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Symmetrization of topologically ordered wavefunctions is a powerful method for constructing new
topological models. Here, we study wavefunctions obtained by symmetrizing quantum double models
of a group G in the Projected Entangled Pair (PEPS) formalism. We show that symmetrization

naturally gives rise to a larger symmetry group G̃ which is always non-abelian. We prove that
by symmetrizing on sufficiently large blocks, one can always construct wavefunctions in the same
phase as the double model of G̃. In order to understand the effect of symmetrization on smaller
patches, we carry out numerical studies for the toric code model, where we find strong evidence that
symmetrizing on individual spins gives rise to a critical model which is at the phase transitions of
two inequivalent toric codes, obtained by anyon condensation from the double model of G̃.

I. INTRODUCTION

Topologically ordered states are exotic phases of mat-
ter which do not exhibit conventional order, but are
characterized by their global entanglement pattern which
leads to effects such as a topological ground space de-
generacy or excitations with unconventional statistics,
so-called anyons. A question of particular interest is
how to construct new topologically ordered states from
existing ones, with different and especially more com-
plex topological order. One such route is anyon conden-
sation1–3, which removes part of the anyons from the
model and generally leads to a simpler anyon theory.
A different route, which has been particularly success-
ful for fractional quantum Hall systems, is the projec-
tive construction. Here, one starts from two or more
copies of an initial wavefunction and projects them lo-
cally, such as onto singly-occupied sites or onto the sym-
metric subspace, ideally yielding a wavefunction which
exhibits more rich physics. This way, one can for instance
construct Lauglin states from non-interacting topologi-
cal insulators, or non-abelian Read-Rezayi states from
an abelian Laughlin state4,5. Recently, symmetrization
of multiple copies has also been applied to quantum spin
systems with non-chiral topological order, such as Ki-
taev’s toric code model or quantum doubles6, and it
has been found that such a construction can indeed give
rise to wavefunctions with non-abelian characteristics by
starting from an abelian model7,8.

Projected Entangled Pair States (PEPS) provide a
framework for the local description of entangled quantum
spin systems9, and allow to exactly capture fixed point
wavefunctions with non-chiral topological order such as
quantum double6,10,11 or string-net models12–14. In this
framework, global topological order can be explained
from a local symmetry in the entanglement degrees of
freedom of the underlying local tensor, which codifies the

capability of the model to exhibit topological order, and
allows for the succinct description of its ground state
manifold and topological excitations11,15,16. Using this
description, one can efficiently check numerically whether
a model realizes the full topological model given by the
underlying symmetry, or rather a simpler model obtained
from it by condensation, and thus determine the topolog-
ical phase of a given PEPS wavefunction17–19.

In this paper, we apply PEPS to study models ob-
tained by symmetrizing topologically ordered wavefunc-
tions, and to characterize their emergent topological or-
der. Specifically, we consider models which are con-
structed by taking two or more copies of a quantum dou-
bleD(G) with underlying groupG, such as the toric code,
and projecting them locally onto the symmetric subspace
(Fig. 1a). From a Hamiltonian point of view, this requires
the resulting model to be the ground state of a local sym-
metrized Hamiltonian, and therefore to be locally indis-
tinguishable from the symmetrized D(G) wavefunction.

We show that within the PEPS framework, symmetriz-

FIG. 1. (a) General setup. We take two (or more) copies
of a quantum double model such as the toric code, where
the spins are denoted by dots, and project the copies locally
onto the symmetric subspace, indicated by the green ellipses.
(b) Blocking scheme. After blocking one plaquette as in-
dicated, we can express any double model as a G-isometric
PEPS [Eq. (1)]. We also consider wavefunctions which are
symmetrized on such blocks; we will denote the indicated
block as a 1 × 1 block, corresponding to the symmetrized
model SYM1×1.
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ing the wavefunction can be understood through locally
symmetrizing the corresponding tensors. This induces an
additional symmetry under locally permuting the copies,
thus giving rise to tensors with a non-abelian symme-
try group G̃ := (G×G)⋊Z2, or generalizations thereof,
which provide the right algebraic structure to charac-
terize wavefunctions which can locally be described as
a symmetrized double D(G). We analytically study the
stucture of the symmetrized tensor and show that if the
symmetrization is carried out on sufficiently large patches
(Fig. 1b), this always gives rise to a topological model in

the same phase as D(G̃). In order to understand what
happens when we symmetrize on smaller regions, we ad-
ditionally perform numerical studies for the symmetrized
toric code model D(Z2), for which G̃ = D4, the dihedral
group with 8 elements, is non-abelian. We find that the
symmetrized model is in the full D(D4) phase down to
symmetrizations on blocks of 2× 2 plaquettes. For sym-
metrization on smaller blocks, we find strong evidence
that the model is critical; in particular, symmetrization
of single spins gives rise to a model which sits at a phase
transition between two inequivalent toric code models,
obtained from D(D4) by two different anyon conden-
sations. Our work thus helps to clarify the nature of
wavefunctions obtained by symmetrizing topological spin
models, and demonstrates the power of PEPS to locally
characterize topologically ordered wavefunction and as-
sess their structure by combining analytical and numeri-
cal tools.

II. PROJECTED ENTANGLED PAIR STATES
AND TOPOLOGICAL ORDER

Let us start by introducing Projected Entangled Pair
States (PEPS) and their relation to topologically ordered
states. We will consider a square lattice on a torus of
size Nh × Nv =: N . A PEPS is constructed from a 5-
index tensor Ai

αβγδ with physical index i = 1, . . . , d and
virtual indices α, . . . , δ = 1, . . . , D, with D the bond di-

mension, depicted in Fig. 2a. The tensors are placed
on the lattice sites, and adjacent indices are contracted

FIG. 2. Construction of PEPS. (a) Five-index tensor A with
physical index i (dot) and virtual indices α, . . . , δ (lines).
(b) The PEPS is constructed by forming a 2D lattice and con-
tracting the connected virtual indices. (c) Different ground
states on the torus can be parametrized by placing strings of
symmetry operations Ug, Uh, with gh = hg, around the torus.

