aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Advanced control of nonlinear beams with Pancharatnam-
Berry metasurfaces
M. Tymchenko, J. S. Gomez-Diaz, ]. Lee, N. Nookala, M. A. Belkin, and A. Alu
Phys. Rev. B 94, 214303 — Published 14 December 2016
DOI: 10.1103/PhysRevB.94.214303


http://dx.doi.org/10.1103/PhysRevB.94.214303

Advanced Control of Nonlinear Beams with Pancharatnam-Berry

Metasurfaces

M. Tymchenko,1 J.S. Gornez—Diaz,2 L. Lee,3 N. Nookala,1 M. A. Belkin,1 and A. Alu"*

' Department of Electrical & Computer Engineering, The University of Texas at Austin,

Austin, Texas 78712, USA

? Department of Electrical of Computer Engineering, University of California, Davis, California

95616, USA

3 School of Electrical of Computer Engineering, Ulsan National Institute for Science and

Technology, Ulsan 689-798, South Korea

*alu@mail.utexas.edu

The application of the Pancharatnam-Berry (PB) phase approach to the design of nonlinear
metasurfaces has recently enabled sub-diffractive phase control over the generated nonlinear
fields, embedding phased array features in ultrathin structures. Here, we rigorously model,
analyze, and design highly efficient nonlinear metasurfaces with advanced functionalities,
including the generation of pencil-beams steered in arbitrary directions in space, as well as
vortex beams with polarization-dependent angular momentum, and we extend the PB approach
to various nonlinear processes. To this purpose, we develop an accurate and efficient theoretical
framework — inspired by the linear phase array theory — based on the effective nonlinear
susceptibility method, thus avoiding the use of time-consuming numerical simulations. Our

findings allow exploiting the flat nonlinear optics paradigm, enabling exciting applications



based on subwavelength field control over flat and large-scale structures with giant nonlinear

responses.

PACS numbers: 78.67.Pt, 45.25.Gy, 42.65.-k, 78.67.De

I. INTRODUCTION

Nonlinear metasurfaces have recently provided record-high conversion efficiencies in nonlinear
processes and hold a great potential to revolutionize the field of nonlinear optics by replacing
bulk nonlinear crystals with flat structures of sub-um thicknesses [1-4]. Strong nonlinear
responses from such electrically small volumes requires light-matter interactions much stronger
than what is attainable in bulk crystals. This is where the field of plasmonics provides powerful
tools. The use of carefully engineered subwavelength plasmonic inclusions offers a flexible and
efficient way to engage strong fields in small volumes and boost the efficiency of nonlinear
processes, such as second-harmonic generation (SHG), to very large values[1,2,4-7]. In
addition, ultrathin metasurfaces significantly alleviate phase matching constraints, which are of
critical importance for efficient nonlinear processes [1,8]. Several attempts have been recently
pursued to apply phase control techniques, which have been originally developed in linear optics,
to nonlinear systems, aiming to provide a much-needed control over generated fields at
subwavelength scales [3,4,9-11]. Such nonlinear systems with wavefront engineering
capabilities are paving the way towards a new paradigm in nonlinear optics, based on which
advanced functionalities such as pencil beam steering, focusing, generation of vortex beams,
holographic imaging, etc., are realized using ultrathin nonlinear metasurfaces, eliminating the
need for bulky optical lenses and filters and mitigating the challenges associated with phase-

matching.



Recently, we introduced a novel platform for nonlinear metasurfaces, able to provide giant SHG
efficiencies and simultaneously manipulate the emerging wavefront at will [9,12]. Specifically,
we applied the Pancharatnam-Berry (PB) geometrical phase approach to nonlinear metasurfaces
consisting of engineered split-ring plasmonic resonators loaded with nonlinear multiquantum
wells (MQWs). The basic functionality of this approach consists in realizing metasurfaces
formed by polarization-sensitive elements with spatially varying orientation. Under circularly
polarized (CP) illumination, such elements generate local, nonlinear fields of equal magnitudes
and controlled phases of CP components (see Appendix A for a detailed discussion) [13—15].
Similar techniques are used in linear optics to realize beam steering [13,16,17], focusing and
defocusing of CP waves in reflection and transmission [15,16,18,19], polarization
transformations [20], as well as to produce elaborated phase profiles, such as for Airy [21-23]
and vortex beams [24-28]. In [9,12] we applied the geometrical phase approach to nonlinear
metasurfaces, adiabatically rotating subwavelength plasmonic resonators in order to tailor right-
handed and left-handed circularly polarized (RCP and LCP) second harmonic (SH) wavefront
profiles. Due to the lack of efficient methods to model nonlinear systems of large size and
complexity, our previous work applied this paradigm only to simple structures made of elements
rotated following a 1D phase gradient scheme. Yet, simulation of nonlinear metasurfaces
composed of just a dozen of unit-cells already requires tremendous computational resources and
cannot be performed on compact desktop computers. In order to circumvent this issue, in [9] we
introduced a semi-analytical technique able to approximate the far field response of those
nonlinear metasurfaces whose elements are rotated adiabatically along one direction, under the

assumption of normally impinging pump beams.



