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While two-dimensional symmetry-enriched topological phases (SETs) have been studied inten-
sively and systematically, three-dimensional ones are still open issues. We propose an algorithmic
approach of imposing global symmetry G, on gauge theories (denoted by GT) with gauge group Gj.
The resulting symmetric gauge theories are dubbed “symmetry-enriched gauge theories” (SEG),
which may be served as low-energy effective theories of three-dimensional symmetric topological
quantum spin liquids. We focus on SEGs with gauge group G4y = Zn, X Zn, X --- and on-site
unitary symmetry group Gs = Zg, X Zk, X --- or Gs = U(1) X Zk, x ---. Each SEG(Gy, Gs) is
described in the path integral formalism associated with certain symmetry assignment. From the
path-integral expression, we propose how to physically diagnose the ground state properties (i.e.,
SET orders) of SEGs in experiments of charge-loop braidings (patterns of symmetry fractionaliza-
tion) and the mized multi-loop braidings among deconfined loop excitations and confined symmetry
fluxes. From these symmetry-enriched properties, one can obtain the map from SEGs to SETs. By
giving full dynamics to background gauge fields, SEGs may be eventually promoted to a set of new
gauge theories (denoted by GT*). Based on their gauge groups, GT*s may be further regrouped
into different classes each of which is labeled by a gauge group G,. Finally, a web of gauge theories
involving GT, SEG, SET and GT" is achieved. We demonstrate the above symmetry-enrichment

physics and the web of gauge theories through many concrete examples.

I. INTRODUCTION

Recently, the field of gapped phases with symmetry
has been drawing a lot of attentions in condensed mat-
ter physics. There are two kinds of symmetric gapped
phases: symmetry-protected topological phases (SPT)
and symmetry-enriched topological phases (SET). SPT
phases are short-range entangled [1] with a global sym-
metry and have been studied intensively in strongly-
correlated bosonic systems [1-35]. Much progress has
also been made in two-dimensional (2D) SETs [36-47],
which are partially driven by tremendous efforts in quan-
tum spin liquids (QSL) [36, 48] that respect a certain
global symmetry (e.g., spatial reflection, time-reversal,
Ising Zo, U(1) and SU(2) spin rotations, etc.). In con-
trast to SPTs, SETs are long-range entangled [1] and sup-
port emergent excitations, such as anyons in 2D systems.
Furthermore, quantum numbers carried by emergent ex-
citations may be fractionalized. Experimentally, it is of
interest to detect patterns of such symmetry fractional-
ization, which may help us characterize QSLs [48]. In ad-
dition to the usual global symmetry, there are also SETs
enriched by a new kind of symmetry dubbed “topologi-
cal (anyonic)” symmetry [43, 49-60]. This symmetry de-
notes an automorphism of the topological data (braiding
statistics, quantum dimensions, etc.). A typical example
is that Zs topological order in two dimensions is invari-
ant under e-m exchange operation, namely, an electric-
magnetic duality in discrete gauge theories [49, 50].
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Despite much success in 2D SETs, three-dimensional
(3D) SET physics, especially the underlying general
framework, is still poorly understood so far, partially
due to the presence of spatially extended loop excita-
tions [61]. In physical literatures, some attempts have
been made, including 3D U(1) QSLs and Zs QSLs with
symmetry, e.g., in Ref. [62-65]. Field theories of 3D SETs
with either time-reversal or 180° spin rotation about y-
axis were studied where the dynamical axion electromag-
netic action term is considered [18, 66]. The boundary
anomaly of some 3D SETs was viewed as 2D anomalous
SETs with anyonic symmetry [67]. In Ref. [68, 69], a di-
mension reduction point of view was proposed to demon-
strate how symmetry is fractionalized on loop excita-
tions. In Ref. [70], the notion of “2D anyonic symmetry”
was generalized to 3D “charge-loop excitation symme-
try” (Charles) which is a permutation operation among
particle excitations and among loop excitations. As typ-
ical examples of 3D SETs with U(1) and time-reversal,
fractional topological insulators were constructed via a
parton construction with gauge confinement [70].

In this paper, we study 3D SETs with Abelian topo-
logical orders [71] that are encoded by deconfined dis-
crete Abelian gauge theories [72]. We focus on discrete
Abelian gauge group G4 = Zn, X Zn, X --- and on-site
unitary Abelian symmetry group Gs = Zg, X Zg, X - -
or Gs = U(1) x Zk, X ---. Physically, these 3D SETs
can be viewed as 3D gapped QSLs that are enriched by
unbroken on-site symmetry G;. Given a gauge group
Gy, there are usually many topologically distinct gauge
theories (denoted by GT) including one untwisted and
several twisted ones [23, 73], as shown in Fig. 1. Af-
ter imposing global symmetry group, the resulting gauge
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field theory is called “symmetry-enriched gauge theory”
(SEG). Quantitatively, an SEG is defined through two
key ingredients:

1. an action that consists of topological terms (of one-
form or two-form Abelian gauge fields) only;

2. symmetry assignment via a specific minimal cou-
pling to background gauge fields (denoted by {A*}
withs =1,2,---, where A’ externally imposes sym-
metry fluxes in Zg, symmetry subgroup).

We also stress that an anomaly-free SEG must simultane-
ously satisfy the following two stringent conditions [74]:

1. global symmetry is preserved;

2. gauge invariance is guaranteed on a closed space-
time manifold.

We use the notation SEG(Gy, G) to denote such an SEG.
Then we try to provide answers to the following ques-
tions:

1. What is the path-integral formalism of an SEG?
And what is the “parent” GT of each SEG?

2. What is the relation between SEG and SET? How
can we probe symmetry-enriched properties in ex-
periments?

3. What is the resulting new gauge theory (denoted
by GT™) after giving full dynamics [75] to {A*}?

To answer the first question is nothing but to look
for anomaly-free SEGs that meet the above definition
and conditions. Following the 5-step general procedure
(Sec. ITC), the path-integral formalism of each SEG can
be constructed, which is efficient for the practical pur-
pose. Each SEG can be identified as a descendant of some
GT (i.e., “parent”). Many concrete examples, including
the simplest case SEG(Zs,Zs), are calculated explicitly
in this paper. The method we will provide is doable for
more general cases, some of which are collected in Ap-
pendix.

In the second question, a complete description of an
SET order requires the information of both topological
orders and symmetry enrichment. In this sense, the total
number of SEGs is generically larger than that of distinct
SET orders. For example, two anomaly-free SEGs, may
possibly give rise to the same SET order. If two SEGs
have the same topological order, a practical way to probe
symmetry enrichment is to insert symmetry fluxes into
the 3D bulk and perform Aharonov-Bohm experiments
between symmetry fluxes (flux loop formed by A%) and
bosons that are charged in the symmetry group. In addi-
tion, one should also perform the mized version of three-
loop braiding experiment [26, 76] among symmetry fluxes
and gauge fluxes (i.e., loop excitations). Through these
thought experiments, one may find the relations between
different SEGs. If two SEGs share the same bulk topo-
logical order data as well the same symmetry-enriched

%GTl G—Ig
SEG; SEG, SEG3 SEG4 SEG;s SEGg -

GT;

SET; SEASET@; SET, SE{\
GT* 4 GT;

%
gl g2 g3

FIG. 1. (Color online) Schematic representation of a web
of gauge theories with global symmetry. We start with a
discrete gauge group G4 that generates several topologically
distinct gauge theories (GTs) one of which is untwisted. We
then assign symmetry charge of symmetry group G5 to topo-
logical currents of gauge theories through coupling to back-
ground gauge fields. There are usually many different ways
of symmetry assignment, each of which is represented by a
colored arrow. Within each specific symmetry assignment,
we obtain many SEGs. For example, SEG;, SEGs, and SEG3
belong to the same symmetry assignment (marked by ma-
genta arrows) in GT1. It is generically possible that some
of symmetry assignment do not provide SEG descendants for
GT, which we mark as “N/A”. To identify SETs, we need
to further study ground state properties of SEGs. We may
externally insert symmetry fluxes into the system and per-
form Aharonov-Bohm experiments and the mized version of
three-loop braiding experiments. Two SEGs (e.g., SEGs and
SEG4) may possibly describe the same SET phase. Further,
by giving full dynamics to the background gauge fields, the
resulting new gauge theories (denoted by GT*) are generated.
Since basis transformations are allowed, there should be in
general many-to-one correspondence between SEGs and GT*s.
Finally, all GT*s may be regrouped via identifying their gauge
groups (denoted by Gj).

properties, they belong to the same SET ordered phase.
Otherwise, they belong to two different SET phases (see
Fig. 1).

For the third question, we note that in the action of an
SEG, {A’} is a set of non-dynamical background gauge
fields. Symmetry fluxes formed by them are confined
loop objects that are externally imposed into the bulk.
These loop objects are fundamentally different from the
gauge fluxes that are deconfined bulk loop excitations.
Therefore, the usual basis transformations (mathemati-
cally represented by unimodular matrices of a general lin-
ear group) on gauge field variables are strictly prohibited
[8] if the transformations mix gauge fluxes and symme-
try fluxes. However, if we give full dynamics to { A’} [75],
then, the action actually represents a new gauge theory
(denoted by GT*) and does not describe a SEG any more.



In GT”s, symmetry fluxes are legitimate deconfined bulk
loop excitations and arbitrary basis transformations are
allowed. As a result, it is possible that the actions of
two SEGs may be rigorously mapped to each other via
basis transformations, both of which lead to the same
GT*. This set of gauge theories “GT], GT5, ---” may be
further regrouped by identifying their gauge groups (de-
noted by G}, Gy, -+ ). Finally, a web of gauge theories
is obtained, as schematically shown in Fig. 1.

The remainder of the paper is organized as follows.
Sec. II is devoted to general discussions on GTs, topo-
logical interactions and global symmetry. Especially, in
Sec. IIC, the 5-step general procedure is introduced in
detail. Some calculation details in Sec. IID,ITEITF will
be useful for quantitatively understanding the remain-
ing sections, especially, Sec. III. For readers who are
only interested in the final results, these details may
be either skipped or gone through quickly. In Sec. III,
many simple examples are studied in details, including
SEG(ZQ, ZK), SEG(ZQ X ZQ, ZQ), and SEG(ZQ X ZQ, U(].))
In Sec. IV, physical characterization of SEGs is studied,
including symmetry fractionalization and mixed three-
loop braiding statistics among gauge fluxes and symme-
try fluxes. In this way, we may achieve the map from SEG
to SET as schematically shown in Fig. 1. Simple exam-
ples are given, including SEG(Zy,Zk) with K € Zeyen
and K € Zgygq- In Sec. V, full dynamics is given to
the background gauge field, which promotes SEGs to
GT"s. Again, the discussions are followed by some sim-
ple examples including SEG(Zs,Zs), SEG(Zs,Z3) and
SEG(Zy X Zo,Z5). Summary and outlook are made in
Sec. VI. More technical details and concrete examples
are collected in Appendix.

