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Using the duality between seemingly different (2 + 1)d conformal field theories (CFT) proposed
recently Ref. 1-10, we study a series of (2 4 1)d stable self-dual interacting CFTs. These CFTs
can be realized (for instance) on the boundary of the 3d bosonic topological insulator protected
by U(1) and time-reversal symmetry (7), and they remain stable as long as these symmetries are
preserved. When realized as a boundary system, these CFTs can be driven into anomalous fractional
quantum Hall states once 7 is broken. We demonstrate that the newly proposed dualities allow
us to study these CFTs quantitatively through a controlled calculation, without relying on a large
flavor number of matter fields. We also propose a numerical test for our results, which would provide
strong evidence for the originally proposed duality between Dirac fermion and QED! ®.

PACS numbers:

I. INTRODUCTION

Analytical studies on interacting (2 + 1)d conformal
field theories (CFT) usually rely on a large flavor num-
ber of matter fields, unless the theory has supersymme-
try. For instance, the (2 4+ 1)d quantum electrodynam-
ics (QED) with a large flavor number of massless Dirac
fermions is a stable CFT if all gauge-invariant fermion
bilinear operators are forbidden by symmetry. The usual
wisdom is that, this CFT can be studied reliably through
a 1/N expansion (N is the number of Dirac fermions),
as long as N is larger than some critical number. When
N is small, not only is the 1/N expansion no longer re-
liable, this CFT could be unstable against spontaneous
mass generation'!.

Recent studies on the bulk duality between gauged
topological insulators? ® have led to a conjectured duality
between a single noninteracting massless (2 + 1)d Dirac
fermion and a (2 + 1)d QED with one flavor (N = 1) of

massless Dirac fermion®?:

L= X0y —iAu)x
— . 1 7
& Yyu(0y —idau )y + e_2f*2”’ + Eewpaua,,flp. (1)

The Lagrangian in the second line above was also pro-
posed earlier as a dual description of the half-filled Lan-
dau level with a particle-hole symmetry!. The symbol
“+” stands for “dual to”. In this equation, a, is a dy-
namical noncompact U(1) gauge field, and A4, is an exter-
nal background U(1) gauge field. The “flux current” of a,,
is dual to the fermion current of x: Xy.x = ﬁewpavap-
In the context of topological insulator, the physical mean-
ing of this duality mapping is that, the 47 flux of a,,
which is bound with the strength-4 vortex of the “Fu-
Kane” superconductor!? of v, is the fermion y; and the
fermion v can also be viewed as the strength-4 vortex of
the Fu-Kane superconductor of .

The strongest interpretation of this duality is that, the
(24 1)d QED with N = 1 and weak coupling constant

e in the ultraviolet will flow to a strongly interacting
CFT in the infrared under renormalization group, and
this is the same CFT as a free Dirac fermion under dual-
ity transformation. Eq. (1) is the fermionic version of the
well-known boson-vortex duality'®!'#4, which states that
the O(2) Wilson-Fisher fixed point is dual to the Higgs
transition of the bosonic QED with N = 1 in (2 + 1)d.
Recently it was shown that Eq. (1) is one example of a
bigger “web” of dualities®1°.

This new duality sheds light on our understanding of
CFTs with a small flavor number of matter fields. Ref. 6
showed that the (2 + 1)d QED with N = 2 flavors is
self-dual. This is a fermionic version of the self-duality of
the easy-plane noncompact CP! model (a N = 2 bosonic
QED)' 17, The self-duality of the N = 2 QED was
also verified with different derivations®'0. Unlike the
previous case with NV = 1, there is no equivalent non-
interacting description of the (2 4+ 1)d QED with N = 2.
Recent numerical studies on the N = 2 QED indicates
that this theory could indeed be a scale-invariant CFT
in the infrared limit'® (although earlier study suggests a
spontaneous mass generation!'?). However, it is difficult
to study the N = 2 QED quantitatively using analyti-
cal methods because it is unclear whether the standard
1/N expansion actually provides useful information for
N =2.

In this paper we study a series of self-dual QEDs with
flavor number N = 2. The Lagrangian of these QED
reads

L = 1/;17#(8# —tka, —i2npB,,)Y1 + 1/_)2"y#(8# —da,)Ps

in

+ 2—;:6#”/)@#8”149 +oe (2)
We take the convention that v = o¥, 1 = 0%, 75 =
o”. Again, a, is a dynamical U(1) gauge field, while A4,
and B, are two external background U(1) gauge fields.
The fermion 1) carries gauge charge k of a,, and charge
2np of B,; the fermion 19 carries charge 1 of a,. Most
importantly, the 27r—flux of a, carries charge na of A4,,
hence it is a noncompact U(1) gauge field when n4 # 0.