In this contribution, we propose, design and analyze 2D nonlinear PB metasurfaces able to
simultaneously provide high nonlinear conversion efficiency and advanced wave front shaping
functionalities. Some examples of such functionalities include steering nonlinear pencil beams in
arbitrary directions and the generation of vortex beams with different orbital angular momentum
for RCP and LCP components. We also extend these ideas to various nonlinear processes such as
SHG, third harmonic generation (THG), and sum-frequency generation (SFG), and we describe
how our wavefront tailoring approach can be applied to such processes. To this purpose, we
develop a general theoretical framework for modelling and predicting far-field radiation patterns
of large-scale 2D nonlinear PB metasurfaces operating both in reflection and transmission, and
illuminated at arbitrary directions. This framework is inspired to the linear phased array theory
for radio-frequency applications [29], but it is developed here in the realm of nonlinear
metasurfaces with wavefront shaping capabilities implemented using the PB phase approach.
Importantly, our technique relies on modeling the surface as an effective nonlinear susceptibility
tensor, and therefore it can be applied to metasurfaces composed of any material undergoing
arbitrary nonlinear processes. We do remark that generated fields significantly weaker than the
pump field(s) and other common assumptions underlying in the development of our theory, as
detailed below, are expected to be fulfilled in the common operation of these mtetsurfaces. In the
following, we show how using this framework one may easily design and analyze 1D and 2D
nonlinear metasurfaces, eliminating the need for extensive nonlinear numerical simulations and
focusing instead on the design of unit-cells with the highest possible nonlinear conversion

efficiency.

The rest of the paper is organized as follows: in Section II, we derive a general theoretical

framework to characterize the far-field response of nonlinear PB metasurfaces. We show how



this framework can be applied to metasurfaces aimed at second-, third-, and sum-frequency
generation, and discuss the assumptions and restrictions of our approach. In Section III, we
rigorously validate our theory by comparing it against full-wave numerical results obtained using
COMSOL [30]. For comparison purposes, we design and analyze a set of realistic SHG and
THG nonlinear metasurfaces with 1D gradient based on highly-efficient plasmonic resonators
printed on MQWs. In addition, we determine under which conditions our proposed theory is
accurate. Then, in Section IV we demonstrate advanced nonlinear PB metasurfaces with 2D
gradients made of hundreds of elements and able to simultaneously provide high conversion
efficiency and enhanced functionalities, such as shaping and steering nonlinear pencil-beams in

arbitrary directions and polarization-dependent vortex beam generation.

II. GENERAL THEORETICAL FRAMEWORK

In this section, we present a theoretical method to characterize the far-field response of ultrathin
metasurfaces composed of subwavelength unit-cells loaded with a nonlinear material.
Specifically, we introduce a nonlinear phased array framework based on an effective nonlinear
susceptibility model. In this approach, valid for conversion efficiencies below ~5-10% [1,31], the
collective far-field response of the nonlinear PB metasurface is analytically predicted from the
effective nonlinear susceptibility tensor of a single unit cell. This technique is first introduced

for SHG and then extended to other nonlinear processes.

Our main goal is to design and analyze nonlinear PB metasurfaces able to manipulate the
wavefront of the generated signal at will. For this purpose, the structure must fulfill several
requirements imposed by the PB phase approach [9] that we briefly list here. First, in order to

provide phase control of the generated nonlinear field, the unit-cells must be substantially



smaller than the wavelength of the pump and nonlinear signals of interest. This imposes certain
restrictions on the size and spacing between neighboring elements. Second, each cell must
contain a specifically designed polarization-sensitive Pancharatnam-Berry phase element (PB
element) that responds only to certain field polarizations at the fundamental or generated
harmonic frequency, or both. Third, the orientation of PB elements must change adiabatically, so
that each element is surrounded by alike neighbors. Fourth, these PB elements must be designed
in such a way that the cross-coupling between neighboring elements is minimized, so that they
can be rotated independently from each other without largely affecting their individual response.
Unlike phased arrays operating in the linear regime, the cross-coupling between nonlinear PB
elements may introduce large phase and amplitude corrections that are difficult to model
analytically. However, if the coupling between neighboring unit-cells is weak, such metasurfaces

become an ideal platform for tailoring the nonlinear wavefront in a straightforward fashion.

We begin our analysis by considering a 2D array of unit-cells located at r, =(x,,y,,0), where n
is the index number. Under the assumptions given above, we can describe their second-order
nonlinear response with an effective nonlinear susceptibility tensor %(r,;2m:®,®) (see
Appendix B and Refs. [1,31] for a detailed procedure), which relates the nonlinear polarization
density P’ induced in the n-th unit-cell averaged over its volume and oscillating at the SH

frequency 2@ with the impinging (pump) plane wave E“ oscillating at the fundamental

frequency (FF) w:

Pnzw = 80 5(:(2) (rn;za): a)a a)) . Ew(rn)Ew(rﬂ) ? (1)



where the colon denotes a double-dot dyadic product. We stress that the effective susceptibility
encapsulates all linear scattering effects and relates the average induced nonlinear polarization
density in every cell to the incident field. This technique assumes the generation of weak
nonlinear fields (compared to the pump), thus avoiding the need for solving the electromagnetic
problem self-consistently at both pump and generated frequencies. This is a valid assumption, as
typical efficiency levels achieved in the most efficient nonlinear metasurfaces reported to date

are below a few percent.

Following this approach, first, we compute the effective nonlinear susceptibility tensor %' in

Cartesian coordinates assuming close to normal incidence. Taking advantage of the weak cross-

coupling between adjacent cells and the fact that they differ from each other only by the PB
elements’ orientations ¥/, (see Fig. 1), the local effective susceptibility tensor of the n-th cell can

be obtained as

7)) =1"w,)=RW,) i :R(-¥,)R(-¥,), )
where R is a rotation matrix around the z-axis (see Fig. 1),

cosy —siny O
R(y)=|siny cosyy O0]. (3)

0 0 1
The SH electric field E*“(r) generated by the entire metasurface can be found as a sum of
radiation from independent effective dipole moments of each cell, d2*=V, P’ with V.

denoting the unit-cell volume,
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E*(r)= l;—zZé(r,rn) X bl (4)

0 n

where k, =2w/c with ¢ denoting the speed of light in free-space, and é(r,rﬂ) is a dyadic

Green’s function that takes into account the influence of the media surrounding the metasurface.
Without loss of generality, we assume here that the metasurfaces under study are suspended in

free space, allowing us to employ the well-known far-field free-space Green’s function,

ik, v
pad b= Ana € —iky F-r
G (r,r,) =[] —1r]——¢ k20 " ®)
Ay

with r =rr [32]. More complex scenarios, including the presence of substrates and ground planes, can

casily be modelled considering a modified Green’s function.