II. GAUGE THEORIES, TOPOLOGICAL
INTERACTIONS, AND GLOBAL SYMMETRY

A. Inter-“layer” topological interactions and
addition of “trivial” layers

In the continuum limit, gauge theories with discrete
gauge groups can be written in terms of the following
multi-component topological BF term [77]:

S:iZ[;U/ bl Ada”, (1)
1.7 m M4

where {b'} and {a’} are two sets of 2-form and 1-form
U(1) gauge fields respectively. I = 1,2,--- ,n. Al is
some n X n integer matrix, which may not be symmetric
but the determinant of A must be nonzero: DetA # 0
[78]. In comparison to Horowitz’s action term [77], here
we do not consider b' A b7. M* is the 4D closed space-
time (with imaginary time) manifold where our topologi-
cal phases are defined. In the following, the notation M*
will be neglected from the action for the sake of simplic-
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FIG. 2. (Color online) A schematic representation of “layers”
(Sec. IT A) and the general procedure (Sec. I1 C). Each “layer”
denotes a 3D system. It should be noted that all layers are
stacked together in the same 3D spatial region although they
are not so in this figure. GT before imposing symmetry resides
in type-I layers. Type-II layers are described by level-1 BF
terms before imposing symmetry. By “trivial”, we mean that
these layers do not carry gauge groups. The dashed curves
represent topological interactions between layers. Actually,
three-layer and four-layer topological interactions should also
be considered.

There are two independent general linear transforma-
tions represented by two unimodular matrices W, Q €
GL(n,Z) that “rotate” loop lattice and charge lattice
respectively. Therefore, A can always be sent into its
canonical form via:

WAQT = diag(Ny, No, -+ ,Np,-++ ., Np),  (2)
where { Ny} are a set of positive integers. The superscript
“T” denotes “transpose”. It is in sharp contrast to the
multi-component Chern-Simons theory [71] where W =
Q and the above diagonalized basis usually doesn’t exist.
In the remaining parts of this paper, we work in this new
basis unless otherwise specified. In this new basis, each
I labels a “layer system” as schematically shown in the
“type-I layers” in Fig. 2 (N.B., the word “layer” actually
denotes a 3D spatial region). Ny is the level of the BF
term in the I-th layer.

{b'} and {a'}, as two sets of gauge fields, are subject
to the following Dirac quantization conditions:

1
— ' ez, (3)
2’/T M3

1

— da! €7, (4)
271' M2

where M3 and M? denote 3D and 2D closed manifolds
embedded in M?* respectively. These two equations will
play important roles in the following discussions.

The BF term in the canonical form is a field theory of
untwisted Gg = Zn, XZn, X+ - - X Zp;,, gauge theory where
layers are decoupled to each other. However, there are



topological interactions that can couple them together:

IJK
S:iZ& bI/\daI—i-iZq a' Aa? A da®
- 2 b 472

/aI/\aJ/\aK/\aL, (5)
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where {¢//5} and {t!/EL} are two sets of coefficients.
These newly introduced action terms are topological
since their expressions are wedge products of differen-
tial forms. Recently a lot of progress has been made
based on these topological terms in gauge theories as
well as SPT phases [13, 23, 79-81]. The presence of
interlayer topological interactions leads to twisted G
gauge theories. Since these new topological terms are
explicitly not gauge invariant (even in a closed mani-
fold) alone, the definitions of usual gauge transforma-
tions on {b'} must be properly modified [to appear in
Eq. (10)]. To be a legitimate GT action, {¢'/%} and
{t!7ELY are expected to be quantized and compact (i.e.,
periodic), which eventually leads to finite number of dis-
tinct GTs before global symmetry is imposed. All of them
are classified by the fourth group cohomology with U(1)
coefficient: H*(Zy, x Zn,---,UQ1)) = [1,.;(Zn,,)* %
rcrex Znisn)® ¥ sciar, ZNryscr, Where Npj s
the greatest common divisor of Ny, Ny, --. Technical
details are shown in Sec. IID.

In addition, one may always add arbitrary number of
“trivial layers” into the action S in Eq. (5):

1 1

S—8 +i— /b’““fl/\da"+1 + z‘—/b"“Ada”+2 4
2 27

(6)

These trivial layers do not introduce additional gauge
structures. However, as we will see, adding trivial layers
will be very useful and sometimes necessary when global
symmetry G is imposed.

B. Symmetry assignment

Now, let us consider how to impose global symmetry
group Gy = Zg, X Zk, X -+ X Zg,,. In topological
quantum field theory, there is a 1-form topological cur-
rent J! for each I: sJ! = %de, where * denotes the
Hodge dual operation. It is conserved automatically since
d? = 0. The fact that the total particle number is inte-
gral is nicely guaranteed by Dirac quantization condition
(3). Therefore, a natural definition of global symmetry
is to enforce that the symmetry charge is carried by this
topological current. This is the so-called hydrodynamical
approach that was applied successfully in the fractional
quantum Hall effect with the multi-component Chern-
Simons theory description [71]. This is also a key step of
the topological quantum field theory description of SPT's
[13].

In order to identify global symmetry, a background
gauge field A’ is turned on. Mathematically, a mini-
mal coupling term between background gauge fields and
topological currents is introduced into the action (6):
Ssym.=i> 7> 0" LI[JT AxA" | where LT is an n x m in-
teger matrix. By noting that the total symmetry group
Gy =Lk, XLk, X+, the background 1-form U(1) gauge
field A’ is subject to the following constraints:

K A" € Z for Z, symmetry subgroup, (7)

2 M1
where M! denotes a closed spacetime loop. As men-
tioned in Sec. ITA, trivial layers in Eq. (6) may be taken
into consideration once symmetry is imposed. Therefore,
the index I in S,y is allowed to be larger than n. Once
the topological current carries symmetry charge, a new
set of stringent constraints on the coefficients {¢//¥} and
{t!7KL} will be imposed such that global symmetry is
compatible with gauge invariance principle, the quanti-
zation and periodicity of {¢//K} and {t//5L} may be
changed dramatically after global symmetry is imposed.
It means that, one GT may generate many distinct SEG
descendants after symmetry is imposed, which manifestly
shows patterns of symmetry enrichment (see Fig. 1). If
symmetry is not imposed, those distinct SEGs become in-
distinguishable and reduce back to the same parent GT.

C. Summary of the 5-step general procedure

Based on the preparation done in Sec. IT A and IIB,
in this part, we summarize the general procedure for ob-
taining SEGs and connecting them to their parent GTs.
There are five main steps.

Step-1. Add trivial layers (i.e., type-Il in Fig. 2).
Mathematically, trivial layers are described by Eq. (6).

Step-2. Assign symmetry via the minimal coupling
terms (~ J A xA). Symmetry assignment can be either
made purely inside type-I or purely inside type-II or both
[82].

Step-3.  Add all possible topological interactions
among layers via the topological terms with coefficients
{q""K} and {t!7KL} in Eq. (5) and the indices I, J, K, - - -
are extended to all layers including trivial layers. In
Fig. 2, only two-layer interactions (denoted by dashed
lines) are drawn for simplicity. However, generic three-
layer and four-layer interactions should also be taken into
considerations.

Step-4. Consider all consistent conditions and de-
termine the quantization and periodicity of coeflicients
of topological interactions. These consistent conditions
are (i) Dirac quantization conditions; (77) “small” gauge
transformations; (i) “large” gauge transformations; (iv)
shift operation of coefficients that leads to coefficient pe-
riodicity; (v). total symmetry charge for Zg, subgroup
is conserved mod K;. Once the above four steps are
done, the path-integral expressions and symmetry assign-
ment for SEGs are obtained. Definitions and quantitative




studies of these consistent conditions will be provided in
Sec. IID,ITEITF, and Appendix A.

Step-5. Regroup all SEGs obtained above into distinct
GTs in Fig. 1. For example, in Fig. 1, SEG; ... 5 are SEG
descendants of GTy, while, SEGg is a SEG descendant of
GT,. If gauge group is Gg = Zn that will be calculated
in Sec. IIT A, this step can be skipped for the reason that
there is only one Zy GT, i.e., the untwisted GT. If gauge
group contains more than one Zys, e.g., G4y = Zn, XZn,,
usually gauge theories have twisted versions. Under the
circumstances, the role of Step-5 becomes critical. We
will discuss pertinent details in Sec. III B.

D. General calculation on Gy = Zn, X Zn, with no
symmetry

In the following, we present some useful calculation de-
tails on gauge theories with G4 = Zy, x Zy, and demon-
strate, especially, what the consistent conditions listed
in Step-4 of Sec. I C are, at quantitative level. Several
mathematical notations are introduced and will be fre-
quently used in the remaining parts of this paper. All
other calculation details are present in Appendix A.

Consider the following two-layer BF theories with
inter-layer topological couplings in the form of “aada’:

where ¢ = ¢'?2 and § = ¢*''. Since a'a?da® and aa'da’
are linearly independent, we may study them separately.
First consider ¢§ = 0. The action is invariant under the
following gauge transformations parametrized by scalars
{x'} and vectors {V'}:

al — a’ +dx’, (9)
I 1 1 a9 153 J 2
where €!23 = —¢213 = 1. Tt is clear that the usual gauge

transformations of b! [77] are modified through adding
a g-dependent term in Eq. (10). As usual, the gauge
parameters y! and V! satisfy the following conditions:

1

1
— dx' €z, 7/ avlez. 11
271' M1 X 27‘&' M2 ( )

Once the integers on the r.h.s. are nonzero, the associ-
ated gauge transformations are said to be “large”. Let
us investigate the integral % f e db’.

Under the above modified gauge transformations (10),
the integral will be changed by the amount below (for

I=1, M3 = M!x M? is considered):
1 1
— db' — — d da®
2 M3 27T/ 47T2N1 /Sl X /]V[2 “
1 q
= db' — 21l x 2ml
21 M3 47T2N1 X AT X AT
(12)

where ¢, ¢ € Z, and, the Dirac quantization condition
(4) and gauge parameter condition (11) are applied. In
order to be consistent with the Dirac quantization con-
dition (3), the change amount must be integral, namely,
g must be divisible by N;. Similarly, ¢ is also divisible

by N> due to:
q 1 2
d d
TN, /S X /M “

1 1
— db? —— / db?
271' M3 27‘(‘ M3
q
= db?
2 M3 + 47T2N2

1

x 2ml" x 2wl
(13)

where ¢, ¢ € Z. Hence, q = %,k’ € 7, where the
symbol “N35” denotes the greatest common divisor of Ny
and Ns.

Below, we will show that k has a periodicity N2 and
thereby ¢ is compactified: g ~ ¢+ N1 N>. Let us consider

the following redundancy due to shift operations:

—/dbl /db1 NoKy /a2/\da2, (14)

47T2N12

1 N1 K,
> —— | dv? / YA da? 15
o o TN, | ¢ N (15)
k’—>k+[~(1+f(2. (16)

Under the above shift operation, the total action (8) is in-
variant. Again, in order to be consistent with Dirac quan-
tization (3), the change amount of the integral % fM3 db!
should be integral, namely:

N2f(1 2 2
Ad Z 17
47T2N12 /Ma.a @€ ’ ( )
N1 K, 1 2
d Z. 1
o /Maa Ada? € (18)

We may apply the Dirac quantization condition (4) and
the quantized Wilson loop JI [, al € Z that is ob-
tained via equations of motion of bl. As a result, two
constraints are achieved: K1/Ni2 € Z, K3/N12 € Z. By
using Bezout’s lemma, the minimal periodicity of k is
given by the greatest common divisor (GCD) of Ny and
Ni2, which is still N12. As a result, we obtain the condi-
tions on ¢ if symmetry is not taken into consideration.

N1 N

q=k—"2 mod NN,

ke ZN12. (19)
12

Similarly, for —a 2nat Adat term, we also have the same
quantization and the same perlodlclty.

N1 Ny
12

q=k

mod NlNQ, ke Zng' (20)



In conclusion, we have (Zy,,)? different kinds of gauge
theories with Gy = Zn, X Zn;,.