(i.e., identified and summed over), indicated by con-
nected lines in Fig. 2b. We are then left with an N -
index tensor ci1...iN which defines the PEPS wavefunction
|ψ〉 =

∑
ci1...iN |i1, . . . , iN〉.

PEPS can exactly capture topological fixed point wave-
functions, such as quantum double and string net mod-
els10,11,13,14. In particular, for the quantum double D(G)
of a finite group G, the PEPS tensor A describing a block
of 2 × 2 spins as in Fig. 1b, i.e., one plaquette, is up to
local unitaries on the physical indices of the form

=
1

|G|

∑

g∈G

(1)

where on the r.h.s., the legs inside the shaded area
jointly describe the physical index, the D × D matri-
ces Ug =

∑

h |gh〉〈g| are the regular representation of G
(thus D = |G|), and they act from right to left and bot-
tom to top. Differently speaking, if A is interpreted as
a map PA from the virtual to the physical indices, it is
of the form PA = 1

|G|
∑

g Ug ⊗ Ug ⊗ Ūg ⊗ Ūg, the projec-

tor onto the invariant subspace. As PA is an isometry
on the G-invariant subspace, these PEPS are denoted
as G-isometric. Note that such an A is invariant under
applying Ug (or U †

g ) to all virtual indices at the same
time; this can in particular be used to parametrize the
ground state manifold of the model’s parent Hamiltonian
by placing strings of Ug (Uh) along the horizontal (ver-
tical) boundary (Fig. 2c), which can be freely moved (as
long as gh = hg) due to the aforementioned condition11.

We can modify a G-isometric tensor by adding defor-
mations to the physical system, PA′ = ∆ ·PA; the result-
ing tensor is still invariant under applying Ug and thus al-
lows for the same ground space parametrization. As long
as ∆ is invertible, the deformation can be “kicked back”
onto the Hamiltonian, implying that the ground space
degeneracy in the finite volume remains unchanged11,20;
this might break down, however, in the thermodynamic
limit17, as we will also see later. Of particular inter-
est later on will be the case where ∆ = Γ⊗4 acts on
all four physical sub-indices independently, replacing Ug

by Xg := UgΓg, and Γ commutes with Ug, i.e., it only
changes the weight of each irrep sector.

An important observation is that the choice of Ug (or
Xg) is not unique, and there are many different repre-
sentations for a wavefunction constructed from tensors
of the form Eq. (1) which are equivalent up to local uni-
taries. To this end, consider two adjacent sites of a PEPS
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constructed from such tensors,

1

|G|2

∑

g,h∈G

,

where either Ug ≡ Xg or Ug ≡ Yg, without any assump-
tion on the structure of Xg and Yg. Then, the state
between the physical spins labelled A and B is of the

form |χg,h(U)〉 =
∑

ij(U
†
gUh)ij |i, j〉, where U = X,Y .

However, as long as the angles between the |χg,h(U)〉 are
preserved – this is,

tr[X†
gXhX

†
h′Xg′ ] = tr[Y †

g YhY
†
h′Yg′ ] (2)

– we can always find an isometry T acting on AB which
maps T : |χg,h(X)〉 7→ |χg,h(Y )〉, and thus the corre-
sponding PEPS with Ug ≡ Xg or Ug ≡ Yg are equivalent
up to local unitaries. An important special case of this
equivalence is given by the case where a unitary represen-
tation Xg ≡ Ug =

⊕

αD
α(g)⊗ Imα

with irreducible rep-
resentations (irreps) Dα with multiplicity mα is replaced

by Yg ≡ ΓÛg, where Ûg =
⊕
Dα(g) is multiplicity-free,

and Γ =
⊕
m

1/4
α Idα

(with dα the dimension of the irrep
α) adjusts the weight of the irreps11.
We thus see that all what matters when characteriz-

ing a Ug-invariant tensor of the form (1), with Ug =
⊕

α w
1/4
α Dα(g)⊗ Imα

, is the total weight wαmα of each
irrep in Ug. In particular, given a tensor (1) for which
the relative weights of the irreps of Ug are sufficiently
close to those in the regular representation, and thus the
deformation ∆ required to relate the system to the fixed
point model will be sufficiently close to the identity, we
can show that the gap of the parent Hamiltonian will re-
main open, and the system will be in the D(G) phase21,
as will be discussed in more detail later on22.

III. SYMMETRIZING TOPOLOGICAL PEPS
WAVEFUNCTIONS

A. Invariance of symmetrized wavefunctions

Let us now consider what happens when we take two
copies of a topological PEPS with symmetry group G
and project them onto the symmetric subspace on the
physical system,

:=

with Πsym the projection onto the symmetric subspace.
It is clear that the resulting PEPS will have a virtual
G×G symmetry, obtained from the independent action
Ug⊗Uh of the original symmetry on the two copies. How-
ever, there is also another symmetry emerging: Since
the symmetric subspace is invariant under swapping the
physical indices of the two tensors, and the latter is equiv-
alent to swapping the virtual indices between the copies,

= , (3)

we have that the symmetrized tensor is in addition in-
variant under the “flip” F which swaps the virtual spaces,
(Ug ⊗Uh)F = F (Uh ⊗Ug). The overall symmetry group

is thus G̃ := (G × G) ⋊ Z2 which is generated by the
elements of the direct product (g, h) ∈ G × G, together
with the semi-direct action F(g, h)F = (h, g) of the non-

trivial element F ∈ Z2; in particular, G̃ is non-abelian
also for abelian G. It is thus well possible that the re-
sulting symmetrized wavefunction has topological order
described by the non-abelian model D(G̃). The corre-
sponding ground states would then be again of the form
of Fig. 2c, with Ug a representation of G̃, and are there-
fore obtained by either symmetrizing two copies of the
original ground states, or by additionally inserting an F

at either boundary which twists the two copies, i.e., by
wrapping one D(G) model twice around the torus and
symmetrizing (cf. Ref.23).