The constants k, n4 and np in Eq. (2) depend on the
physical realization of the theory. In section III we will
show that the case with an odd integer k has a natural
realization as the boundary of a 3d bosonic SPT state,
more precisely it is the boundary of a bosonic topological
insulator with U(1) and time-reversal symmetry (7). In
this paper we will mostly focus on the case with odd
integer k. The case with even integer k will also be briefly
discussed in section III.

The theories in Eq. (2) parameterized by k are inter-
acting theories with no free theory dual. However, we
will show that the newly proposed dualities mentioned
above allow us to study this CFT quantitatively with a
1/k expansion. We will also design a feasible numerical
test for our results, which would provide strong evidence
for the original conjectured duality in Eq. 1.

II. SELF-DUAL CONFORMAL FIELD THEORY
A. The cases with k> 1

We now demonstrate that Eq. (2) is self-dual for ar-
bitrary odd integer k. Following the duality in Eq. (1),
Eq. (2) is dual to the following theory:

L = X17u(0p — ibu)X1 + X2V (9 — icu)x2
inB
4 27
In the derivation above we have used the duality map-
ping that the fermion current ;7,1 is mapped to
ﬁewpaubm and 2y,1)e = %ewpaycp. Integrating out
a, will impose the following constraint:

ey = —kb, —2n4A,. (4)
Thus the dual theory of Eq. (2) reads

L = X170, —ibu)x1 + X27Yu(0y — ikb, — i2n4A,) X2
in

+ Q—:EWPbuava- (5)
In the last equation above we have performed a particle-
hole transformation on the dual Dirac fermion y,. This
theory Eq. (5) takes exactly the same form as Eq. (2), ex-
cept that the gauge charges of the two flavors of fermions
are exchanged, and the roles of the two external gauge
fields A,, and B,, are also exchanged. (One potential sub-
tlety of the derivation above is the flux quantization of
the three dynamical gauge fields a,, b, and c,, which
will be clarified in the next section when we discuss the
physical construction of the theory.)

Besides the two U(1) global symmetries, we can also
impose discrete symmetries to exclude the Dirac fermion
mass terms. For example, we can define the time-reversal
transformation for +; and x;:

T: v — iayd);-, X; — i0Yx;. (6)

+ iﬁewpa#&,(kbp +cp+2na4,) + ——€upbu0, B, (3)

We can view the duality transformation as a Z, transfor-
mation, and the CFT under study also has this Z5 self-
dual symmetry. This is analogous to the “mirror sym-
metry” of the (2+1)d supersymmetric field theories?%:2!,
which also acts on the theories as a duality transforma-
tion.

We can rescale a,, and define a, = ka,. Then v,
carries charge 1 under a,, and )y carries charge 1/k.
Thus with large k, v is effectively decoupled from the
gauge field. Another way to understand this statement
is that, when £ > 1, the dressed propagator of a, is
at order of 1/k?, thus the effect of a, on 1, is strongly
suppressed with large k. For the same reason, with large
k, the dual fermion y; is effectively decoupled from the
dual gauge field.

The self-duality of Eq. (2) gives us very helpful quan-
titative information about the theory, at least for the
purpose of a 1/k expansion. For example, to compute
physical quantities to the first order of the 1/k expan-
sion, we need to know the gauge field propagator in the
large—k limit. In this limit, because 12 decouples from
the dynamical gauge field, in order to calculate the fully-
dressed a,, propagator one can ignore 2. Now the theory
reduces to a QED with V = 1, which is dual to a single
Dirac fermion x. The duality states that the dual fermion
current JX = XyuX = ﬁem,p&,d# = %ew,p&,a#. In this
limit the correlation function of JX can be computed ex-
actly because x decouples from any gauge field:

X R = 6l (60 - 222) . @

This implies that the full a,, propagator in the large—k
limit reads

a w Pubv
G = o (9 225 ). ®

We have taken the Landau gauge. The propagator of b,
in the large—k limit takes the same form.

There is a slightly different way of deriving the prop-
agator of a,: by varying with 4, on both Eq. (2) and
Eq. (5), we can conclude that 2y2y,Xx2 = #e#,,p&,ap.
Then varying b, leads to the constraint ky2v.x2 =
—X1YuX1- Since X1 decouples from the gauge field in
the large—k limit, the a, propagator can be computed
through the correlation of the fermion current y17v.x1,
and the result will be the same as Eq. (8).