E. General calculation on Gy, = Zn, X Zn, with
Gs = ZKl X ZK2-(I)

To impose the symmetry, we add the following coupling
term into S in Eq. (8) (again, we consider ¢ = 0 only):

2 .
¢ i i
Z%/A Adbt, (21)

where A’ is subject to the constraints in Eq (7). This
coupling term simply means that the first layer carries
Zk, symmetry while the second layer carries Zg, sym-
metry. The total symmetry group Gs = Zg, X Zk,.

Our goal is to determine all legitimate values of ¢ in
the presence of global symmetry. And we expect that the
period of ¢ is in general larger than the original gauge
theory with no symmetry, which leads to a set of SEGs.
The key observation is that the change amounts of the
integral % / B db! in both gauge transformations and
shift operations should not only be integral [in order to
be consistent with the Dirac quantization condition (3)]
but also be multiple of K; such that the coupling term
(21) is gauge invariant modular 27. Physically, it can
be understood via the definition of the integral. This
integral is nothing but the total symmetry charge of the
associated symmetry group. Since the total symmetry
charge of Zg, is allowed to be changed by K; while still
respecting symmetry. This is a peculiar feature of cyclic
symmetry group, compared to U(1) symmetry.

More quantitatively, with symmetry taken into ac-
count, from Egs. k(NQ 13), we may obtain the quantiza-

tion of q: q= GCD(}V]Y%?J\I,%{ ) with k € Z such that the

change amounts are multiple of K;. Then, with these
new quantized values, the shift operations (14,15) are
changed to:

i/dblﬁi/dblf
2T 2T
1 1
—/db2—>—/db2+
T T

The change amounts should be quantized at K! in
Eq. (22) and K? in Eq. (23), respectively, such that
symmetry is kept. We may apply the Dirac quan-
tization condition (4) and the quantized Wilson loop
NIK’ fMl a' € Z that is obtained via equations of mo-
tlon of bl in the presence of A! background. As a result,
two necessary and sufficient constraints are achieved:

KiN: K1 K> [ a? A da?
472GCD(N, K1, N2 Ko) ’
(22)
KyN K1 Ko [ a* A da?
A2GCD(N1 K1, N2 Ko)
(23)

___ K __ Ky i
CoDM KT NaKs) € Ly copwi kMR © 2. By using

Bezout’s lemma, the minimal periodicity of k& is given
by GCD of GCD(N; K, NoKs) and GCD(N; K1, NaK),

which is still GCD(N1 K7, NoK3). Therefore, once sym-
metry is imposed, ¢ is changed from Eq. (19) to

NiNo K1 K,
— d NN K G K
4 GCD(N1 K1, NoK>) Hot it
with k € Zaep(v, K1, N2 K>) (24)

which gives GCD(N; K, NaK3) SEGs. In other words,
the allowed values of ¢ are enriched by symmetry. For ¢
term, the conditions are completely the same as ¢, which
leads to another GCD(N1 K7, NoK5) SEGs.

_ N1N2K1K2
—k d NiN. K1 K.
q GOD(V; Ky, NoK) mo 14NV2 A1 A2,
with k € ZGCD(N1K1,N2K2) : (25)

In short, before imposing symmetry, according to
Egs. (19,20), there are (N12)? distinct GTs with gauge
group G4 = Zn, X Zy,. After imposing symmetry group
Gs = Zg, X Zg,, according to Eqs. (24,25), there are
[GCD(N, K, NQKQ)]2 distinct SEGs if the symmetry as-
signment is given by Eq. (21). Likewise, one can consider
that Zg, and Zg, symmetry charges are carried by the
second layer and the first layer respectively, i.e., Eq. (21)
is changed to:

o / (AY A db® + A2 A dbY). (26)
iy

Then, there will be [GCD(Ny K3, N2K1)]” new SEGs.

F. General calculation on Gy = Zy, X Zn, with
Gs = ZKl X ZKQ-(II)

In the following, we alter the definition of symmetry
assignment and still consider a'a?da? first. The coupling
term in Eq. (21) is now changed to:

% / (A" + A?) A db* (27)

which means that both Zy, and Zy, symmetry charges
are carried by the first layer. We will show that (LCM
stands for “least common multiple”):

q ZkLCM(NlKl,NlKQ,NQ) mod NlNg LCM(Kl,KQ) 5
with k € Z  ~,n, LoM(i K9) (28)

LCM(N,K1,N; Kg,Ng)

of SEGs are

symimetry

meaning that the total number
NiNp LCM(K1,K3) ¢ (s
LCl\l/[(JQVlKLNl}{ZJZVz) if (1) both
are carried by the first layer shown in Eq. (27) and (ii)
La%da® is considered (i.e., ¢ = 0). As a side note, by
exchanging 1 < 2, the above result directly implies

that the total number of SEGs are LJCVI\l/I]EZIZ\/;((ji\/IJ(\f[S(fIz\f)l)

if (i) both symmetry charges are carried by the second

charges




layer [replacing b in Eq. (27) by 2] and (ii) a?a'dal is
considered (i.e., ¢ = 0):

4 =k LCM(Ny K1, No K, N1) mod Ny Ny LOM(K,, Ks)
with k € Z ~ ~yLomcg k) - (29)

LOM(Ny K1 ,NyKg,N1)

Let us present several key steps towards Eq. (28) be-
low. The change amount in Eq. (12) should be divisi-
ble simultaneously by K; and Ky such that symmetry is
kept. Meanwhile, the change amount in Eq. (13) should
be integral in order to be consistent with Dirac quantiza-
tion condition (3). Therefore, ¢ should be quantized as:
q = kLCM(NlKl,NlKQ,NQ) with k£ € Z. Then, with
these new quantized values, the shift operations (14,15)
are changed to:

1 1 1 -
— [ db ——db' + —— K, LCM(N, K1, N, K5, N.
27r/ o +47r2N1 1 (N1K1, N1 K2, Na)

/ a® A da?, (30)

1 s 1o, 1
%/db o = o Ka LOM(NLK L, NiK, Ne)

/a1 A da?. (31)

Again, the change amount in Eq. (30) should be divisi-
ble simultaneously by K; and K> such that symmetry is
kept. The change amount in Eq. (31) should be integral
such that Dirac quantization condition (3) is satisfied.
Before evaluating the integral, the Wilson loop of a' may
be obtained via equation of motion of b':

N1 K1 Ky 1
Z 2
2w GCD(Kl,KQ) /Ml @€ ’ (3 )

where Eq. (7) and Bezout’s lemma are applied. The Wil-
son loop of a® may be obtained via equation of motion
of b2:

N.
—2/ a’ €. (33)
271' M1

With this preparation, we may calculate the change
amounts in Egs. (30,31) and obtain the conditions on
K; and Kos:

LCM(N, K1, N1 K3, N3) -
KieZ 34
N1 N, LCM(K 1, K>) L€ 4, (34)
LOCM(N, K1, N1 Ky, N3) -
K, €eZ. 35
NN, LCM(Ky, Ka) 2 (35)

Therefore, by using Bezout’s lemma, the minimal pe-
riodicity of k can be fixed and k is thus compactified:

k€Z ~NnyLomE, Ky -
LCM(N K1,N1K2,N2)

Following the similar procedure, we may obtain the
results for the remaining two cases: (i). a?a‘da’ (labeled
by @) and both symmetry charges are in the first layer;

TABLE I. SEG(Z2, Zk). Both gauge group and symmetry
group are in the same layer (the first layer). There is no non-
trivial symmetry enrichment but a trivial stacking of symme-
try and gauge theory.

Gauge Symmetry
symmetry | I 7 %
assignment _

GT q/4r?%a’a®da”|G/4n*a*a  da’
0 mod 2 0 mod 2
SEG 0 mod 2K 0 mod 2K 1

(ii). ata®da® (labeled by q) and both symmetry charges
are in the second layer. For (a), § is given by:

q =k LCM(NlKl, NlKQ, NQ) mod NlNQ LCM(Kl, KQ) s
with kK € Z ~nynyLoM(Ky . Ko) - (36)

LCM(N{K1,N1K3,N3)
For (b), ¢ is given by:

q =k LCM(NgKl, NQKQ,Nl) mod N1N2 LCM(Kl, Kz) 5
with kK € Z ~nynyLoM(k; . Ks) - (37)

LCM(NgK1,N2Kg,N1)

III. TYPICAL EXAMPLES OF
SYMMETRY-ENRICHED GAUGE THEORIES

In this section, through a few concrete examples, we
apply the general procedure shown in Sec. ITC and con-
struct SEGs that satisfy the definition and conditions
listed in Sec. I. Useful technical details are present in
Sec. IID,ITE,JITF and Appendix A. More examples are
collected in Appendix B.

A. SEG(Zs,Zk)

We begin with Gy = Zny and Gy = Zg. The com-
mon features of this class are that: (i) there is only one
gauge theory before imposing global symmetry; (i) there
are two complementary choices of symmetry assignment
[82], namely, Zk is either in the first layer or in the sec-
ond layer (trivial layer). More concretely, before impos-
ing global symmetry, there is only one Zy gauge theory
since all additional topological terms like aada, aaaa van-
ish identically. Despite that, we still formally explicitly
add a'a?da? and a?a‘da' in all tables in order to see
whether or not these topological terms will eventually
have chance to be nonvanishing after symmetry is taken
into consideration. Since we only have one cyclic sym-
metry subgroup, i.e., Gy = Zg, inclusion of two layers
(the second one is a trivial layer in a sense that the level
of b?da? term is 1) is enough in the current simple cases.

We choose N = K = 2 which was studied thoroughly
in Ref. [69] via a completely different approach. The
results are collected in Tables I and II (K = 2). In Ta-
ble I, the symmetry charge is carried by the first layer.



TABLE II. SEG(Z2, Zk). Gauge group and symmetry group
are in different layers. K € Zodd (Zeven) for first (second)
sub-table.

Gauge Symmetry
Symmetry | I 7.
esignment | I Zoew
cT q/4r?%a’a?da®|G/4n%a*a  da’
0 mod 2 0 mod 2
SEG 0 mod 2K 0 mod 2K 1
Gauge Symmetry
Symmetry _ Z,
assignment _ 7, (Keeven
cT q/4n%ara’da’ |G /4n%a*atda’
0 mod 2 0 mod 2
SEG 0 mod 2K 0 mod 2K
K mod 2K | K mod 2K | 22

Before imposing symmetry, we find that both ¢ and ¢
are 0 mod 2, indicating that topological interactions be-
tween layers are irrelevant. Mathematically, this conclu-
sion can be achieved from Egs. (19,20) by simply setting
Ny = 2, Ny = 1. Physically, it means that there is only
one Zy GT which is described by the BF term with level-
2: z% J b Ada. After symmetry is imposed, both ¢ and
g are 0 mod 4. This conclusion can be easily obtained
by setting Ny = 2, Ky = 2,N; = Ky = 1 in Eq. (24).
Physically, after imposing symmetry, for each topologi-
cal interaction, there is still only one choice of the coeffi-
cient but which is always connected to zero via a periodic
shift. As a result, the total number of SEGs from this ta-
ble is just one although the periodicity of both ¢ and ¢
is enhanced by symmetry.

In Table IT (K = 2), the symmetry charge is carried
by the second layer that is a trivial layer. In this case,
we find that there are 2 distinct choices for both ¢ and
q: either 0 mod 4 or 2 mod 4. Quantitatively, this result
can be obtained by simply setting Ny =2, No =1, K; =
1,Ks = 2 in Egs. (24,25). As a result, there are in to-
tal 22 SEGs from this table. Among them, the SEG with
g = ¢ = 2 mod 4 can be simply regarded as stacking of
symmetry enrichments from (g,§)=(2 mod 4,0 mod 4)
and (¢q,7)=(0 mod 4,2 mod 4). In other words, both
a'a®da® and a?a'da' topological interactions are present
in this SEG.