Let us study the tensor obtained by symmetrizing more
closely. We have Πsym = 1

2 (I + F), and for tensors ex-

pressed as in Eq. (1), F ≡ F⊗4 factorizes over the four
physical indices. By combining the sum over Ug and
Uh in the two copies of A with the sum over {I,F} in
Πsym = 1

2 (I
⊗4+F⊗4), we thus find that the symmetrized

PEPS tensor Ã is of the form

=
1

|G̃|

∑

k∈G̃

(4)

where

Wk := Ug ⊗ Uh for k = (g, h) ∈ G̃ ,

Wk := (Ug ⊗ Uh)F for k = (g, h)F ∈ G̃

forms a unitary representation of G̃. Note that the fact
that Wk is a unitary representation immediately implies
that PÃ is a projector.
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B. Representation structure of symmetrized tensor

Let us now study the model obtained by symmetrizing
more closely. We will in the following restrict to the case
of an abelian group G, since in this case, symmetrizing
holds the promise to transform an abelian model into a
non-abelian one; for the general case, cf. Appendix A. In
order to see whether the symmetrized tensor Ã describes
a topological model related to D(G̃), we need to study
the irrep structure of Wk: if the relative weights of the
different irreps are sufficiently close to the weights in the
regular representation of G̃, this implies that the model
is in the same phase.
We start by splitting the regular representation Ug

into its one-dimensional (1D) irreps, Ug =
⊕n

α=1D
α(g),

where eachDα is supported on a one-dimensional Hilbert
space Hα,

⊕n
α=1 Hα = C

d. This yields a corresponding
decomposition

Ug ⊗ Uh =

n⊕

α,β=1

Dα(g)⊗Dβ(h) ,

where Dα(g) ⊗ Dβ(h) acts on Hα ⊗ Hβ ; n = |G| is the
order of the group. We now distinguish two cases: For
α = β, we have that eachHα⊗Hα is invariant both under
Ug⊗Uh and under F, thus being a 1D irrep; as the action
of (g, 1) is different for each α, the irreps are all different.
On the other hand, for α 6= β, Hα⊗Hβ⊕Hβ⊗Hα is again
invariant under both Ug ⊗ Uh and F, and since Ug ⊗ Uh

and F have different eigenbases, this is a 2D irrep. There

are at most n(n−1)
2 such irreps.

In order to check whether we have obtained all irreps,
we can now use the counting formula for the number
of irreps,

∑
d2α = |G̃|. From the preceding arguments,

we find that for the irreps we found,
∑′

d2α ≤ n 12 +
n(n−1)

2 22 = 2n2 − n, while |G̃| = 2n2. We thus see that
Wk for the symmetrized wavefunction is even missing
some irreps, and we therefore do not expect the resulting
wavefunction to be the phase of the double model D(G̃).

C. Blocking and symmetrization

The reason for the missing representations seems re-
lated to the fact that Hα ⊗ Hα is one-dimensional, and
thus F can only act trivially on it. A way to remedy
this would be to have irreps with higher multiplicities.
To this end, we might try to symmetrize larger blocks of
the system, which correspondingly carry larger represen-
tations. We therefore introduce a new tensor B obtained
by blocking ℓ× ℓ tensors A,

:=







ℓ times

and subsequently take two copies of B rather than A
and project them onto the symmetric subspace, yielding
a tensor B̃.
Up to a local isometry on the physical system and

an additional normalization factor |G|−(ℓ−1), B is of the
form Eq. (1), but with Ug replaced by Vg = U⊗ℓ

g , as

shown in Ref.11. Since U⊗ℓ
g

∼= Ug⊗ I⊗ℓ−1
n , we can decom-

pose Vg as

Vg =

n⊕

α=1

Dα(g)⊗ In̄

where n̄ := nℓ−1, and Dα(g) ⊗ In̄ is supported on an
n̄-dimensional subspace Kα of (Cn)⊗ℓ =

⊕n
α=1 Kα. As

before, the symmetrized tensor B̃ is of the form Eq. (4),
but now with a representation W ′

(g,h) := Vg ⊗ Vh and

W ′
(g,h)F := (Vg ⊗ Vh)F.

Just as before, for each α = 1, . . . , n the subspace
Kα⊗Kα is invariant both under all Vg⊗Vh and F. How-
ever, we can now further decompose the corresponding
subrepresentation. The subrepresentation is

(g, h) 7→ Dα(g)⊗Dα(h)⊗ IKα⊗Kα

(g, h)F 7→ Dα(g)⊗Dα(h)⊗ FKα⊗Kα

and all these matrices commute since Dα(g) ⊗Dα(h) is
a scalar, i.e., they are proportional to I or F. Therefore,
it can be further split into different irreps by consider-
ing the eigenspaces of F, namely the symmetric subspace
S(Kα⊗Kα) and the antisymmetric subspace A(Kα⊗Kα)
with eigenvalues +1 and −1, respectively. On these two
subspaces, we have subrepresentations

(g, h) 7→ Dα(g)⊗Dα(h)⊗ IS(Kα⊗Kα)