According to Ref. 22,23, a (2 + 1)d CFT with a U(1)
global symmetry should have a universal conductivity.
Due to the last term of Eq. (2), a 2r—flux of a, car-
ries global U(1) charge na of the external gauge field
A,. Hence the global U(1) charge current of A, is
J;j‘ = S2€uwp0va,. We can use the propagator of a
to compute the universal conductivity of the global U(1)
charge transport:

_ = _ Pubv
(TA) JA(-p)) = Galp) (@W 1t ) ©)



where &4 is the universal conductivity. Comparing
Eq. (9) and Eq. (8) leads to the conclusion that with
large k the leading order universal conductivity is

_ 1A
GA= 35

For the same reason, the universal conductivity of the

(10)

current of B, is op = %

The self-duality also identifies local operators on the
two sides of the duality. For example we can identify
U)ll/)l d —)_(1)(1, 1/)2#)2 < —)_(QXQ. All these operators
are odd under time-reversal. This identification of op-
erators will be further clarified in section III. Using the
fully-dressed gauge field propagator, we can compute the
scaling dimension of these fermion mass operators at the
leading order of 1/k expansion:

Alatpe] = Alxixal =2 - % (11)

In the large—Fk limit, 1o and x; effectively decouple from
any gauge field, hence the scaling dimension of their mass
operators are exactly 2. The 1/k correction comes from
the fermion wave function renormalization and vertex
correction due to the coupling to the gauge field, like
the calculation in (for example) Ref. 24. Then due to the
self-duality of the theory, 1191 (X2X2) should have the
same scaling dimension as x1x1 (12¢2). When the time-
reversal symmetry is preserved, these mass operators are
all forbidden in the Lagrangian. But four-fermion inter-
action terms are still allowed. However, because the fully
dressed gauge field propagators of a, and b,, both acquire
a 1/k? suppression, when k is large enough, these four-
fermion operators are always irrelevant. Thus at least for
large enough k, Eq. (2) describes a stable (2 4+ 1)d CFT.

In Eq. (2), a 2r—flux of a, carries charge n4 of the
external gauge field A,. In the dual theory, the smallest
local gauge invariant operator that carries charge under
A, is (schematically) (x1)*x}. This operator should also
have space-time derivatives due to the fermi statistics of
x1- This operator carries charge 2n 4, and hence can be
viewed as the double-monopole operator of a,. It also
has a power-law correlation at this CF'T, but its scaling
dimension is proportional to k with large k.

B. The case with k=1

As was first discussed in Ref. 25, the case £ = 1 of
Eq. (2) has an enlarged O(4) global symmetry, if we
ignore the external gauge fields. Ref. 25 demonstrated
this O(4) global symmetry by deriving the low energy
effective field theory of the N = 2 QED with £ = 1,
and the gauge invariant degrees of freedom of this model
turns out to be a four component bosonic vector. This
O(4) symmetry becomes very natural knowing the self-
duality of the theory. First of all, when k£ = 1, each side
of the duality has a manifest SU(2) global flavor sym-
metry®®10 thus the symmetry of the system is at least

SO(4)~SU(2)xSU(2). The fermion 1; and dual fermion
X; carry representation (1/2,0) and (0,1/2) under the
SO(4), while the four component vector introduced in
Ref. 25 carries a vector representation of SO(4).

The Zs duality transformation is a symmetry that ex-
changes the two SU(2) groups. When the two SU(2)
subgroups are exchanged, an O(4) vector (ny,na, n3, ny)
becomes (—n1, —na, —n3,ng), hence the Z5 duality trans-
formation is an improper rotation of the four component
vector. Hence the full symmetry of the CFT (assuming
k =1 is indeed a stable CFT, as suggested by Ref. 18) is
0(4)=SO(4)x Z3, and time-reversal T.

A mass term Z?:l ma);1b; not only breaks 7, but also
breaks the Z duality symmetry, i.e. it breaks the O(4)
symmetry down to SO(4). This is because if we couple
the system to two external SU(2) gauge fields, the SO(4)
invariant mass term will generate different Chern-Simons
terms for the two external SU(2) gauge fields, so it breaks
the equivalence between the two SU(2) symmetries. In
the nonlinear sigma model derived in Eq. 25, this fermion

mass term corresponds to tuning the ©—term away from
O =nr.

The existence of an O(4) breaking but SO(4) invari-
ant mass term implies that, the QED with N = 2 is a
CFT without any O(4) invariant relevant perturbation,
but once one breaks the O(4) down to SO(4), there will
be a relevant perturbation (if we do not assume an ex-
tra 7). This is a signature of this CFT that one can
look for with various numerical methods, and it is funda-
mentally different from the ordinary O(4) Wilson-Fisher
fixed point®. At the ordinary 3d O(4) Wilson-Fisher
fixed point, there is one relevant O(4) invariant pertur-
bation, but weakly breaking the O(4) down to SO(4) does
not generate any new relevant perturbation.

