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We study the hitherto un-addressed phenomenon of Quantum Hall Effect with a magnetic and
electric field oscillating in time with resonant frequencies. This phenomenon realizes an example of
heterodyne device with the magnetic field acting as a driving and is analyzed in detail in its classical
and quantum versions using Floquet theory. A bulk current flowing perpendicularly to the applied
electric field is found, with a frequency shifted by integer multiples of the driving frequency. When
the ratio of the cyclotron and driving frequency takes special values, the electron’s classical trajectory
forms a loop and the effective mass diverges, while in the quantum case we find an analogue of the
Landau quantization. Possible realization using metamaterial plasmonics is discussed.

I. INTRODUCTION
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FIG. 1. (Color online) (a) A heterodyne mixes the frequency
ω of the input signal with its driving frequency Ω. The output
is a superposition of signals with frequencies ω + lΩ, l ∈ Z.
(b) Model under study: an input electric field directed along
y and a magnetic field oscillating in time along z, acting on a
two dimensional electron gas (2DEG): this yields an electric
current along x, with a frequency different from the one of
the input electric field. In this example, the input is a sin-
gle mode with an envelope function, and the output is the
zero frequency envelope, which are related by the coefficient
σ−1
xy (Ω).

Quantum Hall Effect (QHE) is one of the deepest phe-
nomena in condensed matter physics. When a static elec-
tric field is applied to a quantum Hall state, a current
perpendicular to the field is induced, and their linear
relation jx = σHEy is given by the Hall conductivity

σH = e2

h ν
1. In Integer Quantum Hall Effect (IQHE),

the factor ν is strictly an integer and was related to a
topological index, the 1st Chern number, by Thouless,

Kohmoto, Nightingale and den Nijs2. The process is dis-
sipationless because the current is perpendicular to the
field and no Joule heating takes place.

Here, we report an extension of this concept to the
physically interesting case when the magnetic and elec-
tric fields are time dependent with resonant frequencies.
This realizes an example of heterodyne response, which is
an ubiquitous technique in today’s electronics with var-
ious usages such as high precision optical detection3–5.
Heterodyne (frequency mixer) is an electronic device that
mixes frequencies of oscillating signals through a nonlin-
ear process [Fig. 1(a)]. It is periodically driven by a
“local oscillator” with frequency Ω, and integer multi-
ples of Ω are added or subtracted to the frequency ω of
the input signal. Here we will be interested in studying
a heterodyne system where the driving oscillator is the
magnetic field while the input signal is an electric field
[Fig. 1(b)].

An important example of periodically driven systems is
the zero resistance state that occurs in a 2DEG driven by
microwaves in a semiconductor heterostructure in weak
magnetic fields6 (reviewed in ref.7). More recently, peri-
odically driven lattice systems are attracting interest8–11

as a way to realize a topological Chern insulator12, which
was recently confirmed experimentally13,14. However, we
stress that these examples focused on the response of the
system to a static electric field, and the heterodyne re-
sponse still waits for detailed investigation. In this paper,
we set out to fill this gap and develop a theory for hetero-
dyne response by studying the conductivity of a 2DEG
confined in the xy-plane subject to a z-directed magnetic
field

Bz(t) = B cos Ωt, (1)

with an oscillating electric field [see Fig. 1(b)]. We will
focus on the strong nonlinear effects introduced when
the frequencies of the driving and of the electric field are
resonant, i.e. when ω = nΩ, n ∈ N.

The paper is organized as follows. In Sec. II and III
we develop a theory for this system at the classical and
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quantum level respectively, while in Sec. IV we summa-
rize our results and discuss open problems.

II. CLASSICAL CASE

In this section we study the response of a classical
2DEG to a time oscillating weak electric field in the pres-
ence of an oscillating magnetic field and compute the con-
ductivity tensor, that we call heterodyne conductivity.
The heterodyne conductivity σm,nab , introduced here for
both classical and quantum cases, is a four index tensor
implicitly defined by the linear relation that holds be-
tween the electric current density ja(mΩ) of the output
signal with frequency mΩ, flowing along the a-direction
(a, b = x, y, z) and the (weak) electric field Enb along the
b-direction with frequency nΩ.