(g, h)F 7→ Dα(g)⊗Dα(h)⊗ IS(Kα⊗Kα)

and

(g, h) 7→ Dα(g)⊗Dα(h)⊗ IA(Kα⊗Kα)

(g, h)F 7→ −Dα(g)⊗Dα(h)⊗ IA(Kα⊗Kα) ,

respectively. Each of these is a 1D irrep with multiplicity
dimS(Kα ⊗ Kα) = n̄(n̄ + 1)/2 and dimA(Kα ⊗ Kα) =
n̄(n̄−1)/2, respectively, and there are n of each kind (one
for each α). Clearly, all of these 2n irreps are distinct,
since they act differently on (g, 1) and/or (1, 1)F.
Let us now turn to the subspaces Kα ⊗Kβ ⊕Kβ ⊗Kα

(α 6= β). Each of them is again invariant under both
Vg ⊗ Vh and F. To decompose them further, consider a
basis {e1, . . . , en̄} of Kα and a basis {e′1, . . . , e

′
n̄} of Kβ .

For each s, t ∈ {1, . . . , n̄}, the subspace span{es⊗e
′
t, e

′
t⊗

es} is still invariant under Vg ⊗ Vh and F. This space
corresponds to a 2D irrep, since for the corresponding
subrepresentation, the elementsDα(g)⊗Dβ(h)⊕Dβ(g)⊗
Dα(h) are diagonal in the basis {es ⊗ e′t, e

′
t ⊗ es}, while

F is diagonal in the basis {es ⊗ e′t ± e′t ⊗ es}. We thus
obtain n̄2 copies of a 2D irrep for each pair {α, β} with
α 6= β. Again, we get different irreps for each such pair
since they act differently on (g, 1). Thus, we obtain in
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total n(n−1)/2 different 2D irreps, each with multiplicity
n̄2.

In total, we have 2n distinct 1D irreps and n(n− 1)/2
distinct 2D irreps, and thus

∑
d2α = 2n+ 4n(n− 1)/2 =

2n2 = |G̃|: We have found that by blocking at least 2 ×

2 sites, we obtain a symmetrized tensor B̃ of the form
Eq. (4), where Wk carries all irreps of G̃.

Of course, this still does not imply that the sym-
metrized PEPS described by B̃ is in the same phase as
the D(G̃) quantum double. However, we know that we

can continuously deform B̃ by acting with some Γ on
each of the four physical indices in Eq. (4) which changes
the weights of the irreps, in a way which allows us to
continuously deform B̃ to a tensor which corresponds
to the fixed point wavefunction of the quantum double
D(G̃). Such a smooth deformation of the tensor can be
“kicked back” to a deformation of the parent Hamilto-
nian H =

∑
hi

20 such that the hi change continuously
as well. While this clearly does not imply that the sys-
tem is in the same phase, it will be so in the vicinity
of the fixed point wavefunction, i.e., if the deformation
∆ = Γ⊗4 is sufficiently close to the identity; in particular,
one can derive bounds on the deformation21 for which
one can prove that the deformed Hamiltonian is con-
nected to the gapped fixed point Hamiltonian through
a gapped path, thereby guaranteeing that the system is
in the D(G̃) topological phase. For the case under con-

sideration, the relative weights n̄(n̄+1)
2 : n̄(n̄−1)

2 : n̄2 of the
irreps need to be changed to 1 : 1 : 2 (modulo normal-
ization) for each of the four physical indices; the ratio of
smallest and largest eigenvalue of ∆ is thus ρ = n̄−1

n̄+1 (as
each deformation Γ only carries the fourth root of the
multiplicity, cf. Sec. II). A straightforward application
of Appendix E of Ref.21, where it is shown that a defor-
mation of up to ρ ≥ ρ0 ≈ 0.967 does not close the gap,
yields that n̄ ≥ 2/(1− ρ0)− 1 ≈ 59.6. We thus find that
for a model with |G| = n = 2, symmetrizing over a block

of size ℓ ≥ 7 gives rise to a model in the D(G̃) phase,
while for |G| ≥ 59, ℓ = 2 is sufficient.

IV. NUMERICAL STUDY

As we have seen, symmetrizing a G-isometric PEPS
wavefunction on a sufficiently large block gives a system
which is in the phase of the D(G̃) topological model.
However, what happens if we symmetrize on a smaller
scale, such as on single tensors, or even on the level of a
single site in the toric code?

In order to understand this question, we can study
smooth interpolations between a model of interest and
a point which we understand analytically. As long as
the interpolation is described by a smooth and invert-
ible map acting on the physical index, the deforma-
tion corresponds to a smooth deformation of the cor-
responding parent Hamiltonian, and we can investigate
whether along such an interpolation the system under-

SYM2×2 SYM1×1D(D4)

ξiMPS, χ=50
ξiMPS, χ=25
ξsym,   χ=50
ξsym,   χ=25

00.20.40.60.81

ξ

0.1

1

10

θ1
0.2 0.4 0.6 0.8 1

θ2

FIG. 3. Correlation length ξ for the interpolation from the
fixed point D(D4) through the model symmetrized on 2 × 2
plaquettes (SYM2×2) to the model symmetrized on 1× 1 pla-
quette (SYM1×1), cf. Fig. 1b; we find that the correlation
length only diverges when getting close to SYM1×1. The in-
terpolation was realized by linearly interpolating between the
irrep weights wα of the D(D4) and SYM2×2 model and those
of the SYM2×2 and SYM1×1 model, specified by the parame-
ters θ1 and θ2, respectively. We have approximated the fixed
point of the transfer operator by an iMPS with bond dimen-
sions χ = 25, 50 using up to 200 iterations, and extracted
the correlation length from the fixed point MPS in two ways:
ξiMPS corresponds to the correlation length of the iMPS it-
self [i.e., −1/ log(λ2/λ1), with λ1,2 the leading eigenvectors
of its transfer matrix], which captures correlations between
topologically trivial excitations as well as purely electric ex-
citations (which do not carry a string in the PEPS represen-
tation11). ξsym is the largest length scale set by anyon-anyon
correlations with non-trivial flux (determined from the largest
eigenvalue of all mixed transfer operators with a flux string
Wk ⊗ W̄k′ inbetween18,19). Here, the largest length scale is
given by k ∈ C4, k