The effect of the mass term Z?:l m1/_)j1/1j can be in-

ferred from Ref. 6. Ref. 6 constructed Eq. (2) with
k = 1 on the boundary of a 3d system, and showed
that the mass term Z?:l m1/7j1/)j generates level +1 and
—1 Chern-Simons terms for the two U(1) external gauge
fields, where the two U(1) symmetries are subgroups of
the SU(2) global symmetries. Formally the level+1 U(1)
Chern-Simons terms correspond to level£1/2 Chern-
Simons terms of the SU(2) gauge fields, where the half-
integer level is the sign of anomaly of the boundary of
a 3d SPT state, and the anomaly can be cancelled by
the bulk ©—term. If this theory is realized in a pure
2d system, then the external SU(2) gauge fields must re-
ceive at least another level+1/2 Chern-Simons terms to
cancel the anomaly. This is the physical meaning of the
“counterterms” introduced in Ref. 10. For example, if
we consider a thin film of the 3d system constructed in
Ref. 6, then this theory on one boundary can receive an-
other level+1/2 SU(2) Chern-Simons terms (or level+1
U(1) Chern-Simons terms) from the opposite boundary.



C. Entanglement Entropy

The entanglement entropy of a (2 4+ 1)d CFT across a
circle of radius R takes the general form

s=of_p (12)
€

where € is the short-distance cutoff. = The radius-
independent universal term F' must decrease under the
renormalization group flow?S (the F-theorem). Ref. 27
computed F for a series of (2 + 1)d CFT with a large
flavor number of matter fields, as F is related to the
correctly regularized free energy of the CFT on a three

dimensional sphere?®.

The F-theorem provides us a lower bound for the uni-
versal entanglement entropy F for the CFT in Eq. (2).
As will be discussed in section III, a Dirac fermion
mass term, which is a relevant perturbation according
to Eq. (11), will drive the CFT into a gapped topological
order with (k% +1)/2 different Abelian anyons (our phys-
ical construction in section III guarantees that k& be an
odd integer, thus (k% +1)/2 is also an odd integer). Such
Abelian topological order will have a topological entan-
glement entropy Fiopo = %log(%)”ﬁo. This implies
that F' of the CFT in Eq. (2) must satisfy

1 k*+1
> = )
F_210g( 5 ) (13)

It is also possible to find an upper bound for F', which
requires identifying a UV fixed point that can flow to
Eq. (2) through a relevant perturbation. Such candi-
date UV fixed point could be a supersymmetric version of
Eq. (2) (which was the strategy used in Ref. 31). This su-
persymmetric CFT presumably flows to Eq. (2) through
a supersymmetry breaking perturbation.

When k£ = 1, a different lower bound of F' can be
found. In section IIT we will see the mass term ma) 1, of
fermion 11 will drive the system into another CFT that is
conjectured to be dual to the 3d XY Wilson-Fisher fixed
point32:33, If this conjecture is correct, then it implies
that Fr—; must be no smaller than that of the 3d XY
Wilson-Fisher fixed point.

A direct calculation of F' seems to be more involved
than the case studied in Ref. 27. The reason is that,
after formally integrating out the fermions, the gauge
field a,, will acquire an effective Lagrangian, which can be
expanded as a polynomial of a,, whose schematic form
is Legs ~ >, cnla,)”, and ¢, ~ k™ with large k. In
Ref. 27, one can simply keep the quadratic term of the
polynomial as the leading order approximation, because
higher order terms are suppressed in the large— /N limit,
since the gauge field fluctuation is at the order of O(1/N).
But in our case, all the higher terms in the polynomial
will be at the same order in the large—F limit, thus one
cannot compute F' by truncating the polynomial.

D. Numerical Test

In the next section we will see that the field theory in
Eq. 2 can be realized at the boundary of a 3d bosonic
SPT state with U(1) and time-reversal symmetry. But if
we give up some of the symmetries, we can realize Eq. 2 in
a 2d system, which provides a feasible numerical test for
the analytical calculations in this section. The original
proposed duality Eq. 1 has not been confirmed quanti-
tatively yet. Our proposed numerical effort can provide
strong evidence for the duality in Eq. 1, because all of
our calculations were based on the assumption that the
two equations in Eq. 1 were dual to each other in the
infrared limit.

To get Eq. 2, we can define four flavors of fermions
on a lattice model: fi, f2, fy and f). These fermions
couple to a lattice U(1) gauge field with gauge charges
k,1,1,1 respectively. Then we design the following band
structure for all the fermions: f; forms a Chern insu-
lator with Chern number Cy = +1; f| forms a Chern
insulator with Chern number C| = —1, i.e. f;  forms
a quantum spin Hall insulator; then we tune f; to the
critical point between two insulators with Chern number
Ci1 =0 and C; = +1, and tune f5 to the critical point
between two states with Chern number Cy = — (k% —1)/2
and Cy = —(k*+41)/2. All the Chern-Simons terms of the
dynamical gauge field cancel out. And if we assume there
is a U(1) global symmetry associated with the conserva-

tion of §% = Y ( frfia—fhg l), then by design the
27 flux of the dynamical U(1) gauge field must carry a
conserved quantum number S* = 2, due to the quantum
spin Hall response.

