-
netic atoms,17–19 3He superfluidity,33,34 and conden-
sate of spinons or magnons in magnetic materials (e.g.,
graphene with filling factor being ⌫ = 0, TlCuCl3, and
BaCuSi2O6).11,24–26,28–30,35–37 We write down the free
energy and obtain the GL-type equations by using the
variational method. We show that these GL-type equa-
tions can be reduced to the spin-polarized case by fixing
the spin direction. Moreover, we obtain the expressions
of the super linear spin current and the super angular one
inside the spin superconductor. Besides, we demonstrate
that the GL-type equations are self-consistent, by com-
paring the electric field induced by the super spin current
with the one induced by equivalent charge. We also study
the e↵ect of the electric field on the non-polarized spin
superconductor by applying the GL-type equations.

The paper is organized as follows. In Sec. II, we de-
rive the free energy of the non-polarized spin supercon-
ductor. In Sec. III, we obtain the GL-type equations by
minimizing the free energy with the complex conjugate
of the order parameter and the electric potential. In Sec.
IV, we show that when ignoring higher-order infinitesi-

mal terms, the spin-non-polarized GL-type equations are
naturally reduced to the spin-polarized case in Ref.[14].
The expressions of the super linear and angular spin cur-
rents are derived in Sec. V. In Sec. VI, we solve the
GL-type equations as an application to a concrete exam-
ple. Finally, a brief summary is given in Sec. VII. The
detailed derivation of the GL-type equations is presented
in the Appendix.

II. THE FREE ENERGY

In the following, we focus on a spin-1 Boson system
which corresponds to spin-triplet condensates of spin su-
perconductor and construct the GL-type theory. In this
situation, the order parameters have three components
 1(r),  0(r), and  �1(r). For the spin-1 Boson system,
the quasi-wave function can be written as:

 =  1

0

@
1
0
0

1

A+  0

0

@
0
1
0

1

A+  �1

0

@
0
0
1

1

A =

0

@
 1

 0

 �1

1

A , (1)

where
�
1, 0, 0

�
T

,
�
0, 1, 0

�
T

, and
�
0, 0, 1

�
T

are,
respectively, the eigenfunctions of �

z

= 1, �
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= 0, and
�
z

= �1 in {�2,�
z

} presentation. Note that Eq.(1) can
be easily generalized for spin-N system. We emphasize
that although the theory is constructed on the basis of
the spin-1 Boson system, the results also hold for all other
kinds of non-polarized spin superconductors, e.g., spin-2
system.
In the absence of external electromagnetic fields, since

the free energy of the system is invariant under spin space
rotation and gauge transformation, the free energy of
the system can then be constructed.38 The free energy
is F

s

=
R
d3rf

s

(r), where38,39
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Here, f
s

(f
n

) is the density of the free energy of the spin
superconducting (normal) state. a, b1, and b2 are the pa-
rameters in the GL-type theory, which also appear in the
charge superconductor. Since the order parameter  is a
vector, we need to contract it with its dual partner, i.e.,
 ⇤. a ⇤

µ

 
µ

is the contraction between two wave func-

tions, while b1
2  

⇤
µ

 ⇤
µ

 
⌫

 
⌫

and b2
2  

⇤
µ

 ⇤
⌫

 
µ

 
⌫

are the con-
tractions among four wave functions. Here, each quartic
term corresponds to one di↵erent way by contracting the
subscript indices. Notice that similar contractions have
been used in the free energy of the 3He superfluidity.40,41

In fact, the third and fourth terms in Eq.(2) are the same
as Refs.[38,39]. The last term of 1

2m (i~r
j

) ⇤
µ

(�i~r
j

) 
µ

can be regarded as the kinetic energy of the system.
Analogous contractions can also be found in the free en-
ergy of the spin-polarized superconductor.14 The di↵er-
ence is that the wave function is changed from single
component to three components. We stress that µ in  

µ
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is an index in spin space, whereas j in r
j

(component
of r) is an index in real space. The index contraction
can only be performed in the same space, i.e., the index
in spin space cannot be contracted with the index in real
space.

