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We propose a systematic framework to classify 241D fermionic topological orders without sym-
metry and 241D fermionic/bosonic topological orders with symmetry G. The key is to use the
so called symmetric fusion category £ to describe the symmetry. Here £ = sRep(Zé) describing
particles in a fermionic product state without symmetry, or £ = sRep(GY) (€ = Rep(G)) describing
particles in a fermionic (bosonic) product state with symmetry G. Then, topological orders with
symmetry & are classified by non-degenerate unitary braided fusion categories over &£, plus their
modular extensions and total chiral central charges. This allows us to obtain a list that contains
all 241D fermionic topological orders without symmetry. For example, we find that, up to p + ip
fermionic topological orders, there are only four fermionic topological orders with one non-trivial

topological excitation: (1) the K = (Bl g) fractional quantum Hall state, (2) a Fibonacci bosonic

topological order stacking with a fermionic product state, (3) the time-reversal conjugate of the pre-

vious one, (4) a fermionic topological order with chiral central charge ¢ = %7 whose only topological

1

excitation has non-abelian statistics with spin s = 7 and quantum dimension d = 1 + V2.
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I. INTRODUCTION
A. Background

Topological order’® is a new kind of order be-
yond Landau symmetry breaking theory. It cannot
be characterized by the local order parameters asso-
ciated with the symmetry breaking. However, topo-
logical order can be characterized/defined by (a) the
topology-dependent ground state degeneracy'? and (b)
the non-abelian geometric phases (5,7) of the degen-
erate ground states®*. Those quantities are robust
against any local perturbations.? Thus they are topo-
logical invariants that define new kinds of quantum
phases — topologically ordered phases. Recently, it
was found that, microscopically, topological order is re-
lated to long-range entanglement.>% In fact, we can re-
gard topological orders as patterns of long-range en-
tanglement in many-body ground states,” which is de-
fined as the equivalence classes of gapped quantum
liquid® states under local unitary transformations.® !
Chiral spin liquids'?13, integer/fractional quantum Hall
states'® 16, Z, spin liquids'™19, non-abelian fractional
quantum Hall states2? 23, etc., are examples of topologi-
cally ordered phases.

Topological order and long-range entanglement are
truly new phenomena, which require new mathemat-
ical language to describe them. Tensor category
theory™?2427 and simple current algebras?%2830 (or
patterns of zeros®'3?) may be parts of the new mathe-
matical language. Using the new mathematical language,
some systematic classification results for certain type of
topological orders in low dimensions were achieved.

Using unitary fusion category (UFC) theory, we have
developed a systematic and quantitative theory that clas-
sifies all the topological orders with gappable edge for
2+1D interacting bosonic systems.”® A double Fibonacci
bosonic topological order 2{34/5 X 2]_314/5 was discovered.”
We also developed a fermionic UFC theory, to classify
topological orders with gappable edge for 2+1D interact-
ing fermionic systems.?>27 For 241D bosonic/fermionic
topological orders (with gappable or un-gappable edge)
that have only abelian statistics, we find that we can use
integer K -matrices to classify them®® and use the follow-
ing U(1) Chern-Simons theory to describe them*40 45

KI J U
ﬁ = ?am&,aue“ . (1)
Such an effective theory can be realized by multi-layer

fractional quantum Hall state:

H (le - Z]I')KH H (le — Z‘;-])K” e_% i \Zﬂz' (2)

Ii<y I1<Jsi,g

When diagonal K;;’s are all even, the K-matrices classify
2+1D bosonic abelian topological orders*’. When some
diagonal Kj;’s are odd, the K-matrices classify 2+1D
fermionic abelian topological orders*C.

B. Invertible topological orders

We can stack two topologically ordered states together
to form a new topologically ordered state. Such a stack-
ing operation X makes the set of various topological or-
ders into a commutative monoid.*6 (A monoid is almost
a group except that elements may not have inverses.)
A state has a trivial topological order if the stacking of
such state with any other topological order give the same
topological order back. It turns out that the states with
a trivial topological order are always product states or
short-range entangled states.

Although most topological orders do not have an in-
verse with respect to the stacking operation, some topo-
logical orders can have an inverse. Those topological or-
ders are called invertible topological orders.*547 A topo-
logical order C is invertible if there exists another topo-
logical order D, such that the stacking of C and D gives
rise to a trivial topological order 1, i.e. CX D = 1. In
fact, such an inverse D can be obtained from C by a time-
reversal transformation.

It turns out that a topological order is invertible iff it
has no non-trivial topological excitations.*647 In 241D,
the set of all invertible bosonic topological orders form
an abelian group Z, which is generated, via the stacking
and time-reversal operations, by the Eg bosonic quantum
Hall state described by the following K-matrix:

21000000
12100000
01210000
00121000

Kes=100012101 (3)
00001210
00000120
00001002

The FEjs bosonic quantum Hall state has no non-trivial
topological excitations (since det(K) = 1). But the state
has a non-trivial thermal Hall effect*® and ungappable
gapless chiral edge states??:° with a chiral central charge
¢ = 8. Thus the Fg state has a non-trivial invertible
topological order.

C. Classify topological orders via (non-)abelian
statistics

If we overlook the invertible topological orders,
i.e. consider only the quotient

topological orders

(4)

invertible topological orders’

then we can use (non-)abelian statistics of topological ex-
citations to describe and classify such a quotient. It is
believed that (non-)abelian statistics of topological ex-
citations are fully described by unitary modular tensor



TABLE I: A list of simple fermionic topological orders (up to invertible ones) with N types of topological excitations (including
the parent fermion) and chiral central charge ¢ (mod 1/2). The excitations have quantum dimension d; and spin s; (mod 1). O3

in the table is defined as ©> = D™ Z e““rsld2 where D? =

>, di. Also Z02 = Imlog(©2). The table contains all fermionic

topological orders with N = 2, N = 4 (see Appendix A) and D? < 600, N = 6 and D? < 400. Here (7" = sin[m(m+1)/(n+2)]

Sinlr/(n12)]
Nf(é(‘)?‘zrr) D* |di,da,- 81,82, comments/K-matrix
25 (%) 2 |1,1 0,1 trivial Fo
45(5) 4 1,111 01,11 Fom2E (%), K = (i f)
485 ($25) 72360 1,1,¢3,¢3 0,1, L -2 Fom22,5(,5,)
AT 525, | 7.2360 | 1,1, ¢4, G 0,4, -4 2 FoB 2% 5(_Sy)
414(18,) | 13656 1,1,¢8,¢8 =14+v20,5,§,—% Faro
65(16%4) 6 1,1,1,1,1,1 07%7%7_%7%7_% f0®3§2(1}4)7 K =(3), ¥1/3(2)
65( 5 | 6 |LLLLLI 0h-hdh—hd (R, K = (-3), W)
65(1%6) 8 L1,1,1,¢3,6 =v2 07%’0’%7%7_1_76 ]—'0|X|315/2(1/16) Fu(1)2/2s
66 ( {9 | 8 |LLLLG.G 01,03, %, & [F®3E,,( %)
65(1?35;%3) ] 1,1,1,1,¢3, ¢ 0,4,01, 3 -2 }—Og3§/2(037/?23)
65 (155¢) | 8 |[LLLLGG 0,3,0,3, -5, 5 | Fom3Z, (0%
61,( 2% 18591 [ L1, ¢ L. |08, & -2~ &, 2| Ao mal,(8,)
67 (D) | 18591 [LLGLGLGG |03 —F b E = | R85
65 (—Cll/olz) 44.784 1,1, ¢Fo, ¢Fo, Clo, Clo 0,3, 3, —5,0, 3 Fay,-10)
6o (1</1102) 44.784 | 1,1, ¢Fo, CTo, Clos Clo 0,35 —3%, 5,0, 3 F(4y,10)

categories (UMTC),>'"®3 a notion of which is equiva-
lent to that of a non-degenerate unitary braided fusion
category,’®54 abbreviated as a non-degenerate UBFC
(for an introduction to category and UMTC, see Ap-
pendix B).

Thus, we can use the classification of non-degenerate
UBFC’s® to classify 241D bosonic topological orders
(see Remark 1) up to invertible topological orders. In a
recent paper,®® we have used such an approach to create
a full list of simple 2+1D bosonic topological orders.

In this paper, we develop a theory for 2+1D fermionic
topological orders without symmetry:25:27-57

Up to invertible topological orders, 241D
fermionic topological orders without symme-
try are classified by UMTC, £, ’s with modular
extensions.

where, by definition, a UMTC,z, is a non-degenerate
UBFC over the symmetric fusion category (SFC) Fp, and
Fo= sRep(Zg ) describes a fermionic product state with-
out symmetry.

Several new concepts are used in the above statement.
We will define SFC in Sec.ID and explain in Sec.Il A
why a SFC & describes a fermionic/bosonic product state
with/without symmetry. The notion of “non-degenerate
UBFC over SFC” will be explained in Sec.III, and we
will explain the notion of modular extension in Sec. Il C
and Sec. VI.

Here we briefly discuss fermionic invertible topological
orders. It is believed that all 241D fermionic invertible
topological orders®” form an abelian group Z under the

stacking operation XK. The abelian group Z is generated
by the p + ip superconductor of spinless fermions.”® The
p + ip superconductor has no non-trivial topological ex-
citations. But p + ip superconductor has a non-trivial
thermal Hall effect and ungappable gapless chiral edge
states with a chiral central charge ¢ = 1/2, and thus has
a non-trivial topological order. The most general 241D
fermionic invertible topological orders can be obtained
by stacking a finite number of layers of 241D p + ip su-
perconductors.

To develop a simple theory for 2+1D fermionic topo-
logical orders, we assume that the (non-)abelian statis-
tics of topological excitations in 2+1D fermionic topolog-
ical orders is fully described by the data (N,”,s;), where
i, j, k label the types of topological excitations, s; is the
spin (mod 1) of the type-i topological excitation, and N’
are the fusion coeflicients of topological excitations. We
find the conditions that the data (N,’,s;) must satisfy
in order to describe a 2+1D fermionic topological order.
By finding all the (N,”, s;)’s that satisfy the conditions,
we obtain a classification of 2+1D fermionic topologlcal
orders (up to invertible topological orders). If we fur-
ther include the chiral central charge c of the edge states,
we believe that the data (N,”,s;,c) describe/classify all
241D fermionic topological orders (including the invert-
ible ones).

We have numerically searched the (N,”, s;, ¢) that sat-
isfy the conditions. This allows us to create complete
lists of 241D fermionic topological orders (up to invert-
ible topological orders) within certain bounds (see Tables
I, 11, IV, V, and VI). The invertible topological orders can



TABLE II: A list of simple fermionic topological orders (up to invertible ones) with N = 8 types of topological excitations.
The table contains all fermionic topological orders with D? < 400.

NCF(AL)?\%) D? |di,do,--- S1, 52, comments/K-matrix
8L (%) 8 |1,1,1,1,1,1,1,1 0,5.0,3,0,5,0,3 FoB4T(5), (gi)@(;}i)
8§ (%) 8 [1,1,1,1,1,1,1,1 0,204,431 2 ]:0|X|41(1/8) —(gf)
85 (_2) 8 [1,1,1,1,1,1,1,1 0,4,0,4, -1 8 13 FoR4Z,(_3), (3?)
SE(0) 8 |1,1,1,1,1,1,1,1 0,101,111 1 Fo®4F (D), (ﬁf)@(zf)
875(0)  [14.472|1,1,1,1,¢3,¢3,¢3.G3 0,5, 11 o % 55 25 | Fo 4% 5(7)

87 5(0)  |14.472|1,1,1,1,83,. G, 3. G3 0,3,2, -2, -5, 2 - L 21 FoW4d,(0)

8 (03600) | 24 |[11,1,1,2,2,V6,76 0,5:5:0,5 =57 ~1 | FU)e/zs

SE(LT0 ) | 24 |1,1,1,1,2,2,V6,V6 0,3,3:0,5 5 —75, 75 | Primitive
8E (3505 24 [1,1,1,1,2,2,v6,V6 0,%:3:0, 5 —5:75. —15 | primitive

SE(LT Y |24 [1,1,1,1,2,2,v/6,v6 0,%:3:0, 5 —5 —16: 15 | primitive
8E(LTO09y 1 24 [1,1,1,1,2,2,6,v/6 0,5,3,0,~5, 5,75, —15 | Primitive

§F (25015 24 |1,1,1,1,2,2,v6,6 0,%,2,0-%, 3, -& L primitive
SE(5T9%9y | 24 |1,1,1,1,2,2,V6,V6 0,%:3:0, =55, 75- —15 | primitive

sE( 295y | 24 |1,1,1,1,2,2,v/6,v6 0,5:3,0, =55, — 76175 | primitive

81 10(25) [26180 [ 1,1,¢0. 3 3. cd, 2. B 0,1, &2, %, -2,-3.1 fo@412/5(3/10)
85(%%) 26180 1,1,¢3,G3, 3,63, 6B, GB 0.3 %5 ~% ~1: 23,0 | FoRE(E)

8510( ¢ ;w> 26.180 | 1,1,¢3, ¢4, ¢4, ¢, 3. ¢ 0.3~ 3~ B b —4 | Fo B4 _Hho)
81/4(9)  [27.313[1,1,1,1,¢5,¢5,C8,¢8 0,5, 750,55, —7 (5 R28(0)

806(25,) |38.4681,1,¢3, ¢, 2.2, ¢3. ¢ 04,4, -4, 5, -2, -1 1 [Fom4aB (5

$ue(S55) [38468]1,1,6,6,¢ G (0343 R 54 -3 | FoBaR(E,)

8 oo (¢ 7/20) 49.410 | 1,1,83,C3, €G3, G8, 638, G3G8 (005,75 — 2 10— 10— 350 29 41/4(1/2)m 1175 (a0
8550($553) 149410 (1,1,¢3, ¢33 2 GG AR [0,4,— 4,21 —1 T 8|4k (& )&214/0( $0)
s5(2¢)  [93.254]1,1,3,2. 3. . (D)% (3?0, 4,4, 3,4, -1 0,4 A0, (55) Br 440 55,)

871 s( i) [105.00[1, 1,3, By ¢l Gl B¢l [0,3,8, 20, -8 1 1 TR, o

817s( (’;1416) 105.09 | 1,1,¢%4, (P, Clas Gl (00,0 0,3, -2, 5 -5, 2,5, —1 | Flans

be easily included by stacking with a number of layers of
p £ ip fermionic superconductors.

We would like to mention that the close relation
between the bulk topological order and its boundary
theory?6:5? suggests another way to understand/classify
topological orders: one may use 141D boundary con-
formal field theories (CFT) to classify 2+1D bulk topo-
logical orders®. For the fermionic cases, one may
use 141D boundary Zs-graded chiral algebra to clas-
sify 241D fermionic topological orders®. However, such
an approach is not very fruitful, because the connection
between 1+1D CFT (or Zs-graded chiral algebra) and
241D topological orders (or 241D fermionic topological
orders) is not simple. In fact, 241D fermionic topolog-
ical orders do not correspond to Zs-graded chiral alge-
bra, rather they correspond to the gravitational anoma-
lies (perturbative and/or global ones) in the Zs-graded
chiral algebra*6:61-63 Qo the relation between 1+1D Z,-
graded chiral algebra and 2+1D fermionic topological or-
ders is infinity-to-one: all the 1+1D Zs-graded chiral al-
gebra with the same gravitational anomaly correspond

to the same 2+1D fermionic topological order?6-61:62, Tn

contrast, the (N,7, s;, ¢) description used in this paper is
a one-to-one description of 241D fermionic topological
orders.

D. Symmetric fusion categories for
bosonic/fermionic product states with symmetry

What is a SFC? A SFC describes a bosonic/fermionic
product state with/without symmetry. It is character-
ized by the quasiparticle excitations. The SFC that
describes a fermionic product state without symme-
try (denoted by JFy) contains only two types of quasi-
particles (two simple objects): the trivial quasiparticle
1, and the parent fermion f that forms the fermionic
system. The SFC that describes a bosonic product
state with symmetry G (a finite group) is the category
of G-representations, denoted by Rep(G) (see Exam-
plel). The quasiparticles (the simple objects) are all
bosonic and correspond to irreducible G-representations.



TABLE III: A list of simple fermionic topological orders (up to invertible ones) with N = 10 types of topological excitations.
The table contains all fermionic topological orders with D? < 120.

