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Abstract

We present a method for reconstructing the phonon relaxation time distribu-
tion 7, = 7(w) (including polarization) in a material from thermal spectroscopy
data. The distinguishing feature of this approach is that it does not make use
of the effective thermal conductivity concept and associated approximations. The
reconstruction is posed as an optimization problem in which the relaxation times
T, = T(w) are determined by minimizing the discrepancy between the experimen-
tal relaxation traces and solutions of the Boltzmann transport equation (BTE) for
the same problem. The latter may be analytical, in which case the procedure is
very efficient, or numerical. The proposed method is illustrated using Monte Carlo
solutions of thermal grating relaxation as synthetic experimental data. The recon-
struction is shown to agree very well with the relaxation times used to generate
the synthetic Monte Carlo data and remains robust in the presence of uncertainty
(noise).

1 Introduction

By probing the thermal response at timescales and lengthscales on the order of the
phonon relaxation times and free paths, respectively, thermal spectroscopy provides
a potentially powerful means of extracting information about these intrinsic transport
properties of real materials [1-6]. As a result, thermal spectroscopy has recently received
a lot of attention for applications related to the development of thermoelectric materials
[7,8].

The success of this technique relies on reliably extracting the information embedded
in the material response, an inverse problem of considerable complexity that currently
remains open. In order to use precise language, in this paper we focus on time-domain



thermoreflectance. We believe that the methodology proposed in this paper can be
straightforwardly extended to complementary approaches based on frequency-domain
thermoreflectance [2-4].

Traditional approaches to time-domain thermoreflectance data analysis start by
matching (in a least-squares-fit sense) the experimental response to numerical solutions
of the heat conduction equation with the thermal conductivity treated as an adjustable,
“effective”, quantity [8]. The free path distribution is subsequently extracted by as-
suming that the fitted effective thermal conductivity is given by the convolution of
the differential free path distribution in the material with a suppression function that
is assumed to be geometry dependent [5,9]. An approximate suppression function has
been developed for the thermal grating geometry [5,10]; suppression functions for other,
more complex, geometries have yet to be developed. Robust optimization frameworks
for inverting the resulting integral equations have also been developed [7].

However, since, by design, the material response in the experiment is not in the tradi-
tional Fourier regime—defined by characteristic timescales and lengthscales being much
longer than the phonon mean free time and mean free path, respectively—approaches
based on fitting the material response using Fourier theory can only be accepted as
approximate. This is highlighted in section 4, where the case of the one-dimensional
transient thermal grating (TTG), which admits an analytical solution, is analyzed in
detail. This analysis shows that the requirement of long times is particularly difficult
to satisfy even if corrections are applied for lengthscale effects. In general, in situations
where the requirements for Fourier behavior are not carefully met, the effective thermal
conductivity obtained by such fits will depend on the fitting time window, the measure-
ment location [11], and the experimental geometry, highlighting the fact that it is not
a material property and casting doubt over the reliability of the inverse calculation.

To avoid these conceptual but also practical problems, in the present work, we
propose a methodology for reconstructing the relaxation time distribution in the ma-
terial from thermal spectroscopy experimental results using an approach that at no
time makes an assumption of an underlying Fourier behavior. In our work, the recon-
struction problem is formulated as a non-convex optimization problem whose goal is to
minimize the difference between the experimental material response and the response
as calculated by a BTE-based model of the experimental process. Here, we note the
recent paper [12] in which reconstruction is based on a Fourier-space solution of a BTE
model of the two-dimensional transient thermal grating experiment. Despite emphasiz-
ing the BTE more than in previous approaches, the work in [12], ultimately, still reverts
to a Fourier-based formulation by fitting effective thermal diffusivities and introducing
related approximations (e.g. late times compared to the mean phonon relaxation time).

A further distinguishing feature of our work is the use of deviational Monte Carlo
(MC) simulation [13-16] as a method for solving the BTE which expands the domain of
applicability of the approach, since it does not rely on the simplicity of the experimental
setup or the degree to which it is amenable to analytical treatment.

The remainder of the paper is organized as follows. In section 2, we formulate



the reconstruction as an optimization problem requiring only solutions of the BTE
and present the optimization framework used for the reconstruction. In section 3, we
discuss the implementation of the proposed method in the context of an archetypal
experimental setup, namely that of a transient thermal grating [10,12,17]. In the same
section, we validate our proposed method using synthetic data generated through Monte
Carlo (MC) simulation. In section 4 we provide a detailed theoretical analysis of the
one-dimensional TTG problem as a means of highlighting the approximations associated
with the effective thermal conductivity approach. In section 5 we provide a summary
of our work and suggestions for future improvement.

2 Formulation

2.1 Governing equations

Given the small temperature differences usually associated with thermal spectroscopy
experiments, here we consider the linearized BTE

d d _ (de®a/dT)y, AT
aait+vw-vxed:—e (GT/ ), AT (1)

where e? = e?(t, x,w, Q) = e—eql =hw(f—fz! ) is the deviational energy distribution,
w is the phonon frequency, € is the phonon traveling direction, f = f(t,x,w, ) is the
occupation number of phonon modes, v,, = v(w) is the phonon group velocity, 7, =
7(w) is the frequency-dependent relaxation time and £ is the reduced Planck constant.
Here and in what follows, we use w to denote the dependence on both frequency and
polarization.

The above equation is linearized about the equilibrium temperature T¢,, to be un-
derstood here as the experimental reference temperature. In general, 7, = 7(w,T);
however, as a result of the linearization, 7, = 7(w,Teq) = 7(w); in other words, the
solutions (and associated reconstruction) are valid for the experiment baseline tempera-
ture T,q. Also, (de®?/dT)r,, = hw(df7!/dT)|r,, and f;7 is the Bose-Einstein distribution
with temperature parameter T, given by

€eq _ 1
(@)= exp(hw/kpT) — 1’ (2)

where kp is Boltzmann’s constant. Finally, AT = Af(t,x) =T-— Teq is referred to
as the deviational pseudo-temperature (7'(¢,x) is the pseudo-temperature). Note that
the deviational pseudo-temperature, which is different from the deviational temperature

defined below, is defined by the energy conservation statement [15]
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in which D, = D(w) is the density of states, C, = C(w;Teq) = Dy(de®?/dT)r,, is
the frequency-dependent volumetric heat capacity, and dQ2 = sin(60)dfd¢ represents the
differential solid angle element such that 6 and ¢ refer to the polar and azimuthal angles
in the spherical coordinate system, respectively. The temperature 7'(t,x) is computed
from

/Q /w [CWAT - edDw] dwdS2 = 0, (4)

where AT'(t,x) =T —T,, is the deviational temperature. The frequency-dependent free
path is given by
Ay = v,T0, (5)

where v, = ||v]|| is the group velocity magnitude.