In the presence of a magnetic field B and an electric
field E, the density of the free energy becomes:

f
s

=f
n

+ a ⇤
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+ †gµ
B

� ·B +
1

2
✏0E

2 +
B2

2µ0
. (3)

Here,  †gµ
B

� ·B is the Zeeman energy, g is the Lande
factor, µ

B

is the Bohr magneton, and � is the Pauli
matrices in spin-1 representation (not in spin-1/2 repre-

sentation). 1
2✏0E

2 and B2

2µ0
are the energies of the electric

field and the magnetic field, respectively. For the kinetic
energy, the term �i~r is replaced by �i~r � ↵0� ⇥
E, because the momentum will be changed from p to
p� ↵0� ⇥E when the magnetic moment lies in an elec-
tric field, with ↵0 the spin-orbit coupling strength.14,42

In fact, when we consider the Dirac equation and take
the non-relativistic limit, the canonical kinetic momen-
tum is written as P

canonical

= �i~r + e

c

A � ↵0� ⇥ E.
For a charge neutral carrier with nonzero spin, the ki-
netic energy is just the one mentioned above. While for
a charge carrier with zero spin, the kinetic energy is re-
duced to the case discussed by Ginzburg and Landau.4

Note that the free energy in Eqs.(2) and (3) can also de-
scribe pseudo-spin-orbit-coupled Bose-Einstein conden-
sates, where the pseudo-spin-orbit coupling can be real-
ized by Raman coupling of atomic hyperfine states and
E is not real electric field as well.18,19,43 However, in the
present work, we consider real spin-orbit coupling which
originates from moving of a magnetic moment in an ex-
ternal electric field.

III. THE GL-TYPE EQUATIONS

In this section, we use the variational method to obtain
the GL-type equations. By minimizing the free energy
F
s

with respect to the complex conjugate of the order
parameter  †, we can get the first GL-type equation (see
the Appendix):

a + b1 
⇤( T ) + b2 ( 

† )

+
1

2m
(�i~r� ↵0� ⇥E)2 + gµ

B

� ·B = 0. (4)

This first GL-type equation is a nonlinear equation
which describes the order parameter  . Provided that
both the electric field E and the magnetic field B are
given, the order parameter  can be obtained inside the

spin superconductor by solving the first GL-type equa-
tion. Therefore, one can investigate the influence of elec-
tromagnetic field on the order parameter  by consider-
ing the first GL-type equation. Notice that  is a vector
rather than a scalar in spin space. This indicates that
the angular spin current should be finite and new physi-
cal phenomena may appear as discussed below.
When we minimize the free energy F

s

with respect to
the electric potential ', the second GL-type equation can
be obtained (see the Appendix):

⇢ = �r ·
(

p� ↵0� ⇥E

2m
 

�†
⇥ ↵0� 

)
+ c.c.. (5)

Here ⇢ is the equivalent charge density.
This second GL-type equation provides the electro-

magnetic response of the spin superconductor. After ob-
taining the order parameter  from the first GL-type
equation, the equivalent charge distribution inside the
spin superconductor can be obtained by substituting  
into the second GL-type equation. Then, one can calcu-
late the electric field induced by the super spin current. It
is now clear that the second GL-type equation describes
the equivalent charge generated by the super spin cur-
rent. This is completely di↵erent from the second GL
equation of the charge superconductor, which describes
the super charge current itself.4

Eqs.(4) and (5) are the main results of this paper.
We point out that these two equations are universal for
all kinds of the non-polarized spin superconductors, al-
though they are derived from the spin-1 Boson system.
These GL-type equations are very important for studying
the physical properties of the spin superconductors, in-
cluding the spin-current Josephson e↵ect, the proximity
e↵ect, and the electromagnetic response. They can be
used to describe di↵erent spin-superconductor systems,
ranging from spin-non-polarized system to partial spin-
polarized one and completely spin-polarized one. In the
following section, the electromagnetic response of a non-
polarized spin superconductor is investigated by using
these GL-type equations.