We could just define a lattice model with a dynamical
U(1) gauge field coupled to the fermion band structure
described above. Another standard method to engineer
dynamical U(1) gauge field in condensed matter theory is
the Gutzwiller projected wave function3*3°. For exam-
ple, Ref. 36 used the Gutzwiller projected wave function
of fermionic spinons to engineer (24 1)d QED in a quan-
tum spin-1/2 system defined on a 2d Kagome lattice. In
Ref. 36 (and related works), a spin liquid wave function
with U(1) gauge field fluctuation is obtained by perform-
ing Gutzwiller projection on a mean field state of spinon
i and fi 0 [0) =P(fl fi0+ fL fi0 = 1DIME).

To be concrete, we can define our fermionic partons
mentioned above on (k? 4+ 1)/2 layers of honeycomb lat-
tice. Parton f, moves on all layers, and on each layer fo
has a band structure of the Haldane’s model of quantum
anomalous Hall effect®”, while all the other partons only
move on the first layer. Then the Gutzwiller projected
wave function we consider is given by

|W) = P(knj1 = nj2 +njt +nj ) |MF), (14)

where [MF) is the multi-critical state discussed above.
Here j labels the cluster of (k2 +1)/2 sites of the honey-
comb layers.

To compare with our analytical calculation, one can



tune the mean field state |MF) away from the multi-
critical point, into the insulating states. The tuning pa-
rameter is just the fermion mass operators in the field
theory. Assuming the fermion mass is m, then the corre-
lation length & of the system should scale with m as

é—Nm—l/(lﬂ'ﬁ), (15)
based on our 1/k expansion of the scaling dimension of
the fermion mass operators. This result can be directly
compared with numerical calculations proposed in the
previous paragraphs.

We would like to point out that directly simulating the
N =1 QED in Eq. 1 would be difficult, because on a 2d
lattice model there will always be another massive Dirac
fermion coupled to the dynamical U(1) gauge field, which
contributes another level—1/2 Chern-Simons term, and
changes the dynamics of the gauge field completely. One
can also try to design a numerical test for the more com-
plete version of the dual N = 1 QED discussed in Ref. 9,
but more gauge fields need to be involved which increase
the technical complexity. Thus our lattice construction
above provides the most feasible numerical test for the
original duality Eq. 1.

III. PHYSICAL REALIZATION

A. Bulk Construction

The theory Eq. (2) could have various physical realiza-
tions. Here we will construct a (341)d gapped bulk state
whose boundary is described by Eq. (2) with odd inte-
ger k. This construction of the bulk state follows similar
steps as Ref. 2,6.

(1) We start with a U(1) spin liquid in the 3d bulk
with a gapless photon a, and fermionic parton %,. Un-
der time-reversal symmetry, 1, transforms as 7 : ¢ —
io¥yT, namely the symmetry group of 1 is U(1), x T,
where U(1), is the gauge symmetry. The electric and
magnetic field of a,, are odd and even under time-reversal
respectively, which is opposite to the transformation of
the external U(1) gauge field A4,,.

(2) In order to construct Eq. (2) as the boundary the-
ory, we assume that the fermion v and the k—body
bound state of ¢ with odd integer k (we denote this
bound state as ¥*) both form a topological insulator
in the AIII class, at the mean field level, i.e. when the
gauge field fluctuations are ignored. Thus at the mean
field level, the most natural boundary state of the sys-
tem is two flavors of fermions with gauge charge 1 and
k respectively. A topological ©-term for a, is generated
if we integrate out the gapped partons, with the theta
angle © = (k? + 1)m. Due to the Witten’s effect of the
topological insulator®®, a 2r-monopole of a, will carry a
polarization gauge charge % = (k? + 1)/2, which is an
odd integer, as long as k is odd. In general, a dyonic exci-
tation in this spin liquid can be labelled as (g,m) where

q is the total gauge charge and m the monopole num-
ber. The Witten’s effect then implies ¢ = n + (%) m,

where n € Z is the number of partons 1 attached to the
dyon. Thus a 2r—monopole can be neutralized by bind-
ing with (k% +1)/2 holes of ). We label this neutralized
monopole as the (0, 1) monopole.