Given an electric signal Eb(t) = Eb(ω)e−iωt along a di-
rection b with frequency ω, the output current generated
from the heterodyne along a direction a can be expanded
in modes with frequencies ω + lΩ, with l a generic inte-
ger, as ja(t) =

∑
l ja(ω + lΩ)e−i(ω+lΩ)t. Then the linear

relation

ja(ω + lΩ) =
∑
b

σ̃lab(ω)Eb(ω) (2)

holds as long as the field is weak and defines the con-
ductivity σ̃lab(ω). When ω = nΩ, with n ∈ N, defining
Eb(nΩ) ≡ Enb and l + n = m, (2) can be rewritten as

ja(mΩ) =
∑
b

σ̃m−nab (nΩ)Enb . (3)

Defining σ̃m−nab (nΩ) ≡ σm,nab , so that the upper left index
labels the component of the outgoing current while the
upper right index the component of input electric field,
then (3) gives

ja(mΩ) =
∑
b

∞∑
n=−∞

σm,nab Enb . (4)

More explicitly, the heterodyne conductivity σm,nab is ob-
tained inverse Fourier transforming (4)

σm,nab = lim
t0→∞

1

t0Enb

ˆ t0

0

dt eimΩtja(t) (5)

with ja(t) = eneva(t).
The current density ja(t) is related to the electron’s

velocity va(t) by the relation ja(t) = neeva(t), with e < 0
the electron’s charge and ne the electron’s density; the
velocity va(t) can be derived from the solution of the
classical equation of motion

me

(
d

dt
+ η

)
v(t) = e

(
E +

1

c
v(t)×B(t)

)
, (6)

where me is the electron’s mass while η is a small phe-
nomenological scattering parameter necessary for the

convergence of the particle’s trajectory in electric fields;
B(t) = Bz(t)ẑ is the oscillating magnetic field (1), E
is the (infinitesimal) applied electric field. We note that
we have neglected the electric field emerging from the
time dependent magnetic field, which will be recovered
in the quantum case. Given the rotational invariance
of the system, we arbitrarily fix the direction of the
electric field as the y-direction and restrict our analy-
sis to {n,m} = 0, 1, with Ey(t) = E0

y (n = 0) and

Ey(t) = E1
y cos(Ωt) (n = 1). The behavior of the par-

ticle strongly depends on the ratio

r =
ωc
Ω
, (7)

with ωc = |e|B/mec the cyclotron frequency.
The formulas for the heterodyne conductivities can be

derived as follows. Defining

v(t) = vx(t) + ivy(t), (8)

the equation of motion (6) for E = E0
y ŷ becomes

v̇(t) = i
eE0

y

me
+ v(t)

(
−ieBz(t)

mec
− η
)
, (9)

whose solution is

v(t) = i
eE0

y

me
e−ηt+ir sin(Ωt)

ˆ t

0

ds eηs−ir sin(Ωs). (10)

The results for the conductivities are thus

σ0,0
xy + iσ0,0

yy = i
e2ne
me

∞∑
n=−∞

Jn(r)2

η − iΩn
,

σ1,0
xy + iσ1,0

yy = i
e2ne
me

∞∑
n=−∞

Jn(r)J1−n(r)(−1)n

η + iΩ(1− n)
,

where Jn(r) is the n-th Bessel function of the first kind.
From the former of these equations we derive

σ0,0
xy = 0, σ0,0

yy =
e2ne
meη

J0(r)2. (11)

When applying an oscillating electric field along the y-
direction with E(t) = E1

y cos(Ωt)ŷ, the solution for v(t)
is

v(t) = i
eE1

y

me
e−ηt+ir sin(Ωt)

ˆ t

0

ds eηs−ir sin(Ωs) cos(Ωs),

and, as a result, we get

σ0,1
xy + iσ0,1

yy = i
e2ne
me

∞∑
n=−∞

Jn(x)Jn−1(x)

η + iΩn
. (12)

Fig. 2(a) shows the results for the static diagonal and
transverse conductivity (all in absolute values) σ0,0

yy , σ
0,0
xy

and the inverse heterodyne Hall conductivity 1/σ1,0
xy ,

1/σ0,1
xy as a function of r. The diagonal conductivity σ0,0

yy
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FIG. 2. (Color online) (a) Static and heterodyne conduc-
tivities of a classical particle in an oscillating magnetic field.
The dashed line represents the classical result for the resis-
tivity in a static magnetic field. The parameter η is 0.05,
ne = me = |e| = 1. r = rcl

α are identified as the zeroes of the
Bessel function J0(r), explicitly rcl = {2.40, 5.52, 8.67, . . . }.
(b) Trajectories of the charged particle for different values of
r, in zero electric field. (0) For general values, the particle
makes open detours. (i-iii) For rcl