To easily account for the physical rotation of different PB elements, it is convenient to write Egs. (1)-(5)

in CP basis. Let |au> =|Ru,Lu,r”> denotes a CP polarization state corresponding to RCP, LCP, and

longitudinal (radial) polarization components of incoming and radiated waves, where the subscript u is

the index of a wave (for the SHG case, u =1 corresponds to the input pump wave and # =2 denotes the

output SH wave). Each of the bases can be defined uniquely by a pair of polar angles (6,,¢,) in
spherical coordinates that correspond to the propagation direction of the wave, with 6, €[0,7] and

¢, €1[0,27],

Lu>=%(ﬁu+i(pu), z,)=F,, (6)

where 0 =0(0,,0,), ¢, =¢0,,0,), T, =1(6,,¢,) are basis unit-vectors of the spherical

coordinate system. We also introduce a circular polarization basis |a0> = |a> = | R,L,z> associated



with the metasurface itself and corresponding to CP waves propagating perpendicularly to the

metasurface in the +z direction (8 =¢=0), see Fig. 1(a):

1 R R ~ ~ ~
R)= i), D= ). o) g

All CP bases,

a> and |au>, can be related to a Cartesian polarization basis |z> =|x,y, z> through
the coordinate transformation |au>:Au i>, where A, =A(8,,¢,) is a unitary coordinate

transformation matrix given by

. cosfcos@p+ising cosfsingp—icosy —sinf
A(G,p) = ﬁ cosfcosp—ising cosf@sinp+icosy —sinf |. (8)
V2 sin Ocos @ \/Esinesin(p V2 cos6

In the CP basis |a> , the nonlinear susceptibility tensor elements can be found by performing the

coordinate transformation

Lo =D [Aola X2 [AG1,[AG . . )

ijk

with i, j,k={x,y,z}, a,b,c={R,L,z}, and

1 - 0
A=A, =—I1 i 0 (10)

0 0 2

Using a similar transformation, the rotation matrix in the CP basis |a> can be found from (3) as



Z[A 1. R, [AG'] 0 €& 0. (11)

Since the matrix is diagonal, substituting (11) into (2) it is easy to see that

Ao () =y eV, (12)

where each of the indexes a, b, and ¢ in the exponential factor should be replaced according to

(11) as follows: R=-1, L=+1,and z=0.

The PhaSC factor eiV’n(ﬂ—b—c)

is only due to the local element orientation and, thus, it is of a purely
geometrical nature. The emergence of this geometrical phase can be intuitively understood by

noting that the adiabatic rotation of adjacent resonators by an angle ¥ provides [9]: 1) an extra

phase factor of e to the RCP/LCP components of the surface currents induced in the

metasurface, and ii) an additional factor ¢*¥ to the RCP/LCP components of the beam reflected
in the structure. Despite its apparent simplicity, the emergence of this phase is a manifestation of
the celebrated Pancharatnam-Berry geometrical phase (see Appendix A), which is of profound
importance in optics and quantum mechanics. In metasurfaces, geometrical phase gradients
break the inversion symmetry r — —r by imprinting a transverse momentum V /(r) that leads
to a splitting of the dispersion relation of states with opposite optical helicity [33]. This effect is
similar to Rashba spin-band splitting in 2D electronic systems subjected to a transverse potential

gradient [34,35].

Using (6), an arbitrary polarized plane wave E” with wavenumber k, =kI,, where k, =@/ c (¢

is the speed of light in free space), obliquely impinging onto a metasurface, can be described as

10



E“(r,)= Z| c11>E‘f]’e"k"r . (13)

Projecting it onto the basis |a), we obtain the corresponding amplitudes
(0= Sl Sla 2t = Sfa) B 08

where E”=Y"(a|a,)E?, and (a|=|a)’ is the standard bra-ket notation used in Quantum

Mechanics with the dagger denoting the Hermitian adjoint. The inner product <a|a1> is given as

(see Appendix C)

(cos@ +1)e”  (cosf,—1)e”  [2sinBe™
| . | R
(ala)= 2| (036, ~De™  (cosg +De™ V2sine | . (15)
—V2sin6, —V2sin6, 2cos 6,

a,a

a), the dipole moment is d.” = za|a> d;, with

20 _ 2) po oo i[2k T+y, (a—b— c)]
dn,a - UCZ abcE E ] (16)

Performing a projection onto the CP basis |a2> associated with the observation direction, we find

de =Vie > {a;|a) xG) EPELe el (17)

abc

where

11



(cos@, +1)e™” (cos@, —1)e” —/2sinb,
1 ; ; .
(a,|a)= 5 (cos@, —1e™ (cos6, +1)e” —/2sin@, | (18)
V2sin6,e™  2sin6e”  2cos6,

ay,a

(see Appendix C). We want to stress that, differently from [9], where we defined the RCP and

LCP components of the polarization density with respect to *+z directions (transmission and

reflection regions, respectively), here all CP components in |a> are defined uniquely with respect

to the +z -direction. Thus, due to the coordinate transformation (18), if €, =0 (propagation

20

along +z), we have di’zz =d,%, but if 6, =7 (propagation along —z), we obtain d,fffz =d}%,

i.e. the RCP nonlinear polarization density becomes a source for the LCP component of SH

radiation in the reflection region. Combining Eqgs. (14)-(18) we obtain

d;” =Y |a,)d;" | (19)
with
A2 =€V Y (a,|a)y) A7 A% et (20)

abc

where all summations are performed over all three polarization components. In addition, it can

be easily shown that in the CP basis |a2> the free-space dyadic Green’s function (5) can be

written as

~ o | R)(R, |=[r) (13|

G (r,r,) = 4—me""‘2f2 |LYL|=|n){n] | 1)