NCF(L(L)(22/‘2W) D?* |dy,dg,--- 81,82, - comments/K-matrix
1
105 (%) 10 [1,1,1,1,1,1,1,1,1,1 0,4, L —2 L2 12 L2 |pgs8l) (j; f)
100(1/2) 10 [1,1,1,1,1,1,1,1,1,1 0,4, 3, -1, 8 -1,-3,1,-8,1  |RRsE(,), <§§)
105( 21@;212) 24 11,1,1,1,/3,v3,V3,V3,2,2 0,3,0,2,0,5,0, 4,2, —¢ primitive
10F(f/<122) 24 11,1,1,1,v3,v3,V3,V3,2,2 0,3,0,3,0,4,0,4, -3, 1 primitive
10F( 254/212) 24 11,1,1,1,v3,vV3,v3,V3,2,2 0,3,0,3,3,-3,3, -2, 32,1 primitive
1
105(52/4122) 24 |1,1,1,1,v/3,v/3,/3,/3,2,2 0,3,0,2,3,-3.3,-3.- 3.3 primitive
5 - - 2
105 f}?l) 24 17171717\/§7\/§7\/§7\/§7272 07%7%707%7_%7_%7%7%7_% J:OIZ|5B (f}i)
105 \/6174\@) 24 17171717\/§7\/§7\/§7\/§7272 07%7%707%7_%7_%7%7_%7% J:OIZ|52(\{/41)
105(\/,617/\15) 24 17171717\/37\/37\/37\/37272 07%7%707_%7%7%7_%7%7_% ‘FO|Z5§ ({;/i)
105(f§04) 24 17171717\/37\/§7\/§7\/§7272 07%7%707—%7%7%7—%7—%7% FO|Z5£3(§1%74)
F (4.2807 / /10
100 (0.0874) 40 1717171727272727 107 10 07%7%707%7_%7_1_107%7%7_1_76 ’FU(l)lo/Zz
8427y | 40 |1,1,1,1,2,2,2,2,v/10,/10 0,2,2,0, %, -2, — 15,2, — 1=, % primitive
105 (5a520) 40 |1,1,1,1,2,2,2,2,v/10,1/10 0,3,2.0,&,-2,-L 2 3 35 primitive
105( 27582 ) | 40 |1,1,1,1,2,2,2,2,v/10,/10 0,3,2.0,&,-2,-L 2 -2 5 primitive
F2.3823 0 /10 11 3 1 3 1 1 7
10 (01939) 40 1717171727272727 107 10 07§7§7ovﬁ7_§7—ﬁ7gyﬁ7—ﬁ prlmltlve
10F( 203183‘3?9) 40 1717171727272727 \/E7\/E 07%7%707%’_%’—%’é’_1_1671_2 pI’lIIllthe
105 (5257 40 [1,1,1,1,2,2,2,2,/10,v10 0,3,2,0,% -4 -2 1 3 5 primitive
0842507 | 40 |1,1,1,1,2,2,2,2,v/10,/10 0,3,2,0,% -4 2 1 3 5 primitive
10F1/22(22}§§) 69.292 1717<917<;7CS7C37C37<37<37<3 07%7%7_%7_%7%,_%,1—11,%,—% FO|Z5{36/11(2§%1)
1 4 - 4
10822 (5375)) 692021 1.1.63, 63, 63,68, &, 6. 6. ¢ 0.3~ %5 11,35 — 10 75 11— 750 11 | 70 B5Zue/m (_51,)
5 5 [ 2
101/14(2,31;8) 70.684|1,1,¢3,G3, G, G, ¢, (o G G (0,308 =30 i — %~ 5~ 2 | Fo®5T7(_S2)
2
10 1/14(<g<12) 70.684|1,1,(3,¢3,G3. 3, Clar Gl Gl e |03, =20 2 =2 2 & -1 4 -2 | Fo 5P . (502)
10 1/5( 1/10) 204.31 1717C1287C%&Cf87C%87C?87C?87C§87C188 07%7%7_%7%7_%7_%7%7%70 ]:(A1,718)
9
101/5(1 10) 204.31 1717<1287C%&%Cf87<%87<-?87<?87<§87<188 07%7_%7%07_%7%7%07_%7%70 ‘T-.(Al,ls)

The SFC that describes a fermionic product state with
full symmetry GY, which contains, in particular, the

fermlon—number-parlty symmetry Zf 64 is the SFC of
the super-representations of G (see Sec. ITA and Ex-
ample 2), denoted by sRep(G/). The quasiparticles (the
simple objects) correspond to the irreducible representa-
tions of Gf. They are fermionic if Zg acts non-trivially
on the corresponding representation, and bosonic if Zg

acts trivially.

E. Classify topological orders with symmetry

We propose a complete classification of 241D
fermionic/bosonic topological orders with symmetry:

2-+1D topological orders with the symmetry

& are classified by (C, M, c),

where C 1s a

UMTC /g, M is a modular extension of C,
and ¢ € Q s the total chiral central charge.

There are five main ingredients of above proposal:

1. By definition, UBFC describes topological excita-

tions and their fusion-braiding properties (i.e. their
non-abelian statistics). It is clear that UBFC over-
looks the edge states (i.e. cannot detect invertible
topological orders).

2. The SFC £ is a special kind of UBFC that describes

the excitations in bonson/fermion product state
with symmetry. In fact, the bosonic/fermionic
symmetry is uniquely determined by £. (see Sec. I1
for details).%%> The SFC & is a categorical descrip-
tion of symmetry.

3. The non-abelian statistics of bulk topological exci-

tations in a topological order with symmetry £ is
described by a UMTC ¢ C. The term “UMTC /¢”
in the above refers to a UBFC C such that 1) C
contains €. (In other words, C contains all the exci-
tations of product state with the same symmetry);
2) the excitations in & have trivial mutual statis-
tics with all the excitations in C; 3) the excitations
that have trivial mutual statistics with all the ex-
citations in C are only those in £. (We note that



TABLE IV: A list of simple fermionic topological orders (up to invertible ones) with N = 12 types of topological excitations.
The table contains all fermionic topological orders with D? < 50. Here x™" = m + v/n.

NCF(A‘_)(?QW) D? |di,do,--- 81,82, comments/K-matrix
128°(9) 12 |1,1,1,1,1,1,1,1,1,1,1,1 0,5 15 15 19 130 5 2,5, 2,2, 2 FoX67(7)
125(9) 12 |1,1,1,1,1,1,1,1,1,1,1,1 0,2,2,2/ 1213 5 1 5 L FoX65(7)
128(2) 16 |1,1,1,1,1,1,1,1,¢5,¢5, ¢4, ¢ 0,2,0,3,4,2 130,201 primitive
126°(9) 16 |1,1,1,1,1,1,1,1,¢3,¢5,¢3, G 0,204,431 3 L 5 5 13 Fol655(¢)
12F(1/4) 16 |1,1,1,1,1,1,1,1,¢3, (3,3, Co 0,303,5,332 14525 primitive
12§(9) 16 |1,1,1,1,1,1,1,1,¢3,¢3,¢3,Ca 0,303,5,332 3 4 7 13 FoR675(7)
127(,7,) 16 |1,1,1,1,1,1,1,1,¢3,¢3, 3, (3 0,5,0,4, 23 13 1313 primitive
125(712/4) 16 |1,1,1,1,1,1,1,1,¢5,¢5, ¢4, ¢ 0,2,0,3,4, 3 138 2371 primitive
125,0(253) [20.708]1,1,1,1,1,1,¢d,¢d, ¢4 ¢4, ¢ G 03,5,2,4 2, L r 1112 9 R R65,(,%,)
1205(23) (20708 |1,1,1,1,1,1,¢4, ¢4, ¢4, 3. 3. 05,5202, 5,8, 4.2 4.2 | FR6%,.(5)
120§ | 2010811 1011,6.6,6.6.¢h ¢ 05,5555 5 88 881 | RR62,.( S,
1250 (25%) 21708 1,1,1,1,1,1,¢3,¢4, ¢, 3, 3. ¢4 03,3,84,8 L0 L4228  |FRR6E(5,
1205 (%) [28004]1,1,0,1,¢3,¢3. ¢ G Gh B GG [0.5.0.8 & 485,888 fommm(fé/go)
12500 (588) (28944 1,1,1,1,¢3,¢3, ¢, 3 &3, (4, 3G (3G [0,4,0,8, 4, 5,2, 5,2, 2.8 1 | Fo®68,10( $5,)
1205(5750) | 28944 | 1,1, 1,1,G3,€3,G3, 63,63, 63, (363,263 [ 0,5.0, 3,35 16> 100 3100 3 8o 80 |0 D657 10( 57750 )
123/10({4,358}5) 28.944 | 1,1,1,1,83, 03,3, €3, G5, €3, 33, G3C3 [ 0,5,0,5, 15, 12 515 5ot mo a5 | Fo ®65730("50%0)
1205(55050) 28944 1,1,1,1,G3, 3,65, G5, (3, G5, 2G5, 3650, 5,0, 3, 550 1o 15 55 150 2o a0 e | Fo M 657/10( 13 750)
12510 ( 1) | 28:944 | 1,111,635, 03,63, G5, G5, G5, G363, G3G3 [0,5,0,5, 15,10, 215 5ot o 35 | Fo ®685,00( Liryan)
1205(5558) (28944 [1,1,1,1,¢3, ¢3¢, ¢ 3 3L GG 3R [0,4,0,0, 510 L8 L8 8 48 R R6E,(5S)
123/10(,%3380) 28044 (1,1,1,1,¢3,¢3.¢3. ¢ &3 &3 3.3k |0.3,04, L, 18 2 8 2 8 21 &1 fong/m(,ﬁiigo)
127, (¢) 37.183|1,1,1,1,¢5,¢5,C5, G5, €5, 3, G2, ¢3 0,55 2, 2, 55 11 2, 35 39+ 5, 11 Fo®61:(g)
12,/14( ) |837183]1,1,1,1,83,¢3,¢35,¢3, 65, 62, €5, &3 0,5, 3 2, %, 1 58> 20> 1 2> 39> 9 Fo®67/7(3)
125 (48 40 [1,1,1,1,2,2,2,2,v/5,v/5,v5,V5 0,4,0,4, 5,82 9 0101 FoR6E(%)
12F(0g0) 40 [1,1,1,1,2,2,2,2,v/5,V5,vV5,V5 0,2,0,3,+5,2,2, 2 1515 primitive
120(117/450) 40 |1,1,1,1,2,2,2,2,v/5,v/5,v/5,/5 0,2,0,3,%,2,2 5 1313 fo®6f’(1ff§°)
125(70/11_8230) 40 [1,1,1,1,2,2,2,2,v/5,V5,v5,V/5 0,2,0,3,+,2,2, 2.2 221 primitive
12§ (1710 40 1,1,1,1,2,2,2,2,v/5,v5,vV5,/5 0,3,0,3,%,5,5,%,0,3,0,3 Fo R 6§ (12%)
12F(O{;9) 40 |1,1,1,1,2,2,2,2,v/5,v/5,v/5,/5 0,3,0,3,%,5,5,5,3, 2,3, 3 primitive
125(%?) 40 [1,1,1,1,2,2,2,2,v5,v/5,vV5,/5 0,203, 4,5 3,4 1313 ]—'o®60(1/2)
127 0%269) 40 [1,1,1,1,2,2,2,2,v/5,V5,vV5,V/5 0,2,0,3,4,5,%,4,2, 22 2 prlmltlve
1294 iu) 40.970 | 1,1,1,1,1, 1,63, 8. 8, G, 63, 3 0,385 55 10 1 130 720 130 13 41/4(1/2)®36(1/4)
120, (5%,) 40970 1,1,1,1,1,1, G, G, &, 68,68, 68 0,5 585 015727 13120 11 1 AGALE 14)
20,05 [54627| L1013 A G GGG g 0505k 2 e n T (8 MaP,(,F)
120,( ) | 54627 | L1, 1,1,¢3, (3, G, 68, 63, 8. X3, 3 0,5:0, 3 15 36> T 10 T 40 76 10 454(55,) B35,
12,(5 /) | 54627 | 11, 1,1,¢3, (3, 63,63, 63, G8. X3, 3 0,503 36 10, 1 30 10 1 160 16 1/4(5/32)&35/2(05‘;‘?2)
120,(,)%,) 54627 1,1,1,1,33,¢4, 3. 2,3, B3 03,04, 5, 12,1818 3 1 A%, (55) B38,( L)
12055 (2050 167.265 [0 3 d btz 2 cded ded cdez de (0,3, 5,20, 5, 4,2 10 20 L5 TR 8067 5 0 (5 55)
125, 55 (3585 ) | 67.265 | 11.ch chochoch 2o hed dhed b b | 0,4, 5, 8, 5, 8,2, 11 16 6T 2r 81|\ F el (S5
12{1/70(%555%’%) 67.265 | 1 1.ch ke cd 2o de A ded bz [0,4,2, 81 8 8 8 8 19 4 8| F RS L (35,)
125 (288 |67.265 1 d i ddd dd dd.ag [0,3,2,3,5,8,2, 1 9 58 18 fo®6138/35(0§§g§8)
125 (9)  |89.569 | 1,1, 1, 1,¢fo, (o, ¢Fos (o, Clos Cilo, Glos Gl [ 05 55 5 3 15 150 50 2005 30 4 3 65 ( iyﬂlg)m?@)
125(0) 89.569 [ 1,1, 1,1, ¢, (o, CFo, Cos Clos Clos Clo. Clo [0, 5, 1.3, 5.2, 5, 15,0, 5, 5. 2 %(f%)mf(“)
126/1‘3( 3/r2) 113.49 1,1, ¢dy el ety e ey ediedho ety cbichy 07%7%7%7%7%7%7%7%7%7%7% -7:0&6 46/13(3 02)
121/26(52';1512) 113.49 1,1, ¢dy el ety e ey ediedo ety cbi ey 07%7%7%7%7%7%7%7%7%7%7% ‘7:0&646/13(73/52)




TABLE V: A list of simple fermionic topological orders (up to invertible ones) with N = 12 types of topological excitations.
The table contains all fermionic topological orders with D? < 50. Here x™" = m + v/n.

NcF(A‘-)(zz‘zﬁ) D? |dy,da, - S1,82," - comments/K-matrix
32 3
125/28(561%7) 126.95 1717C517C517C§7C§7C627C(§7C(§C517CgCé7CgC527CgC52 07%7%7%7%7%7%7%7%7%7%7% 3€8/7|X|4f/4(1</62)
3,2 B B 3
12{3/28(%%) 126.95 1717C517C517C§7C§7C627Cg7§-g<-517CgC§7C62Cg7CgCg 07%7%7%7%7%7%7%7%7%7%7% 388/7X’4f/4(1<62)
125/3(6123:38:) 149.23 1717C’?7C’?7C:737C:737C:737C'?7Cf67cf67C?&C?G 07%7%7%7%7%7%7%7%7%7%7% 683/3 X Fo
12{‘8/3(621CI§) 149.23 17174?7C?:C'?y<$7<$7C?7C%67<%67C1667<?6 07%7%7%7%7%7%7%7%7%7%7% 6€8/3|Z]:O
5 5
12075(F58) | 16208 |11 ch oo o el chor e e et el (0,376 805: 50335503005 | 2004y WOS (1)
125/5(413/14115[;) 162.03 | 1.1, ¢}, cd. 3. 3o chor ¢Hor cheFo chedor chedo cdety 0,3, 15, 2,3,5,0,4, 8,2 L 8 128 o ®65(;€;‘1/012)
125 5(55520) [162.03 | 1,1, ¢k ¢}, 3. 6o cor o chcdor chedo chedorchedo 0,552, 15,8, 3,0, 5, 155 50 25 15 | 20475 K65 ([12,)
1275 (3510) [ 162,03 | 11 chch . B cho o chedor Ao Ak chedy |08, 2, 8,8, 80,4, 1 11 2 8 |98 w6k ( Sh,)
3 5 5 7 7
127,(577%9) 201,23 1,1, 558 x 6, 250, X4 X 2 0,5 1% i 2 110055, 5 |652 KT
120 (S770) 20123 |1,1, %0 x 6,2, X X 2 052 ?n0sss |6FEF
1141519 5 3
1274 j57/12 )| 305.80 | 11,62, 63 co. ¢fo- ot chor cBeor Beto Beto¥elo |03 1 5 5 03 T T A0 3 65(131102)®4f/4(1c/62)
1141519 5 3
2 30550 11t cho o ch it ety ity et [0 123801 B 0T [0Sy RAGL(H)
TT -
12{‘/4(,%2212) 352.17 1717C2227C2227C§27C§27C327C262742827C2827 2187 218 07%7%71_727%7%707%7%7%7%7% f(A1,22)
12{‘/4(54‘21212) 352.17 1717C2227C2227C§27C§27C327C262742827C2827 2187 218 07%7%7%7%7%707%7%7§7%7% f(A1,722)

when & is trivial UMTC ¢ becomes UMTC.)

. Roughly speaking, a modular extension corre-
sponds to gauging all the symmetry.6%:67 (see Ap-
pendix D for a mathematical definition). Up to
the Eg states, the edge states of a UMTC ¢ C,
are classified by the modular extensions of C (see
Sec.ITC and VI for detailed explanations). In par-
ticular, the modular extensions of £ classify invert-
ible gapped quantum liquid phases with symmetry
& up to the Eg states.

5. The remaining ambiguity, i.e. the number of lay-
ers of Eyg states, is fixed by the total chiral central
charge c.

Invertible gapped quantum liquid phases are closely
related to symmetry protected topological (SPT)
phases®® 70, Roughly speaking,

{invertible gapped quantum liquid phases}
={invertible topological orders} x {SPT phases}.

For bosonic cases, the only invertible topological orders
are the Ejg states. Therefore, bosonic SPT phases should
be in one-to-one correspondence with the modular exten-
sions of & = Rep(G), which are given by H3[G,U(1)],".
This agrees with the classifications of 241D bosonic SPT
phases with unitary finite symmetry group G.%°

Things are a bit complicated for fermionic cases. We
are able to see both fermionic SPT phases and invertible
fermionic topological orders in the modular extensions
of & = sRep(G7/). More precisely, the modular exten-
sions of sRep(GY) with central charge ¢ = 0 correspond
to fermionic SPT phases, while those with central charge

¢ # 0 correspond to phases with both invertible topo-
logical orders and SPT orders. Two modular extensions
with the same central charge have the same invertible
fermionic topological orders (up to Eg states), but may
differ by some fermionic SPT phases. In other words,
similar to the bosonic case, the central charge is the la-
bel for invertible fermionic topological orders. But un-
like the bosonic case, where the minimal central charge is
¢ = 8 for the Eg state that is independent of the symme-
try, the minimal central charge for invertible fermionic
topological orders may depend on the symmetry G. For
G/ = Zg there are 16 modular extensions, forming a Z;4
group. (See Sec. VII B). The minimal invertible fermionic
topological order (with no symmetry) has central charge
¢ = 8/16 = 1/2. We expect that it is also the case if
Gf = GY x 7], (See also Ref. 72.) However, for generic
GY (not of the form G’ x ZQf ), the invertible fermionic
topological orders can be different due to nontrivial in-
terplays with other symmetries. We may have a different
minimal central charge, which can be extracted from the
modular extensions of sRep(G¥).

By combining with the theory of BF category devel-
oped in Ref. 46, the above proposal can be naturally gen-
eralize to higher dimensions,

Up to invertible topological orders, (d+1)D
fermionic/bosonic topological orders
with/without symmetry are classified by
non-degenerate  unitary  braided  fusion
(d—1)-categories over a symmetric fusion
1-category; the symmetric fusion 1-category,
viewed as a unitary braided fusion (d—1)-
category with only trivial k-morphisms

for 0 < k < d, describes a (d+1)D




TABLE VI: A list of simple fermionic topological orders (up to invertible ones) with N = 14 types of topological excitations.
The table contains all fermionic topological orders with D? < 40. Here x™" = m + v/n.