1 = 2.40 (i), rcl
2 = 5.52 (ii)

and rcl
3 = 8.67 (iii), the trajectory forms a closed periodic

orbit, whose winding number per half cycle T/2 = π/Ω is an
integer α = 1, 2, 3, respectively.

first decreases when enlarging B and vanishes at a dis-
crete set of points, labeled as r = rcl

α (α = 1, 2, 3, . . .).
This behavior can be understood from the dynamics of
the particles in zero electric field [Fig. 2(b)], which is no
longer the cyclotron motion in an oscillating magnetic
field. In static but spatially inhomogenous fields, par-
ticles make detours and their paths were called “snake
states”15. This generally also takes place in temporary
oscillating magnetic fields16 and the detour makes the
particles “heavy”. We can relate the diagonal conductiv-
ity with the particle’s effective mass m∗cl by me/m

∗
cl =

σ0,0
yy /σ0, with σ0 = e2ne/(ηme) being the zero field

expression17. When the diagonal conductivity σ0,0
yy van-

ishes at r = rcl
α , the particle’s trajectory in zero external

field forms closed loops and the index α used to iden-
tify them has a topological meaning of winding number
per half period. Indeed to have a closed trajectory, no
dissipative process should be present, which implies a
vanishing diagonal conductivity. The static transverse
conductivity is expected to vanish due to time reversal
invariance of the system on time scales multiples of a pe-
riod.
The system also shows a nontrivial heterodyne Hall re-
sponse. The Hall conductivity σ0,1

xy , which coincides with

σ1,0
xy , takes values close to the classical result (ne|e|c)/B

when the field is strong enough [Fig. 2(a)]. In particular,
they coincide when the effective mass diverges at r = rcl

α ;
we note that this feature is present also in the quantum
case.

III. QUANTUM CASE

Let us now consider a quantum version of the hetero-
dyne Hall effect in a one-particle system. This is obtained
with the minimal substitution starting from free electrons
(pµ → pµ − e/cAµ, with µ = 1, 2); in the Landau Gauge
the vector potential is Ax(t) = 0;Ay(t) = Bz(t)x, which
generates the electro-magnetic field

Bz(t) = B cos Ωt, Ey(t) = −∂Bz(t)
∂t

x. (13)

The quantum Hamiltonian is

H(t) =
~2k2

y

2me
+H0(x, t)− F (t)x (14)

where H0(x, t) =
p2x

2me
+ me(ω(t))2

2 x2 is the Hamiltonian

of a quantum harmonic oscillator (HO) with an oscillat-
ing frequency ω(t) = ωc cos Ωt. F (t) is a driving term
which contains the (infinitesimal) input electric field,
which we choose as Ex(t) = E1

x cos Ωt, and has the form
F (t) = ω(t)~ky − eEx(t). We emphasize that transla-
tional invariance in the y-direction still holds.

Using the time periodicity of the Hamiltonian H(t +
T ) = H(t) for T = 2π/Ω, we seek for a solution of
the time dependent Schrödinger equation in the Floquet
form18–21

Ψn(x, t) = e−
i
~En(ky)tΦn(x, t), (15)

where Φn(x, t) is a periodic function in time and En(ky)
is the Floquet quasi-energy. To be more precise, being
(15) a Floquet solution, it will be labeled by a combined
index α = (n,m) where n is the HO energy level and m =
0,±1,±2, . . . represents replica states (“photon-absorbed
state”).

Using the transformation by T. Taniuti and K.
Husimi22, the Floquet state23 is given by

Φn(x, t) =
eikyy√
Ly
ϕn(x−X(t), t) (16)

× exp

[
i

~
{meẊ(t)(x−X(t)) +

ˆ t

0

dt′L(t′)− L0t}
]
.

Here, ϕn(x, t) is the solution of the eigenvalue problem[
H0(x, t)− i~ ∂

∂t

]
ϕn(x, t) = εnϕn(x, t), with energy εn;

The wavepacket center X(t) is the solution of the equa-
tion of motion for a classical HO with a driving term
F (t): meẌ(t) + meω(t)2X(t) = F (t); L(t) and L0 are
respectively the Lagrangian and its time average for this
driven HO, given by L(t) = 1

2meẊ
2(t)− 1

2meω(t)2X2(t)+

X(t)F (t) and L0 = 1
T

´ T
0
L(t′)dt′. The expression for

En(ky) in (15) is related to εn by

En(ky) = εn − L0 +
~2k2

y

2me
. (17)
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FIG. 3. (Color online) (a) Plot of ξ(τ) defined in (18) for
r = 1.5, 2, 3. (b) The intricate Floquet spectrum (solid
lines) reduces, for large enough Ω, to equispaced energy levels
of a quantum HO (dashed lines) with frequency ωeff .