(3) In the bulk we condense the bound state of a
(0,1) monopole and a physical boson that carries no
gauge charge but one global U(1) charge®!, i.e. it carries
charge +1 under the external gauge field A,. This entire
bound state is a gauge neutral, time-reversal invariant,
and charge-1 boson. Following the notation in Ref. 2, we
can label all excitations in terms of their quantum num-
bers (¢, m,Q, M), where ¢ is the gauge charge under a,,
m is the monopole number of a,, @ is the global U(1)
symmetry charge, and M is the monopole number of the
external U(1) gauge field A,,. Under this notation, the
condensed bound state has quantum number (0, 1, 1,0).

(4) The condensate of the aforementioned bound state
(0,1,1,0) will confine all the excitations that have non-
trivial statistics with it, including the v fermions. But
this condensate does not break any global symmetry.
The global U(1) symmetry is still preserved because the
condensed bound state is also coupled to the dynamical
gauge field a,. The condensate does not have any gapless
Goldstone mode, which would be a signature of sponta-
neous continuous symmetry breaking. If we move a 27
Dirac monopole of A, into the bulk, to avoid confinement
caused by the condensate of the (0,1,1,0) bound state,
this A,, monopole will automatically pair with a fermion
1 to form a bound state with quantum number (1, 0,0, 1),
so it has trivial mutual statistics with the condensed
(0,1,1,0) bound state. This deconfined Dirac monopole
(1,0,0,1) is neutral under the global U(1) symmetry, but
it is a fermion. This neutral fermionic Dirac monopole
of the external gauge field A, is the characteristic statis-
tical Witten’s effect of the bosonic SPT state with U(1)
and time-reversal symmetry discussed in Ref. 39.

Following Ref. 2.6, we can derive the surface the-
ory of the system. We will skip most of the details
since they are straightforward generalizations of those
in Ref. 2,6, and just mention that since we condense the
bound state (0,1, 1,0) in the bulk, the surface must have
a %e#,,)\a#&,AA Chern-Simons term, i.e. ng = 1.

Our bulk construction indicates that ¥ can be viewed
as a k—body bound state of 15. Thus a highly irrelevant
interaction term ~ 1]¢% is allowed in Eq. (2) (this term
must also have space-time derivatives due to fermion
statistics, which renders this term even more irrelevant).
Thus in the IR limit the CFT described in Eq. (2) has an
emergent global U(1) symmetry in addition to the con-
servation of a,, flux: 1 and 1)y are conserved separately.
The emergent U(1) symmetry in this construction can
also be made an explicit U(1) symmetry on the lattice,
if we assume v; and 1 are two separately conserved
fermions. Also, a 2 monopole of a, carries half-integer
polarized fermion number of v); and 5 respectively, thus



the flux number of b, and ¢, in Eq. (3) (which are the
dual gauge fields of fermion currents of ¥ and ¥, respec-
tively) must sum to be a multiple of 47, while each can be
a multiple of 27. These conditions guarantee that Eq. (3)
is gauge invariant, and a,, b, in Eq. (2) and Eq. (5) both
allow 27 fluxes.

The construction for Eq. (2) with even integer k is
more involved. We need to assume the existence of an-
other gauge neutral fermion ¥, in addition to the gauged
fermion v in the 3d bulk. We assume v, and the bound
state of ¥* and ¥ both form an AIII topological insula-
tor. The 2mr—monopole of a, carries half-integer polar-
ization gauge charge. Then in order to confine the gauge
field a,, in the bulk, we need to condense the bound state
constructed with a gauge-neutralized 47 —monopole of a,,
and a physical electron. Now the boundary of the system
is described by Eq. (2) with even integer k and ng = 1/2.
Thus just like the case discussed in Ref. 2, this theory
only allows for fluxes of a, that are multiples of 4.

B. Anomalous Fractional Quantum Hall states

The mass terms for the fermions are allowed once the
time-reversal symmetry is broken, which drives Eq. (2)
and its dual Eq. (5) into topological orders with a nonzero
Hall conductivity. There appears to be four differ-
ent gauge invariant mass operators: miyii, mothatba,
mix1x1, mhXaxe, but they are not independent from
each other. After the masses are turned on, in general
the system is driven into a T-symmetry-breaking frac-
tional quantum Hall (FQH) phase.