′ ∈ C1, corresponding to the mass gap of
an anyon with flux in C4 (see Appendix B). Note that further
information on the anyons could be extracted by labelling the
eigenvectors by irreps.

goes a phase transition. A convenient way to carry out
such interpolations between tensors symmetrized on arbi-
trary block size is to use the fact that by local unitaries
they can be transformed into a form where each irrep
only appears once, but weighted with a diagonal matrix
which accounts for the multiplicity of the irreps, as ex-
plained around Eq. (2), and interpolate the correspond-
ing weights. In particular, this allows us to interpolate
all the way from the fixed point wavefunction through a
model symmetrized on a 2 × 2 block down to the model
symmetrized on a single plaquette. Note that we can
equivalently understand this as a procedure where we
start from a model with a 2× 2 plaquette unit cell which
is locally equivalent to the RG fixed point wavefunction
D(G̃), from which we interpolate to the 2 × 2 plaquette
symmetrized wavefunction SYM2×2 and then all the way
to a wavefunction SYM1×1 which is equivalent up to lo-
cal unitaries to the wavefunction symmetrized on 1 × 1
blocks, cf. Fig. 1b. (Note however that this is not the
same as interpolating from a 2× 2 symmetrized block to
a block of 2 × 2 tensors each of which has been individ-
ually symmetrized.)
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α

α

(a)
ξ
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1

10

100

0 0.5 1 1.5 2 2.5 3

ξiMPS, χ=50
ξiMPS, χ=25
ξsym,   χ=50
ξsym,   χ=25

(b)

ξ

1

10

100

0 0.5 1 1.5 2 2.5 3

FIG. 4. (a) Correlation length for the α-interpolation
[Eq. (5)] for the toric code symmetrized on a single spin; the
symmetrized toric code point is at α = 1. We find three
phases: two inequivalent toric code phases for α . 1 and
1 . α . 1.57, and a trivial phase for α & 1.57. (b) Cor-
responding interpolation for SYM1×1; we find a toric code
phase on the left and a D(D4) phase on the right. Cf. Fig. 3
for the numerical method and the meaning of ξiMPS and ξsym.
In panel (a), in both the small α and large α phase ξsym corre-
sponds to k = k

′ ∈ C3 and gives thus the confinement length
of particles with flux in C3; in panel (b), ξsym is again the
mass gap of C4, as in Fig. 3.

We have studied the corresponding interpolation for
the symmetrized toric code model, with the result for
the correlation length shown in Fig. 3: We find that the
correlation length stays bounded throughout the interpo-
lation and only diverges at SYM1×1, demonstrating that

the system is in the full D(G̃) topological phase all the
way until the SYM1×1 point. Note, however, that the
Hamiltonian does not change continuously at SYM1×1,
as irreps vanish (though one can define a continuous but
gapless uncle Hamiltonian24,25, and a parent Hamilto-
nian defined on larger patches might still be continuous),
and while the results demonstrate that SYM1×1 has di-
verging correlations, the implications about the phase di-
agram should be taken with care.

We have also considered the interpolation between
SYM1×1 and SYM1/2×1/2, the point where we have sym-
metrized the tensors on the level of individual spins in
the toric code model (Fig. 1a), and have found strong
evidence that the correlation length diverges all the way
thoughout the interpolation. In order to better under-
stand the strucure of the symmetrized wavefunctions
SYM1/2×1/2 and SYM1×1, we have therefore considered
a different interpolation which allows us to connect these
models with known gapped phases.

Let us first consider SYM1/2×1/2, which is obtained by

applying Πsym = 1
2 (I+F) to each pair of spins in the two

copies individually (with the spins in the conventional
loop-gas basis for the toric code). We can now construct
a one-parameter family by replacing Πsym with

Π(α) = |0, 0〉〈0, 0|+ |1, 1〉〈1, 1|+ α |ψ+〉〈ψ+| , (5)

where |ψ+〉 = 1√
2
(|0, 1〉 + |1, 0〉). At α = 0, the pro-

jection locks the spins in the two copies to be identical,
and the resulting phase is unitarily equivalent to a single
copy of the toric code, for α = ∞, the system becomes
a trivial product state, and for α = 1, we obtain the
SYM1/2×1/2 model. Fig. 4a shows the correlation length
(including correlations between pairs of anyons) along
this interpolation, which gives strong indication for two
phase transitions, one around α ≈ 1 and another one
around α ≈ 1.57. We know that the phase on the very
left is a toric code phase, and the one on the very right is
a trivial phase; but what about the intermediate phase?
In order to understand this phase, we can use the

parametrization of the ground space manifold of the de-
formed model in terms of the full symmetry Wk of the
D(G̃) model, by placing string of symmetry actions Wk

when closing the boundaries11,17, cf. Fig. 2c. This allows
us to study the behavior of the ground states labelled
by the different particle types of the D(G̃) model. Here,
we are interest in two types of information: First, what
is the norm of a ground state labelled by a non-trivial
anyon relative to the one labelled by the vacuum parti-
cle, and second, what is the normalization of a ground
state relative to the trivial sector? Together, this allows
us to understand the ground state manifold in terms of
condensation of anyons: If a ground state becomes iden-
tical to the trivial ground state in the thermodynamic
limit, this implies that the corresponding anyon has con-
densed into the ground state; and correspondingly, if the
norm of a ground state is vanishing, the corresponding
anyon has become confined1,17–19.
By applying this framework, we find that the interme-

diate phase around α ≈ 1.4 is a toric code phase, just
as the small α phase. However, we also find that the
two toric code phases are obtained by condensing dif-
ferent particles into the vacuum, and one can therefore
indeed encounter a phase transition between them. Let
us note that using the same analysis, we can verify that
the phase around α = 3 is indeed the trivial phase, as
for α = ∞. Details on the method and the analysis are
given in Appendix B.
We have also applied a similar analysis to SYM1×1,

the model symmetrized on one plaquette, where we have
replaced Πsym (which now acts on 4 spins in the original
toric code) by