To extract the solution for X(t) it is convenient to
introduce a dimensionless variable ξ(τ)

X(t) = −(lBr)
2ξ(τ)

(
ky −

eE1
x

~ωc

)
, (18)

where τ = Ωt, lB =
√
~c/eB is the magnetic length and

ξ(τ) is the solution for Mathieu’s equation with a source
term ξ′′(τ)+2a cos2 τξ(τ) = − cos τ , with a = r2/2. The
variable ξ inherits the periodicity ξ(τ+2π) = ξ(τ) fromX
and oscillates around x = 0 as shown in Fig. 3(a). This is
obtained by writing ξ(τ) =

∑
m ξme

−imτ and solving the

linear relation ξm(−m2+ r2

2 )+ r2

4 (ξm−2+ξm+2)+ 1
2δm2,1 =

0.
To derive the Floquet spectrum εn and the wave func-

tion ϕn(x, t), we have to compute the Floquet Hamilto-
nian H(x, t) = H0(x, t)− i~ ∂

∂t , whose matrix elements in

the Floquet basis |m(t)〉 = e−imt are given, as usual, by

Hm,m
′

=
1

T

ˆ
dtei(m−m

′)ΩtH0(x, t) +mδm,m′Ω. (19)

After conveniently rewriting H0(x, t) as

H0(x, t) =
p2
x

2me
+
meω̄

2

2
x2 +

1

4
meω̄

2x2(e2iΩt + e−2iΩt),

(20)

with ω̄ = ωc/
√

2, (19) yields

Hm,m
′

=

(
p2
x

2me
+
meω̄

2

2
x2 +m~Ω

)
δm,m′

+
1

4
meω̄

2x2(δm,m′+2 + δm,m′−2). (21)

α 1 2 3 4

rq
α 1.89 5.07 8.22 11.37

Q 0.221 0.153 0.124 0.106

TABLE I. The values for the constant Q are reported for the
first four r = rqα.

Using the Floquet-Magnus expansion24,25 and

[[ p
2

2m , V (x)], V (x)] = − 1
m

(
∂V
∂x

)2
, the high frequency

effective Hamiltonian, up to order Ω−2, is

Heff = H0,0 +
[[H2,0, H00], H2,0]

(2Ω)2

= ~ωeff(Ω)(n+ 1/2) (22)

with ωeff(Ω) = ωc√
2

√
1 + 1

16

(
ωc

Ω

)2
. Therefore, in the large

Ω limit, the energy eigenvalues reduce to those of a static
quantum HO with a renormalized frequency that depends
on the driving Ω

εn = ~ωeff(Ω)(n+ 1/2). (23)

In Fig. 3(b) we present the full Floquet spectrum εn as
a function of Ω (solid lines), obtained diagonalizing (21).
For large Ω values, it agrees well with the high frequency
effective spectrum (23) (dashed lines). In this limit, the
wave function ϕn in (16) is the usual HO eigenstate, i.e.

e−x
2/2l2Hn(x/l) with l = (~me/ωeff)1/2, while the orbital

mixing increases as Ω becomes smaller.
The Floquet quasi-energy En(ky) can be further cal-

culated from (17) resulting in

En(ky) = εn +
~2k2

y

2me
− ~2

2me

(
1− me

m∗e

)(
ky −

eE1
x

~ωc

)2

,

(24)
where the effective mass m∗e is given by

me

m∗e
= 1 +

r2

2π

ˆ 2π

0

dτ cos τξ(τ) (25)

plotted in Fig. 4. We can compare this plot with that
of the classical longitudinal conductivity σ0,0

yy ∼ me/m
∗
cl

shown in Fig. 2(a). First, we see that the effective mass
m∗e diverges at certain ratios r = rq

α collected in Table
I. When this happens, the ky-dependence in (24) drops
out in the absence of E1

x and a macroscopic number of
states become degenerate, an analog of Landau quanti-
zation now realized by the oscillating magnetic/electric
fields (13). Around r = rq

α, the effective mass changes
sign from negative (hole like) to positive (electron like).
Mathematically, the condition for divergent (r = rq

α) and
zero effective mass, i.e. |m∗e| → ∞, 0, coincides with the
periodic solution condition of the Mathieu equation with-
out the source term.