2.2 Inverse problem formulation

Our goal is to obtain an accurate and reliable approximation to the function 7, from
the experimental measurements, with the latter typically in the form of a temperature
(relaxation) profile. Reconstruction of the free path distribution follows from relation-
ship (5); in other words, the group velocities v, are assumed known, since they can
be reliably calculated either experimentally [18-21] by means of Raman spectroscopy,
x-ray scattering, etc, or theoretically [22-25] using methods such as density functional
theory (DFT).

We propose the use of an optimization framework in which the experimental mea-
surements provide targets that need to be reproduced by the BTE solution; in other
words, 7, is determined as the function that optimizes (minimizes) the discrepancy
between the experimental result and the BTE prediction for the same quantity. One
important consideration is use of a suitable discrete representation for 7,. In our for-
mulation any number of longitudinal /transverse acoustic/optical branches 75 may exist
and are solved for explicitly, where the superscript S denotes the branch; the total scat-
tering rate 7! is obtained using Matthiessen’s rule. In the examples following below
we have taken

ot = (T AT ()T (6)

where LA denotes the Longitudinal Acoustic branch, while T'A; and T Ay represent
the two Transverse Acoustic branches. We have not considered optical phonons in
this work because acoustic modes account for most of the heat conduction [26], but
also because the proposed methodology can be straightforwardly extended to include
them. Although the inclusion of additional unknowns is expected to have an effect
on the complexity of the optimization calculation, as long as the number of additional
unknowns is not large, this is manageable. Moreover, the weaker dependence of optical
phonons on frequency may allow a simpler model introducing less unknowns than an
additional acoustic branch. This approach also makes sense from the point of view that
the contribution of optical phonons to transient transport is small and thus probably
insufficient for the determination of an inverse problem with many unknowns.



In order to account for the most general situation where no a-priori information is
available on the functional form of the 7, = 7(w) relation, we have used a piecewise linear
relation between log(7) and log(w). The intersections between the piecewise linear
segments are smoothed via a third order polynomial function (of log(w)) that guarantees
continuity of the relaxation time function and its first derivative [27] (the continuity
requirement may be easily removed, allowing jumps between different segments). Note
that our parametrization is equivalent to a (piecewise) relationship of the form of 7, =
c1w® for some real numbers ¢; and co, which is related to relations commonly used in
the literature [26,28]. Our approach, however, does not constrain the value of ¢z to any
particular value or even an integer value. The actual functional form is given by

a5 llog(@)]® + b llog(@)]” + ¢ log(@) + 45 | L (xs_ xs): (7)

where M determines the number of segments. We note that since the minimum and
maximum frequencies for each branch (w3 and wy,) are known (input), there are 2M
unknowns in the model for each branch S € {LA, T Ay, T Ay}, consisting of w?,..., W%A?
and log (7’50) log( wM) leading to a total of 6/ unknowns (see section 2.3 for
implementation detalls also note the input unknowns are denoted p* in that section).
In the above, 1,cs denotes the indicator function whose value is 1 if w € §, and 0

if w € §. The closed intervals [XQSJ,X%H} for j = 0,..., M — 1 and open intervals

(Xégj_l, X%) for j =1,..., M — 1 denote the frequency ranges over which the piecewise

linear and smoothing polynomial functions are active, respectively; definitions for XZ-S ,
1=0,...,2M — 1 can be found in Appendix A.

Once all w and log ( > are known, the coefficients af , bf , f , dS and the intervals
in which each linear segment or polynomial smoothing function is actlve inside can be
computed. The relationships for calculating these parameters are provided in Appendix

A.

In the interest of compactness, we will use the vectorial notations 7° = (7’50, ey TSA /[)
and w® = (wls , ...,w%fl) to represent the unknown parameters. Moreover, we will use

— (LA, 7TAL 7T4s

], (8)

the symbol U to denote the set of all unknown vectors, namely, U
wLA wTAl wTAQ)'

The reconstruction proceeds by minimizing the objective function
>t | Tm(t,%; L) = Tpri(t, x; L, U)|
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where T, (t,x; L) denotes the experimentally measured temperature, Tprg is the tem-
perature computed from solution of the BTE, and N is the total number of (indepen-
dent) measurements available. As indicated above, T}, is in general a function of space,
time, but also the characteristic lengthscale of the thermal relaxation problem, L. As a
result, the optimization process can be based on data for Tgrr and 1, at various time
instances, spatial locations, and for different characteristic system parameters, with
Zt7x7 ;1 =N. We also point out that Tgprr may be obtained by any method that can
provide accurate solutions of (1) as applied to the experimental setup; here, we consider
both semi-analytical solution (using Fourier transform techniques) and MC simulation.

The second term in (8) exploits the fact that the bulk value of the thermal conduc-
tivity, k, is usually known, to enhance the importance of the low frequency modes in the
optimization. Although this term is “optional”, we have found that including this term
with a weight of 0.01 < o < 1 improves the reconstruction quality considerably in the
low frequency regime, because the low density of states associated with those frequen-
cies prevents them from influencing the optimization process if the objective function
only includes a comparison between Tprg and T), (the first term in (8)).

2.3 Optimization algorithm

Determination of U which minimizes the objective function (8) is achieved using the
Nelder-Mead (NM) algorithm [29], a simplex-based search method that is free from
gradient computation. Although NM can neither be categorized as a local optimizer
or a global optimizer, it performs significantly better than common local minimizers
(which fail to converge to the correct solution in the presence of highly non-convex
objective functions such as (8)) [30], while it is significantly less costly than common
global optimizers like genetic algorithms [31] or simulated annealing algorithms [32].
In the NM algorithm, the optimization process proceeds as follows (adopted from
[33]):
1. Start with n + 1 initial points p¥, k =0, ...,n, in the n-dimensional space defined
by the n unknown parameters (here n = 6M). A possible choice of initial simplex
(the set of n+1 initial points) is p® and p* = p® + 6rey, for scalars 0y, k = 1, ..., n;
here p® is an arbitrary point in the n-dimensional space of unknown parameters
and ey, is the unit vector in the k-th direction [34].