We first compute the Hall conductance of this gapped
surface state. When my; > 0, mo > 0, formally the re-
sponse of the surface state to the external A, field is
described by the following field theory:

9 . .
L= %ﬁe#wa#&,aﬂ + éewpauauAp- (16)
In the dual side, when m} < 0, m}, < 0, the system is
described by

k241 4
L = _Tﬂeﬂw’b“ayb”
ki 24
%ew,pb#&,Ap - EG#UPA#&,AP. (17)

Both Eq. (16) and Eq. (17) give the same Hall conduc-
tivity
2

UH:]{jQ——H'

(18)

When my > 0, mg < 0 (or equivalently m} < 0 and
mb > 0), the response is also described by a CS theory
similar to Eq. (16) and Eq. (17):

k2 —1 4 1
92 Eeuupauauap + %ENVPaHaVAP' (19)

E:

The Hall conductivity of this state is

2
k2 -1

O — (20)

We notice that when £ = 1, the CS term of a, in
Eq. (19) vanishes, and this phase with m; > 0,ms < 0
become a superfluid phase with spontaneous U(1) sym-
metry breaking, or equivalently a gapless photon phase
in the dual picture. In this case, if we fix m; positive,
and change the sign of ms, this boundary system goes
through a transition from a quantum Hall state with
oy = 1 to a superfluid phase. This transition was con-
jectured to be dual to a 3d XY transition®*33, which as
we discussed in the previous section, has given us a lower
bound of F for the CFT with k = 1.

These fractional quantum Hall states are anomalous,
in the sense that they cannot be realized in a pure 2d
system with bosons. To see why this is the case, we
need to learn more about the topological order of these
anomalous FQH states. The most important fact one
needs to keep in mind is that the fundamental matter
field that couples to a, is a fermion. The Chern-Simons
term in Eq. (16) and (17) attaches a 375 a,-flux to the
fermion, so the topological twist (or the self statistics) of

this excitation is 7 = e = —e kélil. From the standard
flux attachment picture, we also know that the excitation
carries % charge of the global U(1) symmetry. Other
anyonic excitations of this FQH state can be constructed
by fusing multiples of this fundamental anyons together,
2

and there are in total kTil of them that form a Z241)/2
fusion group. We will label the anyon types by an integer
[n] (defined mod %), with the topological twist and
the fractional U(1) charge given by

it " 2min2 _ on
Tip) = €1 = (=1)"e 50, gy = 157

(21)

The statistics of these Abelian anyons are consistent with
the 2d topological order described by the SU(’“zﬁ),l
Chern-Simons theory.

Let us start from the state with masses m; > 0, mg >
0. To understand the anomaly on the surface, we imagine
adiabatically inserting a ® = (k?+1)m = % 27 flux of
the external U(1) gauge field 4, into the surface. Since
® is an integer multiple of 27, the adiabatic flux inser-
tion should create a local excitation of the system. Based
on the Hall conductance oy = %4—17 such a flux binds
@ = 1 charge of A, and therefore has a self statistics

PR/ — (—1)k22+1. For odd &, @ is also an odd in-
teger. So inserting ® flux creates a fermionic excitation.
On the other hand, the full braiding of this excitation
with an anyonic excitation with U(1) charge q(,,) = k&—il
in the system is just given by the Aharonov-Bohm phase
e'®m = 1. So what we have obtained is a fermionic ex-
citation that has trivial braiding statistics with all other
anyons, which is impossible in a 2d system of bosons.
But on the surface of a 3d system, this inconsistency is




precisely circumvented by the statistical Witten effect:
insertion of a 27 flux of A, can be thought of as passing
a charge-neutral 2w-monopole of A, through the surface,
which leaves behind an extra fermion on the surface3®.

This argument for anomaly does not lead to any direct
inconsistency for the m; > 0,m2 < 0 case since @
is an even integer, so a more elaborate argument is de-
manded. As we have explained, adiabatically inserting
a 27 flux of A, creates an excitation of the system. We
denote the anyon type of this excitation by [v]. One can
generalize the previous argument to show that in a pure
two-dimensional bosonic system, the following two rela-
tions must hold*0:4!:

M, ; = e*™l, (22)

7, = 'l = emion, (23)
where j denotes the anyon type [j]. M, ; is the mu-
tual braiding statistics between v and [j], and 6, is the
self-statistics angle of v. These relations allow one to
unambiguously determine v in a 2d bosonic system.

Now coming back to the surface FQH state. If we
assume that this surface FQH state can be realized in
a pure 2d bosonic system, then based on the data given
in Eq. (21) and the general relation Eq. (22), we can
determine v = [1]. Then Eq. (23) would imply that oy =
= + 1 + 2Z, which differ from Eq. (18) and Eq. (20)
by exactly 1 (mod 27Z). This difference/anomaly can be
amended by the ©®—term response in the bulk with © =
2742, Or equivalently, based on the Hall conductivity
Eq. (18) and Eq. (20), the v anyon we would derive in a
pure 2d bosonic system differs from the anyon type [1] in
our surface FQH state by one local fermion that comes
from the statistical Witten’s effect in the 3d bulk.