Π(α) =
∑

i

|i, i〉〈i, i|+
α

2

∑

i>j

[
|i, j〉+ |j, i〉

] [
〈i, j|+ 〈j, i|

]
.

(6)
Note, however, that there are two shortcomings: First,
the resulting model is basis-dependent. While for the
single-site symmetrization, both “natural” bases for the
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toric code (which are related by a Hadamard trans-
formation) give the same state, this is no longer the
case. Here, we have chosen the |±〉 basis with the ten-
sor as in Eq. (7.5) of Ref.11, since the dual choice gave
a very large correlation length even for α = ∞. Sec-
ond, while for α = 0, the model is again the toric code,
we cannot analytically understand the structure of the
model for α = ∞, and indeed, we find that it is not a
fixed point wavefunction and exhibits a finite correlation
length ξ ≈ 3.4. Fig. 4b shows the result for the corre-
lation length along the interpolation; we find that the
model again undergoes a phase transition around α ≈ 1.
By performing a similar analysis on the ground state as
before, we find that the small α phase is a toric code
phase, while the large α phase indeed realizes the D(D4)
model, reconfirming that SYM1/2×1/2 is at the boundary
of the D(D4) phase.

V. CONCLUSION AND DISCUSSION

We have analyzed the topological nature of wavefunc-
tions obtained by symmetrizing topologically ordered
states. We have shown that symmetrizing a G-isometric
PEPS, corresponding to a quantum double D(G), natu-

rally gives rise to a symmetry G̃ = (G × G) ⋊ Z2, with
Z2 acting by permuting the components in the tensor
product. While this gives the resulting wavefunction the
possibility to display D(G̃) topological order, it can also

exhibit a simpler anyon theory obtained from D(G̃) by
condensation. We were able to show that by symmetriz-
ing on sufficiently large blocks, one can always ensure
that the resulting model is in the D(G̃) phase. The effect
of symmetrization on smaller patches can be analyzed
numerically. For the toric code D(Z2), where G̃ = D4,
we have found that the symmetrized model remains in
the full D(D4) phase down to symmetrization on 2 × 2
plaquettes. For symmetrization on smaller blocks, the
model appears to be critical, sitting at a phase transition
between inequivalent gapped topological phases.
While we perfomed our analysis for the case of abelian

groups G and two copies, it can immediately be general-
ized to the non-abelian case and k > 2 copies, in which
case G̃ = G×k ⋊ Sk (also known as the wreath product of
G with Sk). Just as before, one can show that the multi-
plicities of the irreps obtained by symmetrizing k copies
of U⊗ℓ

g , with Ug the regular representation, will approach
the correct ratio as ℓ grows, see Appendix A. Clearly, a
similar analysis can also be applied to string-net models,
where the symmetry of the tensor is itself described by
a Matrix Product Operator (MPO)15, on which we can
define a semidirect action of the flip just the same way.
One might wonder what happens when we symmetrize

a trivial state, G = {1}. In that case, G̃ = Sk, which can
indeed support topologically ordered states. However,
since n = |G| = 1, it will be impossible to reach a regime
where the symmetrized wavefunction has all irreps by
blocking when starting from the regular representation

of G. This can be overcome by instead starting from,
e.g., a “trivial” D = 2 PEPS with maximally entangled
bonds, with trivial group action U1 = 11D; just as before,
symmetrizing over sufficiently large blocks (or using suf-
ficiently large D) yields a model in the D(Sk) phase (see
Appendix A) which for k ≥ 3 is again non-abelian. While
it might sound surprising that symmetrizing a product
state can give rise to topological order, note that we sym-
metrize in a partition different from the one in which the
state is a product. Also observe that since any group G
can be embedded in S|G|, this allows to obtain any double
model (such as one universal for quantum computation)
by symmetrizing a product state.

An interesting perspective on symmetrized wavefunc-
tions and their excitations is in terms of lattice defects
in topological wavefunctions26,27, and more specifically
so-called genons28 – endpoints of lattice defects in (non-
symmetrized) multi-layer systems which allow anyons to
traverse between layers – which can exhibit non-abelian
statistics even for abelian anyon models. The genons
are connected by strings describing domain walls corre-
sponding to the physical permutation symmetry Eq. (3),
and are therefore confined. The projection onto the sym-
metric subspace gauges this symmetry, promoting it to a
purely virtual symmetry on the entanglement degrees of
freedom, and thus transforms the confined lattice defects
into potentially deconfined anyonic excitations29.
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Appendix A: Symmetrization of general groups

In this appendix we consider the general case in which
we symmetrize k copies of a G-isometric model, and show
that the resulting representation converges to multiple
copies of the regular one under blocking.
Consider a finite group G with regular representation

Ug, and the symmetric group Sk (or a subgroup thereof).