IV. SPIN-POLARIZED LIMIT

Before we proceed, it is necessary to demonstrate that
the above GL-type equations can be reduced to the spin-
polarized case by fixing the spin direction.14 Provided
that the spin direction is fixed by an external magnetic
field B = Be

z

in the z direction, the bosons will occupy
a single state |1, 1i. In this situation, all the components
of the order parameter  vanish except for  1. Then,
the quasi-wave function can be expressed as:

 =
�
 1, 0, 0

�
T

. (6)

By substituting Eq.(6) into the first GL-type equation,
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i.e., Eq.(4), we derive the first component:
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By replacing b1 + b2 with b and neglecting the last term
of ↵2

0, Eq.(7) can be written as:

[a+ b| |2] +
1

2m
(�i~ @

@x
� ↵0@y')

2 

+
1

2m
(�i~ @

@y
+ ↵0@x')

2 +
1

2m
(�i~ @

@z
)2 = 0. (8)

This is just the equation in the spin-polarized case.14

Let us estimate the magnitude of the last term of ↵2
0

and compare it with the momentum. The magnitude
of the momentum ~k is approximately ~/�r, with ~ the
reduced Plank constant and �r the characteristic length
of the order parameter  1. ↵0E = e~E/2mc2 is the
contribution of the spin-orbit coupling term, where e is
the elementary charge, E is the magnitude of the electric
field, m is the mass of a boson, and c is the speed of
light. By choosing the typical values of �r = 103 nm,
E = 106 V/m, and m = m

e

, ↵0E/~k is approximately
10�6, which is much smaller than 1.

Additionally, by substituting Eq.(6) into the second
GL-type equation, i.e., Eq.(5), one obtains:

⇢ = 1
2mr·

�
�i~↵0( 1@y 

⇤
1 �  ⇤

1@y 1)� 3↵2
0(@x')| 1|2,

i~↵0( 1@x 
⇤
1 �  ⇤

1@x 1)� 3↵2
0(@y')| 1|2,

�2↵2
0(@z')| 1|2

�
, (9)

which is the same as the spin-polarized case.14

V. THE SUPER LINEAR SPIN CURRENT AND
SUPER ANGULAR SPIN CURRENT

In this section, we derive the relation between the su-
per spin current and the quasi-wave function  (r). For
the polarized spin superconductor, the linear spin cur-
rent is a vector, whereas the angular one is zero. How-
ever, it is very di↵erent for the spin-non-polarized case,
because the spin direction can rotate. In this situation,
both the super linear spin current and the super angu-
lar one can exist in general. The linear spin current is a
tensor, whereas the angular one is a vector.31 Firstly, we
linearize the first GL-type equation (4):14,44–46

a +
1

2m
(�i~r� ↵0� ⇥E)2 + gµ

B

� ·B = 0.

(10)

Eq.(10) can be rewritten as:
h 1

2m
(�i~r� ↵0� ⇥E)2 + gµ

B

� ·B
i
 = �a . (11)

By defining a Hamiltonian H as:

H =
1

2m
(�i~r� ↵0� ⇥E)2 + gµ

B

� ·B, (12)

it is evident that Eq.(11) can be expressed as H =
�a , which is analogous to a Schrödinger equation. As a
result, �a is the eigenvalue of the Hamiltonian H and all
the information of the system can be obtained by solving
this Schrödinger-like equation. By using the Heisenberg
equation of motion, we get:

v =
d

dt
r =

1

i~
⇥
r, H

⇤

=
1

i~
⇥
r,

1

2m
(p� ↵0� ⇥E)2 + gµ

B

� ·B
⇤

=
1

m
(p� ↵0� ⇥E). (13)

By employing J
s

= Re[ †vs ],31,47–49 the linear spin
current can be written as:

J
s

= Re[ † 1

m
(p� ↵0� ⇥E)s ]. (14)

Here the spin s = ~�. We emphasize that the results are
the same even if the GL-type equation is not linearized,
because the non-linear terms (the second and the third
terms) in Eq.(4) do not contain the momentum operator
p.
As we know that in the presence of a magnetic field B,

the energy of a magnetic moment m is �m ·B and the
Larmor precession will occur, with the frequency pro-
portional to the magnitude of the magnetic field. The
Hamiltonian in Eq.(12) can be rewritten as:

H =
1

2m
(p� ↵0� ⇥E)2 + gµ

B

� ·B

⇡ p2

2m
+ � ·

⇥↵0

m
(p⇥E) + gµ

B

B
⇤
. (15)

Here, the quadratic term of ↵0 is ignored, as it is higher-
order infinitesimal. As compared with the Larmor pre-
cession, we know that the spin could rotate and the fre-
quency operator ! is 1

~
⇥
↵0
m

(p ⇥ E) + gµ
B

B
⇤
. Then, the

super angular spin current is defined as:31

J
!

= Re †{1~
⇥↵0

m
(p⇥E) + gµ

B

B
⇤
⇥ s} . (16)

Here both the expressions of the super linear spin cur-
rent Eq.(14) and the super angular one Eq.(16) are con-
sistent with Ref.[31]. Besides, one can also confirm that
J
s

and J
!

satisfy the quantum spin continuity equation
d

dt

s(r, t) = �r ·J
s

+J
!

,31 where s(r, t) =  †(r, t)s (r, t)
is the local spin density at position r and time t. For the
steady state, we have d

dt

s(r, t) = 0. This spin continuity
equation arises from the invariance of the spin magnitude
|s|, i.e., the spin magnitude of a boson remains constant
with |s| = ~ no matter how the boson is translated or
rotated.31
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FIG. 1: (Color online) Schematic diagram of an annulus de-
vice of the spin superconductor. A uniform electric field E
is perpendicular to the surface of the annulus, which is very
thin and can be regarded as a quasi-2D system. The green
crosses represent the electric field E and the orange circles
with arrows denote the super spin current. The super spin
current can produce an additional electric field. Figs.4 and
5 show this additional electric field along the center line at
r = 0, which is perpendicular to the annulus, and along the
radial direction at z = 0, respectively.

VI. THE APPLICATION OF THE GL
EQUATIONS

In the above sections, we have constructed the GL-type
theory and obtained the expressions of the super spin
current inside the non-polarized spin superconductor. As
an example, next the GL-type equations are solved in a
simple system. We consider an annulus setup with inner
radius R0 and outer radius R1, where the thickness d of
the annulus is very small. As a result, this annulus can
be considered as a quasi-2D system. When the annulus
possesses the spin superconducting phase, the super spin
current can be generated in the presence of a constant
electric field E = E0ez which is perpendicular to the
surface of the annulus, as illustrated in Fig.1. Here, we
consider the situation that the system enters into the
superconducting phase but is near the critical point. In
this case, the superfluid density, i.e.,  † , is very small.
Then, the non-linear terms can be neglected in the first
GL-type equation (4) and one obtains:

1

2m
(�i~r� ↵0� ⇥E)2 = �a . (17)

Since the annulus has cylindrical symmetry, it is conve-
nient to study the electromagnetic response under the
cylindrical coordinate system. Then, the di↵erential op-
erator is r = ( @

@r

, 1
r

@

@✓

, @

@z

) and the Pauli matrices in

spin-1 representation are expressed as:

�
r

=
1p
2

0

@
0 e�i✓ 0
ei✓ 0 e�i✓

0 ei✓ 0

1

A ,

�
✓

=
1p
2

0

@
0 �ie�i✓ 0

iei✓ 0 �ie�i✓

0 iei✓ 0

1

A ,

�
z

=

0

@
1 0 0
0 0 0
0 0 �1

1

A . (18)

It should be noted that under the cylindrical coordinate
system, the wave function is di↵erent from that in Eq.(1).
In this situation, the wave function can be easily obtained
by performing a unitary transformation on Eq.(1) with
the unitary matrix U = diag(e�i✓, 1, ei✓). This unitary
matrix can transform the wave function from the Carte-
sian coordinate system to the cylindrical one. Then, the
wave function in the cylindrical coordinate system is writ-
ten as:

 = U

0

@
 1

 0

 �1

1

A =

0

@
 1e

�i✓

 0

 �1e
i✓

1

A . (19)

By substituting Eqs.(18) and (19) into Eq.(17), the GL
quasi-wave function  can be numerically calculated,
where  is chosen to be the ground state. Notice that
since | |2 corresponds to the superfluid density n

s

of the
system, the normalization of the quasi-wave function  isR
d3r| |2 = N , with N the number of condensates of the

whole system. In the numerical calculations presented
below, we set the inner radius R0 = 0.3 mm, the outer
radius R1 = 0.6 mm, and the thickness d = 0.03 mm. We
take the strength of the electric field E0 = �106 V/m,
the e↵ective mass m = 0.1m

e

, and the superfluid density
n
s

= 1028 /m3.
After obtaining the quasi-wave function  , the equiva-

lent charge distribution inside the annulus can be calcu-
lated by substituting  into Eq.(5). Figs.2(a) and 2(b)
display, respectively, the distribution of the equivalent
surface charge density � and the equivalent bulk charge
density ⇢ along the radial direction. The magnitude of
the equivalent charge density is about 10�13 C/m2 and
10�7 C/m3 in the surface and bulk of the annulus, re-
spectively. The sum of all the induced equivalent charge
is zero, because of the charge conservation.
Besides, the super spin current distribution inside the

annulus can be calculated by substituting  into Eqs.(14)
and (16). Fig.3 shows the super spin current density dis-
tribution along the radial direction inside the annulus. As
mentioned above, the angular spin current is a vector and
the linear one is a tensor. As a result, the spin current
has twelve components. However, only four components,
including J

!,✓

, J
s,✓r

, J
s,✓z

, and J
s,r✓

, are nonzero, while
all the other components are zero, owing to the cylindri-
cal symmetry of the annulus. Here, for example, J

s,✓r
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FIG. 2: (Color online) (a) Equivalent charge density in the
upper surface with z = d/2 (red line) and in the lower one
with z = �d/2 (blue line) of the annulus. (b) Equivalent bulk
charge density inside the annulus with z = 0. The results are
calculated at di↵erent sites along the radial direction.
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FIG. 3: (Color online) Super spin current density distribution
along the radial direction in the middle of the annulus (z = 0).
(a)-(d) denote J!,✓, Js,✓r, Js,✓z, and Js,r✓, respectively.

represents the spin-1 boson which moves along the angu-
lar direction with its spin direction parallel to the radial
direction.31 Although the magnitudes of these four com-
ponents are di↵erent from each other, all of them are
zero at the interfaces of r = R0 and R1, and are large
near the middle as expected. The corresponding super-
fluid velocity varies from 10�5 m/s to 5 m/s for di↵erent
components, with the rotational frequency about 50 Hz.

As the usual spin current, the super spin current can
also generate an electric field E in space.31,50,51 Besides,
the equivalent charge ⇢ obtained from the second GL-
type equation (5) can produce an additional electric field
as well. Therefore, these two electric fields must be iden-
tical if the GL-type theory of the non-polarized spin
superconductor is self-consistent. Regarding the polar-
ized spin superconductor, since the relation between the

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
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4

6

 

E 
(1

0-
2 V

/m
)

z (mm)

 spin current
 equivalent charge

FIG. 4: (Color online) Electric fields along the positive z-axis,
which are induced by the spin current (red line) and by the
equivalent charge (dash dot line).