NCF(A‘)G;‘%) D? |di,da,--- 81,82, " comments/K
140(1/4) 14 {1,1,1,1,1,1,1,1,1,1,1,1,1,1 0,2, 4,2, 4.4, 2,1, 2 2 0 2 1o fo®72(1/4)
140(7@;24) 14 (1,1,1,1,1,1,1,1,1,1,1,1,1,1 0,3,%,8, 3,8, 5,8, 2,83 8313 f0®7,2(71/4)
14F(Og;2) 32 [1,1,1,1,1,1,1,1,2,2,2,2,2,2 0,3,0,%,0,5,0,1,0,5,0,%,%, 3 primitive
147 ( 0@12) 32 (1,1,1,1,1,1,1,1,2,2,2,2,2,2 0,%4,0,4,0,3,0,2,0,4,0,4, 2,2 primitive
14F(1/8) 32 |1,1,1,1,1,1,1,1,2,2,2,2,2,2 0,3,0,12,0,5,0,2,0,5,%,2,1,2 primitive
147 ( f/s) 32 |1,1,1,1,1,1,1,1,2,2,2,2,2,2 0,3,0,1,0,5,0,2,0,5,3,2,3 1 primitive
14F(01987) 32 |1,1,1,1,1,1,1,1,2,2,2,2,2,2 0,3,0,2,0,5,0,2,2,5, 2,512 primitive
14F(1/8) 32 (1,1,1,1,1,1,1,1,2,2,2,2,2,2 0,%4,0,3,0,5,0,5,%,2,4, 2.2 2 primitive
14(47) 320 11,1,1,1,1,1,1,1,2,2,2,2,2,2 0,%4,0,2,0,5,0,3,4,2,4, 313 primitive
145(712/8) 32 (1,1,1,1,1,1,1,1,2,2,2,2,2,2 0,2,0,2,0,5,0,3,4,2,2, 2.2 2 primitive
145(75/8) 32 (1,1,1,1,1,1,1,1,2,2,2,2,2,2 0,4,0,2,0,5,0,3,4,2,1 33 1 primitive
14F(7({f_§87) 32 (1,1,1,1,1,1,1,1,2,2,2,2,2,2 0,%4,0,2,0,5,0,3,2,2,2, 2.2 1 primitive
141/4(71(;5177‘32) 54.627 1,1,1,1, €3, G5, C6, Go» 68, 665 €GB, €8, 63, 68 0,5,0, 3,53, 35, 53, 33, 1> 3> 1> 30 33> 33 | Fo R Tra(_ 10/32)
147, ( 40 | 54627 | 1,1,1,1, 63, G5, G5, G- €8, 68, 68, 68, €3, 68 0,5,0, 5, 55, 53> 53> 33: 1> 1> 1> 10 53> 33 | Fo M T (P13 /5)
1477, ( 2000%5,) | 54627 | 1,1,1,1, ¢4, 63, G5, 66 €8 68, G5, G €8, 68 0,3,0,3, 82,8 12 51 1 3 13 W 2 FRRT7D,(20)
141, (L)35) [54.627 | 1,1,1,1,¢8, G4, G666, G, €GB, G5 B, €GB, G& 0,303 32.2,42,5, 5.2 1,3, 5. 5 | FoRTE.(%a)
141/4(19‘}§,Z°) 54.627 | 1,1,1,1,¢4, €8, 3 C8, G5, G868, G& 8, 8 0,303 5.3 5. 595553, 5, 8 | FoR75.(%5%)
141, (3775 ) | 54.627 | 1,1,1,1, 64, G, G6, G6» G5, G868, €8, 66, 8 0,305 35 5 3 3 b o T 5 a5 | Fo R TR (305)
141/4(41;35;‘) 54.627 | 1,1,1,1,¢3, €8, G G6 G668, B, G668, G& 0,204, 5,2, L, 13133 I K75, )
1/4(15/32) 54.627(1,1,1,1,¢3,¢6,Cs, G8» €8, G5 €8, G55 G8, C8 0,50,5, % 5 3 5 1 1 3 5 o 7:0@710/4(12/32)
1455 (255 [173.50 | 1.1, ¢l o €y G Gl Gl Gl Gl € B¢ [0, 4,2, 5 B B0, L L 8 L 2 1 L TR 7B (G
14510 (2503 ) | 173.50 | 1,1, ¢l €l €2 By €y Gl Gl €y € €0 8, [ 0,0, 35 4, 2,10 0,2 2, 0 18 8 4 | FyR78,((55)
15 (%) (18650 (11,628 2 G333 d @ ad xdad (05,040,448 181501 R
145 (%) 18650 |1,1,¢3.G2, .G 3 3 3 dod dadad [0,4,0,4,0,4,1,8 18811 FoRT2( %E,)

fermionic/bosonic product state with/without
symmetry. We also require that the unitary
braided fusion (d—1)-category has a modular
extenston.

Fermionic/bosonic topological orders with symmetry
will be thoroughly studied in an upcoming paper Ref. 73.
In this paper, we concentrate on 2+1D fermionic topo-
logical orders without symmetry, which are the simplest
examples of non-degenerate UBFC’s over a SFC.

F. Relation to G-crossed category

Note that our proposal in the bosonic cases

241D bosonic topological orders with symme-
try G, up to invertible topological orders, are
classified by UMTC jrep(a) that have modular

extensions. .

is different, but equivalent to another proposal in Ref. 74,
using G-crossed UMTC’s to classify 2+1D bosonic topo-
logical orders with symmetry G. Mathematically, a

UMTC /rep(g) C is related to a G-crossed UMTC D =
M via the de-equivariantization and equivariantization
processes.’* Let Dy be the neutral component (the full
subcategory graded by the identity element of the group
G) of D. Note that Dy is a UMTC with a G-action. We
have

de-equivariantization

C = Df —— Ca = Dy
equivariantization
C= ch(G)CenJ\ neutral component
G de-equivariantization -
M=D Mg =

equivariantization

where de-equivariantization and equivariantization are
inverse to each other. This is why we say that the
two proposals are equivalent in the bosonic cases. We
will further study their relation elsewhere. However, our
proposal has the advantage that it easily generalizes to
fermionic cases, by replacing Rep(G) with sRep(G7).
Given a symmetry G, not all UBFC’s are non-
degenerate over Rep(G). Similarly, not all UMTC’s ad-
mit a G-action; there are group cohomological obstruc-
tions to define the G-action on a UMTC.”™ They must




vanish for a consistent G-action on a UMTC. On the
other hand, a UMTC gep(@) C may not have modular
extensions, and the corresponding UMTC Cg with G-
action may not have G-crossed extensions; there are also
group cohomological obstructions for the extensions to
exist.”™ Ref. 67 showed that when the obstructions do
not vanish, the anomalous symmetry action can still be
realized on the surface of 341D systems. To study such
anomalous cases we need the higher dimensional analogs
of our proposal.

G. Remarks

Remark 1. Without further announcement, all 241D
topological orders considered in this work are anomaly-
free (or closed) in the sense that they can be realized by
a 241D lattice model with a local Hamiltonian.*6

Remark 2. In this paper we use “non-degenerate UBFC
over a SFC £7 and “UMTC/¢” as synonyms. In the
bosonic case with no symmetry, “over & = By”, or the
subscript “/5,”, will be omitted.

Remark 3. We restrict ourselves to finite symmetry
groups in this work. The (super-)representations of finite
groups form symmetric fusion categories. For continu-
ous groups, their (super-)representations still form sym-
metric tensor categories, but not fusion categories (there
are infinitely many non-isomorphic irreducible represen-
tations). It is not clear to what extent our results apply
to cases of continuous groups.

Remark 4. Three types of tensor products are used in
this work. We use X for the stacking product of two
phases, ® for the fusion product of particles, and ®¢ for
the usual tensor product of vector spaces over C and that
of matrices with C-entries.

II. CATEGORICAL DESCRIPTION OF
TOPOLOGICAL ORDERS WITH SYMMETRY

In this section, we give a physically motivated discus-
sion on how to find a categorical description of the par-
ticle statistics in a fermionic/bosonic topological order
with symmetry. Readers who are not familiar with the
categorical view of particle statistics are welcome to first
read an elementary discussion of it in Appendix B.

A. Trivial topological orders with symmetry
— Categorical view of symmetry

A 2+1D phase with trivial topological order (i.e. a
product state) can have only local particles, which, by
definition, are particles that can be created/annihilated
by local operators. In a bosonic trivial phase without
symmetry, there is only one type of (indecomposable)

particle: the trivial particle 1. When we localize the par-
ticle by a trap, the trapped trivial particle has no internal
degrees of freedom (i.e. no degeneracy) and is described
by a 1-dimensional Hilbert space C. For some very spe-
cial traps, we may have accidental degeneracy described
by a finite dimensional Hilbert space. Such a trapped
particle with accidental degeneracy is called a composite
particle, and is a direct sum of the trivial particle. There-
fore, the bosonic product states without symmetry can
be described by the category of finite dimensional Hilbert
spaces, denoted by By, in which the 1-dimensional Hilbert
space C is the trivial particle.

For a 241D product state with symmetry (given
by a finite group @), all the particles can be cre-
ated/annihilated by local operators, and are local ex-
citations. They can carry additional charges from the
representations of the symmetry. As a consequence, (in-
decomposable) particles in a bosonic product state with
symmetry are described by irreducible representations of
G. Thus the trivial topological order with symmetry is
described by the category of G-representations, denoted
by Rep(G) (see also Example 1).

For a fermionic product state with symmetry, we must
include in G the fermion-number parity transformation
z (2 # 1), which is involutive, i.e. 22 = 1, and com-
mutes with other symmetries, i.e. zg = gz for all g € G.
Therefore, the fermonic symmetry is a pair Gf = (G, 2).
The particles in the fermionic product state with sym-
metry G7 still have to be classified by irreducible repre-
sentations of G. However, some particles are bosonic and
some particles are fermionic: An irreducible representa-
tion is bosonic (or fermionic) if z acts as 1 (or —1) in the
irreducible representation. These representations braid
as bosons and fermions with trivial mutual statistics.
Namely, by exchanging the positions of two fermions,
we get an extra —1 sign (see Example2 for a precise
mathematical definition). Therefore, the particles in a
fermionic product state with symmetry G/ are described
by the category sRep(GY), which is the same category as
Rep(G) but equipped with the braidings defined accord-
ing to the fermion-number parity. For the fermonic trivial
topological order without symmetry, there is no symme-
try other than the fermion-number parity symmetry f,
ie. G={1,2} = Zy or Gf =7} = (Z5,2). In this case,
we also denote sRep(Z}) by Fo (see also Sec. 1D).

The categories Rep(G) and sRep(G7) are examples of
symmetric fusion category (SFC), which is a UBFC with
only trivial double braidings i.e. trivial mutual statistics
(see Sec. ITI B and Appendix D for precise definitions). It
turns out that all SFC’s are of these types.5® More pre-
cisely, an SFC & is either Rep(G) for a unique group G or
sRep(G/) for a unique group G and a central involutive
element 1 # z € G. In other words, SFC’s are in one-to-
one correspondence with (finite) bosonic/fermionic sym-
metry groups (G or GY = (G,z)). Therefore, we can
refer to a given bosonic/fermionic symmetry by a SFC
&, instead of the traditional way, by groups. This is the
categorical way to describe symmetries.



In summary, we obtain the following result.

All  the  excitations in o 241D
bosonic/fermionic product state with symme-
try € are local, and are described by the SFC
E.

Note that above statement also covers the cases without
symmetry. In particular, when & = By, it describes a
bosonic trivial topological order without symmetry; when
& = Fo, it describes a fermonic trivial topological order
without symmetry.

B. Non-trivial topological orders with symmetries

UBFC is the natural language to describe the parti-
cle statistics (braiding and fusion) in topological orders.
The categorical description of symmetry, using the SFC &
instead of the symmetry group, makes it more straight-
forward to consider non-trivial topological orders with
symmetries. Roughly speaking, a UBFC C describing
a non-trivial topological order with symmetry &£, must
“contain” £ in a certain way. More precisely

1. C contains local excitations carrying all the irre-
ducible representations of the symmetry group G.
Mathematically, it means that C must contain £
(either Rep(G) or sRep(G7)) as a full subcategory
(see Def. 3).

2. Since local excitations, by definition, can be cre-
ated/annihilated by local operators, they must
have trivial mutual statistics with all particles (in-
cluding themselves). Mathematically, it means that
€ lies in the centralizer Z3(C) of C. The central-
izer Z5(C) of C is defined as the full subcategory
formed by objects that have trivial mutual braid-
ings with all objects (including themselves). See
eqn. (15) and Def. 4 for precise definitions.

3. Non-degeneracy condition: In order for the phase
to be anomaly-free (recall Remark 1), if a particle
has trivial mutual statistics with all particles, it
must be a local excitation. Mathematically, it just
means that Z3(C) = €.

A UBFC satisfying the above three properties is called
a non-degenerate UBFC over & (UMTC /¢ for short, see
also Sec. III B and Def. 6).>47 The precise requirements
of the non-degeneracy condition on the S-matrix is given
in Sec. III. Note that the simplest UMTC ¢ is just &£
itself, which is nothing but the trivial topological order
with the symmetry £.
In summary, we conclude that

The bulk topological excitations in a
bosonic/fermionic topological order with
symmetry & is described by a UMTC j¢.
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We describe the notion of a UMTC ¢ by concrete com-
putable data in Sec. III. For precise mathematical defini-
tion see Appendix D or see Ref. 54,75.

In Appendix C, we provide yet another explanation
of the above proposal from the point of view of local
operator algebras that define the topological excitations
in a topological phase with symmetry.

C. How to measure edge states categorically?

We have explained why a bosonic/fermionic topologi-
cal order with a given symmetry £ can be naturally de-
scribed by a UMTC /¢ C. But it also raises a few puzzles.

1. The particles in C can be detected or distinguished
via braiding only up to those local excitations &.
This ambiguity is protected by the symmetry. It
raises a question: how to measure C and the sym-
metry & categorically?

2. The category C only contains the information of
the excitations in the bulk. It does not contain
enough information of the edge states. It does not
describe invertible topological orders. Unlike the
no-symmetry cases, in which one can compute the
central charge (mod 8) of a UMTC to get the in-
formation of the edge states, the notion of central
charge is not defined for a UMTC ¢, which is only
a UBFC. It raises a question: how to measure the
edge states of C (or invertible topological order)
categorically?

Since the only categorical tool is the mutual braidings,
the only thing we can do is to gauge the symmetry%6-67.74
by adding external particles to the system such that
newly added particles can detect old particles in &.
Clearly, there are too many ways to add external par-
ticles. We impose the following two natural principles to
the categorical detectors:

1. the Principle of Efficiency: A newly added particle
should have non-trivial double braidings to at least
one object in &.

2. the Principle of Completeness: The set of all new
and old particles should be able to detect each other
via double braidings. In other words, they must
form a bosonic anomaly-free 241D topological or-
der (without symmetry).

In other words, a categorical measurement must be “ef-
ficient” and “complete”. These two principles lead us to
the following precise definition of a categorical measure-
ment, or a modular extension of C.

A categorical measurement or a modular ex-
tension of a UMTC,s C is a UMTC M,
together with a fully faithful embedding
C < M, such that the only particles in M
that have trivial mutual braidings with all



particles in & are those in C. Mathematically,
it means that the centralizer of £ in M coin-
cides with C, i.e. 53 = C (see Def. 4, Def. 7).

(Note that the centralizer of C in C is the centralizer of
C: C& = Z5(C).)

Physical realities lie in how C can be measured or
detected by other nice categories, which, in this case,
are non-degenerate UBFC’s (or UMTC’s). Therefore,
it is natural to require that a modular extension of a
UMTC ¢ always exists (see Condition 8 in Sec. IITA). In
other words, it is always possible to gauge the symmetry
€ to obtain a modular extension of a UMTC ¢. This is
also necessary for the symmetry action to be anomaly
free. For simplicity, in this paper, we will adopt a non-
standard definition of UBFC, by requiring UBFC to have
a modular extension.

When € = Rep(G), the modular extensions of Rep(G)
are given by the Drinfeld centers of fusion categories Vec,
for w € H3[G,U(1)]," where Vecg is the category of G-
graded vector spaces twisted by w. In these cases, we
see that the modular extensions of Rep(G) are consis-
tent with the well-known classification of SPT phases by
group cohomology.58 70 We give more details of this case
in Ref. 73. In Sec. VII B, we further confirm this pic-
ture by explicitly identifying the modular extensions of
Fo with the invertible fermionic topological orders gen-
erated by p + ip superconductors.

Given these evidences, we believe that the modular ex-
tension is the proper categorical way to measure the edge
states and invertible topological orders that are miss-
ing from the categorical description of UMTC ¢. Since
UMTC’s fix the central charge modulo 8, the only am-
biguity left is that of Eg states. This leads to our main
proposal in Sec. [ E.

III. NON-DEGENERATE UBFC OVER SFC

In this section, we transform abstract data and axioms
of a non-degenerate UBFC over a SFC to concrete data
and equations.

Due to the complexity of the axioms and the extra
gauge degrees of freedom, expressing the data of a UBFC
as concrete tensor entries is quite impractical. To avoid
such complexity, we would like to work with the uni-
versal gauge-invariant data of a UBFC. Similar to the
eigenvalues for matrices, the characters for group repre-
sentations, for a UBFC, the gauge-invariant data are the
fusion rules N,” and the topological spins 6; = e*7is:.
Other gauge-invariant data, such as quantum dimensions
and S, T-matrices, can be expressed in terms of N,? and
s;. These gauge-invariant data must satisfy finitely many
algebraic equations according to the axioms of a UBFC.

For a non-degenerate UBFC over a SFC, we have some
additional algebraic equations for the gauge-invariant
data. This allows us to perform a finite search (for fixed
rank within certain bounds) for topological orders with
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symmetry. In particular, when we choose the SFC to be
Fo = sRep(Z]), this leads to a classification and a table
of simple 241D fermionic topological orders (see Tables
I, 11, TV, V, and VI).

A. A simple definition of unitary braided fusion
category

A unitary braided fusion category (UBFC) (also called
a unitary pre-modular category or a unitary ribbon fu-
sion category) is a theory of the fusion-braiding proper-
ties of systems of anyons without the assumption of the
non-degeneracy of the mutual braidings. Examples of
such anyonic systems are those consisting of fermions, or
bosons with some symmetries, as building blocks. The
building blocks (the parent bosons/fermions) have trivial
mutual braiding but can still be distinguished by fermion-
number parity or other symmetry charges. This leads to
degenerate mutual braidings.

In our simplified theory, a UBFC is described by a non-
negative integer tensor N,” and a mod-1 rational vector
si, where 4, j, k run from 1 to N and N is called the rank
of UBFC. We may simply denote a UBFC (the collection
of data (N;’,s;)) by C, a particle ¢ in C by i € C. Some-
times it is more convenient to use abstract labels rather
than 1 to N; we may also abuse C as the set of labels
(particles).