2. Order the points p*, k = 0, ...,n, in an ascending order based on their objective
function values. Assign new superscripts such that £(p?) < ... < L(p"}) <

L(p").

3. Calculate the centroid of the n points with lowest objective function values, p =
=P

4. Calculate the reflected point, p" = p“* + u (p“* — p"™), where p > 0.

5. If L(p®) < L(p") < L(p™ 1), replace p" with p” and start the next iteration; go
to step 2.



6. If L(p") < L(p?), compute p¢ = p" + v (p" — p"), the expanded point, where
v > 0.

(a) If L(p®) < L(p"), replace p™ with p® and start the next iteration; go to step
2.

(b) If L(p®) > L(p"), replace p™ with p" and start the next iteration; go to step
2.

7. If L(p") > L(p")

(a) If L(p") < L(p"™), compute p¢ = p" + p(p" — p™), the contracted point,
where 0 < p < 1. If L(p®) < L(p"), replace p" with p® and start the next
iteration; go to step 2. Otherwise, go to step 8.

(b) If L(p") > L(p"™), compute p*“ = p + p(p" — p“), the new contracted
point. If £L(p®) < L(p"), replace p" with p° and start the next iteration;
go to step 2. Otherwise, go to step 8.

8. For k =1,...,n, compute vF = p + ¢ (pk — po) where 0 < o < 1, replace p* with
v¥ and start the next iteration (go to step 2).

In words, in each iteration, the objective is to eliminate the worst point (with the largest
value of objective function) among the current n+ 1 points of the simplex via reflection
(step 5 or 6-b), expansion (step 6-a), contraction (step 7) or shrinkage (step 8). Figure
1 illustrates this algorithm for the case n = 2. In the present work, the parameters u,,
and p are taken to be 1, 1, and 0.5, respectively, as proposed in [29,33,35]. We have also
chosen the shrinkage coefficient to be o = 0.9 as recommended in [35] for robustness in
the presence of noise.
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Figure 1: An example of simplex update in the NM algorithm; the case of two unknowns
(corresponding to n = 2) is shown. (a)- Point p? of the previous simplex (which consists
of points p’, p!, and p?) is replaced with a new point from the set {p®, p, p", p¢}.
The new simplex consists of p°, p', and the replacement of p2. (b)- If none of the
candidate points in figure la have an objective function smaller than £(p?), then the
simplex shrinks. The new simplex is p°, v!, and v2.

The most expensive step in this process is the calculation of the objective function
(8) which requires evaluation of Tprp. The NM algorithm typically requires one or two
evaluations of (8) at each iteration, except when a shrinkage step takes place where
6M + 2 evaluations of (8) are required. Single function evaluation occurs as a result of
successful initial reflection corresponding to step 5 of the algorithm. Two evaluations
of the objective function result from either expansion at step 6-a, reflection at step 6-b,
outside contraction at step 7-a or inside contraction at step 7-b. The simplex typically
starts to shrink near the convergence point where it cannot find any new direction that
yields lower values of the objective function and consequently instead searches for such
point inside the previous simplex by shrinking it toward its best vertex [35].

3 Application example and validation

In this section, we consider the one-dimensional TTG experiment as an example for
illustrating and validating the methodology presented in section 2. The mathematical
model of the TTG experiment will be briefly discussed in section 3.1. Using this mathe-
matical formulation, we generate synthetic experimental data; this process is described
in section 3.2. We then use these synthetic data to reconstruct 7, for the material model



used in the MC simulations; the details of the reconstruction process are discussed in
section 3.3. We consider reconstruction both via semi-analytical solution of the BTE
and MC simulation; the advantages of each approach are discussed and contrasted. In
section 3.4, we compare the reconstructed relaxation times and free path distribution
with those of the original data used in the MC simulations for generating the synthetic
data.

3.1 The TTG experiment

Transient thermal grating (TTG) experiment has been widely used to study transient
thermal transport. In this experiment, a sinusoidal profile with unit amplitude is gen-
erated by crossing two short pump pulses [36]. By assuming a one-dimensional heat
transport along the x direction, the BTE from equation (1) can be written in the form

De? De? et — (de®?/dT)r,, AT
ar + vy cos(@)% =— -

+ (de®d/dT)r,, 5(t)e*™/E (9)

in which the last term is due to the sinusoidal initial temperature profile. Here, L
is the grating wavelength (see discussion in section 2.2), and ¢ is the imaginary unit.
This equation is sufficiently tractable to allow analytical solutions in Fourier/reciprocal
space [10,17]. We follow a similar procedure (see Appendix B) to obtain a Fourier space
solution for Tgrg; the final result is

e2miz/L
c

(fw SWdew)Q
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where C' = fw C.dw is the volumetric heat capacity and AT, = AT((,z) denotes the
Fourier transform of AT'(¢,z) with respect to the time variable. Also, S, = S(w,() is
given by

Sw =

47,2

(11)

We note here that the temperature profile required for evaluating (8) is given by
TBTE(ta x) = AT(t, (L‘) + Teq.

1C,L | Tl — VT2 L™t — 4
n .
ToC +vyT2r L1 — 4

3.2 Generation of synthetic experimental data

Instead of using experimental data (for 7),) to validate the proposed methodology,
we use synthetic data generated from MC simulation of (9). This approach enables
considerably more precise validation because it sidesteps issues of experimental error,
which is hard to quantify, but also modeling error (how accurately does (9) model the
TTG experiment?), which is even harder to quantify. In other words, reconstruction
from T, “measurements” obtained from MC simulations should be able to reproduce
the function 7, used to generate the synthetic data exactly, making any discrepancies
directly attributable to numerical/methodological error.



In the interest of simplicity, the material was assumed to be silicon. However, in
order to fully explore the ability of the reconstruction process to capture arbitrary
functional relations 7, = 7(w), we consider both a simple analytical model and an ab
initio model of this material. The simple model considered here is described in [13,37]
(thermal conductivity x = 143.8 Wm~'K~!) and will be referred to as the Holland
model. The second model considered (thermal conductivity £ = 139.7 Wm 1K~1) is
described in [17] and will be referred to as the ab initio model throughout this paper.