equivalent charge and the super spin current can be ex-
plicitly expressed by a formula,14 it can be directly ob-
served that the electric fields calculated from the equiv-
alent charge and from the super spin current are the
same. In order to confirm the self-consistency of the
non-polarized spin superconductor, we numerically cal-
culate the electric fields. Fig.4 presents the electric fields
along the positive z-axis, which are induced by the equiv-
alent charge (dash dot line) and by the super spin current
(red line). As we can see, both electric fields increase
first along the positive z-axis and reach the maximum of
6.5⇥ 10�2 V/m at 0.2 mm. Then, they gradually decay
to zero. In particular, the perfect superposition between
the two curves demonstrates the self-consistency of our
theory. Although the electric fields are only presented
along the positive z-axis for clarity, they can be calcu-
lated anywhere in space in principle and identical results
can be observed. In a word, the electric field induced by
the equivalent charge is the same as that generated by the
super spin current, which confirms the self-consistency of
our theory.
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FIG. 5: (Color online) Induced electric field inside the annulus
along the radial direction. Di↵erent colors represent di↵erent
thickness, i.e., d=0.01 mm (pink line), d=0.02 mm (blue line),
d=0.03 mm (red line), and d=0.04 mm (green line).
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Another interesting issue is the electromagnetic re-
sponse of the non-polarized spin superconductor under
an external electric field. One can see from Fig.2(a) that
the equivalent charge is negative in the upper surface
(red line) and positive in the lower surface (blue line).
Thus, the equivalent charge in the surface can produce
an electric field, of which the direction is opposite to the
external electric field which is parallel to the negative z-
axis. Fig.5 shows the numerical results of the electric
field induced by the total equivalent charge (both the
surface and the bulk). Di↵erent colors represent di↵er-
ent thickness of the annulus. One can see that when
the annulus becomes thicker, the electric field is stronger
at the edge but weaker around the middle. It is nearly
constant by averaging the induced electric field over the
radial direction, irrespective of the thickness of the an-
nulus. This is attributed to the fact that the annulus is
a quasi-2D system and the thickness will not contribute
to the surface charge density. The magnitude of the in-
duced electric field is approximately 0.02 V/m, which is
the same order of magnitude as the electric field outside
the annulus (Fig.4). Note that the bulk charge plays an
important role on the electric field outside the annulus,
whereas the surface charge dominates inside the annu-
lus. This arises from the fact that the surface charge is
equivalent to a layer of electric dipoles, where the electric
field is strong inside the layer but exhibits a power-law
decay outside. In addition, the positive sign of the elec-
tric field indicates that the induced electric field tends to
screen the external electric field. This is di↵erent from
the polarized spin superconductor, in which the gradient
of the external electric field is screened and the constant
external electric field does not a↵ect it. This di↵erence
originates from the spin precession in the non-polarized
spin superconductor. Besides, this is also di↵erent from
metals which can screen the external electric field as well,
because the spin superconductor is a charge insulator and
no charge current can flow through the system.

VII. SUMMARY

In summary, we generalize the study of spin super-
conductor to spin-non-polarized case. Since the spin is
a vector and can rotate its direction, the order param-
eter of spin-non-polarized superconductor is a vector in
spin space. The free energy of the system is derived and
the Ginzburg-Landau-type equations are obtained by us-
ing the variational method. When the spin direction is
fixed, the Ginzburg-Landau-type equations of the spin-
non-polarized superconductor can be reduced to spin-
polarized case. In addition, the expressions of super lin-
ear and angular spin currents are derived, and the electric
field induced by the super spin current is equal to that
generated by equivalent charge which is obtained from
the second Ginzburg-Landau-type equation, implying the
self-consistency of our theory. Finally, by applying these
Ginzburg-Landau-type equations, the e↵ect of a constant

electric field on the spin superconductor is studied. And
the electric fields induced by the super spin current and
the equivalent charge are numerically calculated, which
can screen the external electric field. These results will
help us get a better understanding of the spin super-
conductor, and the related topics such as Bose-Einstein
condensate of magnetic atoms and spin superfluidity.
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Appendix A: The derivation of the GL-type
equations

1. The first GL-type equation

In this subsection, we will obtain the first GL-type
equation by minimizing the free energy F

s

with respect
to the complex conjugate of the order parameter  †.
We first consider the second term a ⇤

µ

 
µ

in Eq.(3).