Not all (N}7,s;) describe valid UBFC. In order to de-

scribe a UBFC C, (N,ij,si) must satisfy the following
conditions:®1:53:59,59,76

1. Fusion ring:
N7 for the UBFC C are non-negative integers that
satisfy

N

N} =65, > NN =6y, (5)
k=1

5NN = 3NN or 3NN = Not

ij _ Arji
Nk _Nk7

where the matrix N; is given by (N;)r; = N,ij, and

the indices 4,7,k run from 1 to N. In fact Ny’

defines a charge conjugation i — i:
NY = &;. (6)

N, ,ij satisfying the above conditions define a fusion
ring.

2. Rational condition:
N and s; for C satisfy®177 70

Z Viigasr =0 mod 1 (7)



where
Vi = NN + NINIF 4+ NN
— (8ir + 0jr + Ok + 61,) D NANE (8)

. Verlinde fusion characters:
The topological S-matrix is given by [see eqn. (223)
in Ref. 52]

1 o
Sij =35 D Ny Pt ey, 9)
k

where d; (called quantum dimension) is the largest
eigenvalue of the matrix N; and D = /Y. d?
(called the total quantum dimension). Then®:

SiuSii i
= NS 10
50 zk: K Skl (10)

. Weak modularity:
The topological T-matrix is given by

Tij = 61']' eZﬂ_isi. (11)
Then [see eqn. (232) in Ref. 52]

SITS =eTisiTl, ©=D"1Y ™%l (12)

5. Charge conjugation symmetry:

Sij = 5,

i

s;=s;, or S=81C, T=TC, (13)

where the charge conjugation matrix C' is given by

. Let
1 jk idr(s;j—s
v = EZN;’ djdy et (si=sn) (14)
Jk
then v; € Z if § = ¢.8!
. The centralizer of C, Z(C), is the subset of the

particle labels:

d;d; .
2,0)=1{ilsy= "L, vjeck.  (15)

Then, Z5(C) forms a fusion subring, and such a
fusion subring is the fusion ring of a SFC. This
leads to several conditions:

a) d; = integer, Vi € Zy(C).

b) if the fusion ring Z5(C) is simple (i.e. has no
fusion subring), then the fusion ring Z5(C) is the
fusion ring of the representaions of a simple finite
group.

¢) every simple fusion subring of Z5(C) is the fusion
ring of the representaions of a simple finite group.
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8. There exists a UMTC M containing C as a sub-
UBFC, and the set

didj
Zo(C)5r = {ie M|S,;; = T]’ Vj€ Zx(C)}  (16)

is the same as C. For details, see Sec. VI, Def. 7.

The above conditions are necessary and sufficient (due to
Condition 8) for (N]ij, si) to describe a UBFC.

According to tensor category theory, a UBFC is fully
characterized by N,” plus a F-tensor and a R-tensor®! 3.
In our simplified theory, we use only the data (N}’ s;)
to characterize a UBFC. In general, each (N}, s;) may
correspond to several UBFC’s. However, for the exam-
ples found in this paper, each (N’ s;) describes a single
UBFC.

B. Non-degenerate UBFC over a SFC and
classification of 241D bosonic/fermionic topological
orders with/without symmetry

Two anyons i,j are said to be mutually local if and
only if S;; = d;d;/D. In other words, the mutual braid-
ing (also called the double braiding) of 4, j is trivial. In
this sense, the centralizer of C, Z5(C), defined in the last
subsection is the subset of anyons that are mutually local
to all anyons.

We have the following key definitions:

1. A UBFC is non-degenerate (i.e. a UMTC) if
Z5(C) = {1}. In this case the data (N,’,s;) satisfy
additional conditions:

(a) S is a unitary matrix.

(b) © = exp(27ig), where c is the chiral central
charge.

(c) v; =0if i # i, and v; = +1 if § = .53

The above three conditions on (N lij, 84, ¢) plus those
conditions in Sec. III A gives us a simplified theory
of UMTC. Finding (N,’, s;, ¢) satisfying those con-
ditions allows us to produce a list of simple 2+1D
bosonic topological orders.?®

2. A UBFC € is symmetric (i.e. a SFC) if Z5(€) = £.

3. A UBFC C with an embedding £ — Z3(C) is called
a UBFC over the SFC £. It is a non-degenerate
UBFC over £ (i.e. a UMTC ¢) if £ = Z5(C). Put
it simply, a UMTC /¢ is a UBFC with £ as its cen-
tralizer.

One can also find more rigorous but abstract definitions
of the above notions in Appendix D.

UMTC ¢’s with modular extensions classify all 241D
bosonic/fermionic topological orders with/without sym-
metry (up to invertible ones):



1. If we choose & to be trivial, i.e. £ = Bg, then
UMTCp,’s are just UMTC’s, which classify all
241D bosonic topological orders without symme-
try.

2. If we choose £ to be the SFC for fermions, i.e. £ =
Fo, then UMTC,£,’s classify all 241D fermionic
topological orders without symmetry.

3. If we choose £ to be the SFC of the represen-
tations of a group G, i.e. € = Rep(G), then
UMTC /rep()’s classify all 241D bosonic topolog-
ical orders with symmetry G.

4. If we choose £ to be the SFC of the super-
representations of fermionic symmetry GY (re-
call Sec.ITA), ie. & = sRep(GY), then
UMTC /grep(a#)’s classify all 2+1D fermionic topo-
logical orders with fermonic symmetry G-.

The first case has been studied in Ref. 56. In this paper,
we concentrate on the second case. We leave the other
two cases to Ref. 73.

C. Symmetric fusion category Fy for fermions

We have proposed that UMTC, £,’s with modular ex-
tensions classify all 2+1D fermionic topological orders
without symmetry, and the SFC F gives a fermionic sys-
tem without topological order. But what is Fy in terms
of gauge-invariant data? Let us list them:

1. The set of objects (particles) Fo = {1, f}.

2. The fusion coefficients Ni7: NI = N// = N;f =
Nfl = 1. Other entries of N,ij are 0. In other
words, the particle f only has a Z, conservation:

fof=1land f®1=f.

3. (61,05) = (1,-1) [i.e. (s1,57) = (0,3) or Tr, =

1 0
0 —1 ]. In other words, the particle f has Fermi
statistics.
45’*111 All th icles h ivial
PF = 75l the particles have trivia

mutual statistics between them.

The above data, N;j and (s1,s7) = (0,3), describes
the SFC for fermions. There is only one such SFC for
fermions.
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IV. FERMIONIC TOPOLOGICAL ORDERS:
UMTC, 7,

A. Conditions on (N}, s;) for fermionic topological

orders

Now we are ready to apply the general properties in
Sec.IIT A for a UBFC, to obtain special properties of
a UMTC,r,. We find that a UMTC,z, (i.e. 2+1D
fermionic topological orders) is described by (N}?,s;)
that satisfy the conditions in Sec. III A plus the following
conditions:

1. Since f is abelian, we know that for each i there
is a unique j such that Njfi =1, and for j' # j,
NJ'-f,i = 0. We denote such j by if. Thus, fusion
with f defines an involution, denoted by i + /.
We have (i) =1, Njfi = 0;ir. Also d;y = d;.

2. f is mutually local to all anyons:

10,0, d;
= g = O 1
S =D 0, V"D (17)

Thus, we have 6,y = —6;. This also means that

if #iand il #£ 1.
3. N,ij and S;; has some symmetries under 7 — il
y if it if iif
NP = NI = NI =N

This means that if we arrange the order of
labels well, the S,7" matrices have the form
S=S®cSr, T=T®cTr,. We may introduce
the equivalence relation i ~ i/. S is indexed by
the equivalent classes [i] = [i]. We shall call such
equivalent classes [i] up-to-fermion types.

4. Using the fact that Z»(C) = {1, f}, one can show
that S must be unitary. Then for the fusion of
equivalent classes we have the usual Verlinde for-

mula
vlilg] def nri i IR 6P k][
Nu” SNI+ NG =) ——=——,
1 Ry
S’[i] [j] 18 symmetric and unitary. (19)

The above conditions plus those conditions in Sec. IIT A
on (N7, s;) give us a practical definition of UMTC, £,
which classify 241D fermionic topological orders.

B. Numerical solutions for (N7, s;)

To find (N,ij,si)’s that satisfy the above conditions
plus those conditions in Sec.IIT A, we may start with



(N[[]z]][J],S[i][j]) that satisfy

vl — Al R [E AR A7 [RIG]

N[k]J _N[Ig] ) N[j] = Ol ZN[H N[1] ’ = 051
[k]

[m]

[n]

We then split the value N, ) into two

and eqn. (19). (k]

parts and construct N, via

[i][41] i
N[k] _NJ+Nkfv
1 7 ijf
NkJ:Nk _Nka:Nka )
7, il j il ijf
N = NI = NI = N (21)

Such N, ,ij automatically satisfy eqn. (10) for a S that sat-

isfies eqn. (18). So we only need to check if N ,ij satisfies

eqn. (5).
Using
S ONJdp = did;,  di =dis = dpy, (22)
k
we find that
(23)

SHlll,
D NGy = digdy)
[+

Thus d;) is also the largest eigenvalue of the matrix ]\7[1-]
which is given by (N[i])[k} ] = N[[Z]][j]. The quantum di-

mensions d; are already determined by N, [[ ]]U I,

Following Ref. 56, we numerically searched (N,’,s;)’s
that satisfy the above four conditions plus the conditions
1.-7. in Sec.IIT A. The results are summarized in Tables
I, I, IV, V, and VI. We find that each entry corresponds
to a valid fermionic topological order (up to invertible
topological orders), even through we did not use the con-
dition 8 when producing the tables. In the table, we
used the notation NZ'( L(|~)®22/‘27r) to denote fermionic topo-
logical orders with rank N, chiral central charge ¢ (mod
1/2), and O = D713 e!™id? (£LO2 = Imlog(O2)).
The central charge ¢ is given mod 1/2 since the minimal
2+1D invertible fermionic topological order has a central
charge 1/2.

The topological excitations are labeled by i =
1,---,N. Note that i = 1 always label the trivial ex-
citation, and ¢ = 2 always label the excitation that cor-
responds to the parent fermion f. Also 2i and 2i — 1
always correspond to a pair of excitations that differs by

I

(20 =2i—1, (2i—1)7 =2i. (24)

We like to remark that the rank N is the number of the
types of topological excitations in the fermionic topolog-
ical orders, which include the parent fermion as a non-
trivial type. In literature, most people treat the parent
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fermion as a trivial type; so, the number of types of topo-
logical excitations usually referred in literature is, in our
notion, the number of up-to-fermion types of topological
excitations, N/2.

In the table, we also listed the quantum dimensions d;
and the spin s; of the i*P-type of topological excitations.
We note that the quantum dimensions satisfy

did; = > N dy.
k

(25)

So in the table the quantum dimensions d; partially rep-
resent the fusion coefficients N 7
The total quantum dlmenswn

N
D*=>"d
i=1

is also listed. Note that in literature, people usually de-

(26)

fine D% = Zfi/f d3; as the total quantum dimension.
The topological entanglement entropy®® is given by
1 1 D?
Stop = 5 10g2 D%v = 5 10g2 7 (27)

From last column of the Tables I, IT, IV, V, and VI, we
see that most fermionic topological orders can be viewed
as a stacking of a bosonic topological order (whose la-
bel was introduced in Ref. 56) with the trivial fermionic
topological order Fy (the fermionic product state). Some
other fermionic topological orders can be viewed as a
stacking of a bosonic topological order with a fermionic
topological order, or as a stacking of two fermionic topo-
logical orders. There are also fermionic topological orders
that are primitive, i.e. cannot be viewed as a stacking of
two simpler non-trivial topological orders.

The simplest primitive fermionic topological order is

the 4f/4(1/2) topological order. It is the first of a se-
quence of prlmltlve fermionic topologlcal orders with

3 7
45/4(1/2) (6F(§}(1)2) 81)s( C7/16) 1055(1/10)7 etc. An-
other type of primitive fermionic topological orders are
the 8{" topological orders with D? = 24 (there are eight
of them with different spins s;). This is also the first of

a sequence of primitive fermionic topological orders.

V. STACKING OPERATION FOR
TOPOLOGICAL ORDERS

In this section, we discuss the stacking operation in
details. In particular we describe the stacking operation
in terms of (N, s;,¢).

A. Stacking fermionic/bosonic topological order
with bosonic topological order

Suppose that we have two UBFC’s, C and D, with
particles (simple objects) labeled by i € C, a € D. We



can construct a new UBFC by simply stacking C and D,
denoted by C ¥ D. By definition, the combined system
has no interaction between the two systems C and D.
Certainly, if we add a weak local interaction between the
two systems, the combined system is still described by
the same topological order C X D, as long as the weak
interaction does not drive a phase transition.

The anyon labels of C XD are pairs (i,a),i € C,a € D,
and the topological data are given by (let K = C X D)

i,a)(4,b 1] a
(N) 20 = (Ne)y (Np) e,

Sﬁ',a) - Szc + S?a ¢k =cc +c¢p
T](: = TC ®C T'Du
Sk =S¢ ¢ Sp. (28)

This defines the stacking operation of fermionic/bosonic
topological order with bosonic topological order in terms
of the topological data (N,?,s;,c).

B. Abelian fermionic topological orders

It is proved in Ref. 54 that if a UMTC, £, C is abelian,
it must be the stacking of some UMTC B with Fy, C =
B X Fy. In other words, abelian fermionic topological
orders C can always be decomposed as bosonic topological
orders B stacking with a layer of fermionic product state
(with trivial fermionic topological order). However, this
is not always true for non-abelian cases, for example, the
4f /4 primitive fermionic topological order.

C. Stacking two fermionic topological orders

When we are considering two fermionic topological or-
ders described by two UMTC £,’s, C and D, we need a
different notion of stacking, denoted by C Xz, D. The
physical idea is that Fy C C and Fy C D are the same
fermion background; we would like to identify them. The
stacking X operation defined above gives CIXD which is a
UMTC, 7,&7,- However, the correct stacking Xz, opera-
tion should give us CX £, D which is still a UMTC  z,. To
achieve this (i.e. to identify the two Fy’s in Fo X Fy and
reduce it to a single Fy), we introduce the equivalent rela-
tion (i,a) ~ (if,a’), and the anyon labels of C Xz, D are
the equivalent classes [(¢,a)]. The topological data are
given by (assume that T¢ = Te ®c Tr,,Sp = Sp @¢ Sz,
and let K = CXg, D)

[GaGh)] _
(N =

(Ne) (Np)&® + (Ne) s (Np)2f,
Sf%i,a)] =50 + 5. =55 + 50y,
cx = cc + cp,
Tk = Tc ®c Tp @c Tx,,

Sk = gc () SD Kc S]-'O. (29)
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The above defines the stacking operation of two fermionic
topological orders in terms of the topological data
(N}, si,c). The stacking operation between fermionic
topological orders also makes the set of fermionic topo-
logical orders into a monoid.

VI. MODULAR EXTENSIONS OF A
FERMIONIC TOPOLOGICAL ORDER

In this section we discuss how to calculate the modular
extensions of a UMTC 7. First, note that if we have a
UMTC B that contains fermions, Fo = {1, f} C B, it is
possible to construct a UMTC, £, F by taking the subset
of anyons in B that are mutually local to (centralize) Fo,

F=(F)g ={i|ieB, Siy=di/D}. (30

Such a UMTC, x, describes a fermionic topological or-
der F. By definition, B is the modular extension of the
fermionic topological order F. We consider it a physical
requirement that fermionic topological orders must have
modular extensions; in other words, the fermion-number-
parity must be gaugable (see Sec.IIC and Sec. VIIB).
This is nothing but Condition 8 in Sec. IIT A.

Such modular extensions allow us to calculate the chi-
ral central charge of the fermionic topological order F.
We conjecture that the chiral central charge c of all the
modular extensions B of a given fermionic topological
order F is the same modulo 1/2. Such a chiral cen-
tral charge ¢ mod 1/2 is the chiral central charge of the
fermionic topological order.

How do we calculate the modular extension Br of a
fermionic topological order F from the data of F7? We
note that all the anyons in F are contained in Bz, and Br
contains some additional anyons. Assume that the anyon
labels of Br are {1, f,4,7,...,2,9, ...}, where we use un-
derline to indicate the additional anyons (not in F). Let

w7, Sij be the fusion coefficients and the S-matrix for
Bz, and N, be the fusion coefficients for F. Using Ver-
linde formula

sz Sf& _ Sl&

= _——==1
Siz Siz Siz

; (31)

we find that Sy, = £S1; = +d,/Dg,. But by definition
z ¢ F, we must have Sy, = —d;/Dp,. Since S is uni-
tary, 0 = Za S1aSfa = Zie]—' di/D%f - Zng di/D%fv

therefore
dMdi=>d. (32)

i€F ¢ F

Thus the total quantum dimension Dx of F and the total
quantum dimension Dg, of its modular extension Br are
directly related

1
D% = §Dgf. (33)
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TABLE VII: The 16 modular extensions of the 4f/4( 1/2) fermionic topological order (in the first row).

NFB Smp D2 d17d27--- 81,82,

47404 ‘) 1.3857 | 13.656 | 1,1, (3, ¢3 0,4,4, -1

Tos | 2.3857|27.313|1,1,¢3,¢3,46,¢8,G6 0,3, 5 — 1> 50 590
7%, |2.3857 27313 |1,1,¢3,¢3,¢5,¢8,¢5 |0, 3,3, 3, 5. - 5. &
7BL,/4 2.3857 |27.313 | 1,1,¢3, G5, 6, €GB, G6 | 0, 5, &, — %, &L -2 &
77/4 2.3857 |27.313|1,1,¢8, G5, €6, €5, G6 |0, 3. — 3. 5> 35 55+ 5o
78,4 23857 |27.313|1,1,G3,¢3,¢6,68,¢6 |0, 5, 1 — 5 — 3 — 35> — 55
7{35/4 2.3857 | 27.313 | 1,1,¢5,¢3,¢6,¢5,¢6 0,4, -4, 4 -2 2 L
71/4 2.3857 | 27.313 | 1,1,¢8, 3, 6, C8, G6 | 0, 3. 5, — 3, — =, &5, — =
78,4 |2.3857 |27.313 |1,1,(3,¢3,65,¢3,66 |0, 5, — 1> T — 350 — 33> — 35
7854 23857 |27.313|1,1,¢3,¢3,¢8,66,¢6 |0, 5. 5 — 1 — 330 350 3
713/4 2.3857 |27.313 | 1,1,¢8, (3, €8, €6, C6 |0, 3. — 3. 5> — 35+ 55+ 35
Ty | 2.3857|27.313|1,1,¢3,¢3,48,¢6,C6 0,3, 5 — 1>~ 55> 35
7800 |2:3857(27.313 | 1,1,¢3,C3,C3,¢6,¢6 (0,5, —3, 1, -5, 2, &2
Th,s  |2-3857|27.313(1,1,¢8,¢5,¢8,65,¢6 | 0,551 — 3 25> — 33, — 39
7P%5,, |2.3857 |27.313|1,1,¢3,¢3,¢8,¢6,¢6 |0, 3, -1, 4, 2. -2 -2
7813/, 23857 (27.313 [ 1,1,¢3,¢3,¢8,46,G6 |0, 3, 3, — 1+ 35, — 35+ — 35
T, 2385727313 |1,1,¢3,¢8,¢8,66,¢6 |05, 1. 1 5 — 550 — 35

The above also constraints the maximal number of addi-
tional anyons we can have.
Next we try to determine the fusion rules involving

Z,Y,.... By Verlinde formula
Si1 Sz1 i1
- N“” 5 J\/”” - 34
Si1 Si ; Z 511 (39
yEr
Sit Sy
7 Nm + sz ; 35
Siy 31j Z Z Y Sif’ (35)
JEF yEF

Adding the two we have 0 = Ejef./\/jldj, thus NF =0.