Mirroring the experimental procedure as closely as possible, we obtain transient
temperature relaxation data (solutions of (9)) at one spatial location for a number of
characteristic (grating) lengths, namely 7,,(0 < t < t1;L) (= T,,(0 <t < tp,x = 0; L)
for example). These solutions were obtained using the adjoint Monte Carlo method
recently proposed [16] that is particularly efficient if solutions at particular spatial lo-
cations are of interest. The MC simulations used a sufficiently high number of particles
(N = 10%) to ensure that the synthetic data was essentially noise free. As discussed in
section 3.4, we have also produced noisy synthetic data using significantly fewer particles
in order to investigate the robustness of the optimization method to noise. Relaxation
data was “recorded” in the time period 0 < ¢ < ¢z, where {7, = min(ty, 19,5 ns); here,
t1,19% denotes the time taken for the response to decay to 1% of its original amplitude for
each L. During this time period, 100 discrete T}, measurements were obtained. Eight
different wavelengths were simulated, namely, L = 10 nm, 50 nm, 100 nm, 500 nm,
1 pum, 5 pm, 10 um, and 50 um. As a result, 800 total T}, measurements were available
for reconstruction (N = 800).

3.3 Reconstruction

Reconstruction proceeds by comparing solutions of 1-D TTG experiment, equation (9),
in the form of Tprp(0 <t < tr;L,U) to the counterpart N measurements of T}, as a
means of finding the optimum unknown vectors. Here, solutions of (9) were obtained
using inverse fast Fourier transform (IFFT) of (10) as explained in [38], or by using
adjoint MC simulations [16]. Although MC simulations are more expensive, they are
investigated here because they make the proposed method significantly more general,
since they are not limited to problems which lend themselves to analytical or semi-
analytical solutions.

As discussed before, phonon group velocities were assumed known, while 7, was
described by the model given in (7) with M = 3 (a piecewise linear function with three
segments). As shown in section 3.4, this approximation level gives very good results.

To generate the initial starting points (6M + 1 vertices of the simplex), we have used
8k = 0.1p? as recommended in [34], where p? represents the k-th component of vector
pY as discussed in the first step of the NM algorithm in section 2.3. Larger values of &
(we have tested §; = 10p?) may lead to large steps during the initial iterations of the
optimization, which consequently can move the simplex toward a wrong local minimum;
on the other hand, very small values of d;, (we have tested §; = 0.001pY) lead to smaller
steps throughout the optimization process, which require a (significantly) larger number
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of iterations in order to guarantee that the parameter space is adequately sampled. We
have obtained similar performances to §; = 0.1p2 using 0 = 0.05p2 and Jj, = 0.025p2.

We perform the optimization in four stages. In the first stage, we solve for one
segment (M = 1) which is the same for all branches, leading to only two unknown
parameters. Due to the small number of unknowns, this step is very cheap but very
valuable since it results in a significant reduction in the value of objective function in
only 10-20 iterations. In the second stage, LA and T'A modes are still assumed to
be the same but the intended number of segments is used, increasing the number of
unknowns to 2M (six in the present case). The initial condition for this stage is taken
to be the same as the optimized value of the previous stage (or a slightly perturbed
version). In the third stage, we repeat the optimization process, now for 4V unknowns
(the two T'A branches are assumed to be the same, 7741 = 7742) starting from the
optimized parameters of the second stage. Finally, we perform the optimization for all
6M unknowns starting from the optimized parameters of the previous stage (repeated
for each of the three branches independently). This procedure is more robust than
direct optimization for 6 unknowns, which depending on the initial condition may
be trapped in a local minimum of (8) characterized by significantly different relaxation
times for the LA and T'A branches.

To reduce the probability of the reconstruction being trapped in a local minimum, in
our approach, the first and second stages were repeated starting from 5 distinct initial
conditions. The result at each stage with the lowest value of £ was used as the initial
condition for the next stage. Although this consideration may not be necessary, it is
expected to improve the quality of the optimization process (by providing a smaller final
value of £) due to the non-convexity of the objective function.

Although the number of iterations varies depending on the initial condition, we
have observed that for the value of M used in our work (corresponding to 6M =
18 unknowns), the third and fourth stages require on the order of 150-200 iterations
for convergence (each). When using analytical or semi-analytical (IFFT) solutions for
Tpre, the computational cost associated with each evaluation is very small and thus
cost is not a consideration. Using MC simulation to obtain solutions for Trp is more
costly and is discussed below.

3.3.1 Reconstruction using MC simulations

To reduce cost, MC simulations during the first two stages of the optimization process
used Ngrp = 104 particles for calculation of Terg. During the third and fourth stages
of the process, the number of particles is increased to Nprg = 10.

Figure 2 investigates the sensitivity of the final value of the objective function £ in
the third stage as a function of the number of particles used (in this stage of the opti-
mization) for the ab initio material model. Specifically, the figure compares the mean
and variance of the objective function compared to the third-stage final value obtained
from IFFT of (10) (which is free from noise and independent of number of particles).
The MC result appears to converge (asymptotically) to the deterministic result with
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increasing number of computational particles, Nprg. Although this convergence ap-
pears to be slow, it is encouraging that the additional error (compared to deterministic
reconstruction) is small and thus the shallow slope of the convergence implies that the
reconstruction is quite robust to noise in the range 10* < Nprg < 106,

= = Objective function of IFFT
—— Mean of objective function
—— Mean4= standard deviation
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10* 10
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Figure 2: Dependence of the final value of £ at the third stage on Nprg. Increasing
the number of particles decreases the mean and variance of L.

Since the computational time for each adjoint MC simulation is proportional to
NsrE [16], given our choices for Nprg (Nprg = 10* for stages 1 and 2 and Nprp = 10°
for stages 3 and 4), the cost of the first two stages of the optimization is negligible
compared to the cost of the last two stages. Here we note that no attempt has been made
to optimize this process; it is therefore possible that considerably more computational
benefits may be possible if a more structured approach is used [39] that takes into
account information such as that contained in figure 2. We also note that given the
small cost of the first two optimization stages, repeating them a number of times starting
from different initial conditions does not increase the cost of the reconstruction process
significantly.