The quantum version of the heterodyne Hall effect oc-
curs when we turn on the x-direction ac electric field E1

x
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FIG. 4. (Color online) The inverse effective mass me
m∗e

as a

function of r. The effective mass diverges at r = rq
α resulting

in the Landau quantization.

leading to a dc current flowing in the y direction. We
can compute the dc-current Jy(ky) = e ∂En

~∂ky for a state

with ky as the momentum derivative of the dispersion
relation (24) as in the static case. The total current den-
sity for a system of dimensions Lx × Ly is defined as
jy = 1

LxLy

∑
ky
fn(ky)Jy(ky) and given that the distri-

bution fn(ky) is even in ky due to the invariance under
time reversal, we obtain a linear relation

jy = σ0,1
yx E

1
x, (26)

where the heterodyne Hall coefficient is given by

σ0,1
yx =

e2

h
Qν. (27)

The Landau level filling ν = Ne/NΦ is defined as the
ratio of the electron density Ne and the level degeneracy

NΦ =
LxLy

2πl2Br
2max ξ

; (28)

NΦ is obtained by imposing the wave packet center (18)
to be within the strip, i.e. X(t) ∈ [−Lx/2, Lx/2] for
E1
x = 0, where max ξ is the maximum of ξ during time

evolution. The factor Q =
(

1− me

m∗e

)
/
(
2r2maxξ

)
is a

nonmonotonous function of r, while its value at r = rq
α

presented in Table I monotonously decreases.

IV. CONCLUSIONS

To summarize, we have computed the heterodyne con-
ductivities in a 2DEG subject to a time oscillating mag-
netic field, both for the classical and quantum case.

We schematically illustrate our findings in Fig. 5 and
discuss several problems we would like to investigate in
the future. (i) The many particle state is realized by fill-
ing the states with Ne = νNΦ electrons as indicated in
Fig. 5(b). Since the system is heated by the external
driving, it is likely to have states with mixed Landau or-
bitals n. The effect of Coulomb interaction may lead to

y

x

X(t)

0

yk

E

n=0

n=2

n=1

ti
m
e

0

2π/Ω

x

(a)

(b) (c)

E   =0x

1

X(t)

n

0

FIG. 5. (Color online) (a) Schematic representation of the
particle’s dynamics. The wavefunction is a plane wave with
momentum ky along the y-direction (represented as a com-
pactified dimension, assuming Ly finite) and a localized wave
packet oscillating along the x-direction. (b) When the Lan-
dau quantization condition r = rq

α is met, the Floquet quasi-
energy becomes flat (linearly tilted) in the absence (presence)
of Ex(t) = E1

x cos(Ωt). The many particle state is achieved by
filling the states with electrons with a spin, denoted as circles
with an arrow, respecting the Pauli principle. (c) The motion
of the wave packet center for the many particle state in (b).
The initial position X(0) depends on ky; wavepackets with
different ky evolve independently and oscillate around x = 0
according to (18).

interesting effects. The electron wave functions overlap
simultaneously around x = 0 during the time evolution
[Fig. 5(c)]. This makes the interaction between states
with different ky to be enhanced and long-ranged. If the
system can be stabilized and cooled, ordering such as
ferromagnetism, Wigner crystal, and even an analogue
of the fractional QHE state might be induced. How-
ever, it is also likely that the accumulation of macro-
scopic number of electrons will make the system unstable
and even destroy the sample along the line x = 0. (ii) Is
the heterodyne Hall conductivity σ0,1

yx a topological quan-

tity? Similar to the traditional IQHE1,17, the current ex-
pression (27) is proportional to ν and is thus quantized.

The renormalized coefficient e2

h Q is fixed as long as the
magnetic field B is changed simultaneously with the fre-
quency Ω respecting the quantization condition r = rq

α.
In order to answer this question, an edge calculation
and an extension of the TKNN formula2 is important,
which may reveal a bulk-boundary correspondence26 in
heterodynes. (iii) Physical realization is an important
problem. The driving field (13) can be realized by plac-
ing two anti-parallel wires with currents oscillating as
±I cos(Ωt). The 2DEG is to be placed between the wires.
This setup may be realized using THz plasmonics, with
which it is already possible to generate magnetic fields
with strength above 1 Tesla oscillating in the terahertz
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domain27,28. This is the strength and frequency neces-
sary to realize the quantization condition and to be in
the quantum limit, i.e. small ν.
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