In summary, there are 1 + 2% = 5 SEGs with G, = Zs
and G5 = Zz. One of them, labeled by (2,2) in Table
IT can be regarded as stacking of symmetry enrichment
patterns of (0,2) and (2,0). For generic even K in Tables
I and II, there are in total five SEGs, just like K = 2 case.
For odd K, there are two SEGs only. One is from Table
I where symmetry group is in the same layer as gauge
group. The other one is from Table II where gauge group
and symmetry group are in different layers.

B. SEG(Z2 x Z2,Z2)

The calculation in Sec. III A only involves one gauge
group. Therefore, before imposing symmetry group,
there is only one gauge theory, i.e., the untwisted
one. In the following, we calculate SEGs with Gy, =
Zo X Zy and G4 = Zo. Before imposing symmetry,
there are already four topologically distinct GTs labeled
by (¢,q) = (0mod 4,0 mod 4), (0 mod 4,2 mod 4),
(2 mod 4,0 mod 4), and (2 mod 4,2 mod 4), which can
be derived from Eqgs. (19,20) by setting Ny = Ny = 2.
Under this circumstances, Step-5 in Sec. II C cannot be
skipped. All SEGs are listed in Table III, where three
different ways of symmetry assignment are considered.

Taking the first symmetry assignment (Zy symmetry
is assigned to the first layer, see the first subtable of Ta-
ble III) as an example, there are two choices of ¢ after
symmetry is imposed: either 0 mod 8 or 4 mod 8. This
result can be easily obtained by setting Ny = 2, K7 =
2)Ny = 2,Ks = 1 in Eq. (24). Similarly, there are
also two choices of g. Therefore, totally there are 22
SEGs from the first subtable of Table III. However, one
may wonder what is the parent gauge theory (GT) for
each choice. This line of thinking is the goal of Step-5
in Sec. ITC. Interestingly, both choices of ¢ mathemati-
cally belong to the sequence “0 mod 4”. In other words,
0 mod 8 and 4 mod 8, both of which belong to the se-
quence 0 mod 4 and thus are indistinguishable before
imposing symmetry, become distinguishable after sym-
metry is imposed. This is nothing but a consequence of
symmetry enrichment.

Meanwhile, both choices do not match the sequence
“2 mod 4” at all, which is indicated by the mark “N/A”
in the table. Similar analysis can be applied to a?a'dal.
This phenomenon tells us that, Zy x Zo GT labeled by
(¢,7) = (2 mod 4,2 mod 4) cannot generate SEG descen-
dants if symmetry is assigned to either the first layer (the
first subtable of Table III) or the second layer (the sec-
ond subtable of Table III). Both layers are of type-I in
Fig. 2. One may wonder what will happen if we still en-
force G on this twisted GT in such kinds of symmetry as-
signment. Can the gauge group and symmetry group be
compatible with each other simultaneously? To answer
these questions, recalling the general procedure shown in
Sec. II C, there are several conditions (symmetry require-
ment and gauge invariance) listed in Step-4 that deter-
mine SEG(Gy, G;). Therefore, if there is a SEG replacing
the mark “N/A” it either breaks symmetry or preserves
symmetry but violates gauge invariance principle. The
latter case is an anomalous SEG and possibly realizable
on the boundary of some (4+1)D system.

In the third subtable of Table III, symmetry is assigned
to the third layer, i.e., the type-II layer in Fig. 2. It is
clear that there are 8 linearly independent topological in-
teraction terms that can be applied [83]. In this symme-
try assignment, each topological interaction term has two
choices of its coefficient: either 0 mod 4 or 2 mod 4 (for
a'a?da® and a%a3da’, the result can be obtained from the



TABLE III. SEG(Z2 X Z2,Z2). Three different ways of symmetry assignment are considered. Interestingly, all SEGs in first
and second ways of symmetry assignment come from the untwisted Zz X Z2 GT only. “N/A” means that SEGs do not exist.
Those states necessarily either break symmetry or violate gauge invariance principle. For the former, the ground states should
be discrete-symmetry-breaking phases. The latter may exist on the boundary of some (4+1)D systems.

Symmetry Gauge Symmetry Symmetry Gauge Symmetry
: I 2. 2 , I .
assignment 2 assignment
A I 2.
cT ﬁaIana2 M%cfaldal GT ﬁalcfda2 47TLZOLQaldal
0 mod 4|2 mod 4{0 mod 4|2 mod 4 0 mod 4|2 mod 4{0 mod 4|2 mod 4
0 mod 8 0 mod 8 0 mod 8 0 mod 8
SEG 4 mod 8 N/A 4 mod 8 N/A 22 SEG 4 mod 8 N/A 4 mod 8 N/A 22
Gauge Symmetry
Symmetry Z,

assignment I .

Z,

cT ata?da’® a?atdal ata’da®[aatda TaZa®da® [a3a’da? | ata?da’® [ a?a’dal
0 mod 4|2 mod 4|0 mod 4|2 mod 4|0 mod 20 mod 2|0 mod 2{0 mod 2|0 mod 2|0 mod 2
0 mod 4|0 mod 4|0 mod 4|0 mod 4|0 mod 4|0 mod 4

SEG 0 mod 4)2 mod 4]0 mod 4|2 mod 4 - Ao 9 mod 412 mod 4]2 mod 4]2 mod 4]2°

general calculation in Appendix A 1 and A 2). Therefore,
totally, there are 28 SEGs. Interestingly, for those four
SEGs with topological interactions a'a?da? and a?a'da’
only, they can be simply regarded as stacking of a twisted
Zo X 7o gauge theory and a direct product state with Zo
symimetry.

C. SEG(ZQ X ZQ,U(].))

In this part, we discuss the gauge theory Zs X Zg
enriched by the continuous symmetry U(1). The re-
sult can be obtained by following the general calculation
in Appendix A3, A4, and A5. Similar to the case of
SEG(Zgy X Zo,7Z2), we consider 3 ways to assign the sym-
metry, as shown in Table IV. Considering the first sym-
metry assignment (U(1) is assigned at the first layer), we
find that there is only one SEG(Zsy x Zy,U(1)) for both
interaction terms with ¢ = ¢ = 0. In other words, this
SEG is a descendant of the untwisted Zy x Zoy GT with
q = q¢ = 0, while all other three twisted GTs do not have
SEG descendants in this symmetry assignment. Similarly,
for the second symmetry assignment, there is also only
one SEG and it is also a descendant of the untwisted GT.

However, there is one subtle feature that is absent for
discrete symmetry group. ¢ = ¢ = 0 means that ¢ and ¢
are absolutly zero with no periodicity (or periodicity=0
formally) after symmetry is imposed. We note that pe-
riodicity is always nonzero in all previous examples with
discrete symmetry group. It means that if we start with
an untwisted GT but with ¢ = 4, the resulting gauge the-
ory after imposing U(1) symmetry either breaks symme-
try or violates gauge invariance principle. For the latter
case, the theory can be regarded as an anomalous SEG

which is possibly realizable on the boundary of certain
(4+1)D systems.

Now we consider the third symmetry assignment (the
last row in Table IV) which is much more complex.
There are 8 linearly independent topological interaction
terms of aada type [83]. We find that there are 23
SEG(Z2 x Z2,U(1)). Each coefficient of a'a®da?, a?a'da’
and a'a?da® has two choices while the coefficient of other
aada interaction terms vanish identically after period-
icity shift, which leads to 23 SEGs. For SEGs where
only ata?da? a’a'da’ are considered (other topological
interaction terms vanish), they can be simply regarded
as the stacking of a twisted Zs X Zy gauge theory and
a direct product state with U(1) symmetry. For SEGs
with at least a'a?da® topological interaction term, they
are more interesting ones since they induce the nontriv-
ial couplings between type-I layers and type-II layers as
shown in Fig. 2.

IV. PROBING SET ORDERS

In Sec. I, we have constructed anomaly-free SEGs in
a few concrete examples. In this section, we probe SET
orders possessed by the ground states of SEGs. Then, the
map from SEGs to SETs in Fig. 1 is achieved. In order to
identify SET order in a given SEG, one should know the
topological orders and symmetry-enriched properties.

Given a gauge group G, the total number of topologi-
cal orders is generically smaller than that of GTs that are
classified by H*(G,,U(1)). Intuitively, the labelings of
gauge fluxes / gauge charges probably have redundancy
from the aspect of topological orders. For example, if
Gy = Zy X Zy, there are four GTs. However, at least
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TABLE IV. SEG(Z2 x Z2,U(1)) When the symmetry is assigned at the first and second layer, there is only one SEG:(g, §)=(0,0).
The notation N/A denotes that there is no SEG descendant for the specific symmetry assignment. 0 means that g or g exactly

takes zero.
Gauge Symmetry Gauge Symmetry
Symmetry I 2. ) Symmetry I .
assignment _ Z, assignment _ Z, Ul
cT q/4m%a*a*da® g/4m?a’a’da’ cT q/4m%a’a’da® g/4r?%aa’da’
0 mod 4|2 mod 4{0 mod 4|2 mod 4 0 mod 4|2 mod 4|0 mod 4|2 mod 4
SEG 0 N/A 0 N/A 1 SEG 0 N/A 0 N/A 1
Gauge Symmetry
I 7.
Symmetry
assignment _ Ly
] u(1)
cT Ta2da? a?atdal Ta3da®[a®atda' [a?a3da® [ a®a?da? [ata’da® [ a®a’dat
0 mod 4|2 mod 4|0 mod 4|2 mod 4|{0 mod 2|0 mod 2|0 mod 2{0 mod 2|0 mod 2{0 mod 2
SEG 0 mod 4|2 mod 4|0 mod 4|2 mod 4| 0 0 0 o |Omoddl 5
2 mod 4 2
GT with ¢ = 2 mod 4 and § = 0 mod 4 and GT with Gg = Zo Gg = Zo

qd = 2 mod 4 and ¢ = 0 mod 4 share the same topologi-
cal order since both are just connected to each other via
exchanging superscripts 1 and 2.

For the sake of simplicity, in this section, we will only
consider G4, = Zy such that both GT and topological
order are unique. In these cases, we find that: (i) quasi-
particles that carry unit gauge charge of the gauge group
G4 may carry fractionalized symmetry charge of the sym-
metry group G, which is classified by the second group
cohomology with G, coefficient: H?(Gs, G,); (ii) there is
an interesting mixed version of three-loop braiding statis-
tics among symmetry fluxes and gauge fluxes. Both fea-
tures are gauge-invariant and topological, which can be
detected in experiments.

A. SET orders in SEG(Z2,Zk) with K € Zeven

In this part, we probe SET orders with Z, gauge group
and Zy symmetry group in the five SEGs listed in Table I
and Table II. General even K is straightforward. When
the gauge group G only includes one Zy subgroup, e.g.,
Gy = Zy, there is only one GT, i.e., the untwisted one.
The topological order of the GT is dubbed “Zy topo-
logical order”, characterized by the charge-loop braiding
statistics data, i.e., the e”>™/V phase accumulated by a
unit gauge charge moving around a unit gauge flux. For
N = 2, the phase is just e¢/™ = —1. Due to this sim-
plification, in order to characterize SET orders in these
five SEGs, the only remaining task is to diagnose the
symmetry-enriched properties. From the following anal-
ysis, we obtain five distinct SET orders with Zy topolog-
ical order and Zs global symmetry.