12



Substituting (19)-(21) into (4), and taking into account that <a2 |b2> =0 if a, #b,, we finally

obtain

E*(r)=>| a2>Ejz’”(r) , (22)
ikyr
B0 =Vockd S (0 AR B E?, @)

abc

SHG
Fabc

where the index a, ={R,,L,} and the third (radial) component is strictly zero. The tensor A

is a nonlinear array-factor for the SHG process, given as

AFSHG — Z ki), (a-b-e)] (24)

abc
n

From Egs. (23) and (24) it is evident that the SH radiation in the far-field is composed of the sum
of all array factors weighted by the corresponding nonlinear susceptibility tensor element in the

CP basis.

This result can be generalized to other nonlinear processes. In particular, for THG processes in

which the generated field oscillates at frequency 3w, we can write

kZ eikzr

Ej:](l‘) =Vie ﬁ_zxaz |a>Z¢EZZ~d E;)Ef)E;}AFEZ? > (25)

abc

with a, ={R,,L,}, k, =3@/ c, and a THG array factor

THG _ i[(3k; —koty )T, +, (a—b—c—d)]
AF i =) tohen . (26)

n
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For sum-frequency generation (SFG) with two pump waves E” and E™ oscillating at @ and @,

, respectively, the radiated wave will oscillate at frequency @, =@, + @, ,

kZ eik3r

E:f (r)=Vye ﬁ_z<az |a> Zg)g EVE” AF,° (27)

abc °
abc

with a, :{RS’L3}= k3 =@/C, E;)' :Zh <b|b1>EIj? , Ef)z :zc <C|C2>E':2)2 ,and

AFSFG — zei[(kﬁkz*kﬁ})'rﬁ‘*’%(d*b*C)] ) (28)

abc
n

This formulation allows fast computation of the field radiated by ultrathin nonlinear
metasurfaces, and it explicitly accounts for the fact that the pump signals can impinge obliquely.
In addition to the restrictions already imposed by the PB phase approach on the nonlinear
metasurface design, this framework relies on the accurate evaluation of the effective nonlinear
susceptibility tensor of a single unit-cell in a periodic environment. This tensor encapsulates all
scattering effects at the fundamental and generated frequencies, and thus, its components also
depend on the illumination and observation angle, showing significantly different values in
endfire/backfire directions compared to broadside. Here we imply that the effective nonlinear
susceptibility tensor has been numerically evaluated assuming close-to-normal incidence and
radiation directions. As a result, the accuracy of our theoretical analysis is expected to decrease
for incident and generated beams propagating at large angles with respect to the normal to the

metasurface, especially if the unit cell is not too small compared to the wavelength.

ITII. 1D GRADIENT NONLINEAR METASURFACES: THEORY AND SIMULATIONS

14



In this section, we validate the accuracy of the formulation derived in the previous section by
performing a direct comparison with numerical simulations. To this purpose, we present, study
and discuss specific nonlinear metasurfaces composed of PB elements with a linear orientation

gradient along one direction, able to provide 1D beam-scanning functionalities.
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thick MQW
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Fig. 1. (a) Schematic of a nonlinear metasurface consisting of Pancharatnam-Berry optical elements
designed for efficient SHG. Each element contains a nonlinear material, in this case a 400nm-thick
MQW semiconductor heterostructure stack with semiconductor layers in x-y plane, with gold
plasmonic resonators placed on top. The MQW is etched around the resonator in order to minimize the

cross-coupling between the cells. The orientation of optical elements, ¥/, varies linearly along the x -
axis. The metasurface is illuminated at an incident angle 6, (¢ =0). (b) E. field distribution for a

reference (not rotated) unit-cell at the fundamental and second harmonic frequency, @ and 2@,
respectively. The dimensions of the unit-cell are specified in nm. The shape of the resonator is chosen
so that it responds to y-polarized field at @ and x-polarization at 2@, at the same time ensuring a

subwavelength square footprint.

We consider a host nonlinear metasurface aimed at highly efficient SHG process [9]: an array of
gold split-ring resonators (SRR) placed on top of MQW substrates etched around the SRRs in
order to reduce the cross-coupling, see Fig. 1(a). Here we assume that the elements are
suspended in free-space, thus allowing them to radiate both in reflection and transmission. We
also assume that MQWs provide a large second-order intrinsic response at the pump frequency

of 30 THz. The SRR dimensions are accordingly chosen to provide resonant field enhancement

16



at FF frequency 30THz and SH frequency 60THz, see Fig. 1(b). It is important to mention that
MQWs present a nonlinear response only for electric field components orthogonal to the
semiconductor layers [36—42], i.e., they respond only to z-polarized components of FF fields, and
generate z-polarized nonlinear polarization SH currents. Doubly-resonant SRRs provide a large
overlap integral (as discussed in Appendix B and in Refs. [1,7]) between the z-components of FF
and SH fields, see Fig. 1(b), ensuring a SH nonlinear response of the metasurface many orders of
magnitude larger than the one typically obtained in bulk nonlinear crystals [1,4]. As a result,
SHG conversion efficiencies of nearly 0.1% were demonstrated experimentally in mid-infrared

spectral range (A =3..15um) using metasurfaces only 400-600nm thick [4,7]. Moreover, the

conversion efficiency can be boosted to values above 4% using high-quality MQWs

heterostructures and optimized plasmonic resonators, as discussed in Refs. [7,29,31].