For an average of 150-200 iterations, the cost of each of the third or fourth stages
corresponds to 300-600 MC simulations, considering that on average 2-3 evaluations of
(8) at each iteration are required. This number of iterations can be performed efficiently
using the adjoint method proposed recently in [16]. Note that a significant fraction of
the computational effort is spent on iterations close to the final solution, which is pri-
marily due to the high computational cost of the shrinkage step near convergence as
was discussed previously in section 2.3 (compare 6M + 2 = 20 function evaluations
associated with the shrinkage step, with one or two function evaluations associated
with reflection, expansion or contraction). In contrast to the present case where val-
idation required very small error tolerances, in actual practice, tolerances will be set

12



by experimental considerations and are expected to be larger, reducing the number of
expensive shrinkage processes and making the cost of reconstruction from experimental
data smaller.

3.4 Validation

In this section, we discuss reconstruction results with particular emphasis on their ability
to reproduce the original material properties (7, = 7(w)) used to generate the synthetic
measurements T,,, referred to as “true”. Although our scheme returns 7, as output,
as is typical in the literature, we also provide comparison between the “true” and “re-
constructed” cumulative distribution function (CDF) of free paths defined as F(A) =
= fw*(A) Cv27,dw, where w*(A) is the set of modes such that w*(A) = {w|A, < A}.

3.4.1 Holland model

In this section, we present results for the Holland material model. For this model,
we assumed that the two T'A branches are the same and as a result, the optimization
process consists of three stages with a total of 4M unknowns.

Figure 3 shows a comparison between the true material parameters and the re-
constructed ones using the semi-analytical solution (10) for Tprg. The agreement is
excellent.

10° : : 1 .
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angular frequency (rad/s) x1013 free path (m)
(a) relaxation times (b) free path distribution

Figure 3: Comparison between true and reconstructed relaxation times and free path
distribution using IFFT of the semi-analytical result (10) for the Holland material model.

Figure 4 shows a similar comparison for the case where MC simulations were used
for obtaining Tprr. We observe that the error in reconstructed relaxation times is
more significant when using MC simulations. We attribute this primarily to the noise
associated with MC simulation and its interaction with the NM algorithm.
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Figure 4: Comparison between true and reconstructed relaxation times and free path
distribution using Tsrg obtained from adjoint MC simulation using the Holland mate-
rial model.

The synthetic data used to obtain the results in figures 3 and 4 were generated by
MC simulations using N, = 10° computational particles. This high number of com-
putational particles leads to a very small variance, corresponding to a very accurate
“experimental measurement”. In order to evaluate the performance of the reconstruc-
tion method in the presence of noise in the experimental measurement, we have also
performed reconstruction calculations with noisy synthetic data. For that purpose, we
have used only A, = 10? computational particles in the MC simulations that generated
the synthetic data, leading to a standard deviation of 0.02 K. This number of particles
makes the uncertainty in 7, significantly larger than the noise in common experimen-
tal data (e.g. compare the noisy temperature profile of figure 5 with figure 2c¢ of [8]).
Figure 5 shows a comparison between the synthetic data obtained with N, = 10° and
Ny = 102 particles.
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Figure 5: Comparison of the synthetic temperature profile obtained by MC simulations
using N, = 10% and N;, = 10? computational particles based on the Holland material
model. Two different grating wavelengths are shown.

The reconstructed relaxation times and free path distribution corresponding to the
noisy synthetic data (N, = 10%) using semi-analytical and MC solutions with the
Holland material model are provided in figures 6 and 7, respectively. In both figures
we observe that even in the presence of the considerable noise in the measurement,
the algorithm is able to infer the relaxation times and the free path distribution with
reasonable accuracy.
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Figure 6: Comparison between true and reconstructed relaxation times and free path

distribution using IFFT of (10) from noisy synthetic data for the Holland material
model.
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Figure 7: Comparison between true and reconstructed relaxation times and free path
distribution using adjoint MC simulation from noisy synthetic data for the Holland
material model.

3.4.2 Ab initio model

In this section, we repeat the validation process, namely using IFFT of (10) and adjoint
MC simulation in the presence and absence of noise in the synthetic data, for the ab
initio material model. The reconstructed material properties in the absence of noise
(Nm = 10°) are provided in figures 8 and 9. The reconstructed material properties in
the presence of noise (N, = 10?) using IFFT of (10) and MC simulation are provided
in figures 10 and 11, respectively.

We observe that the general level of agreement is very good, but not at the level of
the Holland model discussed in section 3.4.1. This is clearly to be expected given the
relative complexity of the two models and the fact that the parametrization (7) is related
to the Holland model in limiting cases. We also note that although the discrepancy is
particularly noticeable for low frequencies, this is primarily an artifact of the low density
of states of modes in these frequency ranges. Specifically, the density of states of the
LA modes for w < 8 x 10'2 rad/s is zero (i.e. none of the two terms in (8) influences
7EA for w < 8 x 10'2)). The role of density of states can be further verified by noting
that the reconstructed free path distribution is in all cases in better agreement with the
input (“true”) data compared to the corresponding relaxation times.

We also observe that, as in the case of the Holland model, the noise in the synthetic
data has only a small effect on the reconstruction quality.
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Figure 8: Comparison between true and reconstructed relaxation times and free path
distribution using IFFT of (10) with the ab initio material model.
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Figure 9: Comparison between true and reconstructed relaxation times and free path

distribution using Tprg obtained from adjoint MC simulation of the ab initio material
model.
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Figure 10: Comparison between true and reconstructed relaxation times and free path
distribution using IFFT of (10) from noisy synthetic data for the ab initio material
model.
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Figure 11: Comparison between true and reconstructed relaxation times and free path
distribution using adjoint MC simulation from noisy synthetic data for the ab initio
material model.