Let G̃ := (G×k) ⋊ Sk, where Sk acts by permuting the
k-fold product G×k. (This is also known as the wreath
product G ≀ Sk.) Now let Vg := Ug ⊗ 11n̄ (where 11n̄ can
come either from blocking, or from adding extra entan-
gled bonds), and consider the representation W ′

g , g ∈ G̃,
generated by Vg1 ⊗ · · · ⊗ Vgk and the permutation ac-
tion Πg on the tensor components. The character of this
representation is given by

χW ′(g) = tr[(Vg1 ⊗ · · · ⊗ Vgk)Πg ]

= tr[(Ug1 ⊗ · · · ⊗ Ugk)Πg]
︸ ︷︷ ︸

=:χW (g)

tr[(11n̄ ⊗ · · · ⊗ 11n̄)Πg ]
︸ ︷︷ ︸

=:χΠ(g)

.

We now have that χW (1) = |G|k, and χW (g) = 0 for all
g 6= 1 with trivial permutation action, Πg = I; moreover,
|χW (g)| ≤ χW (1) = |G|k is independent of n̄. On the
other hand, χΠ(g) = n̄c, where c is the number of cycles
in Πg, i.e., χΠ(g) = n̄k for Πg = I, and |χΠ(g)| ≤ n̄k−1

otherwise. We thus see that χW ′(1) = |G|kn̄k, while
|χW ′(g)| ≤ |G|kn̄k−1 for g 6= 1.

Now let χα(g) be the character of an irrep α of G̃, with
dimension dα. Then, the multiplicity of α in W ′

g is given
by

µα =
1

|G̃|

∑

g∈G̃

χ∗
W ′(g)χα(g)

=
1

|G̃|

[

χ∗
W ′(1)χα(1) +

∑

g 6=1

χ∗
W ′(g)χα(g)

]

=
1

|G̃|

[

|G|kn̄k dα +
∑

g 6=1

χ∗
W ′(g)χα(g)

]

.

We thus have that
∣
∣
∣
∣
µα−

dα|G|
kn̄k

|G̃|

∣
∣
∣
∣
=

1

|G̃|

∣
∣
∣

∑

g 6=1

χ∗
W ′(g)χα(g)

∣
∣
∣ ≤ |G|kn̄k−1dα,

where we have used that |χα(g)| ≤ dα. Thus, in order
to obtain the correct relative weights dα of the regular
representation, the weights µα need to be changed by at
most

ρ =
min(µα/dα)

max(µα/dα)
=

|G|kn̄k/|G̃| − |G|kn̄k−1

|G|kn̄k/|G̃|+ |G|kn̄k−1

≥ 1−
2|G̃|

n̄
.

As before, this yields that the symmetrized model is in
theD(G̃) phase if ρ ≥ ρ0 ≈ 0.967, and thus n̄ ≥ 2|G̃|/(1−
ρ0) ≈ 60.6 |G|kk!.

Appendix B: Identification of anyon condensation
pattern

In this appendix, we describe how to identify the dif-
ferent anyon condensations we find in the symmetrized
D(Z2) model.
We begin by setting a notation for the dihedral group

D4 = (Z2 × Z2) ⋊ Z2, and the anyons of its quantum
double. The symmetry generators of the symmetrized
toric code are X ⊗ I, I ⊗ X (for the two layers), and F

which flips the layers. The D4 group has two generators
x := F and a := (I ⊗ X)F with the group presentation
〈x, a|x2 = a4 = 1, xax−1 = a−1〉. The eight group ele-
ments partition into the five conjugacy classes

C1 = {e} ,

C2 = {a2} ,

C3 = {a, a3} ,

C4 = {x, a2x} ,

C5 = {ax, a3x} .

(B1)

Let us now consider the irreps of their normalizers N [C]
(defined as equivalence classes of the isomorphic normal-
izers N [g] = {h ∈ G : gh = hg}, g ∈ C) which together
with Cn label the particle sectors:

• N [C1] = N [C2] = D4, with irrep characters

C1 C2 C3 C4 C5

α0 1 1 1 1 1

α1 1 1 1 −1 −1

α2 1 1 −1 1 −1

α3 1 1 −1 −1 1

α4 2 −2 0 0 0

• N [C3] ∼= N [a] = {e, a, a2, a3} ∼= Z4 with irreps
αk(a) = ik.

• N [C4] ∼= N [x] = {e, x, a2, a2x} ∼= Z2 × Z2 with
irreps αk(x) = (−1)k1 , αk(a

2) = (−1)k2 , k = 2k2 +
k1.

• N [C5] ∼= N [ax] = {e, ax, a2, a3x} ∼= Z2 × Z2

with irreps αk(ax) = (−1)k1 , αk(a
2) = (−1)k2 ,

k = 2k2 + k1.

The irreps are given for the correspondingly listed ele-
ment of the conjugacy class. Each anyon of D(D4) is
labelled by one conjugacy class Cn and an irrep αm of its
normalizer. We will employ the shorthand notation nm,
where n = 1, . . . , 5, and m = a, b, c, . . . (a ≡ 0, b ≡ 1,
etc.) to label the 22 anyons. For example, 4b labels the
anyon with conjugacy class C4 and irrep α1; in partic-
ular, 1a is the trivial (vacuum) anyon. Table I lists the
anyons.
On an infinitely-long cylinder (or torus), there is a

one-to-one correspondence between anyons and ground
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Label 1a 1b 1c 1d 1e 2a 2b 2c 2d 2e 3a 3b 3c 3d 4a 4b 4c 4d 5a 5b 5c 5d

Quantum dimension 1 1 1 1 2 1 1 1 1 2 2 2 2 2 2 2 2 2 2 2 2 2

Topological spin 1 1 1 1 1 1 1 1 1 −1 1 i −1 −i 1 −1 1 −1 1 −1 1 −1

TABLE I. The anyons of D(D4) and their properties. Each anyon is its own anti-particle. The topological spin is given by
αm(g), where g is the representative of the conjugacy class Cn used to define the irrep characters αm of N [g] ∼= N [C].

states; we denote these states as |ψA〉 where A is the
anyon label. Physically, these states are constructed by
starting with the wavefunction corresponding to the vac-
uum |ψ1a〉, creating a pair of A-A anyons and pulling
them apart to opposite ends of the cylinder.