Full-wave numerical simulations of nonlinear metasurfaces were performed using
COMSOL [30]. Specifically, each structure was simulated in frequency domain in two steps:
first, the entire metasurface consisting of N =24 unit-cells along the x-direction and infinitely
periodic along y was tested at @; then, the nonlinear polarization currents driven by the local
field at @ were impressed in MQW volumes, and the structure was simulated at the generated
frequency. As long as the nonlinear field remains significantly weaker than the pump, this
numerical approach is rigorous and applicable to nonlinear metasurfaces with any desired
functionality. In practice, such numerical simulations take long time and require large
computational resources, thus limiting their applicability to the analysis of metasurfaces
composed of even a few unit-cells, hindering the fast design of realistic structures. A full-wave
numerical analysis of one of the nonlinear metasurfaces described below in this section requires

many computational hours of a powerful dedicated workstation.
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On the contrary, the framework developed in the previous section can be efficiently applied to
the analysis and design of these nonlinear metasurfaces, while providing physical insight into the
metasurface operation. For example, in the specific case of 1D nonlinear metasurfaces with a
linear orientation gradient only along the x-direction, we can particularize and further simplify

the proposed theoretical formalism. Specifically, consider a 1D array of N unit-cells with

coordinates r, = Xnd , where d is the length of the unit-cell along x . A linear gradient allows us
to write the local PB element orientation as ¥, =nAy, where Ay is the orientation variation
step along x. Assuming the incident wave impinging in the x-z plane, i.e. Kk, =k,(sing},0,cos6,)

, from Eq. (24) we obtain

N

SHG in| (2k; sin @ —k, sin &, cos @, )Jd+Ay(a—b—c)

AFabc :Ze [( 1 | —ky ) 2) :I (29)
n=1

Introducing the notation
X,, =2k, sin6 —k, sin6, cos@,)d + mAy, (30)

the summation in (29) can be performed explicitly, leading to an expression which is similar to

the array factor in the linear regime,

sin (N Xa—b—c j
AF:/EG = gXabc(N-D/2 2 . (D)
(1
sm(2 Xa_,j_cj

Unlike the case of linear phased arrays, here we cannot drop the exponential phase pre-factor
because the far-field expression (23) contains a summation over all indexes of the tensor and we

should keep the accurate phase difference between all terms. From (31) it follows that in a

18



nonlinear PB metasurface with a linear orientation gradient, all components of the nonlinear

susceptibility tensor »'») contribute to the radiation in specific directions defined by maxima of

abc

Eq. (31). The direction of the main lobes in reflection and transmission domains from each term,

0. and @, , can be found from the condition X, =0, which yields

0 =+sin”' sin01+mA—W@ , (32)
2z d
Or=n—-6) . (33)
The choice between 4+’ and ‘-’ corresponding to @, =0 and @, =7, respectively, is made so

that @, is positive. Inspecting Eq. (32), we conclude that in the transmission region a normally
incident RCP pump wave at @ produces a RCP SH wave (m =+1) at 2w steered closer to +z
direction than the LCP component (m =+3). In ‘reflection’ the situation is reversed, the RCP
wave will be steered at a larger angle with the —z direction; in turn, the LCP wave will

propagate closer to the broadside.

Fig. 2 shows beam steering capabilities of SHG metasurfaces, computed by the proposed theory
and numerical simulations. Fig. 2(a) and Fig. 2(b) show the second harmonic far-field response
with orientation step Ay =15" for normally-impinging RCP and LCP beams, respectively. Our

results confirm the expected separation of directions for RCP and LCP components of the
second-harmonic signal [9]. Importantly, an excellent agreement between theoretically and

numerically computed directivities is obtained. According to Eq. (32), the two main lobes for

RCP and LCP components in ‘transmission’ occur at 8, =7 and 8, =18°, respectively, and in

the reflection region the main lobes occur at 65 =162° for RCP and 6!, =173 for LCP

19
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Fig. 2. Far-field directivity patterns (in dBi) for RCP and LCP components of second-harmonic
radiation generated by a nonlinear metasurface illuminated by a Gaussian beam of 12um FWHM.
The directivity plots are shown in the x-z plane. Theoretical results are shown with dashed lines, and

solid lines show results from full-wave simulations. (a) A RCP polarized beam is impinging at
normal incidence, & =0 on the metasurface with the rotation step AW =15" (see the inset). The

dotted lines with arrow tips show theoretically predicted highest partial directivities. (b) LCP

incidence, 6, =0, Ay =15". (c), (d) the same as (a), (b) but for Ay =30".

component (see arrows in Fig. 2(a)). We emphasize that these directions can be controlled
nearly arbitrarily (though, not independently from each other) following the simple equations

provided above. Figures 2(c,d) show similar results, but considering now a nonlinear

metasurface with the orientation step Ay =30". As expected, the RCP and LCP generated
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beams are now directed towards a larger angle with respect to the z-axis. One can see that the
discrepancies between numerical results and theory away from broadside slightly increase. As
discussed in Section II, such differences arise because the effective susceptibility tensor is
evaluated at normal incidence in a periodic environment, and it becomes less accurate for larger
gradient step. Nevertheless, it is seen that the theoretical directivities still accurately predict

directions and magnitudes of the two main lobes both in transmission and reflection.
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Fig. 3. Far-field partial directivity patterns (in dBi) for RCP and LCP components of second-harmonic
radiation from the metasurface orientation step Ay =15 but at oblique incidence, 6, =20°.

Directivity plots are shown in the x-z plane. (a) RCP incident beam. (b) LCP incident beam.

normaily. (0) LLUF pump beam.