GT: Zsy gauge theory GT : Zsy gauge theory

SEG; SEG; SEG3 SEG, SEGs SEG; SEG;,

Aﬂ SEZFXSE[I\SELXSER W
GT":

GT*:7Z untwisted twisted twisted twisted
Lo XLy Ty X Ly Lo X Ly Lo x Lo
* *
Gy Ly X o Gy
(a) (b)

FIG. 3. (Color online) Two concrete examples of webs of
gauge theories shown in Fig. 1. SEG(Z2,Z2) and SEG(Z2, Z3)
are shown in (a) and (b), respectively. SEG; in (a) can be
found in Table I. SEGs,... 5 in (a) can be found in Table II.
SEG; in (b) can be found in Table I by setting K = 3. SEG2
n (b) can be found in the first subtable of Table II by setting
K =3.

1. SEG(Z2,Zk) with K € Zeven in Table I

For the SEG in Table I, we may consider the following
action in the presence of excitation terms (K = 2 as an
example):

2 1
S:i—/b/\da—l—i—/b/\dA—i—i/b/\ﬂkE—l—i/a/\*j7
2m s

(38)

where the 2-form tensor X represents the unit loop exci-
tation current (world-sheet) of the Zo gauge theory. The
1-form vector j represents the unit gauge particle current



(world-line) of the Zy gauge theory. Since only one layer
is considered in this case, the superscripts of b',al are
removed. The background gauge field A is constrained
by Eq. (7) with K3 = 2. Next, integrating out b field
leads to: %da =—%X— %dA. Then, a can be formally
solved by adding *d+ in both sides: a = —ﬂ*ZdZ — %A,

where the Laplacian operator A = xd * d. Plugging this
expression into the last term of Eq. (38), we obtain the
following effective action about excitations in the pres-
ence of symmetry twist: —is [AA*j+im [jAdIE.
In this effective action, the second term characterizes
the Zs topological order with charge-loop braiding phase
e’™ = —1. Mathematically, this is a Hopf term and rep-
resents the long-range Aharonov-Bohm statistical inter-
action between gauge fluxes (i.e., the loop excitations)
and particles. The operator d~' = <4 is a formal no-
tation defined as the operator inverse of d, whose exact
form can be understood in momentum space by Fourier
transformations. The first term of this effective action
encodes the symmetry-enriched properties of the SEG.
It indicates that the unit gauge charge carries 1/2 sym-
metry charge of symmetry group G5 = Zs, which cor-
responds to the second group cohomology classification
H?(Gs,Gy) = Zy (see Appendix C for details).

In summary, for the SEG given by Table I, the Zs
gauge charged bosons carry half quantized Zo symmetry
charge. This is the first SET order we identify.

2. SEG(Zs,Zx) with K € Zeven in Table II

For Table II, we first consider the g-topological inter-
action term. The action in the presence of A is given by
(K =2 as an example):

2 1 1
S:i—/bl/\dal—l-i—/bz/\daQ—l—i—/bQ/\dA
21 21 21

2
+i# al/\az/\daz—I—i/bl/\ *21+z’zlj/alA*jI, (39)

where %! and {j’} are loop excitation currents and par-
ticle excitation currents of the Ith layer respectively. %2
is not considered for the reason that the second layer is
trivial and 32 carries 0 mod 27 fluxes which are not de-
tectable. One may first integrate out {b’}, which enforces
that the path-integral configurations of {a’} are com-
pletely fixed by excitations and the background gauge
field: o' = =2 xd™ 'Y, a® = -2 xd"'o. Here,
the symbol d~! has been defined in Sec. IVA1. The
new 2-form variable ¢ is defined through: o = *%dA
which represents the number density / current of the 7-
symmetry twist induced by the background gauge field.
Plugging the expressions of {a’} into {j}-dependent
terms in Eq. (39), we obtain the following effective action
terms: i [ jLAdT'EY+i [ j2AxA, where the first Hopf
term indicates that the first layer has a Zs topological or-
der. The second term indicates that the quasiparticles in
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FIG. 4. (Color online) A mixed version of three-loop braid-
ing process among gauge fluxes and symmetry fluxes in
SEG(Z2,7Z2) of Table II. Loops in red and black denote sym-
metry flux loop (¢) and gauge flux loop ('), respectively.
The dashed curves shows the trajectory of one loop that moves
around another loop, both of which are linked to the base
loop.

the second layer carry integer symmetry charge. In other
words, there doesn’t exist symmetry fractionalization.

Despite that, we will show that there is interest-
ing mized three-loop statistics among symmetry fluxes
(0) and gauge fluxes (X!). For this purpose, plugging
the expressions of {al} into the g-dependent term in
Eq. (39), we obtain: —i4F [(xd 'S A (xd~ o) A (x0) =
—i [(xd*SY) AZL(xd o) A (o) which is the topological
invariant that characterizes the mized three-loop statis-
tics among symmetry fluxes and gauge fluxes and pro-
vides important symmetry-enriched properties of SEGs.
This mixed version of three-loop statistics enriches our
previous understandings on three-loop statistics among
gauge fluxes [26-30]. Pictorially, the topological invariant
corresponds to the three-loop process shown in Fig. 4(a)
where the gauge flux ¥! is a base loop (a term coined
by Wang and Levin [26]). The entire process leads to
Berry phase (denoted by 0, 5.;51): 0051 =2 x 4 =7,
where ¢ = 2 is used and the factor of 2 is due to the fact
that the full braiding process accumulates two times of
half-braiding (exchange between ¢ and o in the pres-
ence of the base loop ¥!). If the base loop is pro-
vided by o instead, the topological invariant gives rise
to the full braiding of another ¢ around a X! as shown
in Fig. 4(b), and the associated Berry phase is given by:
0s 51,0 = 4 = & mod 7, where 7 phase ambiguity arises
from the possibility that Zs gauge charge may be at-
tached to o such that there is 7 phase contribution from
the Aharonov-Bohm phase from the topological invariant
i [jEAdTIE

Likewise, the ¢ term can also be written in terms of
the topological invariant: —i4 [(xd~'o) A (xd~1E) A
(xx1). Pictorially, the topological invariant corresponds
to the three-loop process shown in Fig. 4(c) where the
symmetry flux o is a base loop. The entire process leads
to Berry phase (denoted by 0s1 x1.5): Ox1 31, = 2X %’r =



m, where ¢ = 2 is used for the SEG labeled by (0,2)
in Table II. By choosing X! as the base loop, we may
obtain the Berry phase accumulated by fully braiding
»! around o with the base loop provided by another
3! [see Fig. 4(d)]: by 51,51 = Z° = Z mod 7, where 7
phase ambiguity arises from the possibility that Z, gauge
charge may be attached to o such that there is m phase
contribution from the Aharonov-Bohm phase from the
topological invariant im [ j* Ad~1X1.

In summary, for the four SEGs given by Table II, they
support four different SET orders. All point-particles are
either symmetry-neutral or carry integer Zs symmetry
charge. In other words, symmetry is not fractionalized
and charge-loop braiding data is always trivial. However,
they can be experimentally distinguished by the mixed
three-loop braiding process. In total, we obtain five dis-
tinct SET orders with Zs topological order and Zs global
symmetry. Likewise, for generic even K, there are also
five SET orders.

B. SET orders in SEG(Z2,Zk) with K € Zoda

We consider K = 3 as an example. General odd K
is straightforward. In this case, there are two distinct
SEGs that are collected in Table I (K = 3) and the first
subtable of Table IT (K = 3) respectively. For the first
SEG, the discussion is similar to that of K = 2 in Ta-
ble 1. We start with the action (38) and the background
gauge field A is now constrained by Eq. (7) with K; = 3.
Integrating out b, a leads to —i1 [AAxj+ir [jAdIE
where the first term indicates that the bosons (denoted
by “e”) that carry unit Z, gauge charge also carry 1/2
symmetry charge of Z3 group. However, there is no pro-
jective representation (with Zg coefficient) for Zz symme-
try group indicated by the trivial second group cohomol-
ogy: H*(Z3,Z2) = Z1 (see Appendix C), which means
that this half-quantized symmetry charge cannot be de-
tected by symmetry fluxes. The physical effect of this
half-quantized symmetry charge is completely identical
to that of —1 symmetry charge.

More physically, let us perform an Aharonov-Bohm
experiment by inserting symmetry fluxes (a loop) with
flux &4 = 0, 2,7”7 4{. The boson e that moves around
a symmetry flux with ®4 will pick up a Berry phase
¢'2%4 where 1 /2 is the symmetry charge carried by e.
However, during this process, it is possible that a gauge
flux (@, = 0,7) is dynamically excited and eventually
attached to the symmetry flux. As a result, an addi-
tional Berry phase is accumulated: e!®s, leading to the
Berry phase ei2®at®s  After repeating the experiments
for each ® 4 sufficient times, the observer will eventually
collect two data for each symmetry flux. If &4 = 0, the
Berry phase is either 0 or e'™; If ®4 = 27, the Berry

phase is either €% or !5 ; If §4 = 4% the Berry phase
is either €' or !5 . Tt is clear that these observed data

can be exactly obtained by considering the boson that
carry unit gauge charge and —1 non-fractionalized sym-
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metry charge whose Berry phase is given by e #®4+i®q,

In other words, the half-quantized symmetry charge can
not be distinguished from —1 symmetry charge. There-
fore, for SEG in Table I (K = 3), there is no symmetry
fractionalization.

For the second SEG (the first subtable of Table IT with
K = 3), since there doesn’t exist nontrivial topological
interactions between the two layers, this SEG is nothing
but a simple stacking of a Z, gauge theory and a direct
product state with Zs symmetry. By definition, it is still
a SEG but it doesn’t have interesting symmetry-enriched
properties.

In summary, both SEGs support the same SET or-
der as shown schematically in Fig. 3(b). In this SET
order, the topological order is Zs-type. However, the Zg
symmetry always trivially acts on the topological order
due to the absence of both symmetry fractionalization
and mixed three-loop braiding statistics. In other words,
there is no interesting interplay beween Z, topological
order and Zs symmetry. Likewise, for generic odd K,
there is also only one SET order.

V. PROMOTING SEG TO GT*, BASIS
TRANSFORMATIONS, AND THE WEB OF
GAUGE THEORIES

In the above discussions, we obtained many SEGs,
where the background gauge fields {A’} are treated as
non-dynamical fields. A caveat is that basis transforma-
tions that mix {Af} and dynamical variables {a!} are
strictly prohibited. However, one may further give full
dynamics to the background gauge fields {A!}, which
leads to the mapping from SEGs to GT* as shown in
Fig. 1. In other words, the symmetry twist now becomes
dynamical [75]. As a result, arbitrary basis transforma-
tions now can be applied. It is legitimate to mix gauge
fluxes and symmetry fluxes together to form a flux of a
new gauge variable.

A. SEG(Zs,7Z5)

Let us consider SEG(Zs,Z2) in Table I with K =
2. The associated dynamical gauge theory of b,a, A, B
(here, b = b',a = a' for this single layer case) can be
written as:

S:%/(B b)(? (2)>/\d(21>, (40)

where the two-form gauge field B is introduced to relax
the holonomy of A to U(1)-valued in the path integral
measure. According to Eq. (2), one can apply the follow-
ing two unimodular matrices to send the above theory to



its canonical form:
1 -1 10
w(l 2),Q<2 1), (a1)
20\ r (10
w(is)er = (o) @

which directly indicates that the resulting new gauge the-
ory GT* after giving full dynamics to the background
gauge field is Z4 gauge theory (Fig. 3).