Similarly we can show NV~ = 0. So the fusion coefficients
of odd numbers of z,y, z, ... always vanish.

Therefore, A; for i € F is block diagonal: (N;)j, =
(Ni)gj =0, where i,j € F and z ¢ F. In other words,

(36)
Where (N»L)jk :./VZJ - ;27 iajvk S ‘Fv

z,y ¢ F.
If we pick a charge conjugation for the additional par-
ticles & — Z, the conditions for fusion rules reduce to

Nz = NE = N2 = N, (37)
N ONPNEE = ST NEN (38)
keF z¢F

With a choice of charge conjugation, it is enough to con-
struct (or search for) the matrices N; to determine all the

extended fusion rules N, ,ij . Then, it is straightforward to

search for the spins s; for the extend fusion rules )7 to
form some UMTC B and check if B contains F.

Besides the general condition (38), there are also some
simple constraints on N; that may speed up the numerical
search. Firstly, observe that (38) is the same as

Nil; = 3 NNy,
keF

(39)

where 4,j, k € F. This means that N; satisfy the same
fusion algebra as N;, and N;” = N7 is the structure con-
stant; therefore, the eigenvalues of N; must be a subset
of the eigenvalues of N;.

Secondly, since ZWE FNyod e
Frobenius theorem, we know that d; is the largest eigen-
value of N;, with eigenvector v,v, = d,. (d; is also the
largest absolute value of the eigenvalues of Ni.) Note
that N;N; = N; N;, N; = NZ-T. Thus, d? is the largest
eigenvalue of the positive semi-definite Hermitian matrix
NZ-TNi. For any unit vector z we have ZTNJNZ'Z < d?,in
particular,

did,, by Perron-

(N Ni)aw = S (NEEP? < 2.

Y

(40)

The above result is very helpful to reduce the scope of
numerical search.
Thirdly, since Y, » Na“d; = d2 >, combined with (32)

we have
2
E d; .
ieF

(41)

i€F zgF



This puts strong constraints on the traces of the matrices
N;, especially when d;, d? are not all integers (but they
are alway algebraic numbers). For example if d; is of the
form k++/1,k,1 € Z, (41) essentially splits into two inde-
pendent equations: the coefficients of v/I must be equal

and the rest part must be equal. This is the case for the

4 / 4(14/32) fermionic topological order. We can compute

that Tr Ny +Tr Ny = 4, thus Tr Ny < 4. Note that Tr N,
is exactly the number of additional particles. Therefore,
combined with (40) we performed a finite search for mod-

ular extensions of 4f/ a( f/gz), as shown in Table VII.

VII. A CLASSIFICATION OF 2+1D
INVERTIBLE FERMIONIC TOPOLOGICAL
ORDERS

A. Quantization of chiral central charge c

Let us first review a standard argument for the quan-
tization of chiral central charge ¢ (see for example
Ref. 46,57). Consider a bosonic or fermionic system with
invertible topological order. After integrating out all the
dynamical degrees of freedom, we obtain a partition func-
tion that may contain a gravitational Chern-Simons term

ZIM?) = ' F Jus s, (42)

where dws = p; is the first Pontryagin class. When the
tangent bundle of M? is non-trivial, the above expression
f a3 wa is not well defined. In order to define the grav-
itational Chern-Simons term for arbitrary closed space-
time manifold M?, we note that the oriented cobordism
group Q259 = 0, i.e. any closed oriented 3-manifold M?3
is a boundary of a 4-manifold M*: M3 = dM*. So, we
can always define the gravitational Chern-Simons term
as

ei%fM3:azvf4w3 = ei% Jarapr, (43)

However, the same oriented 3-manifold M? can be the
boundary of two different 4-manifolds: M3 = OM* =

OM*. In order for the above definition to be self-
consistent, we require that
1% fua Py = 15T fiyap (44)
or
el Juam = (45)

for any closed oriented 4-manifold 9M* = .
We note that

/M4 p1 =0 mod 3. (46)

Therefore ¢ must be quantized as

¢=0mod 8 (47)
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to satisfy the condition eqn. (45). This implies that the
central charge for bosonic invertible topological orders
must be multiple of 8, where ¢ = 8 is realized by the Eg
bosonic quantum Hall state.

But for fermionic invertible topological orders, the cen-
tral charge is quantized differently. This is because M*
must have a spin structure for fermion systems. In this

case82

/M4 p1 = 0 mod 48. (48)

spin
Therefore ¢ must be quantized as

¢ =0 mod % (49)

for 241D fermionic invertible topological orders. ¢ = %

is realized by the p+ ip fermionic superconducting state.

B. Classify 241D invertible fermionic topological
orders via modular extentions

However, for each quantized ¢, do we have only one in-
vertible fermionic topological order, or can we have sev-
eral distinct invertible fermionic topological orders? The
above analysis of the quantization of the central charge
¢ cannot answer this question. Here, we would like to
propose the following conjecture to address this issue:

Up to invertible bosonic topological orders,
invertible fermionic topological orders are
classified by the modular extensions of Fp.
More precisely, Let iF be an invertible
fermionic topological order and define the
equivalent relation ~: (iF X Eg) ~ iF.
The quotient {invertible fermionic topologi-
cal orders}/~ is classified by the modular ex-
tensions of Fy.

The modular extensions of Fy are given by the bosonic
topological orders that (a) contain a fermion f (with spin
1/2 and quantum dimension 1) and (b) f has non-trivial
mutual statistics with all non-trivial topological excita-
tions. From eqn. (33), we see that a modular extension
of Fy must have a total quantum dimension D? = 4. We
find that the trivial fermionic topological order Fy has 16
modular extensions: 8 Ising type UMTC 32 with central
charge ¢ = +1/2,+3/2,45/2,+7/2, and 8 abelian rank-
4 UMTC 42 with central charge ¢ = 0,41, £2, 43, 4 (see
Ref. 56). This agrees with Kitaev’s 16-fold way.?? For
a detailed exposition of the mathematical structures of
these 16 UMTC’s see Ref. 52,54.

We conclude that, up to invertible bosonic topologi-
cal orders, all invertible fermionic topological orders are
classified by Zi16 generated by the p + ip fermionic su-
perconducting state. This is a generally believed result,
which is one of the reasons that motivates the above con-
jecture.



For non-trivial fermionic topological orders, we further
conjecture:

The fermionic topological orders with a given
set of bulk topological excitations F are clas-
sified by the modular extensions of F up to
invertible bosonic topological orders. They
have the same set of bulk topological excita-
tions F, but different edge states.

This a special case of our general proposal mentioned in
Sec.TE.

For the fermionic topological order of the form F =
Fo X B (i.e. a stacking of trivial fermionic topological
order Fy and a bosonic topological order B), it has the
modular extensions (up to invertible bosonic topological
orders) given by Br = Br, K B, where Bz, is one of
the 16 modular extensions of Fy. They correspond to
fermionic topological orders that have the same set of
bulk excitations, but different edge states. Also, the 16
modular extensions of the 4{7/ ne /2) primitive fermionic
topological order is listed in Table VII. Again, they corre-
spond to fermionic topological orders that have the same
set of bulk excitations, but different edge states. Phys-
ically, those 16 fermionic topological orders for 16 mod-
ular extensions correspond the condensing the fermion
into 0,1,- - -,15 layers of p + ip superconducting states.

In Table II, there are seven entries with 8 label, where
mean that the central charge is undetermined. How-
ever, the 8" entries and one 85 entry all belong to the
same D? = 24 block. Those eight fermionic topological
orders all contain a topological non-trivial fermion. We
believe that they are related by condensing such fermion
into integer quantum Hall states. Thus, their central
charge should differ only by integers. In other words, all
eight entries have central charge ¢ = 0 mod 1/2. Similar
phenomena also happen in other tables.

*

Before we end this section, we briefly remark on the
relation between the modular extensions of Fy and the
Witt groups.®® The 16 modular extensions of Fy does
not form a group under the stacking product X because
they are not invertible. But they do form a Z14 group if
we carefully define the stacking Xz, for modular exten-
sions.”™ Moreover, the Witt classes of these 16 modular
extensions of Fy also form a Z;4-subgroup of the bosonic
Witt group W.83 This subgroup is precisely the kernel
of the canonical group homomorphism W — W, f0,54’75
where W, x, is the Witt group for UMTC, z,’s. This is
not an accident, it turns out that, by taking the Witt
class, the set of all modular extensions of a generic SFC
& maps onto the kernel of the canonical group homomor-
phism W — W), where W)¢ is the Witt group for
UMTC ¢’s. Details will be given in Ref. 73.
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UM nm
TABLE VIII: The irreducible representations V, 2 of
U(l)M

-orbifold simple current algebra. The second column
is tfle conformal dimensions h; of the corresponding primary
fields. The third column is the quantum dimensions d; of the
representations.

label 7 hi d;
1 0 1
j 1 1
o M/4 1 a=1,2
c*  1/16 VM a=1,2
T 9/16 VM a=1,2
by YE/AM 2 |y=1,--- M —1

VIII. EXAMPLES AND REALIZATIONS OF
FERMIONIC TOPOLOGICAL ORDERS

A. Fermionic abelian topological orders

The fermionic abelian topological orders with d; = 1
in the Tables I, II, IV, V, and VI are described by K-
matrices (which are included in the last column of the
tables). Their many-body wave functions are given by
eqn. (2). Note that K = (m) corresponds to the filling
fraction v = 1/m Laughlin state Wy, (2;).

We also note that most fermionic topological orders
are stacking of a bosonic topological order and a fermion
product state. The wave functions for the bosonic topo-
logical orders (described by the K-matrix and/or simple
current algebra) are given in Ref. 55,84 and Appendix E.

B. Fermionic topological orders from the
%;M-orbifold simple-current algebra

We can also use the conformal field theory (CFT) (or
more precisely, a simple-current algebra) to construct
2+1D topological orders. In fact, we regard the cor-
relation function of N, simple-current operators as an
N, electron wave function W(zq,---,zy,).2%?* 33 Such
an N, electron wave function describes a purely chiral
fermionic topological order, if the simple current oper-
ators have half-integer conformal weights. (If all sim-
ple current operators have integer conformal weights, the
correlation function of simple-current operators describes
a bosonic many-body state.)

The adjoint representation generated by the simple-
current operators corresponds to the trivial up-to-
fermion type of topological excitations (see Sec. IV A for
an explanation of up-to-fermion type of topological exci-
tations). While other irreducible representations of the
simple-current algebra correspond to non-trivial up-to-
fermion type of topological excitations. The number of
the up-to-fermion types of topological excitations is given
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TABLE IX: The S-matrix for the M orbifold simple current algebra with M = even. Here y,A=1,--- M —1, a, 5 =1,2,
and oa3 = 2003 — 1.
Sij | 1 J P < T Py
1 1 1 1 VM vVM 2
J 1 1 1 VM VM 2
o1 1 1 capVM  gapVM  2(=)"
P VM —VM casgVM  605V2M  —305V2M 0
TPNNVM M GagVM —805V2M  S0pV2M 0
éa | 2 2 2(—)* 0 0 4cos(mL)
TABLE X: The S-matrix for the M—orblfold simple current algebra with M = odd. Here y,A=1,--- , M —1, o, 8 = 1,2,

and oa3 = 2003 — 1.

Sij | 1 J P “ T ®v

1] 1 1 1 VM VM 2

jl 1 1 1 M M 2
a1 1 —1 igasVM igasVM 2(—)Y
P |VM —/M iO’ag\/M e’”"‘*BMW —e”i”a5/4\/m 0

P \VM —V/M icagV/M —e™9«8/2 /2N  e"i%as/4 /AN 0

ox| 2 2 2(—) 0 4cos(rL})

by the number of the irreducible representations of the
simple-current algebra.
For example, a bosonic topological state can be

constructed through (1)M -orbifold CFT. The M
orbifold CFT is a 51mp1e-current algebra generated by
the spin-M simple current ¢ = cos(vV2M ¢) (for details,
see Ref. 85). Since the conformal dimension (the spin) of
the simple-current 1 is an integer M, v is an bosonic op-
erator. The correlation of 1’s gives rise to a many-boson
wave function with a bosonic topological order (for de-
tails, see Ref. 84).

The topological excitations in such a topologically or-
dered state correspond to the irreducible representations
of the YW _rhifold simple-current algebra, which is
listed in Table VIIL. The spins s; and quantum dimen-
sions d; of those topological excitations are given by the
conformal dimensions h;, s; = h; mod 1, and the quan-
tum dimensions d; of those irreducible representations.
The S-matrix (i.e. the mutual statistics) of those topo-
logical excitations is given in Tables IX and X. We de-
note such bosonic topological order and the correspond-
ing UMTC as By, /z, = {1, 4, 9%, ¢4, 7%, 0%}, where
a=12andy=1,--- , M —1.

In fact, the above UMTC By (1),,/z, with M =6 is a

modular extension of the 8% (g'?gég) fermionic topologi-
cal order with s; = (O,%,%,O,G, =_1_767E) From the

S-matrix in Table IX, we see that the objects/particles in
Fo = {1,044}, a subset of By(1),,/z,» are mutually local
with respect to each other. Thus the spin-6/4 opera-
tor ¢¢ corresponds to the parent fermion f. From the
S-matrix in Table IX, we also see that the topological
excitations in F = {1,¢4, 2, j, ¢2, ¢s, 71,01}, another
subset of By (1),,/z,, are local with respect to Fo. Thus

F is a UBFC over Fy. In fact it is a UMTC, £,.

The conformal dimensions and the quantum dimen-
sions of the topological excitations in F are given by h; =
(0,2,3,1,4,2. 2 "Ly and d; = (1,1,1,1,2,2,v6,V6).
Thus F is the UMTC, 7, that describes the 8F(S?Zég)
fermionic topological order (see Table II). The fusion of
such a 8§ (3591%) fermionic topological order is given in

0.1699
Table XI

The above results help us to obtain the many-body
wave function that realize the 8% (g:‘;’g;g) fermionic topo-
logical order. In fact, naively, the correlation of the spin-
3/2 fermionic simple-current operator ¢g’s

U({zi}) o lim (V(z0) [] 06(20)) (50)

Zoo —>00

gives rise to a quantum-Hall many-fermion wave function
U({z})e 1 Z1=l” with the above 88'(59%55) fermionic
topological order. The edge excitations of such a quan-

tum Hall state are described by the U(l) -orbifold
CFT.30,50,86,87

However, the above construction has a problem: the
correlation of ¢§ (i.e. U({z;})) has poles as z; — z;.
But this is only a technical problem that can be fixed as
pointed out in Ref. 84. We may put the wave function
on a lattice or adding additional factors [] |z — z;|* to
make the wave function finite. This is a realization of the

8F(g ?Zég) topological order.

We may also introduce three complex chiral fermions
11, Yo, and 3. This allows us to construct a four-layer
quantum-Hall wave function as the following correlation



TABLE XI: Fusion rule j ® i for the 8% (3915
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) fermionic topological order with d; = (1,1,1,1,2,2,v6,v6).

0.1699

i1 111 2 2 V6 V6
Ne|l1 f a df e af B s
1|1 f a o @ of B B!
flf 1 af a af Q@ B! B
ala of 1 f af o B B

af laf o f 1 a of Br B
ala o o a 1@0dodd foava BB BBl
aflaf a a of f@a®a 10d ®af B p* B p
BB B BB pes pep’  1eavasae’ fod casa
gl B B B Bap pesl  fedecsd 1easasd

TABLE XII: Fusion rule j ® i for 47,(
logical order. ¢ =1+ /2.

1/2) fermionic topo-

di |1 1 ¢ ¢
Ni| 1 f a af
11 f «@ af
fl17 1 of «@
ala of 10addd fOada’
aflof a feadael 1003

ina CFT

\IJ({Z’H Wi, Ug, vl}) S

0121/%', i:172537

(V(200) [ T er(za)ea(wi)es (ui)ea(vs)),
ca = 1path3ds. (51)

In such a four-layer quantum-Hall state, the particles
in the first three layers are fermions and the particles
in the fourth layer are bosons. Such a wave function
is finite, and its edge excitations are described by the
% xU3(1) CFT,30:59:86.87 wwhere U(1) CFT describes
the edge excitation of v = 3 integer quantum Hall states
(generated by 1, i = 1,2,3). Therefore, the 85(3:‘;’2;2)
fermionic topological order described by the wave func-
tion W({z;, w;, uj, vl}ge 13 |z P4 fws [P 4w [P+ |2 only dif-

fers from the 8§ (§; 1699 ) fermionic topological order de-

scribed by W({z;})e~1 2 1%l" by an invertible fermionic
topological order of the v = 3 integer quantum Hall state.

The above discussion also apply to %—orbifold CFT
with M = 2 4+ 4n. When M = 2 (i.e. n = 0), the cor-
responding fermionic topological order is the 6§(, /16)

topological order. The case M = 6 (i.e. n = 1) was dis-
cussed above. The case M = 10 (i.e. n = 2) gives rise to
the 104 (é:gg%) topological order in Table III. The larger
n gives a sequence of fermionic topological orders. We
denote those fermionic topological orders by Fy(1),,/z,-
One of its modular extensions is By (1),,/z,-

We note that fermionic topological orders
Fuym/zey M = 2+ 4n, always contain a fermionic
topological excitation, apart from the parent fermion.
When those fermionic topological excitations condense

into invertible integer quantum Hall states, it changes
the Fy(1),,/z, topological order to some other topolog-
ical order with the same quantum dimensions d; but
different spins s;. We can see those related fermionic
topological orders in Tables I, IT and III.