4 Comparison to effective thermal conductivity approach

The accuracy of the reconstruction process shown in figures 3, 4, 6-11 is very encouraging
and, generally speaking, superior to that obtained by effective-thermal-conductivity-
based approaches (see, for example, figure 2 in [7], or figure 12 of present manuscript).
In [7], it is pointed out that the effective-thermal-conductivity-based approach is less
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accurate outside the range of lengthscales over which input data is available and thus
the discrepancies observed in [7] may be attributed to the lack of data in the range
L <1 pm and L 2 15 gm. On the other hand, as shown in figure 12, reconstruction
using the method proposed here using relaxation data for L =1 um,5 um, 10 pm, and
50 pm, reveals that the proposed method is less sensitive to the range of wavelengths
spanned by the input data.
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Figure 12: Comparison between true and reconstructed data for the case of limited
range of input wavelengths: (a) Reconstructed relaxation times using IFFT of the semi-
analytical result (10) for the Holland material model using L = 1 pum,5 pum, 10 pm,
and 50 pum. Relaxation data was “recorded” in the time period 0 < t < ¢, where
tr = min(ty, 19,50 ns); (b) Comparison of the free path distribution obtained from
reconstruction shown in (a) with data transcribed [40] from figure 2 of [7] (denoted
“Reconstructed CDF, k¢f¢”), obtained from the effective thermal conductivity approach
using 12 relaxation profiles with wavelengths in the range L =1 — 15 pum.

Sensitivity to the range over which input data exists is very important, not only
because some lengthscales may not be experimentally accessible [7], but also because
the effective thermal conductivity concept cannot be used to analyze small lengthscale
or early-time data—recall that Fourier-based descriptions are only accurate in the limit
of large lengthscales (compared to the mean free path) and long timescales (compared
to the mean time between scattering events). Below, we theoretically analyze the lim-
itations arising from these requirements by studying in detail the response associated
with the TTG setup.

Another problem associated with the effective thermal conductivity approach is that,
other than in the thermal grating geometry, the associated suppression functions are
unknown (and depend not only on the experimental setup, but also on the material
parameters that are being calculated). Using gray MC simulations as a substitute for
the suppression function introduces approximations (see [17] for a discussion) that are
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not always acceptable and more importantly not a prior: controllable.

4.1 The thermal grating case in detail

Clearly, in order to extract information from the experiment correctly, a model needs
to be able to fit the functional form of the experimental response accurately. We now
examine, both theoretically and via simulation, if this requirement is satisfied by the
effective thermal conductivity formalism in the case of the TTG problem.

We first recall that the effective thermal conductivity concept applies to late times,
as defined by 7, < 1 [10] (¢ is the Fourier transform variable with respect to time-see
discussion in section 3.1). Following previous work [10], we simplify (11) in the limit of
T,¢ < 1 to obtain (see Appendix C)

C, [tan™! (Kny) Ty .
S = T [ Kn,, - Kn2 + 114 ’ (12)

Here, Kn,, = 21,7, /L. Substituting equation (12) in (10) and performing the inverse
Fourier transform in time leads to the following temperature response in the late time

limit t > T,
AT = Aexp [ 22 o 2m\" Kot (13)
= Aex xp | — | —
PATL P L) Cood |

1 9 3 tan—! (Kn,)
Kmod = /w gcwvwn, {Kna [1 on dw (14)

is the effective thermal conductivity as found before [10],

where

. [fw [gﬁf_’ldw 5 (1—#)d +f K2+1dwfwK tan™ (an)dw]2

L ]
(15

is the response amplitude, and

C(
mod — T 9 |, 1 1

is an effective heat capacity.

In other words, although the response (13) is of exponential form in time, it is not
a solution of the Fourier heat equation with an effective thermal conductivity x,,04, as
usually assumed. Response (13) is a diffusive type of solution which differs from the
classical Fourier solution by featuring

e an amplitude, A, different from the original temperature perturbation in the TTG
experiment (taken to be 1 K here)
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e a thermal conductivity given by K.,04
e a heat capacity given by Cy,04

Moreover, we always need to keep in mind that the above is only true for 7, < 1, which
turns out to have significant implications. Using the fact that Kmed/Cmoed ~ O(k/C) ~
(A,)?/(,) we can write (13) in the form

2mix 9,9 t

ATNAeXp( 7 )exp< ™= Kn <7—w>>7 (17)
where Kn = (A,)/L is the (average) Knudsen number, (A,,) is the mean free path and
(T) is the mean free time. This leads us to conclude that the requirement ¢/7, > 1
(t/{(r,) > 1) is incompatible with a solution of this form (AT — 0) unless Kn? < 1.
This “mathematical” incompatibility is a simple statement of the physical fact that
relaxation times scale with the system size and thus for a small system not satisfying
Kn? < 1 the response timescale will be on the order of the relaxation time or smaller
(no experimentally measurable signal will be available at times much longer than the
relaxation time)—in other words, no fully diffusive relaxation regime is possible for
systems not satisfying Kn? < 1.

The above discussion is validated in figures 13 and 14; the figures compare various
Fourier-based relaxation profiles to the BTE solution of the grating relaxation problem
for various values of the wavelength L. In addition to solution (13), we also consider
the traditional effective thermal conductivity approach given by [10],

2mi 21\ 2
AT = exp <7Zx> exp (— (;) H’Zj”t) . (18)

The figures also show the solution of the same problem obtained via IFFT of (10)
using the reconstructed 7, data (as shown in figure 3 for the Holland model and figure
8 for the ab initio model). Figure 13 shows results for the ab initio material model
((Aw) = 95.7 nm) and figure 14 for the Holland model ((A,) = 85.5 nm). Here, (A,)
was calculated using the procedure outlined in [41].

In both figures, we observe that the BTE solution based on reconstructed relax-
ation times, referred to as “present”, is the only solution that is able to predict the
correct temperature profiles (IFFT of (10), denoted by “BTE”) in all Kn-regimes, for
all times. Referring to figure 13, at L = 10 nm, the ballistic solution of the BTE
(provided in Appendix D) is also able to predict the temperature profile, although for
t 2 1.5 ps some discrepancies are observable (scattering is no longer completely neg-
ligible); Fourier-based approximations are inaccurate. For L = 100 nm (Kn =~ 0.96),
none of the Fourier-based approximations are able to predict the correct temperature
profile; although solution (13) provides a significantly better approximation compared
to expression (18) at late times, the BTE solution is clearly not of exponential form at
early and moderate times (in other words, although (13) appears to be close to the BTE
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solution, this is partly because both go to 0 at late times). At L = 400 nm (Kn ~ 0.24)
the agreement between (13) and the BTE solution is good; equation (18) remains in-
accurate. The comparison at L = 1 um (Kn =~ 0.096) shows good agreement between
equation (13) and the BTE solution; equation (18) also becomes a reasonable approxi-
mation. Further comparison (not shown here) shows that at L = 10 um (Kn =~ 0.0096),
both Fourier-based solutions are able to reproduce the Boltzmann solution.