We would like to emphasize that the proposed nonlinear metasurface provides beam steering
capabilities also when illuminated by the pump at oblique incidence. A tangential momentum of
the impinging wave is added to the momentum produced by the phase gradient imprinted in the
metasurface, enabling continuous SHG beam-scanning functionality. In Fig. 3, we show

theoretical and numerical results for the RCP and LCP polarized Gaussian beams impinging in
the direction 6 =20, ¢ =0, on a PB metasurface with Ay'=15". For RCP incidence (Fig.
3(a)), the momentum from the gradient is added to the logitudinal momentum of the impinging
beam, increasing the steering angles. In turn, for a LCP beam, the imprinted phase variation

tends to compensate for the logitudinal impinging wave’s momentum and restore a steering

direction closer to the broadside.

22



Finally, we show that the proposed concept can also be applied to other nonlinear processes,
such as third-harmonic generation. In practice, constructing a THG metasurface with phase
control is a challenging task that requires designing a plasmonic PB element able to provide
sufficiently strong field enhancement at @ and 3@ in a subwavelength footprint, which goes
beyond the focus of this paper. However, since here we are primarily interested in far-field
directivity, we can take advantage of the fact that the unit-cell design used for SHG is
polarization sensitive at @, and that the phase of the FF field in MQW still depends on the
SRRs’ orientation. Additionally, even at the angular frequency 3@ some polarization selectivity

is present thanks to the asymmetrical shape of the resonator and the fact that periodicity is still

smaller than the third-harmonic wavelength (d/ A, =0.6). Consequently, the metasurface

designed for SHG is also able to provide third-harmonic generation (90THz for a 30THz pump),

but with much lower conversion efficiency. Figure 4 confirms third-harmonic generation and
beam-steering capabilities for a nonlinear metasurface with Ay =15" under normal incidence,

computed by our proposed theory and validated using full-wave simulations in COMSOL. Our
results confirm 1) the presence of THG and the capability to manipulate the radiated beam, and
i1) the accuracy of the proposed theory to model metasurfaces employing various nonlinear
phenomena. The discrepancy between analytical and numerical results comes from the fact that
the unit-cell is larger than half-wavelength at the third harmonic, so that the effective
susceptibility model loses part of its accuracy. Still, the proposed theory provides a reasonably
accurate general picture of the two main CP lobes of the THG signal steered away from the

normal.
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IV. METASURFACES WITH 2D PHASE PATTERNS: ADVANCED
FUNCTIONALITIES

In this section, we apply the theoretical framework developed in previous sections to propose
and demonstrate advanced 2D nonlinear metasurfaces with interesting functionalities, such as the
generation of pencil beams directed towards arbitrary directions in space and vortex-beams with
different angular momentum for RCP and LCP polarizations. We stress that we were unable to
perform the simulation of such metasurfaces using commercial full-wave software, due to the
required amount of computational resources, so we limit our results to designs and calculations

based on our analytical model validated in the previous section.
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Fig. 5. (a) Schematic of a 80x80 cells SHG metasurface with a linear variation of elements’
orientation in x-y direction (shown with an arrow). The metasurface is illuminated by a RCP Gaussian
beam with FWHM of 23pum at normal incidence. (b) 3D partial directivity patterns for RCP and LCP
polarized components of second-harmonic radiation. (c) Spatial phase profiles of RCP and LCP

polarized components of the second-harmonic field near z=0.

The first example that we consider is a SH nonlinear metasurface with a 2D gradient profile, as
illustrated in Fig. 5(a), providing beam-steering capabilities. In general, beam steering in

arbitrary directions can be achieved by adjusting the orientation steps along the x and y

directions, Ay, and Ay, respectively. Following the procedure introduced in the previous

section, the 2D array factor of this metasurface is
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SH DIRRep (€©)  SHDIR.p

P

Fig. 6. (a) Schematic of a 80x80 SHG metasurface with a helical variation of elements’ orientation

0 T 27T

v(x,y)=@(x,y) (shown with a purple arrow), where @ is the polar angle. The metasurface is
illuminated by a RCP Gaussian beam with FWHM of 30pum at normal incidence. Partial directivity
patterns for RCP and LCP polarized SH components are shown in (b) and (c), respectively. The insets
show spatial phase profiles of ‘transmitted’ beams at z=0. The RCP beam carries orbital angular

momentum / = —1, and for LCP beam itis [ =-3.

N. . [N
sm( =X a_b_cj sin (Zy Ya—b—cj
AFSHO — LX be (Nx—l)/ZeiYa—b—c (N,-1)/2 2 (34)

abe 1 1 ’
sin(2 X, pe J sin (2 Y;_b_cj

where N, N, are the number of unit cells along the x- and y-direction, and

X, =2k sin@ cosg —k,sinb, cosp,)d +mAy,_, (35)
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(b)  SHDIRgep (©)  SHDIRp

|R) phase

Fig. 7. The same metasurface with orientation profile ¥(x, y) = ¢(x, ), as in Fig. 6, but illuminated

by an obliquely incident incidence. (a) Schematic of the setup. (b,c) show partial directivities for RCP
and LCP SH radiation, respectively. The insets show the corresponding phase profiles for ‘transmitted’

beams.

Y, =(2k sing sing, —k, sin@, sing,)d + mAy, . (36)

The direction of the main lobes for each polarization combination in transmission, (6. ,¢, ), and
reflection (5,9 ) can be approximately found from Eq. (34)-(36) by simultaneously setting

X, =Y, =0, which yields

1/2

2 A 2
0! =sin”' (siné’1 cos¢1+m%@j +| sin 6, sin¢1+m&@ , (37)
2 d 2 d
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o) =r-6, (38)

m

sin @, sin ¢, + m
-1
@, =tan

Vy Ao

Ay (39)
sin 6, cos ¢, + m
275 d

In Fig. 5 we show the results for a metasurface with linear gradient steps along x and y-directions

of Ay =15 and Ay, =5", respectively. The phase profiles for the LCP and RCP components

of the second-harmonic field in each cell at z=0 are depicted in Fig. 5(b). Figure 5(b) shows
theoretically computed partial directivity patterns for the RCP and LCP components of the SH
radiation. Results confirm a high degree of control over the generated beams even for small
gradients, and the possibility of continuous steering of the RCP and LCP beams towards almost

any direction that is not too far away from the broadside.