C. Fermionic topological orders from the (A1, k)
Kac-Moody algebra

The (A1, k) Kac-Moody algebra (i.e. the SU(2) level
k Kac-Moody algebra), for k € Z, also gives rise to a
sequence of UMTC’s. The gauge-invariant data of (Ay, k)
are as follows:

e The objects (particles) are labeled by i €
{0,1,2,...,k}. They carry the SU(2) iso-spin
S =i/2. The corresponding primary fields are de-
noted by V;"", m = —5,—§—|—1,--- ,%.

e Fusion rules:
(li—jl+4) e

i®wj =li-jle(i-j+2) @
- @ min(i + 5,2k — i — j).

2
e Conformal dimensions h; = e+

) o
T2 (Spins s; =
h; mod 1.)

sin[m(i+1)/(k+2)]

e Quantum dimensions d; = ¢}, = s/ (k+2)]

3k

Chiral central ch =—.
e Chiral central charge ¢ )

The above data (fusion rules and spins) describe a
bosonic topological order denoted by B4, ), whose S-
matrix can be calculated from eqn. (9).

Observe that for k = 41 + 2, [ € Z, the last particle
i =4l +2in B4, 4142) is a fermion. The corresponding
conformal field is a simple current operator. We identity
Fo = {0,f = 4l + 2} C B(a, ai+2)- Then, we have a
sequence of fermionic topological orders

Fayaiv2) = {1 € Bea, ai42)|Sia142 = di/ D}

- {Oa 27 45 © 41+ 2} C B(A1,4l+2)a (52)



such that B4, 4142) is a modular extension of F(4, 4i42)-
For | = 0, Fa,,2) = Fo is the trivial fermionic topo-
logical order. The [ = 1 case has been studied in
Ref. 88. This sequence appears in our numerical cal-

7
£2): 68 (251), B8 _Siae)- 100555 im
Table I, IT and III]. In fact, all fermionic topological or-
ders in this sequence are primitive.
For [ = 1, the simple current operator carries iso-spin-3
and is given by V3", m = =3, -2, , 3, with conformal

dimension hg = 3. To obtain a many—body wave func-

2
tion that gives rise to the 4{7/4(

culations [4{7/ A

! /2) fermionic topologi-
cal order, we may again introduce three complex chiral
fermions 11, ¥2, and 3. This allows us to construct a
four-layer quantum-Hall wave function as the following

correlation in a SU(2)s x U3(1) Kac-Moody algebra?®

({2, wi, ui, vi, mi})
o (V(zo0) [ [ 1 (2) 2 (wi)es (i) e (vi)),
ci =i, 1=1,2,3,  cjf = 1oV, (53)

In such a four-layer quantum-Hall state, the particles in
the first three layers are fermions and the particles in
the fourth layer are iso-spin-3 bosons. Such a wave func-
tion is finite, and its edge excitations are described by
the (A1,6) x U3(1) CFT,30:50:8687 where U3(1) CFT de-
scribes the edge excitation of v = 3 integer quantum Hall
states (generated by 1;, i = 1,2,3). The wave function
U ({2, wy, ui, v, mi})e_i 2 L2 i P s o |2 gives rise
to the 4f/4( 1{/22) or F(4,,6) fermionic topological order.
The B( A,,6) is one of the modular extensions of the
4F /4(1 /2) fermionic topological order. Such a modular

extension is the NP = 79 4 bosonic topological order in
Table VII.

IX. SUMMARY

In this paper, we proposed that 241D
bosonic/fermionic topological orders with symme-
try G are classified, up to invertible topological orders,
by UMTC/¢’s with modular extensions. & is the
category Rep(G) of G-representations in bosonic cases
and the category sRep(G7) for fermionic cases, where
G/ = (G,z) and z € G is the fermion-number parity
symmetry. The case of G = {1} (or G/ = (Z3,2) = Z})
corresponds to the bosonic (or fermionic) case without
symmetry.

We developed a simplified theory for non-degenerate
UBFC over the SFC Fy = sRep(Zg ), which allows us
to obtain a list of simple fermionic topological orders
with no symmetry. We find two sequences of primitive
fermionic topological orders Fa, 4142y and Fy(1),,/z,-
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Appendix A: Proof that there are only four N =4
UMTC, 5,

In this section we prove that there are only four differ-
ent N =4 UMTC, £z, using the conditions listed in the
main text.

Let’s label the four particles by {1, f,a,a’}. Since
af = a ® f, all the fusion rules can actually be gener-
ated by

aQa=1®z2f ®za®yal,

where z,y, z are non-negative integers.
Firstly,

a®al =a®a® f=f® 218z ®ya.

Since a = a # af, we must have z = 0. The quantum
dimension d, = d,s is then given by

d,. d, _x+y+\/ T +y)?

di =1+ (z+y)

Secondly, if either of x,y is zero, the fusion rule splits,
and the N = 4 UMTC,x, is not primitive. It is the
stacking of a N = 2 UMTC with Fy. The classification
of N = 2 UMTC is clear: semion UMTC, Fibonacci
UMTC and their time-reversal conjugates (the first four
in Table XIII). After stacking with Fp, semion UMTC
and its time-reversal produce the same UMTC,z,. This
way we obtain in total three different UMTC z,.

It remains to show that there is only one primitive
N =4 UMTCz,.

_ Firstly, we know that the S matrix has the form S =
S ®¢ Sz, and the rank 2 matrix S is unitary. So S can

only be
1frd) (11
D\d, —1) "“\11)"

—1=DSuq = ZNgaeQ”i(sa“a’sk)dk.
k

In particular,

We also know that s; = 0, sy = 1/2, s, = sq + 1/2.
The above reduces to

1= e47risa + (:E _ y)dae27risa7
or

—2c08(2msq) = (z — y)dq.-



But note that for a primitive UMTC 7, * > 1, y > 1,

thus d, > LAt (21+1)2+4 =1+V2 Ifzx # y we must

have |(x —y)d,| > 2, which is contradictory to eqn. (A1).

So it is only possible that © = y and s, = 1/4 or s, = 3/4.
Secondly, we check the condition that

1 , )
ik

is an integer. Substituting the results we obtained so far,

—4d, + 4xd?
A

Thus
223 4+ (227 — 1)V/a2 +1 = (2% + Vg + ave Va2 + 1.

Since v, is an integer (va2 + 1 is never an integer for
x=1,2,...), we have

{2:173 = (22 4+ 1)v,,

222 — 1 = zv,.
Substituting the second into the first, we get
223 = 2(22% — 1) + v,

thus, z = v,, 22 = 1. The only non-negative integer
solution is © = v, = 1. This solution does give us a valid
UMTC,z,. The two choices of spins, s, = 1/4,5,5 =
3/4, or s = 3/4,5,s = 1/4, turn out to be isomorphic.
This completes our proof.

Appendix B: Categorical View of Particle Statistics

In 3+1D, particles can have two different kinds of
statistics, bosonic or fermionic. Besides, if the system
has certain physical symmetry, particles also carry group
representations. The Bose/Fermi statistics and repre-
sentations of symmetry groups can be unified by a single
mathematical framework symmetric categories.

Before giving a rigorous mathematical definition, here
we try to give a physical picture of “categories”. Phys-
ically, tensor category theory can be viewed as a theory
that describe quasiparticle excitations in a gapped state.
The particles (point-like excitations) correspond to ob-
jects in category theory, and the operators or operations
acting on the particles correspond to morphisms in cate-
gory theory. Two particles that can be connected by local
operators are regarded as equivalent and correspond to
two isomorphic objects in category theory.

Under such an equivalence relation, the local operators
are regarded as trivial (or null) operations, that corre-
spond to trivial morphisms. Other operations, such as
moving one particle around another, braiding two par-
ticles, etc , correspond to non-trivial morphisms. Those
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operations are described by the product of hopping oper-
ators, i.e. the string operators (or Wilson loop operators).
In other words, local operators are trivial morphisms,
while string operators can be non-trivial morphisms.
String operators also have an equivalence relation:
Two string operators are considered equivalent if they

1. have the same matrix elements among the low en-
ergy states;

2. or equivalently, differ by only local operators.

(Those string operators are also called logic operators
in topological quantum computing.) It is the equivalent
classes of string operators that correspond to morphisms
in category theory.

Besides, if there is some physical symmetry, we require
the operators to preserve the symmetry, ¢.e. they inter-
twine (commute with) the symmetry actions. For ex-
ample, two particles, carrying different irreducible rep-
resentations of the SO(3) symmetry group, cannot have
morphism between them: i.e. there is no symmetry pre-
serving operations that can change one particle into the
other. On the other hand, if one particle carry a reducible
representation of spin-1 and spin-2, and the other particle
carry a reducible representation of spin-2 and spin-3, then
there is a morphism between the two particles (objects),
(i.e. symmetry preserving operations may turn the first
particle into the second particle with a non-zero ampli-
tude). We denote the first particle as spin-19spin-2 and
the second particle as spin-2@spin-3, and the morphism
as an arrow between the two particles:

(spin-1 @ spin-2) — (spin-2 @ spin-3). (B1)

In category theory, the irreducible representations, such
as spin-1, correspond to simple objects, and the reducible
representations, spin-1@spin-2, correspond to composite
objects. The composite objects are direct sums @ of sim-
ple objects.

If we view two particles (objects) ¢ and j from far away,
the two particles can be regarded as a single particle k.
This defines a fusion operation ®:

1®j =k (B2)
If we include such a fusion operation between objects of a
category, we get a tensor category, where ® is also called
the tensor product.

To summarize, the equivalence classes of particles form
a set of objects. If we add arrows (morphisms) between
objects, we turn the set into a category. If we further add
the fusion operation, we turn the category into a tensor
category.

It is the philosophy of category theory, also the physi-
cal idea of second quantization, that we can focus on only
the operators (morphisms) while treat particles (objects)
as black boxes, but still have all the information of the
system. In other words, the particles (objects) are de-
fined by all their relations (morphisms) to other particles
(objects).



Usually, when we try to understand an object, we like
to divide the object into smaller pieces (or more basic
components). If we can do that, we gain a better under-
standing of the object. This is the reductionist approach.
But there is another approach. We do not think about
the internal structure of the object, and pretend the in-
ternal structure is not there (i.e. treating the object as
a black box). (Maybe the internal structure really does
not exist.) We try to understand an object through its
relations (i.e. morphisms) to all objects. In fact, we use
all those relations to define the object. In other words,
there are no objects, just relations. An object is uniquely
determined by its relation to all objects (called Yoneda
Lemma in category theory). In other words, the very ex-
istence of an object is in the form of the relations (mor-
phisms). This is the philosophy of category theory. We
see that category theory is essentially a theory of rela-
tions.

On the other hand, this categorical point of view is also
the point of view taken by most physicists who pretend
(or perhaps just get used to claim that) they are reduc-
tionists. Indeed, from a physical point of view, there is no
more fundamental reality than the relations, or interac-
tions, between particles, because what can be measured
in physics are not particles but only their interactions.
Perhaps, a physical object only arise as an illusion of
an observer after a sophisticated process of computation
based on the data from relations or interactions.

Now we try to introduce the operators (morphisms) in
the category of particle statistics. One of the most im-
portant examples of non-trivial operators are those string
operators (the product of local hopping operators) that
generate braidings. Such a string operator, exchanging
the positions of two particles a,b along a given path ~,
corresponds to an isomorphism ¢, : a®b — b®a. Since
local operators are quotiented out, the braiding opera-
tor depends only on the isotopy class of the path . In
2+1D, there are two isotopy classes of paths with winding
numbers +1, clockwise and counter-clockwise. They are
inverse to each other. However, in 341D, clockwise and
counter-clockwise paths fall into the same isotopy class;
the braiding must be the inverse of itself. Such braidings
are call symmetric. (This is what the term “symmetric”
in “symmetric category” means; it refers to “symmetric
braiding” rather than some physical symmetry.) There-
fore, in 341D, the braidings of identical particles can only
be either +1 or —1, corresponding to bosonic or fermionic
statistics. A system of such particles is described by a
symmetric category. In contrast, in 241D, the braidings
are allowed to be more complicated, known as anyonic or
even non-abelian statistics. Those particles are described
by a braided fusion category, which is explained later.

Other examples of topological operators are the fu-
sion and splitting operators. In 3+1D, they become im-
portant if we take into account the physical symmetry.
Consider two particles, carrying two irreducible repre-
sentations U, V' of the symmetry group. We bring them
together to form a composite particle, carrying the ten-
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sor product representation U @ V. Usually U ® V is not
irreducible, and can fuse into to another particle carry-
ing irreducible representation W via symmetry preserv-
ing operations. Such a process [ : U®V — W is a fusion
operator, corresponding to a morphism in a category; its
Hermitian conjugate fT: W — U®V is a splitting oper-
ator (another morphism), corresponding to the process of
splitting one particle into two. We need more data to de-
scribe these fusion and splitting operators, for example,
the Clebsch-Gordan coefficients for spins. Furthermore,
if more than three particles are fused, the 6j-symbols
kicks in. They measure the difference between fusing
particles in different orders. In 3+1D, this seems just a
different way to study group representations, by focus-
ing on how representations fuse/split rather than how
the group acts. However, the fusion and splitting oper-
ators become very rich in 2+1D. Because anyons do not,
necessarily carry group representations, the fusion and
splitting operators are much more than merely the inter-
winers between group representations. This leads to rich
non-abelian statistics in 2+1D.

In summary, particle statistics in 3+1D and physi-
cal symmetry are described by symmetric categories. In
2+1D, there are new kinds of particle statistics beyond
symmetric categories (i.e. Bose/Fermi statistics). But
those 241D statistics is still not arbitrary.

First, there is a series of self-consistent conditions
among the braiding, fusion and splitting operators.
These lead to the mathematical structure of a wunitary
braided fusion category (UBFC).

Secondly, we would also assume the theory to be “com-
plete”. By “complete” we mean that “everything can be
physically measured”. Recall in quantum mechanics, we
assume that states have inner products. Theoretically,
physical measurements are made by taking inner prod-
ucts. Here “inner products” are “non-degenerate” bi-
linear forms. Non-degeneracy means that if two states
produce the same inner products with all states (the
same measurement outputs), they must be the same
state. Thus, the non-degeneracy means the theory is
“complete”. Now, the particle statistics are measured
by the mutual braiding, so we expect similar “braiding
non-degeneracy”. More precisely, the braiding measure-
ment is performed as follows. Assume that a particle a is
waiting to be measured. We first create a pair of test par-
ticles i and its antiparticle ¢, then move 4 around a, i.e. a
double braiding, and finally annihilate 73. The amplitude
of such process is proportional to the (a,i) entry of the
topological S-matrix, Sg;. So the S-matrix is the output
of the braiding measurement, and, we should impose the
non-degeneracy condition to the S-matrix.

For 241D bosonic topological orders with no symme-
try, the only (topological) measurement is the mutual
braiding. Thus, different particles should be fully distin-
guished by their distinct mutual braiding statistics with
other particles. If two particles have the same mutual
braiding statistics with all particles, then the two parti-
cle must be equivalent (i.e. connected by local operators).



[This is an application of the philosophy of category the-
ory: an object is defined by its relations (morphisms)
with all objects.] Indeed, a complete set of the equiva-
lent classes of particles (i.e. the topological excitations)
are described by a UBFC such that its S-matrix is non-
degenerate. Such a UBFC is called non-degenerate. It
is equivalent to the notion of a wunitary modular tensor
category (UMTC).?2:54 This is why we say that the topo-
logical excitations (and their non-abelian statistics) of a
241D bosonic topological order are fully described by a
UMTC, or equivalently, a non-degenerate UBFC.

Appendix C: Topological orders with symmetry
from the point of view of local operator algebras

In this section, we try to explain how to obtain a
tensor-categorical description of topological bulk excita-
tions in a 2+1D topological order with symmetry from
the perspective of a local operator algebra that defines
these topological excitations.

Let us first recall what is known in the no-symmetry
cases. Consider a 241D bosonic topological order with-
out symmetry that can be realized by a lattice model.
We have a local operator algebra A acting on the to-
tal Hilbert space Hg associated to a disk-like region R.
A topological (particle-like) excitation localized within
a disk-like region R in the lattice can be defined as a
subspace of Hp. Such a topological excitation can not
be created/annihilated by any local operators. As a
consequence, a topological excitation must be a mod-
ule over the local operator algebra A, or an A-module.
This fact was fully established in Levin-Wen models
that can realize all topological orders with gappable
boundaries.?6:62:89 This fact must also holds for all topo-
logical orders because any topological order C can be
viewed as a sub-system of a boundary-gappable topo-
logical order C X D, where D can be chosen to be the
time-reversal conjugate of C. Then the topological exci-
tations in C can all be realized as modules over a local
operator algebra in a Levin-Wen model that realizes the
phase C X D. The choice of A is almost never unique
even for a given lattice model. It usually depends on the
choice of the region R. But its dependence on R is not
essential as it was proved in Levin-Wen models that dif-
ferent local operator algebras are all Morita equivalent.®”
In other words, the Morita class of A, or equivalently, the
category of A-modules, denoted by A-Mod, is unique.
We remark that this uniqueness should hold not only for
a given Levin-Wen Hamiltonian but also for a class of
Hamiltonians connected by local perturbations.

In general, A is naturally equipped with a structure
(somewhat equivalent to that of an Fs-algebra®) such
that the category A-Mod is a braided monoidal cate-
gory. Moreover, due to the requirement of unitarity in
physics, we expect more structures on A, such as certain
x-structure and semi-simpleness, such that the category
A-Mod is a non-degenerate UBFC (or a UMTC). Macro-
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scopically, the local operator algebra A is not observable
and not a topological invariant either. Instead, only its
Morita class (or equivalently, the category A-Mod) is a
macroscopic observable and a topological invariant.