A comparison for the Holland model can be found in figure 14. The results are simi-
lar, but generally reveal worse performance by equation (13) in the critical Kn = 0.2—1
range. Also, the ballistic behavior is observed at smaller wavelengths (approximately
L =1 nm-not shown here).
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Figure 13: Comparison between the method proposed in the present paper and various
Fourier-based methods. Temperature relaxation profiles are shown for four grating
wavelengths and compared to BTE solution for the ab initio material model (denoted
“BTE”). The prediction of the method proposed here, denoted as “present”, is given
by solution of the Boltzmann equation based on the reconstructed relaxation time data
of figure 8. Solutions based on equations (13) and (18) are denoted “Equation (13)”
and “Equation (18)”, respectively.
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Figure 14: Comparison between the method proposed in the present paper and various
Fourier-based methods. Temperature relaxation profiles are shown for four grating
wavelengths and compared to BTE solution for the Holland material model (denoted
“BTE”). The prediction of the method proposed here, denoted as “present”, is given
by solution of the Boltzmann equation based on the reconstructed relaxation time data
of figure 3. Solutions based on equations (13) and (18) are denoted “Equation (13)”
and “Equation (18)”, respectively.

In summary, although relation (13) shows that a regime featuring exponential re-
laxation is possible, this is only physically realizable (and measurable) for Kn? < 1.
This is clearly more favorable than the typical requirement (Kn < 1 for homogeneous
materials, Kn << 1 in the presence of boundaries [42]) for validity of Fourier’s law un-
corrected; the improved range of validity is due to the corrections (14)-(16), which are
available, in part, due to the simplicity of the TTG problem and geometry. Although
extensions of Fourier approaches are sometimes possible (e.g. see [42] for the role of
boundaries), these are not always guaranteed to exist or be tractable and their range of
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validity cannot be expected to extend to Kn ~ 1, except fortuitously.

With the above considered, for the TTG case, the effective thermal conductivity
construction and associated solution (13) is only strictly theoretically justified in the
limit Kn? < 1. In some cases this coincides with the range in which experiments operate
[5], in which case reconstruction using a diffusive approximation may be acceptable
provided:

e the correct asymptotic relation (i.e. equation (13)) is used

e some loss of accuracy outside the range over which experimental data is available
is acceptable

We also point out that the validation in [7] featured wavelengths satisfying Kn? <
1. In general, however, the requirements Kn?> < 1 and t > 7, are very restrictive,
especially when considering that typical pump-probe response time is on the order of a
few nanoseconds [8]. In contrast, the method proposed here introduces no lengthscale
or timescale restriction; moreover, if input data is available over a limited range of
wavelengths, the quality of the reconstruction does not suffer significantly.

5 Summary and outlook

By analyzing the TTG response in detail we have shown that, as expected, reconstruc-
tion using the effective thermal conductivity concept is limited to late (compared to
the mean free time) times and large (compared to the mean free path) lengthscales
(Kn? < 1 for the TTG in particular). Using input data that does not satisfy these re-
quirements will lead to reconstruction error; on the other hand, using data in a limited
range of characteristic lengthscales also leads to reconstruction error [7].

In this paper we have proposed an alternative approach to the reconstruction prob-
lem that avoids the limitations associated with the effective thermal conductivity ap-
proach. The proposed method assumes knowledge of the phonon group velocities and
poses the reconstruction as an optimization problem seeking the function 7, that mini-
mizes the discrepancy between the observed experimental data and the solution of the
BTE as applied to the experimental process. Although much research and improve-
ments remain to be made, one of the main contributions of the present paper is to show
that reconstruction based on a more rigorous foundation (which does not make use of
the assumption of Fourier behavior) is possible.

The proposed formulation is sufficiently general to accept solutions of the BTE
obtained by any means. In fact, we envision applications to problems including interfaces
between materials [43] (and where the reconstruction will include inference of interface
properties) as direct extensions of the present work.

The optimization process is achieved by the Nelder-Mead algorithm that does not
require gradient calculation and is thus robust to noise. Our results verify that re-
construction is robust both in the presence of noise in the input (experimental) data
and the BTE solutions when the latter are obtained by MC simulation. Although MC
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simulations are considerably more expensive, they are, in fact, the more relevant to
applications of practical interest (e.g. [8]) which are in general high-dimensional and
not expected to lend themselves to analytical solutions. The cost of MC simulations is
partially mitigated by their excellent parallel efficiency. Moreover, in cases where the
experimental measurement is limited to one (or a few) discrete spatial locations, the
MC simulation cost can be made independent of dimensionality using techniques such
as adjoint formulations.

Our validation tests started from multiple distinct initial conditions thus subjecting
the optimization process to a worst-case scenario, since in most cases some a-priori
information on the nature of the solution is expected to exist. In the present case,
the lack of prior information was overcome by starting the optimization process, as
a first stage, from a sweep of different initial conditions and choosing the result with
the lowest objective function value as the initial condition for a second optimization
stage. In the case of MC simulations, this approach was possible due to the robustness
of the NM algorithm to noise, which enabled us to perform the first two stages of
calculations using very cheap (noisy) simulations. In general, a-priori information could
be very useful in ensuring convergence to the correct solution, which due to the highly
non-convex nature of the minimization problem is not guaranteed. Future research will
focus on formulations which exploit a-priori information on the nature of the solution as
well as alternative optimization algorithms to improve convergence rates and accuracy.

Our results also show that the reconstruction process is very robust with respect to
the time window over which the material response is observed, in contrast to Fourier-
based approaches which assume a late-time response. More specifically, by matching
the material response to BTE solutions, the reconstruction is successful with response
data limited to very early times (e.g. on the order of 5 nanoseconds) that are typical
in pump-probe experiments [8] but do not satisfy assumptions required for diffusive
behavior to set in.