In the second example, we show a nonlinear PB metasurface generating SH helical beams with
non-zero orbital angular momentum (OAM), / . Differently from the linear case, where only one
of the CP components of the transmitted or reflected SH field acquires geometrical phase, in case
of SHG both CP components are subject to geometrical phase patterning. As a result, using a
fixed elements’ orientation pattern in a nonlinear metasurface we obtain two oppositely polarized
helical beams with different OAM. Fig. 6(a) illustrates a SHG metasurface with spatial
orientation dependence W (x,y)=@(x,y), where ¢(x,y) is an azimuthal angle in x-y plane. Fig.
6 (b) and (c) show the RCP and LCP polarization components of the SH far-field, clearly
showing a doughnut shape cross-section profiles (the field is instantaneous). The RCP

component possesses / =—1, and for the LCP component /=-3. The radius of the doughnut
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increases for larger |/ |, as expected in this type of beams [43]. The corresponding phase profiles

of RCP and LCP components at z=0 are shown in the insets of Fig. 6 (b,c).

Finally, we would like to demonstrate that the same metasurface can also work at oblique
incidence, effectively steering the SH helical beams in different directions away from normal. In

Fig. 7, we show the same metasurface with orientation pattern w(x, y) = ¢@(x, y), but illuminated
by an obliquely impinging beam (6, =15",¢ =30"). The resulting longitudinal momentum
k, =k sin6 (cosg,sing,0) adds up to the momentum generated by the phase gradient,

resulting in a well-known fork-shaped phase profiles [10,44]. Note that this phase profiles can be
readily imprinted in the metasurface itself. If such metasurface is illuminated by a linearly
polarized wave, the SH radiation will be shaped into helical beams, and opposite polarizations
will be steered in opposite side of the z-axis. Similar responses have been successfully observed
in the past using the quasi-periodic polling technique [10,44], which enforces substantial
constraints on the size of the beam because the illuminated spot necessarily has to cover a large
number of polling periods. In contrast, our approach provides a continuous phase shaping from

ultrathin nonlinear metasurfaces with giant conversion efficiencies.

V. CONCLUSION

In this work, we have presented a rigorous and efficient theoretical framework to characterize the
far-field response of large-scale ultrathin nonlinear metasurfaces with phase shaping
functionalities, implemented using the Pancharatnam-Berry approach. Our formulation, validated
using detailed comparison with results from full-wave commercial software, can be applied to

various nonlinear processes such as second- and third-harmonic generation and permits the rapid
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analysis and design of nonlinear PB metasurfaces with advanced functionalities. Specifically, we
have demonstrated the concept of highly efficient nonlinear metasurfaces based on plasmonic
resonators printed on top of multi-quantum wells, able to provide exciting features such as the
generation of pencil-beam directed to any desired direction in space and vortex beams with
polarization-dependent angular momentum. Our approach can be easily applied to the design of
large-scale, highly-efficient and advanced metasurfaces — composed of any nonlinear material —

able to manipulate the generated beams at will.
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Appendix A. Pancharatnam-Berry geometrical phase

In classical optics, the Pancharatnam-Berry geometrical phase is usually introduced for a beam
whose polarization state undergoes a cyclic sequence of polarization transformations (i.e., the
state is returned back to the initial one) that yields an extra phase factor in addition to a
dynamical phase factor associated with the beam propagation [45,46]. Specifically, it has been
shown that if the polarization state history of a beam when plotted on the Poincaré sphere closes
a loop, the geometrical phase will be equal to a half of the geodesic area encompassed by this
loop. A linear PB element performs a single transformation of an incident beam’s polarization
and thus no geometrical phase is induced in the co-polarized component because the
encompassed geodesic area is zero. However, it can be shown that the geometric phase emerges

in the polarization component orthogonal to the polarization state of the impinging beam, so the
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resulting state of the beam will be different at various orientations of the PB element. For
example, for a right-handed circularly polarized (RCP) wave impinging on two similar PB
elements at different orientations, the RCP component of the transmitted wave will have no
geometrical phase difference whilst the left-hand circular polarized (LCP) component will
develop a phase difference. In linear optics, this result has been extensively used to tailor the
phase of the cross-polarized component of the transmitted beam [13-15,19,26,27,33]. As we
demonstrated in [9], in the nonlinear case, both CP components of the generated field can be

subject to geometrical phase change, thus allowing an extra degree of freedom.

Appendix B. Effective nonlinear susceptibility tensor retrieval

Consider an arbitrary polarized plane wave Ej =E{ %+ E 7 oscillating at frequency @ and

impinging normally from one side of a thin metasurface consisting from identical unit-cells
which have a local intrinsic second-order susceptibility tensor %7 (r) that can vary from point to

point across the volume of each cell. Since the polarization components of the impinging wave

are orthogonal to each other, each of them will independently induce its own portion of the local
electric field inside a unit-cell, E{.(r) = E{. ., (r)+E{.,, (r), each of which can be found from
full-wave simulations. Here we focus on second harmonic generation (SHG), so that in what
follows we imply %7 (r)=%?(r,2w:®,w), and later we explain how this method can be

extended to other nonlinear processes. For SHG, the total local second-order polarization density

oscillating at 2w can be found as

P () =" (1) Efc (NEG(r),  reV. (A1)
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where V. denotes the volume of the unit-cell. Since the metasurface is infinite and the unit-cells
are identical, in the far field it will emit a plane wave EX? of yet unknown amplitude sustained
by a nonlinear polarization current density Ji2 = —i2@P. In order to obtain the amplitude of
this wave we can apply Lorentz reciprocity theorem to relate E? radiated by J;¢ and the field
inside the unit cell E?. sustained by an imaginary uniform current in the far field, K}?, emitting
a plane wave E.”. Similarly to the field at @ we can separate the portions excited by the x - and
y -polarized incident field components, Eél‘;’(x) and Eig’(y), respectively. Applying the reciprocity

theorem, we obtain,

ISUC E2 . K20dS = —i2ijUC E(r)-PX(r)dV, (A2)

where S is the area of the unit-cell. From quasi-statics we find that K}y =27,'E.?, where