For a bosonic topological order with a symmetry group
G, let us consider a lattice model realizing it. In this
lattice model, we still have a local operator algebra A
(not respecting the symmetry) acting on the total Hilbert
space Hp associated to a disk-like region R, in which
there is a topological excitation. As in the cases with-
out symmetry, we do not worry about the dependence
of A on the region R. We assume that the existence of
the lattice model realizing the bosonic topological order
with symmetry G is equivalent to the existence of a lo-
cal operator algebra A equipped with a G-action, i.e. a
group homomorphism f : G — Aut(A). Actually, if G
is on-site, G should also act on Hp as local operators in
A. As a result, there is a natural group homomorphism
G — Aut(A), defined by g — (a — gag™!) for a € A and
g € G. Also note that a — gag~! is an algebraic isomor-
phism. Therefore, the microscopic data (A, f) completely
determines the topological order with symmetry. What
we would like to do is to use the pair (A, f) as the initial
data to derive a natural macroscopic description of this
topological order with symmetry G.

Note that the final macroscopic observables should re-
spect the symmetry G in some sense. In the micro-
scopic world, the local operators that respect the sym-
metry G are those living in the fix-point algebra A% :=
{a € Alga = ag,Vg € G}, which is a sub-algebra of
A. Naively, it seems that the category of A%-modules,
denoted by A“-Mod, should be a natural choice for the
categorical description of the topological excitations in
this topological order with symmetry. But this naive
choice is not good for many reasons. The main reason
is that we lose a lot of information in the process of re-
placing “A with a G-action” by A¢. What we would like
to do is to find the correct replacement of the category
“A%-Mod”. We do that in two steps. In the first step,
we carefully throw away the right amount microscopic
data in “A with a G-action” so that all the macroscopic
data remain intact; in the second step, we try to find a
fix-point construction which lose no more information.

Similar to the no-symmetry cases, the macroscopic
data of “A with a G-action” is encoded in its “Morita
class”. Therefore, the first step amounts to find a proper
notion of the category of modules over “A with a G-
action”. It turns out that a G-action on A naturally
determines a G-action on the category A-Mod as func-
tors. More precisely, assuming that G is on-site for con-
venience, an A-module M, i.e. a pair (M,p: A®c M —
M), can be twisted by an element g € G to give a
new A-module (M, p9) with the action p? defined by
p?(a ®c m) = p(gag=* ®c m). For each g € G, there
is a functor T, : A-Mod — A-Mod which maps (M, p) to
(M, p?) and maps an A-module map M — N to the same
linear map (which automatically intertwines the actions
p?9). We expect that T, also respects the monoidal and



braiding structures on A-Mod. Namely, it is a braided
monoidal equivalence. These functors T,,Vg € G, give

arise to a G-action T : G — Aut”"(A-Mod) on A-Mod,

where G is the monoidal category with objects given by
elements in G and morphisms given by identity mor-
phisms. Recall that only the Morita class of “A with
a G-action” is macroscopically meaningful. Moreover, if
we equip the category A-Mod with the forgetful functor
to Vec, each g-action on A for g € G can be recovered
from the functor T, by the unique natural isomorphism
from the identity functor to T,. Therefore, this “A-Mod
with G-action” can be regarded as the Morita class of “A
with a G-action”. This already suggests that a proper
categorical description of a topological order with sym-
metry is given by a non-degenerate UBFC C equipped
with a G-action T, i.e. a pair (C,T). In particular, the
trivial phase with symmetry G is given by the trivial
non-degenerate UBFC By with a G-action.

Note that the pair (C,T) is not a G-invariant descrip-
tion since the G-action is explicit. So we take the sec-
ond step to find a G-invariant description. This can be
achieved by simply replacing the category C with a G-
action by the fix-point category C, which consists of
those objects in C that is invariant under the G-action,
i.e. those objects X € C such that Ty(X) ~ X,Vg € G.
The category C% is also called the equivariantization of
(C,T) (see Ref. 54 for a precise definition). It turns out
to be a non-degenerate UBFC over Rep(G).%*.

For example, for the trivial phase (By,T") with symme-
try G, the category B§' is nothing but Rep(G). Different
from the replacement of “A with a G-action” by A%,
which loses information, that of “C with a G-action” by
C% loses no information at all. Indeed, one can recover
the former structure from the later one by a condensa-
tion process.’® Mathematically, the 2-category of non-
degenerate UBFC’s equipped with a G-action is canon-
ically equivalent to that of non-degenerate UBFC’s over
Rep(G).5>* Therefore, this notion of a non-degenerate
UBFC over Rep(G) is the correct replacement to the cat-
egory “A%-Mod” that we are looking for.

Working with a non-degenerate UBFC over Rep(G)
has some advantages over working with a non-degenerate
UBFC with a G-action. For example, it can be general-
ized easily to fermonic topological orders with/without
symmetry by replacing Rep(G) by a SFC &, which deter-
mines bosonic/fermionic symmetry uniquely. An object
in € is a local excitation (a trivial A%-module). It can
be created /annihilated by local operators, and has trivial
mutual statistics with all excitations (the local operators
break the symmetry if the excitation carries a non-trivial
representation). In other words, £ describes the local ex-
citations in a topological order with symmetry. In par-
ticular, the SFC & should be viewed as the categorical
description of the trivial phase with symmetry.

In summary, our analysis leads us to the proposal in
Sec. II B that the bulk excitations in a 2+1D topological
order with symmetry € are described by a non-degenerate

UBFC owver £.
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Appendix D: Mathematical Definitions

For the reader’s convenience, we collect the some rele-
vant mathematical definitions in this section. We would
assume a basic knowledge on tensor category theory.
Readers can consult with Ref. 54,75 for more details.

Definition 1. A fusion category is a rigid semisimple C-
linear tensor category, which has only finitely many iso-
morphic classes of simple objects, finite dimensional hom
spaces, and simple unit object. A braided fusion category
is a fusion category endowed with a braiding satisfying
the hexagon equations. (For a detailed definition, see e.g.
Refs. 51,52).

For physical reasons, we would assume that all the
categories are unitary, i.e. one can take the Hermitian
conjugate of the morphisms (physically they are opera-
tors between Hilbert spaces), and such Hermitian con-
jugate is compatible with the fusion and braiding struc-
tures. A unitary fusion category has a canonical spherical
structure.”> As a result, a unitary braided fusion cate-
gory (UBFC) is automatically a ribbon category, or a
pre-modular category.

Definition 2. The pair of objects X,Y in a UBFC C
are said to centralize (mutually local to) each other if
Cy,x 0Cxy = idx gy, where cxy : XY =Y ® X is
the braiding in C. If X,Y are simple, this is equivalent
to Sxy = dxdy /D, where S is the S-matrix.

Physically, two particles “centralize” or “mutually lo-
cal to” each other means that the two particles have triv-
ial mutual statistics with each other.

Definition 3. A full subcategory D of the category C
is a subcategory of C such that every morphism in C
between two objects in D is also a morphism in D,
i.e. Homp(z,y) = Home(z,y) for all z,y € D.

Definition 4. Given a full subcategory D of a braided
fusion category C, the centralizer of D in C, denoted by
De", is the full subcategory of objects in C that centralize
all the objects in D. In particular, Z5(C) = Cg™ is called
the centralizer of C.

Definition 5. A symmetric fusion category (SFC) & is
a UBFC & such that Z5(£) = £. In other words, & is
symmetric if cy, x o cx,y = idxgy for objects X,Y € £.

This means that all particles in a SFC have trivial
mutual statistics with respect to each other. SFC’s are
closely related to physical symmetries (groups).

Example 1. For a finite group G, the category of G-
representations, denoted by Rep(G), is an example of
SFC. The category Rep(G) is equipped with the tensor
product ® given by the usual vector space tensor product
®c and the standard symmetric braiding:

exy(r®cy)=y®cz, VreX,yeY. (D1)

In particular, the category By = Rep({1}) corresponds
to bosonic systems without symmetry.
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TABLE XIII: A list of simple bosonic topological orders (up to invertible ones) with N types of topological excitations and
chiral central charge ¢ (mod 8). The excitations have quantum dimension d; and spin s; (mod 1). The table contains all

topological orders with N < 4 as well as N = 5 and D? < 120. Here ¢ = %

NCB(A(‘—)(?‘%) D? |dy,da,--- S1,82,+ - comments, SCA, K-matrix, wave function
27(9) 2 1,1 0,1 K =(2), Uy/2(2)
251(81) 2 1,1 0,—1% K = (-2), ¥} 5(2)

2050 g/zo) 3.6180 |1, (3 0,2 (A1,3)1/2, (G2,1)

28 14/5( 0) 3.6180 | 1, (3 ,—2 (A1,-3)1/2, (G2,-1)

( 1/4) 3 |1,1,1 0,5, % K=(22;1)

) 3 |1,1,1 0,—1,—3 K=(-2 —2;-1)
i/z(og’;(;éi) 4 17 17<21 07 %7 % (A172)7 (397 1)7 A(zli22 23i24 o ')\Ijl(zi)zo
,/z(o,:?if,) 4 |1L1L,¢ 0,3, 5 (B2, 1), Wa(zi)Wa(z) 217
7/2(,1/1 ) 4 1717C21 07%71_76 (B371)

3 7/2(1/16) 4 1717421 07%7_1_76 (B471)

32,0050 | 4 | LLG 03— (Bs, 1), U3 (zi) W3 (z) 212

3%(235) | 4 |LLG 0,3 - (Bs, 1)

331/2(71/1(,) 4 1717C21 07%7_%6 (B771)

31/2(1 1(,) 4 1717<21 0’%’%6 (stl)

38/7(,5%%4) 9.2058 | 1,3, G2 0,-1,2 (A1,5)1/2

338/7(f§4) 9.2958 | 1,¢3,¢3 0,1,-2 (A1,=5)1/2
4B(1/8) 4 1717171 07%7%7% K= (4) ‘111/4(21)

42 (0) 4 1717171 07%7%7% 21B(8)|Z2B( )
1
45(}12/8) 4 |1,1,1,1 0,2,2,4 K=(222;11;1)
4?(3) 4 |1,1,1,1 0,2,1,1 K=(2222;100;10;1)
45, (1‘/28) 4 11,1,1,1 0,-%,-2,1 K=-(222;11;1)
45,(9) 4 (1,1,1,1 0,1, -11 25, (5) ®22,(7)
1
4§1(—C12/8) 4 1717171 07 ;7_57% K = (_4)7 \111/4(22)
45 (2) 4 |1,1,1,1 0,0,0, % K=(00;2)
45 () 4 1,1,1,1 0,0,%,—1% 27 (9) ®22,(9)
1
aBs(5)  |7.2360|1,1,¢3,G3 0,-1,2,2 22, (0) B 275 (_5%0)
1
439/0(0) 7.2360 | 1,1,¢3,¢a 0,1, -2, -2 2?(3)&2314/5(32;0)
4B 7.2360 | 1,1,¢3,¢3 0,1, -1 2 21 9y 28 S
19/5 4> 2005 0 14/5\ —3/20
1
4€19/5(8) 7.2360 | 1,1,¢3,¢3 0, — % 35, —2 22, (0) B 25, 5(,5%)
1 1
4B (& 13.000 |1, ¢, ¢d, ¢2 0,2,-2,0 2B X 28
0 5 5 14/5 3/20 14/5 /
2 1
4%/5(35%3) 13.090 17C§7C§7C§ 07_%7_§7é 2 14/0(3/20)®2 14/0(3/ )
4€12/5(,;§710) 13.090 17(3174-%74-3 07%7%7_% 214:/5( 3/20)&214/5( é/zo)
3

405 (550,)  [19:234 (1,64, G5, ¢F 0,1,2,-1 (A1,7)1/2

3 -

4710/3(,5(712) 19.234 LC%vC?’gg 07_%7—57% (A17—7)1/27 (0272)
5(})3(1}2) 5 171717171 07%7%7—é7_é K:(2 2’3)

57(0) 5 (1,1,1,1,1 0,2,2,-2 -2 K=(2222;110;10;1)
55(@;1) 12 [1,1,¢h¢d2 |0,0,8,-2,1 (A1, 4)
5§(f1124) 12 1717Ci7<&72 0707—%7%7% [(A17 )|Z2B|Z2B]l/4
5%,(55%) 12 |1,1,¢4,¢4,2  |0,0,%, -2, -3 (A1, —4) K 2f ® 2], /4
52,(Y5) |12 L1k ch2 [0,0,-5, 8 -1 | (4r,—4)

58,058 ) 134.646 [1,¢8,¢2,¢3,¢4 0,2, 2, L 3| (Ay,9)1 0, (F4,2

16/11 2/141 . 169,595,595 69 sy T 110 110 110 11 1, 1/27( 4, )
5€16/11(,22<?11) 34.646 17<917C37C37C§1 071_217—%7_%7% (A17—9)1/27 (E873)

57 _She) |35:342( 1,62, G2, CPar Ca [0, =3, =3, 3,2 | (A1, 12)174, (A2,4)1/3

B ¢3 2 2 2 44 11 13
5*18/7(5/1228) 35.342 17CS7C57<127C12 07?777_77_7 (AS 3)1/4=
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TABLE XIV: The table contains all bosonic topological orders with N = 6 and D? < 111 (continued on next page).

NCB(A‘_)?‘%) D? |di,dg,--- 81,82, - comments, SCA, K-matrix
68(0) 6 |1,1,1,1,1,1 0,5, %5 1. 5,3 2?48)&35’(7}/4)
65.(0) 6 |1,1,1,1,1,1 0,— % — 15,5~ 3 —3 2?(3)&33(1}4)
65 () 6 [1,1,1,1,1,1 0,15, 55— 20 () ®3P(_),)
6%5(0) 6 [1,1,1,1,1,1 0,—3,—%.—2. 2,2 [25,(0)®3%:(,),)
67,(5) s [LuLna.d [0l -1 4.3 B(0>®3Bl/g( &)
67, 5(5) 5 |L111ad  |od b 250830
62(3) 8 |LLLLGG |04 -Lh A S [2B()R35.(%,)
633/2(0) 8 L1L1,1,¢,6 07i7_%7%7_%7_% *1(0)&3]*31/2(71/116)
652(g) 8 |L1,1,1,83,¢6 [0, -1.5 5% 27 (5) ®352(%75%)
6Z5/2(5) 8 |L1L,1,1,G,¢6 [0, -1.5 -5 -1 B(“)m%/z(‘i;??z)
6772() 8 ([L,L,L,1,¢,¢G (05— 51 |20(0)®35(%5%00)
62, 2(5) 8 |1,1,1,1,83,6 [0, -1.5 -5 1% (0>®3Bd/2(%7’;%3>
6alg) 10854 111,8,6.6 [0-5 -4 2 50) B3%(,))
634/0(,51@ 10854 1,1,1,¢3,¢h.¢h 0,43, —. —. 2 2?14/0(3/20)x32( )
616/0(2/5) 10.854 | 1,1,1,¢4, ¢4, ¢ 0,—%, — %, =, &.,—2 |25 /5(3/2 )X 35, (1/4)
6705 ) 108541, 1,1, ¢ cd [0, 8 -4 -2 |28 §20)®32( L)
6500 m’) 14472 1,1,G, ¢, G G 0.4, -5, 5. 2 & | 2050 § o) B3%52(%705 )
67,10 (1 252) 14472 11,3, ¢4, G GG 10,3, 5,5 -2, -8 | 2805(,58,) B 35,(1%5%)
62:0(8%)  |1447211,1,3.3.¢.33 |05, 5. 5. -2 3 |280% 4 o) B3E,( 580
6% 10( 35%,) [14.472|1,1,33,¢3, (3. G3cd 0.4, — %~ 5. 2, -3 |28,5(_ 3/20>®3B7/2(1§§6>
6%s/10( Jnys0) [ 14472 1,1,G3,G3, G5, 3G | 0,5~ 15— 150 3o 85 | 21ass( o) B355,0(Z5000)
6Z1310(57js0) | 14472 | 116G GGG | 0,50 B for =50 =85 | 2hsss < bo) B35 55)
65 10(55) 14472 11,3, G, G, GG 0,3, —F. -5 8 | 28105(,580) B350, 5,)
6817/10(f117/so) 14.472|1,1, 63,63, 63,6363 | 0, 35 750 — 100 50— 50 | 21ay5( 3/lzo)x37/2( 1?116)
623/10(f17/lso) 14472 1,1,63,65, 3, G363 | 0,3, — 150 — 15 2o 55 | 2Tass( s 3/2 o) W32 1/2(71</116)
6%0s/10( $55) | 14472 | 1,1,¢, ¢HGH A | 0.3, &, &~ 2, -2 |28, 5(,58) B35,(,%,)
627/10(1272/353) 14.472 17174217@74%7(;(21 07%7_%7%7_%7% 217314/5( 1 )&385/2(037/?23)
6%57/10( Lorye0) | 14472 | 1,1,63,63,G3, G362 [ 00 5, 750 — 160 3.~ 8 [ 2Mays( 3/%)@35/2(03‘??2)
6% 10 9% 14472 | 11,1 GG GRG [ 0,8, & — 5. 2.8 (2850 3}2 )35 (,5%)
6%5/10($58) 14472 1,1,¢1, CHGH GG 0, 3, — &, &~ 2, =80 {28, 5(,58,) B3, (%)
6:’],37/10(1?,?;8) 14.472 | 1,1,¢3, 63, ¢3, G3Ga 07%7—%7%7_%% 2]314/5( 1 )&333/2(0'2(/5?2)
657 /10(" 780 ) [ 144721 1,1,(3,G5,¢3,65¢2 | 0,35 160 — 100 30— 89 | 21ass(_ 3lzo)®33/2(037/?23)
67:(0) 18591 [1,1,¢, ¢ @ fo -t k-2 A2 [25 () R3E.(_S,)
6%,7(0) | 18591 | L1,¢h ¢ (0.5 8 k-2 [2P(0) R385
62,7(0) 18591 1,1,¢3, ¢3¢ |04, 8, 1218 B(“)®3§/7( £
6%57(0) 18591 1,1,¢3, ¢, 3 |04, -2, 1, -2 18 |98 (0)®35,,.(.5,)

Example 2. Let G/ be a pair (G, z), where G is a finite the category sRep(G¥) as the same fusion category as
group and z is involutive central non-trivial element in Rep(G) but equipped with a modified braiding:

G,ie. 22 =1, 29 =gz forall g € G, and z # 1.

Such element z acts on G-representations as the fermion-

number parity, i.e. zz = x if x is even and zx = —=x cxy (T ®cy) = {
if  is odd. In other words, the pair ZJ = ({1,z},2)

is the fermion-number-parity subgroup of G. We define

—y ®c T, x,y both odd,

D2
Y R¢ X, otherwise. (D2)

sRep(G7) is also an example of SFC. It is a “super” or
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TABLE XV: The table contains all bosonic topological orders with N = 6 and D? < 111. Here X" = m + /n.