We can in fact construct explicitly 2D fractional quan-

tum Hall states with SU(%)_l topological order, and

OH = k2—11 + 1+ 2Z. In the following denote N = inl

We can write down an Abelian Chern-Simons theory:

Euu)\ &.HV)\

Lcs = ?(IJMKU&/GJ,\ + ?L‘JAM&/(IL\- (24)
Here a;,I = 1,2,...,N — 1 are dynamical U(1) gauge
fields, A standards for the external U(1) gauge field. K
is the following (N — 1) x (N — 1) integer matrix:

2 1 0 --- 0
1 -2 1 -+ 0
o 0o -~ 1 =2
which is just minus the Cartan matrix for SU(
also define the following charge vector:

N). We

We can compute the Hall conductance:
og =t K 't = 1 (27)
N .

One can further show that the charge fractionalization of
anyons agrees with the surface theory. Thus the anoma-
lous FQH surface state we obtained can be viewed as
stacking the non-anomalous 2D FQH state described by
Eq. (24) on top of the standard time-reversal-symmetry
breaking surface with oy = 13942 of the bosonic SPT
state.

Besides the statistical Witten’s effect, some of the
boundary FQH states are anomalous in a different way.
The FQH state with mq,ms > 0 is nonchiral because
the Hall conductance of A, and B, in Eq. 2 are oppo-
site. If we create a domain wall between two regions with
my,mo > 0 and m1, my < 0, at the domain wall the chi-
ral central charge is zero. However, if we want to realize
a topological order in 2d with the same fusion rule and
statistics as the anyons of the boundary FQH state with
mi,mg > 0, this 2d topological order is described by a

SU(%) Cherns-Simons field theory, whose bound-

ary has chiral central charge ¢ = —% mod 8, and one
can readily check that ¢ = 0 (mod 8) for k = +1 (mod 8),
and ¢ = 4 (mod 8) for k = +3 (mod 8). One can drive a
purely 2d boundary phase transition to increase the chi-
ral central charge ¢ by a multiple of 8 without changing
the topological order, due to the existence of a bosonic
state in 2d without any topological order (the so called
Eg state®®4)] but to change ¢ by 4 one needs to drive
a 3d bulk transition, or attaching the bulk to another
bosonic SPT state with time-reversal symmetry whose
boundary is “half’ of the Fg state??.

Similarly, when m; > 0 and mso < 0, one finds that the
surface state actually has chiral central charge ¢ = 1 (as-
suming k # 1), but the 2d realization of these anyon types

is the SU(%) ) Cherns-Simons field theory, which

hasc=1— % The difference between them is again

@ mod 8. So the states with k& = £3 (mod 8) have an-
other anomaly independent from the statistical Witten’s
effect, which can be amended by a bulk gravitational
O—term. A similar anomaly related to the chiral central
charge mismatch was discussed previously in Ref. 45.
The fact that the anomalous FQH state with m; > 0
and mo < 0 has chiral central charge ¢ = 1, can be
understood as the following. We first create a thin film
of the system, so the entire system is a true 2d state
without anomaly. On the top surface, we create a domain
wall with m; > 0, mo < 0 on the left, and m; < 0,
mg > 0 on the right; On the bottom surface, we create a
domain wall with m1, ms < 0 on the left, and my, mo > 0
on the right. Then for the entire 2d thin film, the left

side is described by the CS field theory SU(%)A X
SU(XL), ., and the right side is described by the CS
field theory SU(%)H XSU(%)_L The chiral central



charge on the domain wall is 2, which means that the
left side contributes a chiral central charge ¢ = 1. This
chiral central charge can only come from the anomalous
FQH state on the top surface, because from the previous
discussion we know that the anomalous FQH state on the
bottom surface is nonchiral.

IV. SUMMARY

In this paper we studied a series of self-dual (2 + 1)d
CFTs parameterized by an odd integer k. These CFTs
are stable for large enough k, i.e. there is no relevant
perturbation as long as certain symmetries (such as U(1),
time-reversal, etc.) are imposed. Unlike the usual cases
in (2+1)d, the stability of these CFTs under study do not
rely on supersymmetry or a large number of matter fields.
Our 1/k expansion calculation can be directly compared

with numerical simulation proposed in section I1D, which
would provide a strong evidence for the original duality
Eq. 2.

Some questions remain open, and deserve further
study. For example, a direct calculation of the entan-
glement entropy F' is still demanded. It would also be
interesting to search for other anomalous topological or-
ders adjacent to the CFT under study. Sometimes the
duality transformation of a theory can be enlarged to
SL(2, Z), as is the case for the (3 + 1)d supersymmetric
Yang-Mills theory*®47 and also some (2 + 1)d models
motivated from condensed matter systems*®. Searching
for a generalized version of our theory with an enlarged
duality group would be another interesting direction.
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