Likewise, for Table II, the level matrix of the BF term
is given by:

(43)

O O N
o= O
N = O

in the basis of (b!,b%, B) and (a',a?, A). It can be diago-
nalized by using the following two unimodular matrices:

0 100
W= 0], Q=101 0], (44)
0 1
0
1
0

SO OO
N~ O OO

2 200
W0 Q'=(o10]. (45)
0 002
As a result, the new 1-form gauge variables are given by
the vector (a', a2, A)T where,

al=a',a®=a>-A,A=A. (46)

From the canonical form (45), it is clear that the re-
sulting theory after giving full dynamics to the back-
ground gauge field is Zo x Zo gauge theory. But we
should also examine how topological interaction terms
transform. Since the second layer in the new basis is a
trivial layer (level-1), we may neglect all topological in-
teraction terms that include a2. Keeping this in mind,
After the basis transformations, the topological interac-
tion terms [ %La' Aa? Ada® + [ 5a* Aa' Adal are
transformed to:

%&IAA/\d/X*/%A/\&l/\ddl. (47)
Therefore, we reach the following conclusions. The re-
sulting theory starting from SEG labeled by (0,0) in Ta-
ble Il is “untwisted” Zg x Zy gauge theory. The remaining
SEGs lead to twisted Zy X Zo gauge theory after giving
dynamics to the background gauge field (Fig. 3), which
is also derived in [69] from a different point of view.

B. SEG(Z»,7Zs)

For SEGs in Table I, GT™ is always Zsx gauge theory
which are “untwisted”. For SEGs in Table II, for even
K, GT"s are Zo x Zx gauge theories which have one
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Gg = Z2 X Z2
GT . untwisted twisted  twisted twisted
. ZQXZQ Lo X Lo ZQXZQ

ZQ X ZQ
SEG . SEGI SEG2 SEG; SEG4 ......

SET, SET, SETs -

SET :
GI*: GT} GT; GT3 oo
Gy Zo X Ty Lo X Ly X Ty

FIG. 5. A skeleton of the web of gauge theories for SEG(Z2 x
Z2,72).

untwisted version and three twisted versions, in a similar
manner to K = 2 discussed above. But for odd K, the
resulting theory GT* is still Zox gauge theory since the
two groups are isomorphic: Zo X Zyi = Zox when K €
Zoqa- For example, for K = 3:

CHEEY-0D.

Therefore, for odd K, the resulting gauge theory is the
same as that in Table I. In other words, after giving full
dynamics to the background gauge field A, there is only
one output: a Zog gauge theory (Fig. 3). From this sim-
ple case, we see there is an interesting pattern of many-
to-one correspondence between SEGs and GT™s.

C. SEG(ZQ X ZQ,ZQ)

For SEG(Zy X Z2,Zs), all SEGs are collected in Ta-
ble III. Before imposing symmetry, there are already four
distinct gauge theories. Therefore, the resulting web of
gauge theories is much more complex. A rough skeleton
is shown in Fig. 5 where the resulting GT* theories can
be regrouped into two gauge groups Gy, = Zz x Zy and
GYo = Lo X Ly X Ly. The first gauge group arises from the
first and second subtables of Table III while the second
gauge group arises from the third subtable of Table III.
More concretely, let us consider the BF term of the first
subtable after the background gauge field becomes fully
dynamical:

. 200 A
—/(B Bt [120]Ad|a], (19
2 00 2 a?

where the two-form gauge field B is introduced to relax
the holonomy of A to U(1)-valued in the path integral



measure. According to Eq. (2), one can apply the follow-
ing two unimodular matrices to send the above theory to
its canonical form:

1 -10 100
wW=|-12 0|, Q=(210]|, (50
0 0 1 001
200 100
wlt120]Q7=1040 (51)
002 002

which indicates that G;l = Zg X Z4. Likewise, we have
the following matrix calculation for the second subtable:

] 200 A
—/(Bble)OQO ndla ). (52
2 102 a?
and
010 010
W=|001|, Q=(-10 1], (53
102 2 0 -1
200 200
wlo20]Q'=1010 (54)
102 00 4

which still leads to Gy = Za X Zy.
For the third subtable, the BF term is given by:

2000 A
1 1 12 13 0200 al
%/(Bb ) [0 200 aaf%] . o)
1001 a3

where the 4 x 4 matrix can be diagonalized through:
-1
0
O )
0

0
0
1
0
0
0] o _
OQ_
1

[ el anll V]
SO NO RO OO
ONOO oo RO

As aresult, Gjy = Zo X Za X Zs.

VI. SUMMARY AND OUTLOOK

In this paper, we have studied the symmetry enrich-
ment through topological quantum field theory descrip-
tion of three-dimensional topological phases. All phases
constructed in this paper can be viewed as 3D gapped
quantum spin liquid candidates enriched by unbroken
spin symmetry G,. Using the 5-step general procedure
in Sec. II1C, we have efficiently constructed symmetry-
enriched gauge theories (SEG) with gauge group G, =
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Zn, X Zn, % --- and symmetry group Gy = Zg, X
Zg, X -+ as well as Gy = U(1) X Zg, X ---. The re-
lation between SEG and its parent gauge theory GT has
been shown. We have also shown how to physically di-
agnose the ground state properties of SEGs by investi-
gating charge-loop braidings (patterns of symmetry frac-
tionalization) and mixed multi-loop braiding statistics.
By means of these physical detections, one can obtain a
set of SET orders which represent the phase structures of
ground states of SEGs. It is generally possible that two
SEGs may give rise to the same SET order. Finally, by
providing full dynamics to the background gauge fields
[75], the resulting new gauge theories GT*s can be ob-
tained and have been studied, all of which are summa-
rized in a web of gauge theories (Fig. 1). Throughout
the paper, many concrete examples have been studied
in details. From those examples, we have seen that the
general procedure provided in this paper is doable and
efficient for the practical purpose of understanding 3D
SET physics.

We highlight some questions for future studies. (i)
Lattice models of SEGs. Dijkgraaf-Witten models [73]
and string-net models [84] have been well studied. It
is interesting to impose global symmetry (e.g., on-site
finite unitary group) on these models in 3D. Then, lat-
tice models can be regarded as an ultra-violet definition
of SEGs. Some progress on 2D SETs has been made in
Ref. [44, 45]. (ii) Material search and the experimen-
tal fingerprint of the mixed three-loop braiding statis-
tics. There are several possible experimental realizations
of Zy spin liquids, such as the so-called Kitaev spin lig-
uid state in the lattices in 8- and -LizIrO3 [85-91]. By
further considering the unbroken Z, Ising symmetry, the
resulting ground state should exhibit SET orders. As we
studied in the paper, the features of these SETs are pat-
terns of symmetry fractionalization and mixed three-loop
braiding statistics. It is thus of interest to theoretically
propose an experimental fingerprint, especially, for the
three-loop braiding statistics. (iii) Anomalous SEGs. In
our construction, by anomaly, we mean that global sym-
metry and gauge invariance cannot be compatible with
each other. If both are preserved, the resulting SEG is
anomaly-free as what we have calculated. As mentioned
in Sec. ITI B, the entries with “N/A” in Table IIT means
that there do not exist SEG descendants for the twisted
gauge theory (with both nonzero ¢ and g) in the symme-
try assignment (the first and second subtables) such that
both global symmetry and gauge invariance are preserved
simultaneously. In other words, either symmetry is bro-
ken or gauge invariance is violated. For the case in which
symmetry is preserved but gauge invariance is violated,
we conjecture it can be realized on the boundary of cer-
tain (441)D systems. More careful studies in the future
along anomaly will be meaningful. (iv) GT"s originated
from SEGs with U(1) symmetry. In Sec. IITC and Ap-
pendix, some examples of SEGs with U(1) symmetry are
studied. After U(1) symmetry group becomes a dynam-
ical gauge group, the resulting theory GT* should admit



a mixed phenomenon generated by mixture of discrete
gauge group and U(1) gauge group. It will be interesting
to study the properties of such a type of gauge theory
and eventually build the web (i.e., Fig. 1) of gauge the-
ories for these cases. (v) SEGs with Charles symmetry
[70]. Charles symmetry, which was introduced in [70], is
a 3D analog of 2D anyonic (topological) symmetry. A
simple example is Z3 gauge theory where quasiparticle is
permuted to its antiparticle while quasi-loop is permuted
to its antiloop. And there is one species of defect-charge-
loop composites. This is just one gauge theory by giving
a gauge group and a Charles symmetry group. It will
be interesting to investigate the possibility that there are
more than one gauge theories enriched by Charles.
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the complete classification based on the current working
assumptions, which will be leaved to future work.

As a side note, there are only two linearly independent
three-layer topological interaction terms since a®a'da? is
ata?da® + a?a®da’ up to a total derivative.
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Appendix A: General calculation of gauge theories with global symmetry
1. Gy =12Zn, X Zn, X Zn, With no symmetry

In this part, we present several details about G, = Zn, X Zn, X Zn, and G, = Zg, X Zg, X Zk,. Each layer
carries a unique symmetry charge. This case is relevant to those SEGs even with only one gauge group but with two
symmetry subgroups (via, e.g., setting No = N3 = 1 and K; = 1). Most of derivations are similar to the previous
cases except some subtle differences in the shift operations. The gauge theory before imposing the global symmetry
is given by:

3 . -
N
S = s bI/\daI—i—iL a' Aa® Adadd. Al
)
T

7T
I=1
The action is invariant under the following gauge transformations parametrized by scalars {x’} and vectors {V1}:

al — o’ +adx’, (A2)

I I 14 RN
b — b +dV S NIE A da® (A3)
Let us investigate the integral % f e db!. Under the above modified gauge transformations (A3), the integral will be
changed by the amount below (for I =1, M3 = M! x M? is considered):

1 1 q
— db? — d da® dbt — 27l x 2ml A4
2T M3 _)27'( M3 47T2N1 /51 X /M2 “ /M3 47T2N1 X AmE X Amt ( )

where ¢, ¢’ € Z, and, the Dirac quantization condition (4) and homotopy mapping condition (11) are applied. In
order to be consistent with the Dirac quantization condition (3), the change amount must be integral, namely, § must
be divisible by Nj. Similarly, ¢ is also divisible by N5 due to:

1 1 g 1 g
— db* —— db* / d 1/ d 3:7/ db* 2ml’ x 2l A5
or oo @ o foo @ T aeN, Jo ™ Y T o o @ T dme, T T (45)
where ¢, 0" € Z. Hence, § = ijvlljzw k € Z. Below, we want to show that k has a periodicity Niosz (i.e., GCD of
Ni, No, N3) and thereby ¢ is compactified: § ~ g+ 1\/1237]\1211\[2 Let us consider the following redundancy due to shift
operations:
1 No K, /
— [ db' —— [ ab! ? Nda® A
o “on TNy, ) (46)
1 1 N Ky
— [ av? — [ dv* — / YA da? A7
/ 2 / 472 Nyz ¢ “ (A7)
N1 N> K /
— [ av® db® + da' A a* + a' A da? A
/ —ro- / 4W2N3N12 (da” Na®+a* ANda®), (A8)

Again, in order to be consistent with Dirac quantization (3), the change amount of the mtegral f S db! should be
integral, namely:

Ny K 2 3
Ad Z A10
47T2N12 /Msa @€ ’ ( )

N1 K, 1 3
A d Z All
47T2N12 /M3a a e ’ ( )

NN, K / 1, 2,1 2
_— d d Z. A12
12NN M3( a* Na®+a Nda®) € (A12)

We may apply the Dirac quantization condition (4) and the quantized Wilson loop % f Ml a’ € Z that is obtained
via equations of motion of b’. As a result, three constraints are achieved: K /N3 € Z, K3/N13 € Z, K3/N3 € Z. In



19

deriving the result for K35, Bezout’s lemma is applied. By using Bezout’s lemma again, the minimal periodicity of k
is given by GCD of Ni5 and N3, which is Nis3. As a result, we obtain the conditions on ¢ if symmetry is not taken
into consideration.