M, =M, /€, is a free-space impedance. Substituting Eq. (A1) into (A2) and performing the

integration in the r.h.s. we obtain

—ioc™

20 20 __
Ei 'EFF -

nc

Efe(r)- 34 () : Ef (DEf (r)dV . (A3)

4
uc uc

where c is the speed of light in free space. Now we argue that in the quasi-static approximation,

instead of J7¢, radiated SH field E}? can be sustained by an effective nonlinear polarization
current J’¢ =—i2wP.’. It is up to our choice how we define this effective nonlinear
susceptibility density P”. We assume it is uniform across a thin layer of the same thickness as

the metasurface, A

cell »

but we would like to avoid solving the homogeneous scattering problem so
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we assume that it has ¥ =0, i.e. the layer is transparent at @, and the whole scattering
phenomena are now contained within %7 In this case the problem is greatly simplified, and we

may now simply write PJ¢ =£5%2) : E2 E? , and consequently

inc™inc 2

E;Y =—iowc ' by 53 E2 E? (A4)

inc™1inc?

where /1, is the unit-cell height. Substituting Eq. (A4) into (A3) we obtain,

E 0 EpEp =—— j E3(0) 57 (1) : g (DEL(r)dV . (A3)

nc mc e

Expanding the left-hand side of Eq. (AS) in x- and y - polarization components and separating

the corresponding fields in the right-hand side, we obtain,
Eli(:l ZZéfzf) ijk 1(:1)c jinc, kT j EUC(:) (r) 7 (r) ZEUCU) (r)EUC(k) (r) av. (A6)

where i, j,k ={x, y}. Finally, equating the terms with the same indexes we obtain an elegant yet

very powerful expression

1 E{. . (r) E{. ..(r) || E0., (1)
2) UC(i) L=(2) . UC(j) UC(k)
Hett ik = V. J.VUC { I :l x(r): { 7o £ dv . (A7)

inc,i inc,j inc,k

From Eq. (A7) it is evident that the each component of the nonlinear susceptibility tensor is
equal to an overlap integral between the fields induced in a unit-cell by an 7-polarized plane

wave at 2@ and a jk -polarization combination of the field at @, weighted by a local value of

the intrinsic susceptibility of the nonlinear medium and averaged over the unit-cell volume. By
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altering the overlap integral we can engineer virtually any component (', fromany .. For

instance, for a MQW-loaded unit cell, with only »'> non-zero tensor element, we find that

zzz

1 ES -0 || Edeqy - (0) || Efeqe. (1)
(2) - 2) r UC(x),z UC(y),z UC(z),z dV A8
l eff , xyz VUC '[VUC Z zzz ( )|: E.Zw E-w E‘m ( )

inc,x inc,y inc,z

Note that the indexes of the effective susceptibility tensor’s elements do not span over the z-

polarization. This is a consequence of the fact that in the derivation of (A7) we assumed normal

incidence and radiation. In order to evaluate all the components of the %' tensor we need non-
zeroE;,  and E.¢  that can be achieved by allowing the impinging and radiated waves to
propagate at small angles with respect to the z -axis and subtracting the field contribution of x-
and y-components of the incident field. Finally, Eq. (A8) holds not only when the pump and

generated signal come from the same side of the metasurface, but also for any particular

configuration of incidence and radiation beams, as long as they are not too far from the z-axis.

Appendix C. Transformation matrices calculation

The inner product <a|a1> appearing in transformations of amplitudes from the polarization basis

|a1> to the basis |a> can be found by presenting each of these states through a Cartesian basis |z>

with i ={x,y,z},
=Add la)=Ali), @

where A, and A, are corresponding transformation matrixes,
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. 1 =i 0
Aj=—o/(1 i 0], (C2)
"2
0 0 V2
cos@ cos +ising, cosb sing —icosy, —sinf,
AIZE cosb, cosp, —ising, cos@ sing +icosy, —sinf |. (C3)
\/Esinﬁl cos @, x/EsinHl sin @, x/5c0s6?1

Using (C1) we can write

.
J'>J DAL ) =2 (IIASL A, i) =

j i ij (C4)
= Z[Ag]a,j[Al ]al,i <-]|l> = Z[Aé) ]a,j[Al ]al,i 51/ = [AlAg]al,a = [A;AlT]a,al ‘
ij

ij

)= T,

J

Substituting (C2) and (C3) into (C4), we obtain

(cosf, +1)e”  (cosf,—1)e”  [2sinbe
1 _ , o
<a | a1> = 5 (cos@ —1)e™ (cosf +1)e ™ J2sin Ge " ) (C53)
—V2sin6, —V2sin6, 2cos 6,

a,aq

Using a similar procedure, we can obtain the transformation matrix <a2 |a> . However, since |a1>
and |a2> are defined in similar fashion, the matrix <a2|a> can be obtained by taking the
Hermitian adjoint of <a| a1> and replacing “1” with “2”,

(cos@, +1)e™”  (cos@, —1)e” —/2siné,

<a2 |a> = % (cos@, —1)e™” (cosB, +1)e” —2siné, . (C6)
V2sin6e™  2sin6e®  2cos,

a,,a
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