NcB(g(l)egz‘zw) D? |dy,da, - 81,82, " comments, SCA, K-matrix
66 (*%5°) 20 |1,1,2,2,V5,V5 0,0, 5,0, 3 (Ds,2)1/a, (U(1)5/Z2)1/2
65 (%,) 20 [1,1,2,2,V5,V5 0,0,1,-11 1 (679 ® 2P ®25,), 4
6f(<§) 20 |1,1,2,2,v/5,V5 0,0,2,-2,0,1 (65" R2P R25)),,,
62("7)5") 20 |1,1,2,2,V5,V5 0,03 %% —1 (B2,2)
655 (odgh) | 33.632{ 1,61, 63, 33 643 0,2,4,-2,—38. & [205(_$hy) B 8% (5h,)
6% 030 _(iin ) | 33.632 1,6, ¢4, 2 GG G 0,-2,-1,208 & |98 (YR30 ( 5,
605 (4s5) |33.632| 1,03, ¢4, 2, (3, A3 0,2,-1,2, %, -8 |25,.( 8 )®35,( 5 .)
6% 10/35(_$i5hs) 33632 1.6, &3 .G G 0,-2,1,-2,-2 1 |98 (S w38, ()
6515 (_Sik,) | 56.746 | 1, ¢y, 21 B ¢l ¢y 0,4, 2, — &, &, —L [(A, 1)1,
6%46/13(5/) 56746 | 1, ¢, ¢, ¢, ¢ Gl 0,15~ 2, &~ & | (A1, —11)1/s
624(Si8) | 74617 | 1,63, ¢2 2. e, B 01,5111 (A1,16)1/4
6%,5( o) | 74617 | 1,63, ¢3, 62, ¢l G 0,—3,—3,—1, -1 1 | (A1,-16).
6ZC%/2) 10061 [ 1 Ixd dxdi i b sxh [0.-1, -2, 2,0, (G2, —3)
6§2(X§1£2) 100.61 17%)(%17%X%u%X%u%X%h%X%l 07;737 %707—% (G2, 3)

“fermionic” version of Rep(G), that describes fermionic

symmetries. In particular, sRep(Zg ) = JFo corresponds
to fermionic systems without symmetry.

By Deligne’s theorem®, a SFC is equivalent to either
Rep(G) or sRep(GY).

Definition 6. A UBFC C over a SFC & is a UBFC
C with a fully faithful braided tensor embedding
& — Z5(C). A UBFC C over a SFC & is non-degenerate,
i.e. a UMTC /g, if & coincides with its centralizer,

£ = 7,(C).

If we take £ = By, we recover the usual definition of
non-degenerate UBFC, or unitary modular tensor cate-
gory (UMTC).

Definition 7. A modular extension of a UBFC C is
a pair (M,n), where M is a UMTC and 7 :C — M
is a fully faithful braided tensor embedding, such that
Z5(C)5t = C (identify the image of 1 with C).

Two modular extensions (Myi,n1), (Ma,n2) of C are
equivalent if there is a braided tensor equivalence
F: My — Ms, such that F ony = ns.

Mathematically, the notion of a UBFC C, or a UBFC
C over &, is self-contained. All the definitions and condi-
tions can be checked within C. There is no need to require
C to be embedded into a larger UMTC. We include hav-
ing a modular extension (Condition 8 in Sec.IITA) in the
definition of UBFC in the main text, because it is a phys-
ical anomaly-free condition (see discussions in Sec. ITC.),
and also ensures that UBFC’s in terms of gauge-invariant
data (N7, s;) can be concretely realized by subcategories
of certain UMTC’s.

Appendix E: A list of simple bosonic topological
orders

Many fermionic topological orders can be viewed
as bosonic topological orders stacked with a fermionic
product state or some other simpler fermionic topological
orders. For completeness, here we list simple bosonic
topological orders obtained in Ref. 56 (see Table XIII,
XIV, XV, and XVI). The abelian topological orders with
d; = 1 are described by K-matrices, denoted by the
notation (K11Kpp -+ ; K19Kag -+ 5 K13Kog -+ 5---).
In Ref. 84, we show that all the non-abelian
topological orders in the table can be generated
by simple current algebra (SCA)230.  (See also
https://www.math.ksu.edu/~gerald/voas/ )  Their
many-body wave functions are given by the correla-
tion of the simple currents in the SCA20:2830  The
SCA’s are denoted by (R, +k), (see Ref. 55,84), where
R = A,,B,,C,,D,, etc , and (R,—k), is the time-
reversal conjugate of (R,+k)o. The last column of
Table XIII indicates how the corresponding topological
order is realized by the K-matrix state, the SCA state,
or the stacking of simpler topological orders. For some
cases, we also indicate the many-body wave function
that realize the corresponding topological order, where
we use Wy, (2;) to indicate the filling fraction v = 1/m
Laughline wave function and W¥,(z;) to indicate the
fermionic wave function with n-filled Landau level.

We also like to point out that the 16 red entries in
Table XIII are all the 16 modular extentions of Fy, which
describe the 241D invertible fermionic topological orders
up to Eg states.



s oW N R

oo

TABLE XVI: The table contains all bosonic topological orders with N = 7 and D? < 40. Here X" = m + /n.

NCB(Z(L)?‘%) D? |di,dz,--- S1, S2, comments, SCA, K-matrix

75 (1)4) 7001,1,1,1,1,1,1 0,%2,£,2,2 2,2 |(443)

8L 7 |1,1,1,1,1,1,1 0,2,2,25 88 | —(44;3), (46,1)
754’ ) 27313 [1,1,G5, 66, C8, 3, CB 0.3, 35035 1+ 55 35 | (A1,6)

13/4(?13}3;) 27.313 1,1, (5, G6, G2, G5, 68 0,3 35035 3+ 30 59 | (Toya ®47) 14
780 (_S5,) | 27313 1,1, ¢4, ¢4, B, G 6B 0,533 5 4+ 1 35 | (71374 X417 )1/a
7 a2 | 27313 |1,1,64, G, 6, B, G8 0,533,590 1> 1 a5 | (72154 4T )1/a

T8 (Corae)) | 27313 | 1,1, (8,3, €8, G, 68 0,5 59 590 10 10 35 | (721170 M4T)1/a
733/4(35}327) 27.313 1,1, 64, (3,63, 8, G& 0,5 5 55 1 5o | (7874 ¥4D )14
78,y (27313 (1,164, ¢k GG 0,5 55 352 4+ 135 | (72372 B47)1/4
Toa(2ks) 27313 1,1,65,66, 68, 68, 68 0,55 5% 155 | (0iR47 )1
T04(Ters) 27313 [1,1,¢5, 66, G868, 8 0,3 35 53, 1 5,35 | (Cs, 1)

11/4(2’1?7?;) 27.313 1,1, 48,3, G, G5, 68 0,3 50 530 50 3055 | (7074 M 4T )14
78,4(,51,) | 27313 1,16k L L G 0,%: 53 55 1 1> 35 | (Th1/a B 47)1/a
78150 ( i) | 27:313 | 1,1, 66, G6, G5, B, G& 0,5 53 35+ 4+ 1 59 | (71574 K41 )1/
T204("509) 27313 |1,1,63,63, 63, G2, C2 0,535, 55, 4> 1 55 | (721370 K47 )1a
T2l ) | 27318 116G 6L 68 G 0,335 35 1 10 33 | (72074 B4 )1/a

70 80,) 27313 1,16, ¢ 2L R 0,5 350350 10 4 o | (7854 D47 )1/a
73/4(310522) 27.313 | 1,1, (5, ¢8, 68, 65, 68 0,5 35 550 4 1055 | (7214 D47 ) 14

) 28 |11,2.2,2V7,V7 0.,0.%,%.%3:8 | UWr/Zas
G 28 [1,1,2,2,2,V7,V7 0,0,%,2 232 L U§QM)®2 ®251)1 4
7§2(1f/4§7) 28 [1,1,2,2,2,V7,V7 0,0,2,28 L2 =N 1/4)x23x2 1)1/

8,( 1/4) 28 |1,1,2,2,2,V7,V7 0,0,2,2,8 3 1 (Bs,2), (D7,2)1/2
78/5(, o) 86750 | 1,15, (T5, (Ts, Ci3, (05, (T3 | 0, 5, 5,0, 2, 5,5 | (A1,13)1)2

732/0( s ) |86.750 | 1,¢13, (T5, (s, s, (T3, (T3 [ 0, 3, 12,0, 2,2, | (A1, —13)1)2

(1/8) 93.2541,43,¢8,x3, %3, x&: X2  [0,3,3,2,2.20 | (A42,5)1/3
TB(E) 193254 (1,G3,C2 03,03, 3 xE 0,443,320 | (Ag,=5)1ss

X.
X.

-G. Wen, Phys. Rev. B 40, 7387 (1989).
-G. Wen and Q. Niu, Phys. Rev. B 41, 9377 (1990).

X.-G. Wen, Int. J. Mod Phys. B 4, 239 (1990)
E. Keski—Vakkuri and X.-G. Wen, Int. J. Mod. Phys. B 7,

4227 (1993).

M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405

(2006), cond-mat/0510613.

A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404

(2006).

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 82,
155138 (2010), arXiv:1004.3835.
B. Zeng and X.-G. Wen, Phys. Rev. B 91, 125121 (2015),

arXiv:1406.5090.

M. A. Levin and X.-G. Wen, Phys. Rev. B 71, 045110

(2005), cond-mat/0404617.

F. Verstraete, J. I. Cirac, J. I. Latorre, E. Rico, and M. M.
Wolf, Phys. Rev. Lett. 94, 140601 (2005).

G. Vidal, Phys. Rev. Lett. 99, 220405 (2007).

V. Kalmeyer and R. B. Laughlin, Phys. Rev. Lett. 59, 2095

(1987).

29

X.-G. Wen, F. Wilczek, and A. Zee, Phys. Rev. B 39,

11413 (1989).

K. von Klitzing, G. Dorda, and M. Pepper, Phys. Rev.
Lett. 45, 494 (1980).
D. C. Tsui, H. L. Stormer, and A. C. Gossard, Phys. Rev.
Lett. 48, 1559 (1982).

R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991).
X.-G. Wen, Phys. Rev. B 44, 2664 (1991).
R. Moessner and S. L. Sondhi, Phys. Rev. Lett. 86, 1881

(2001).

G. Moore and N. Read, Nucl. Phys. B 360, 362 (1991).

X.-G. Wen, Phys. Rev. Lett. 66, 802 (1991).

R. Willett, J. P. Eisenstein, H. L. Stormer, D. C. Tsui,
A. C. Gossard, and J. H. English, Phys. Rev. Lett. 59,

1776 (1987).

I. P. Radu, J. B. Miller, C. M. Marcus, M. A. Kastner,
L. N. Pfeiffer, and K. W. West, Science 320, 899 (2008).
M. Freedman, C. Nayak, K. Shtengel, K. Walker, and

Z. Wang, Ann. Phys.

(NY) 310, 428 (2004),

cond-



26

27

28
29

30

31

32

33

34

35

36

37

38

39

40

41

42

43
44

46
47
48

49
50

52

mat/0307511.

7Z.-C. Gu, Z. Wang, and X.-G. Wen, Phys. Rev. B 91,
125149 (2015), arXiv:1010.1517.

A. Kitaev and L. Kong, Commun. Math. Phys. 313, 351
(2012), arXiv:1104.5047.

7Z.-C. Gu, Z. Wang, and X.-G. Wen, Phys. Rev. B 90,
085140 (2014), arXiv:1309.7032.

B. Blok and X.-G. Wen, Nucl. Phys. B 374, 615 (1992).
X.-G. Wen and Y.-S. Wu, Nucl. Phys. B 419, 455 (1994),
cond-mat/9310027.

Y.-M. Lu, X.-G. Wen, Z. Wang, and Z. Wang, Phys. Rev.
B 81, 115124 (2010), arXiv:0910.3988.

X.-G. Wen and Z. Wang, Phys. Rev. B 77, 235108 (2008),
arXiv:0801.3291.

X.-G. Wen and Z. Wang, Phys. Rev. B 78, 155109 (2008),
arXiv:0803.1016.

M. Barkeshli and X.-G. Wen, Phys. Rev. B 79, 195132
(2009), arXiv:0807.2789.

A. Seidel and D.-H. Lee, Phys. Rev. Lett. 97, 056804
(2006), cond-mat/0604465.

E. J. Bergholtz, J. Kailasvuori, E. Wikberg, T. H. Hansson,
and A. Karlhede, Phys. Rev. B 74, 081308 (2006), cond-
mat/0604251.

A. Seidel and K. Yang (2008), arXiv:0801.2402.

B. A. Bernevig and F. D. M. Haldane, Phys. Rev. Lett.
100, 246802 (2008), arXiv:0707.3637.

B. A. Bernevig and F. D. M. Haldane, Phys. Rev. B 77,
184502 (2008), arXiv:0711.3062.

B. A. Bernevig and F. D. M. Haldane
arXiv:0803.2882.

X.-G. Wen and A. Zee, Phys. Rev. B 46, 2290 (1992).

B. Blok and X.-G. Wen, Phys. Rev. B 42, 8145 (1990).
N. Read, Phys. Rev. Lett. 65, 1502 (1990).

J. Frohlich and T. Kerler, Nucl. Phys. B 354, 369 (1991).
D. Belov and G. W. Moore (2005), hep-th/0505235.

A. Kapustin and N. Saulina, Nucl. Phys. B 845, 393
(2011), arXiv:1008.0654.

L. Kong and X.-G. Wen (2014), arXiv:1405.5858.

D. S. Freed (2014), arXiv:1406.7278.

C. L. Kane and M. P. A. Fisher, Phys. Rev. B 55, 15832
(1997), cond-mat/9603118.

X.-G. Wen, Phys. Rev. B 43, 11025 (1991).

X.-G. Wen, Advances in Physics 44, 405 (1995).

B. Bakalov and A. Kirillov, Lectures on Tensor Categories
and Modular Functors, vol. 21 of University Lecture Series
(American Mathematical Society, 2001).

A. Kitaev, Annals of Physics 321, 2 (2006), cond-
mat/0506438.

Z. Wang, Topological Quantum Computation (CBMS Re-
gional Conference Series in Mathematics, 2010).

V. Drinfeld, S. Gelaki, D. Nikshych, and V. Ostrik (2009),
arXiv:0906.0620.

E. Rowell, R. Stong, and Z. Wang, Comm. Math. Phys.
292, 343 (2009), arXiv:0712.1377.

X.-G. Wen (2015), arXiv:1506.05768.

A. Kapustin, R. Thorngren, A. Turzillo, and Z. Wang
(2014), arXiv:1406.7329.

N. Read and D. Green, Phys. Rev. B 61, 10267 (2000).

(2008),

61

62

63
64

65
66

67

68

69

70

71

72

73
74

76

77
78

79

80

81

82
83

84

85

86

87

88

89

90

30

E. Witten, Comm. Math. Phys. 121, 351 (1989).

R. Dijkgraaf and E. Witten, Comm. Math. Phys. 129, 393
(1990).

X.-G. Wen, Phys.
arXiv:1303.1803.

T. Lan and X.-G. Wen, Phys. Rev. B 90, 115119 (2014),
arXiv:1311.1784.

A. Kapustin (2014), arXiv:1403.1467.

Z.-C. Gu and X.-G. Wen, Phys. Rev. B 90, 115141 (2014),
arXiv:1201.2648.

P. Deligne, Mosc. Math. J. 2, 227 (2002), ISSN 1609-3321.
M. Levin and Z.-C. Gu, Phys. Rev. B 86, 115109 (2012),
arXiv:1202.3120.

X. Chen, F. J. Burnell, A. Vishwanath, and L. Fidkowski
(2014), arXiv:1403.6491.

X. Chen, Z.-X. Liu, and X.-G. Wen, Phys. Rev. B 84,
235141 (2011), arXiv:1106.4752.

X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Phys. Rev.
B 87, 155114 (2013), arXiv:1106.4772.

X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Science 338,
1604 (2012), arXiv:1301.0861.

V. Drinfeld, S. Gelaki, D. Nikshych, and V. Ostrik (2007),
arXiv:0704.0195.

M. Cheng, Z. Bi, Y.-Z. You, and Z.-C. Gu (2015),
arXiv:1501.01313.

T. Lan, L. Kong, and X.-G. Wen (2016), arXiv:1602.05946.
M. Barkeshli, P. Bonderson, M. Cheng, and Z. Wang
(2014), arXiv:1410.4540.

A. Davydov, D. Nikshych, and V. Ostrik, Selecta Math 19,
237 (2011), arXiv:1109.5558.

D. Gepner and A. Kapustin, Physics Letters B 349, 71
(1995), hep-th/9410089.

C. Vafa, Phys. Lett. B 206, 421 (1988).

G. Andersen and G. Moore, Commun. Math. Phys. 117,
441 (1988).

P. Etingof, Mathematical Research Letters 9, 651 (2002),
math,/0207007.

E. Verlinde, Nuclear Physics B 300, 360 (1988).

P. Bruillard (2012), arXiv:1204.4836.

J. F. Ebert (2006), math/0611612.

A. Davydov, M. Miiger, D. Nikshych, and V. Ostrik, J.
Reine Angew. Math. 677, 135 (2013), 1009.2117, URL
http://arxiv.org/abs/1009.2117.

K. Schoutens and X.-G. Wen (2015), arXiv:1508.01111.
R. Dijkgraaf, C. Vafa, E. Verlinde, and H. Verlinde, Com-
munications in Mathematical Physics 123, 485 (1989).
X.-G. Wen, Y.-S. Wu, and Y. Hatsugai, Nucl. Phys. B 422,
476 (1994), cond-mat/9311038.

X.-G. Wen, Phys. Rev. B 60, 8827 (1999),
mat/9811111.

L. Fidkowski, X. Chen, and A. Vishwanath, Physical Re-
view X 3, 041016 (2013), arXiv:1305.5851.

L. Kong, Proceedings of XVIITH International Congress

Rev. D 88, 045013 (2013),

cond-

of Mathematical Physics (2012), 1211.4644, URL
http://arxiv.org/abs/1211.4644.
J. Lurie, Higher algebra, a book available at

http://www.math.harvard.edu/~lurie/ (2014).


http://arxiv.org/abs/1009.2117
http://arxiv.org/abs/1211.4644