Nia3 N1 Ny

NN
L2 mod B2 ke Ty (A13)

-1
1 N2 Nig

2. Gg = ZNl X ZN2 X ZN3 with Gs = ZKl X ZK2 X ZK;;

To impose the symmetry, we add the following coupling term in the action (Al):

3 .
> / AP AdD (A14)
- 21

The change amounts of the integral % fMig db! in Egs. (A4, A5, A6, A7, A8) should not only be integral [in order
to be consistent with the Dirac quantization condition (3)] but also be multiple of K; such that the coupling term
(A14) is gauge invariant modular 27. More quantitatively, with symmetry taken into account, from Eqs. (A4, A5),
we may obtain the quantization of ¢: ¢ = % with k£ € Z such that the change amounts are multiple of
K;. Then, with these new quantized values, the shift operations (A6, A7, A8) are changed to:

1 1 ~ Ny K f
— [ at —— [+ K 20102 / 2 A da? Al
27r/ sz/ TR GeD (MK, oK) | N (AL5)
1 1 ~ N K K

— [ a? —— [ d? - K 11002 /1 da® Al
27r/ 27r/ 21 GOD (N Ky, NoKy) | @ /M (A16)
1 1 ~ NiNo KL K

— [ d —— [ d® + K. LR Rt S ~/d1/\2 YA da?). Al7
27r/ 27r/ S N, GCD(N Ky, NaK) (da” A a”+a N da) (A7)

After the integration over M3, the change amounts should be quantized at K; in Eq. (A15), K5 in Eq. (A16), and K3

in Eq. (A17). We may apply the Dirac quantization condition (4) and the quantized Wilson loop Néw L[ Ml al € Z

that is obtained via equations of motion of b{ in the presence of Af background. As a result, three necessary

and sufficient constraints are achieved: GCD(NII% MRy € Z, GCD(N1}§(21 MRy € Z, Nf}"% € Z. By using Bezout’s
lemma, the minimal periodicity of & is given by GCD of GCD(N; K7, NoK5), GCD(N; K1, N2 K5), and N3 K3, which

is GCD(N1 K1, No Ky, N3K3). As a result, once symmetry is imposed, ¢ is changed from Eq. (A13) to:

o NNKiKy o NiNoKG Ky GOD(Ni Ky, Na K, NyK)
=" GCD(N K, NoK») GCD(N, K1, NoK»)

, with k € Zaop(v, K1, NoKa NaKs)  (A18)

which gives GCD(N1K17N2K27N3K3) SEGs. Since GCD(NlKl,NQKQ,Nz;Kg) 2 GCD(Nl,NQ,Nz;), the allowed
values of ¢ are enriched by symmetry.

3. Gg = ZNl X ZN2 X ZNg with Gs = ZKl X ZK2 X U(l)

In this part, we consider U(1) symmetry. We consider the following symmetry assignment and add it in the action
(A1):

.2
1 . .
— AT Adb + AV A db® Al
o ; / Adb + A (A19)
where the U(1) Wilson loop

/ Ay €R (A20)
Sl

meaning that the U(1) Wilson loop can be any real value. Under the gauge transformation (A3), the change amounts
of the integral % fMS db! in Eqgs. (A4, A5) should be multiple of K; or Ky such that the coupling terms (A19) is



20

gauge invariant modular 27. More quantitatively, with symmetry taken into account, from Eqs. (A4, A5), we may

obtain the quantization of ¢: § = % with k € Z such that the change amounts are multiple of K;. To

remove the redundancy in the possible value of g, we do the shift operations as that from (A15) to (A17). Similarly
to the case above, after the integration over M2, the change amounts should be quantized at K; in Eq. (A15), K>

in Eq. (A16), and zero in Eq. (A17) due to the fact that the U(1) Wilson loop can be any real value. As a result,

. . . . Kl Kg 7 — 3
three necessary and sufficient constraints are achieved: GOD(M KNGS © Z, GOD(V, BN K) € Z, K3 = 0. By using

Bezout’s lemma, the minimal period of k is GCD(N; K1, N2 K>), i.e.

7 NN K1 Ko
- "GCD(N; K1, NoK>)

(j mod ]\/&]\72]:(1]:(27 with k € ZGCD(NlKl,Nng) (A21)

which gives GCD(N; K1, NoK5) SEGs.

4. G, =1y, x Ly, with G, = Zx x U(1)-(I)
Here we consider the symmetry assignment and add it in the action (8):
2i / A A dbt + ATV A @b (A22)
i

which indicates that the first layer carries the discrete symmetry Zy while the second layer carries U(1). To determine
the possible values of ¢ in the presence of this global symmetry, We observe that the change amounts of the integral
% f v db' in Eq. (12) should be multiple of K such that the first coupling term in Eq. (A22) is gauge invariant
modular 27. But the key observation is that the U(1) Wilson loop (A20) is any real value, therefore, to keep the
second coupling term in Eq. (A22) gauge invariant, the change amount - [ M3 db? in Eq. (13) should be strictly zero,
which would be only the case that ¢ = 0. Similarly, § = 0. Therefore, SEG only happens when ¢ = § = 0.

5. Gg =17Zn, X Zn, with G5 =Zg x U(1)-(IT)

In this part, we consider the whole symmetry group G at the same layer and add the following part in the action
(8) where we first set ¢ = 0:

QL / AK A dbt + AV A dbt (A23)
7

Similar to the case that the symmetry subgroup are assigned at different layers, in order to keep to the second term
in (A23) gauge invariant, the change amount of the integral idb1 should be strictly zero. Therefore, ¢ = 0. For the
similar reason, ¢ = 0. This symmetry assignment also only happens when ¢ = g = 0.

Appendix B: Several examples
1. SEG(ZQ X Z4,Zg)

In the main text, we illustrate the example of Zs X Zy gauge with Zs symmetry. Here, we calculate another
example: Gy = Zo X Zy4 with G5 = Zy. Before imposing symmetry, there are 4 gauge theories in total, denoted
by (g,7):(0,0),(0,4),(4,0) and (4,4). In the first subtable of Table S5, the symmetry Z. is assigned at the first layer
where the Z, gauge subgroup lives. From this table, it is clear that both ¢ and ¢ have four choices, resulting in 42
SEGs. Among these four choices of, say, ¢, we may further regroup them into two groups: {0 mod 16, 8 mod 16} and
{4 mod 16, 12 mod 16}. The two choices in the former group are SEG descendants of GT with ¢ = 0 mod 8 before
imposing symmetry. The two choices in the latter group are SEG descendants of GT with ¢ = 4 mod 8 before imposing
symmetry. In this sense, this table is sharply different from the first subtable of Table III where some entries are
marked by “N/A”.

In the second subtable of Table S5, the symmetry is assigned at the second layer where the Z, gauge subgroup
lives. The results are similar to the second table of Table III, where some entries are marked by “N/A”. Totally, there
are 22 SEGs.
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TABLE S5. SEG(Zs X Z4, Zs).

Gauge Symmetry Gauge Symmetry
Symmetry [ AA Symmetry _ Z,
assignment I . assignment _ 7. 7
7)
q/4n%ata’da® q/4n*ata*da® q/4n%ara’da® G/4n%ata’da®
GT Omod 8 | 4mod 8 | 0 mod 8 | 4 mod 8 GT 0 mod 8 {4 mod 8| 0 mod 8 |4 mod 8
SEG 0 mod 16| 4 mod 16 |0 mod 16| 4 mod 16 42 SEG 0 mod 16/ N/A [0 mod 16| N/A 92
8 mod 16|12 mod 16|8 mod 16|12 mod 16 8 mod 16 8 mod 16
Gauge Symmetry
assignment — Z ”
GT ala’da’® a®alda’ ala®da®[a’atdat [ a2ada® [a®a’da’ [ata®da® [ a?adal
0 mod 8| 4 mod8 |0 mod 8|4 mod 8|0 mod 2|0 mod 2{0 mod 4|0 mod 4|0 mod 4|0 mod 4
0 mod 4|0 mod 4|0 mod 8|0 mod 8|0 mod 8|0 mod 8
SEG 0 mod 84 mod 80 mod 84 mod 8, 415 1116d 4|4 mod 8|4 mod 8|4 mod 84 mod 8 28

In the third subtable of Table S5, the symmetry is assigned at the third layer where there is no gauge group.
This symmetry assignment induces some new nonvanishing topological interactions involving the third layer. There
are in total 8 kinds of topological interactions [83]. Each topological interaction contains two choices of coefficients,
rendering 2% SEGs.

2. SEG(Z2,Z2 x Zs)

In this part, we consider SEGs whose symmetry group contains more than one cyclic subgroup. In this case, a lot
of new ways of symmetry assignment exist. Specifically, we consider a relatively simple example: Zo gauge theory
with Zo X Zo symmetry. In order to differentiate the two subgroups from each other, we introduce superscripts:
G, =178 x75.

In Table S6, the two symmetry subgroups are assigned to the first and second layer, respectively. Before imposing
symmetry, the coefficients ¢, g can only take value 0 mod 2, so all topological interaction terms identically vanish.
This is exactly the fact that there is only one Zy gauge theory. After imposing symmetry, however, the periods of
both ¢, are enlarged from 2 to 8. Within one period, they can take either 0 or 4, resulting in 22 different SEGs.
Another 22 SEGs can be obtained by simply exchanging the subscripts a, b.

TABLE S6. SEG (Z2,Z2 X Z2). The superscripts a and b are added to distinguish the two Za subgroups. The two symmetry
subgroups are carried by the two layers respectively. There are two independent ways of symmetry assignment obtained by
exchanging the auxiliary superscripts a <— b.

Gauge Symmetry

Symmetry | [ NS 7. Z:
westenment | !
ZZ

cT q/4r?a’a®da”|G/4n*a”a  da’

0 mod 2 0 mod 2

0 mod 8 0 mod 8 22
SEG 4 mod 8 4 mod 8

In Table S7, we assign the two symmetry subgroups at the second and third layer, both of which are trivial layers.
In this case, as there are three layers, we need to consider 8 different topological interactions as collected in the table.
As explained also in the main text, there are only two linearly independent three-layer topological interaction terms
since a®atda® is ata®da® + a?a®da’ up to a total derivative. Again, before imposing symmetry, coefficients of any
kinds of topological terms identically vanish. After symmetry is considered, it turns out that these 8 topological
interactions generate 28 different SEGs. In addition, in Table S8, two ways to assign the two symmetry subgroups in
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TABLE S7. SEG (Z2,Z2 x Z2) The superscripts a and b are added to distinguish the two Z2 subgroups. The gauge group is
carried by the first layer, while the two symmetry subgroups by the second and third layers respectively.