Validation of the proposed methodology using experimental data of thermal relax-
ation processes will be the subject of a future publication.
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Appendix A: Parameters of piece-wise linear model

Relationship (7) is constructed such that the intersections of the piecewise linear seg-
ments at wf ,j=1,...,M — 1, are smoothed by third-order polynomial functions. Each
smoothing polynomial extends over a frequency range of 2A, centered on sz and de-
noted by (Xégj_l,Xégj), where

s S
Xy = wp
S S S S .
7X2j :(.Uj +A7 X?j—l = wj — A, J € {1,,M— 1},
Xonr—1 = wir, (19)

In this work, we have used A = 5 x 10'2 rad/s.
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The coefficients af , bf ) cf , and df are calculated from the following equations

2
A 5 il
. (1 ) <wf> ) o (TTJSH> o <T; J1>
at = — _
J SLA 3 s s ’
o ()] Lee() e ()
J

where j € {1,....,. M — 1} and S € {LA,TA,,TAs}.

Appendix B: Semi-analytical solution for the transient ther-
mal grating

Here, we derive the semi-analytical frequency-domain solution (10) used in section 3.1
using Fourier transform in the frequency domain (with respect to the time variable) and
wavenumber domain (with respect to the space variable). We will use the subscript ¢
to denote the former and the subscript 1 to denote the latter. By applying a Fourier
transform to (9) in both variables we obtain

L 4

1 ~
igegn +1inv, cos(@)eg77 = + T—(deeq/dT)TquTgn +2m(de®/dT)1,,0 (n — 2L,

(21)
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which provides the following relationship for egn

(ded/dT)r,, [TglAT@ + 276 (n — 27rL_1)}

d
e, = . 22
& i¢ + inuy, cos(f) + 755 (22)

Applying Fourier transform in both variables to equation (3) and replacing egn with the

above result, we obtain the following expression for ATV@

c,  ~ (de®d/dT)r,, Tw_lAfcn + 276 (n — 27TL_1)]
/ / Cont, - Do | dwdr =0, (23)
QJu | Tw

i7C + inv, T, cos(f) + 1

which after integrating over 6 € (0, 7) and ¢ € (0, 27) and algebraic simplification leads
to the following relationship

7§(n—2nL~1) iCy Tw(—VwTwn—1
~ n fw Ve Tw In (TW<+UWTM7777;) dw

f @dw _ ifw iCy In (TwC_UwTwn_i) dw

W Tw 2n VT2 Tw (V0w Twn—1

(24)

Equation (24) can be further simplified by applying the inverse Fourier transform in
wavenumber domain 7. Noting that equation (24) is in the form of AT, = 6(n —
2rL~1G(n, ¢), we use the identity
1 > -1 nx 1 -1 2mix /L
(5(?7—27rL )G(n,()e?7 dn:Q—G (27TL ,C)e , (25)
T

27 J o

to obtain ‘
g2miz/L fw S Twdw

[, [Corat = Su] dw’
where S, is given in (11). Equation (26) is similar to the result obtained in [10].

To obtain an expression for the temperature, we insert (24) into (22) and apply the
inverse Fourier transform in wavenumber domain using the identity (25) to obtain

AT, = (26)

eQﬂ'ix/L (deeq/dT)Teq
iTwC + 1y Tw cos(0)2r L1 + 1

[, SwTwdw
L, Coro tdw — ., Swdw

ef = +11. (27)

This relation is then substituted in

/ / [CWATC - eng} dwdQ = 0, (28)
QJw

obtained by applying Fourier transform in the frequency domain to (4). Solving the
resulting equation for AT, leads to the expression provided in (10).
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Appendix C: Solution of the transient thermal grating for
late times

Introducing the definition Kn, = v,7,2rL~! in equation (11), provides the following
relationship for S,

C K
Gy = Gy, (Twb = Bnw 70y (29)
2Kn,1, T7wC+ Kng, — i
Using a Taylor expansion for 7,( < 1 of the logarithmic term in (29) we obtain
iC, 2Kn,T,
Sp == |=2itan"! (Kny,) — ——5—=( + O (72¢ 30
Y 2KngT, [ itan " (Kn.,) Kni+1<+ ()| (30)

which is the same expression provided in equation (12). If we substitute S, in (10) with
(30) and neglect terms of O (72¢?) we obtain

e2miz/L tan~! (Kn,,) TwiC
AT, = T -2 d
¢~ ¢C /WCT [ Kn., Kng+1] wt

[ Co (it — ) o] } (31)
Cu [1 — tan;gfnd K%iil} dw

w Tw

Equation (31) is in the general form of

(ks — kaiC)?

ATy = k1 — kot
¢ = k1 — ki + ks T koiC

(32)

where kq, ko,..., kg are independent of Fourier transform variable ( and depend only on
the geometry and the material properties. Equation (32) can be further simplified in
the following form

(kaks + kske)?
k2 (ks + keiC)

k3ks  2ksky (k;g (33

ATy = by — 425 — n

kg kﬁ 2) ZC +

Applying inverse Fourier transform to (33) leads to the following result

k2ks  2ksk k2 kaks + kske)? ks
AT = (kl _ 4725 - 3 4> 5(75) + (4 _ 2) (5’(75) + Mu@)e kzt’ (34)
k2 ke ke %

where §(t) and §'(t) are the delta Dirac function and its first derivative, respectively, and
u(t) is the Heaviside function. At late times (more precisely, ¢t > 0), only the last term
of (34) is nonzero. Substituting constants k; through kg in (34) with their equivalents
from equation (31) leads to the result provided in (13).

33



Appendix D: Analytical solution for transient thermal grat-
ing in ballistic limit

The temperature relaxation profile in the ballistic limit can be obtained by setting
Tw — 00 in equation (10) and (11). Using this substitution, for S,, we have

g _ 1C.L | ¢ —v,2r L~
Y t CH+ov,2nL1 )"

Amv, T2

(35)

Substituting this expression in (10), we observe that the second term of (10) vanishes
in this limit (the numerator is O(72), while the denominator is O(7;1)). Therefore,

we have omiz/L .
iLe ™ Cy ¢ —vp2rL™
ATf=——— [ —In|>—F7—— ) dw. 36
T T anC /w v <C—|—vw27rL—1 v (36)
The inverse Fourier transform of (36) can be calculated analytically [44] and gives
Le27r7lx/L c., . .
AT = e /w o sin (v,27L~'t) dw. (37)
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