Note that
R
d3ra ⇤

µ

 
µ

=
R
d3ra † , it can be minimized

with respect to  † and we get:

�

Z
d3ra † =

Z
d3ra� † . (A1)

For the third term in Eq.(3), since
R
d3r b1

2  
⇤
µ

 ⇤
µ

 
⌫

 
⌫

=R
d3r b1

2 ( 
† ⇤)( T ), it can be minimized by  † and

one gets:

�

Z
d3r

b1
2
( † ⇤)( T ) =

Z
d3rb1� 

† ⇤( T ). (A2)

Similarly, by minimizing the fourth term in Eq.(3), i.e.,
b2
2  

⇤
µ

 ⇤
⌫

 
µ

 
⌫

= b2
2 ( 

† )( † ), one can obtain:

�

Z
d3r

b2
2
( † )( † ) =

Z
d3rb2� 

† ( † ). (A3)

By minimizing the fifth term in Eq.(3), we get:

�

Z
d3r

1

2m
[(p� ↵0� ⇥E) ]† · (p� ↵0� ⇥E) 

=
i~
2m

Z
d3rr(� †) · (�i~r � ↵0� ⇥E )

� ↵0

2m

Z
d3r� †(� ⇥E) · (�i~r � ↵0� ⇥E ).

(A4)
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According to r · ('f) = (r') · f + 'r · f , we have:

Z
d3rr(� †) · (�i~r � ↵0� ⇥E )

=

Z
d3rr · [� †(�i~r � ↵0� ⇥E )]

�
Z

d3r� †r · (�i~r � ↵0� ⇥E )

=

I
dS · [� †(�i~r � ↵0� ⇥E )]

�
Z

d3r� †r · (�i~r � ↵0� ⇥E ). (A5)

We consider the boundary condition:

[(�i~r� ↵0� ⇥E) ]|
n

= 0, (A6)

where the index n means that the direction is perpendic-
ular to the surface. The boundary condition in Eq.(A6)
is deduced from the variational principle, which is similar
to the original work by Ginzburg and Landau.4 Then, we
obtain

�

Z
d3r

1

2m
[(p� ↵0� ⇥E) ]† · (p� ↵0� ⇥E) 

=

Z
d3r� †


� i~
2m

r · (�i~r � ↵0� ⇥E )

� ↵0

2m
(� ⇥E) · (�i~r � ↵0� ⇥E )

i

=

Z
d3r� † 1

2m
(�i~r� ↵0� ⇥E)2 . (A7)

Finally, for the sixth term in Eq.(3), by minimizingR
d3r †gµ

B

� ·B with respect to  †, one gets:

�

Z
d3r †gµ

B

� ·B =

Z
d3r� †gµ

B

� ·B . (A8)

By combining Eqs.(A1)-(A3), (A7), and (A8), we can
obtain the first GL-type equation as shown in Eq.(4) in
the text.

2. The second GL-type equation

In this subsection, the second GL-type equation is de-
rived by minimizing the free energy F

s

with respect to

the electric potential '. It can be seen from Eq.(3) that
only the fifth and the seventh terms depend on the elec-
tric potential '. The derivative of the fifth term over '
is:

�

Z
d3r

[(p� ↵0� ⇥E) ]† · (p� ↵0� ⇥E) 

2m

=

Z
d3r

[(p+ ↵0� ⇥r') ]† · (↵0� ⇥r�' )
2m

+ c.c.

=

Z
d3rr�' · [(p� ↵0� ⇥E) ]† ⇥ (↵0� )

2m
+ c.c.

= �
Z

d3r�'r · [(p� ↵0� ⇥E) ]† ⇥ ↵0� 

2m
+ c.c.,

(A9)

where the boundary condition is taken into account to
obtain the last equality.

Similarly, by performing the variational method on the
seventh term 1

2✏0E
2 in Eq.(3), one obtains:

�

Z
d3r

1

2
✏0(r')2

=

Z
d3r✏0r' ·r�' =

Z
d3r✏0[r · (r'�')�r2'�']

=�
Z

d3r�'✏0r2'. (A10)

Note that the total electric field contains the external
electric field and the electric field induced by the super
spin current. Since the external electric field is constant
as in Ref.[14], its variation is zero. As a result, one only
needs to minimize the free energy with respect to the
electric field induced by the super spin current. By com-
bining Eqs.(A9) and (A10), the second GL-type equation
can be obtained straightforwardly (see Eq.[5] in the text).
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