Gauge Symmetry
I .
Symmetry .
assignment _ Z,
] A
GT ata?da®[a?atda Tata®da® [a3alda’ [ a?a’da’® [ a®a?da® [ala?da® [ aZa®da’
0 mod 2|0 mod 2|0 mod 2|0 mod 2{0 mod 2|0 mod 2|0 mod 2|0 mod 2
SEG 0 mod 4|0 mod 4|0 mod 4|0 mod 4|0 mod 4|0 mod 4|0 mod 4|0 mod 4
2 mod 4|2 mod 4|2 mod 4|2 mod 4|2 mod 4|2 mod 4|2 mod 4|2 mod 428

TABLE S8. SEG (Za2,Z2 X Z2) Gs = Za X Zs is carried entirely by either the first layer (the first subtable) or the second layer
(the second subtable).

Gauge Symmetry Gauge Symmetry
Symmetry | [N 7. 7.~z Symmetry | [ N Z.
assignment _ assignment _ Z,x Z,
GT q/47%a*a?da®|G/4n a*a’ da’ GT q/4r”a’a’da”|q/4n*a”a’ da’
0 mod 2 0 mod 2 0 mod 2 0 mod 2
SEG 0 mod 4 0 mod 4 1 SEG 0 mod 4 0 mod 4 27
2 mod 4 2 mod 4

the same layer are considered. In the first subtable, there is only one SEG. But in the second subtable, the calculation
shows that there are 22 SEGs.

3. SEG(Zn,U(1))

To impose the U(1) symmetry to the Zy gauge theory, there are two ways, i.e. two symmetry assignments. The
first one is to assign the symmetry at the same layer as that where Zy gauge lives. For this symmetry assignment, it
is equivalent to SET N3 = N,Ny = 1,K =1 in the Appendix A 4, so there is only one SEG(Zy, U(1)). The other way
is to assign it at another layer whose BF term is level-one, which is equivalent to SET N; = N,Ny = 1,K =1 in the
Appendix A5, so there is also only one SEG(Zy, U(1)).

4. SEG(ZN,ZK X U(l))

For the Zy gauge enriched by Zx x U(1) symmetry, there are five symmetry assignments in Table S9. Four of them
only involve two layers which all have only one SEG. The fifth symmetry assignment gives rise to [GCD(N, K)]?. As
we would see below, two roots of [GCD(N, K)]? come from the stacking of SEG(Zy, Zx ) and a direct product state
with U(1) symmetry (n.b., U(1) SPTin 3D is always trivial). The third root comes from the nontrivial interaction
a'a®da® which correlates all layers together. Note that since the layers where the symmetry are assigned are level-one,
exchanging the Zy and U(1) symmetry does not lead to anything new.

TABLE S9. The five symmetry assignments of Zy Gauge with Zx x U(1) symmetry and the number of corresponding SEG.

I II 111 I\% \%
Gauge Symmetry Gauge Symmetry Gauge Symmetry Gauge Symmetry Gauge Symmetry
Symmetry | NS 2. z | 2. v« | 2. . . oo | .
Assignment | [N v | [N ze | o0 | B
—
SEG 1 1 1 1 [GCD(N, K))?
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We main focus on the symmetry assignment V in Table S9. As there are three layers that we have to take into
account, there are in total 8 aada type topological interaction terms. To count the total number of SEGs in this
symmetry assignment, we have to determine the period of of the coefficients of these eight topological interaction
terms. Below we consider each of them separately because each alone can determine a set of root SEG.

1. For topological interaction a'a?da® or a?a'da', the theory reduces to that of stacking SEG(Zy,Zx ) and U(1)
SPTin three dimensions. From the calculation in Appendix ITE by setting Ny = NN, =1, K; =1, Ky = K,
there are GCD(N, K) different root SEG(Zy,Zx )s from a'a?da® and another GCD(N K) root SEG(ZN,ZK)S
from a?a'da'. From Ref. [13] there is only one U(1) SPTin three dimensions. Therefore, there are
GCD(N, K) different SEG(ZN,ZK x U(1))s from the topological interaction a'a?da?® and another GCD(N7 K)
root SEG(Zy,Zx x U(1))s from a’ada’.

2. For topological interaction a'a3da® or a®a'da', the SEG(Zy, Zx x U(1)) reduces to the stacking of SEG(Zy, U(1))
and Zg SPTin three dimensions. From the result in Appendix B3 (when Zy and U(1) are not in the same
layer), we know that there is only one SEG(Zy, U(1)) and from Ref. [13], there is only one Zg SPT. Therefore,
there is only one root SEG(Zy,Zx x U(1)) from a'a3da® and also only one from a®a'da’.

3. For topological interaction a?a3da® or a®a?da?, the SEG(Zy,Zx x U(1)) reduces to the stacking of Zy gauge
theory and Zg x U(1) SPTin three dimension. It is known that there is only one Zy gauge theory and from
Ref. [13], there is only one Zg x U(1) SPT. Therefore, there is only one root SEG(Zy, Zx x U(1)) from a?a®da®
and also only one from a3a?da?.

4. For topological interaction a'a?da®, the symmetry assignment V is equivalent to SET N; = N,Ny = N3 = 1 and
K; =1,K5 = K in Appendix A 3. Therefore there are GCD(N, K) SEG(Zy,Zk x U(1))s in total. For another
three- 1ayer topological interaction a?a®da’, it is equivalent to exchange the layer index as 1 <— 3, 2 +— 1,
3 +— 2 in Appendix. A 3. Employing the similar procedure as those for a'a?da®, we find that the ¢ = 0, and
so there is only one SEG(Zy,Zgk x U(1)).

In summary, for symmetry assignment V, each of a'a3d®,a%a'da’,a?a®da?,a®ada® and a?a®da' contributes only one
root SEG(Zn, Zx xU(1)) and each of a'a?da?, a®a'da’ and a'a?da® contributes GCD(N, K) root SEG(Zy, Zx x U(1)),
so in total there are [GCD(N, K)]? SEG(Zy, Zxk x U(1))s for the symmetry assignment in Table S9.

5. SEG(ZNl X ZNQ,U(l))

Without U(1) symmetry, there are in total (N12)? Zy, X Zy, gauge theories, where Nyy is the greatest common
divisor of N7 and No. With the U(1) symmetry, there are three symmetry assignments, as shown in Table S10. For
the assignment I and II, it is equivalent to SET K =1 in Appendix A 4. so there is only one SEG whose parent gauge
theory is untwisted Zy, x Zy, gauge theory.

TABLE S10. The symmetry assignments of Zy, X Zn, gauge with U(1) symmetry and the numbers of corresponding gauge
theory and symmetry enriched gauge theory.

I II III

Gauge Symmetry

Gauge Symmetry Gauge Symmetry 7

Symmetry | [N 7., v | 7, —
assignment | [N . v, v | .

‘ e

SEG 1 1 (N12)®

For the assignment 111, the number of SEG(Zy, x Zy,, U(1)) is (N12)® compared to the (N12)? gauge theories. For
topological interaction a a2da or a’a'da', the root SEG(Zy, x Zn,, U(1)) are just stacking the Zy, x Zy, root gauge
theories and U(1) SPTin three dlmenblon We know that there are (N12)? Zy, X Zy, gauge theories and only one
U(1) SPTin three dimensions. Therefore there are Nip root SEG(Zy, X Zn,,U(1)) from ala?da® and another Njp
root SEG(Zy, x Zn,,U(1)) from a?a'dal.

For the choice of interaction ala®da?, aatdat, a’ada® or aa®da?®, there is only one SEG(Zy, x Zy,,U(1)) for all
cases.

For topological interaction a'a?da?, it is equivalent to SET N3 = K; = K5 = 1 in Appendix A 3, so there are N1,
SEG(ZN, X Zn,,U(1))s. But for a2a3da1, it is equivalent to exchange the layer index as 1 +— 3, 2 +— 1, 3 +— 2
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in Appendix A 3. Employing the similar procedure as those for a'a?da?®, we find that ¢ = 0 and so there is only one

In summary, for symmetry assignment III, each of a'a®d?,a3a'da',a?a3da3,a®a®da® and a?a®da' contributes only
one root SEG(Zy, x Zy,, U(1)) and each of a*a®da?, a®a*da and a'a®da® contributes Nia root SEG(Zy, X Zn,, U(1)),
so in total there are (N12)® SEG(Zy, x Zy,,U(1)) for the symmetry assignment I1I in Table S10.

Appendix C: Calculation of H*(Z2,Z2) = Z2 and H?(Z3,Z2) = 74

In this Appendix, we calculate the second group cohomology H?(Gs, G,) which describes topologically distinct pat-
terns of G symmetry fractionalization in the charge of G, (which is abelian) gauge field. Mathematically, H?(Gs, Gy)
is a set of equivalent classes of 2-cocycles wa (g1, g2), where g1, g2 € G and wa(g1, g2) are G4 valued. The 2-cocycles
are solutions of the 2-cocycle equations:

dwa (g1, g2, 93) = w2(92, 93)w5 (9192, 93)w2 (91, 9293 )w5 ' (91, g2)
~1. (C1)

If Gy = Zy , then wy(g1, g2) takes value £1. Two 2-cocycles w)(g1, g2) and wa(gi, g2) are equivalent if they differ by
a 2-coboundary wh(g1,g2) = wa(g1, 92)Q2(g1, g2), with

21(91)1(g2)
21(9192)
where Q(g) are G, variables. A 2-cocycle is said to be trivial if it is equivalent to wa(g1,g2) = 1 for all g1, g2 € Gs.
In the following we adopting the canonical gauge choice[1] such that wo(F, g) = wa(g, E) = 1. To ensure that this is
still the case after a gauge transformation, namely, to ensure wh(g, E) = wa(g, E)Qa2(g, E) = 1 still holds, O (F) =1
is required.
Now we calculate two simple examples H?(Zz, Z2) and H?(Z3,Zs) using above definition.
Cohomology H?(Zy,Zs). If G4 = Zy = {E,Q}, then there is only one 2-cocycle equation,

de(Qa Q7 Q) = (UQ(Q, Q)UJ;1<E, Q)w2<Qa E)ng(Qa Q) =1.

Since wa(F, Q) = w2(Q, E) = 1, above equation gives no constraint for the variable w(Q, Q). Since Gy = Za, w2 (Q, Q)
is a free Zy variable and can freely take values £1. On the other hand, the 2-coboundary

_ (@ (Q)
N (E)

D2(91,92) = (C2)

QZ(Q,Q) = 1

is trivial, so there is no gauge degrees of freedom under the canonical gauge condition. This means that ws(Q, Q) =1
and wy(Q, Q) = —1 stand for two different classes of 2-cocycles, which yields the result

H%:(Zo, Zy) = Zo.

Cohomology H?*(Z3,7:). If Gs = Z3 = {E, P, P?}, substituting g1, g2, g3 by P, P?, we obtain eight equations,
two of which are independent. The first two equations are

wa (P, P)wy ' (P?, P)wy(P, P*)w; ' (P, P) = 1,
wo (P, P*)wy (P2, P?)wy(P, E)wy ' (P, P) = 1.
We obtain,
wo (P, P?) = wy(P?, P),
wa(P, P)wo(P?, P%) = wy(P, P?).

If we let wo(P, P) = o, wa(P?, P?) = n, where o,n are G, = Zs variables, then wy(P, P?) = o).
On the other hand, from equation (C2), we obtain,

Qo (P, P) = ngjzg;gp) = O (P?),
Qo (P, P?) = Qy(P%, P) = Q1 (P)Q(P?),
Q2(p2’p2) = w =Q(P).

0 (P)



If we chose Q;(P?) = o, Q;(P) = 1, then we obtain a new 2-cocyle
wy (g1, 92) = walg1,92)Q(g1,92) = 1
for all g1, g2 € Z3. Thus we have shown that these 2-cocyles are trivial, namely,

H2:(Z3,Zs) = 7.
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