In order to identify the anyon condensation pattern,
we compute the overlap between all possible states |ψA〉
in the thermodynamic limit. Several things can hap-
pen17–19. If all the states have non-vanishing norm and
remain orthogonal to one another, this implies that no
anyon condensation occured and we remain in the D(D4)
topological phase. However, if the norm of any state |ψA〉
does go to zero (relative to that of |ψ1a〉), then this cor-
responds to the case where the anyon A has becomes
confined, indicative of an anyon condensation process.
Another possibility is that the overlap of two states |ψA〉
and |ψB〉 goes to a non-zero constant rather then being
orthogonal; in such case, the anyons of the condensed
theory are constructed from superpositions of A and B.
In particular, an anyon C is condensed if it forms a su-
perposition with the vacuum.

In order to numerically compute the overlap, we put
|ψA〉 on a long cylinder (or torus) of length Nh and cir-
cumference Nv. There, a state |ψA〉 with A ≡ nm is
constructed by (i) placing a string of Ug for some g ∈ Cn

along the cylinder axis when closing the boundary, and

α=1.4

ξ≈1.45061-|λ|

10−3

0.1

1

Nv

4 6 8 10

α=3.0

ξ≈0.3309 1-|λ|

10−12

10−9

10−3

1

Nv

4 6 8 10

FIG. 5. Overlap per column λNv
≡ λ (on a cylinder of cir-

cumference Nv) of anyon sectors for the α-interpolation (5)
of SYM1/2×1/2. One can clearly distinguish the λ which con-
verge to 1 exponentially from those which go to a constant.
For comparison, we plot c exp(−Nv/ξ) with ξ the largest cor-
relation length of Fig. 4a, which confirms that the overlap of
ground state sectors is govered by the anyon-anyon correla-
tions. Since there are 253 different lines, we omit labels; the
condensed anyon theory extracted from the data is given in
the text.

(ii) by projecting the boundary of the cylinder onto the
irrep sector αm of N [g] ∼= N [Cn]; cf. Refs.

11,17 for details.
The overlap of two states is then the overlap of the cor-
responding PEPS, which asymptotically scales like the
Nh

th power of the largest eigenvalue λNv
of one column

of the corresponding mixed transfer operator, cf. Ref.17.
We therefore need to analyze whether λNv

(normalized
by the largest eigenvalue in the trivial sector) converges

to one: If it does (at a sufficient rate), then λNh

Nv
→ 1 for a

coupled limit Nh, Nv → ∞, while if it doesn’t, λNh

Nv
→ 0.

To this end, we use exact diagonalization of the transfer
operator together with finite size scaling, cf. Ref.17.
Figure 5 shows the corresponding data for the two

phases at α = 1.4 and α = 3.0 in the α-interpolation
[Eq. (5)] of the SYM1/2×1/2 model, Fig. 4a, and we find
that we can clearly distinguish the two different scal-
ing behaviors of λNv

. For the small α phase, we con-
sider α = 0, which is a fixed point wavefunction and
thus λNv

∈ {0, 1} independent of Nv. We can now
study the condensation and confinement of anyons as de-
scribed above. For α = 0, we find that the following
ground states have non-trivial overlaps within each set:
(1a, 1c, 4a), (2a, 2c, 4a), (1e, 4c), (2e, 4d), while all other
wavefunctions have vanishing norm30. From this we have
the anyon condensation process:

1a+ 1c+ 4a → 1̂

1e+ 4c → ê

2a+ 2c+ 4a → m̂

2e+ 4d → f̂ .

Indeed, the resulting phase has toric code topological or-
der: The anyons 1̂, ê, and m̂ are bosons (i.e., their com-

ponents have topological spin +1), while f̂ is a fermion
(with topological spin −1). The mutual statistics of ê, m̂,

and f̂ are fermionic (i.e., their mutual S-matrix elements
are −1, cf. Refs.1,3). We can also understand this con-
densation as a two step process: D(D4) → D(Z2×Z2) →
D(Z2). Condensing 1c generates the toric code squared
D(Z2 × Z2), which splits the 4a anyon into two abelian
anyons, the second step condenses one of the split 4a
anyon to yield the toric code order. As α increases, the
correlation length also increases (Fig. 4) but the topolog-
ical order remain the same up to the phase transition.
For α = 1.4, we find the condensation pattern

1a+ 2a+ 4a → 1̂

1c+ 2c+ 4a → ê

3a+ 5a → m̂

3c+ 5b → f̂ .
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Again, this phase has toric code topological order, but
with a different condensation pattern, and thus inequiv-
alent to the toric code found in the small α phase. Con-
sequently, a phase transition must occur at some inter-
mediate α (which we found numerically at α ≈ 1) if we
are to preserve the D4 symmetry of the PEPS. Note that
the two condensation patterns above are exchanged if we
choose to apply Π(α), Eq. (5), in the dual basis. Finally,
for α = 3, we find that anyons 1a, 1c, 2a, 2c, 4a have con-
densed into the vacuum31, while all other anyons have
become confined; we are thus left with a trivial phase, as
expected.

We have applied the same analysis also to the α-
interpolation for the SYM1×1 model described in Eq. (6).
For the small α phase, we can again consider α = 0 and
find a toric code with the same condensation pattern as
before for α = 1.4 (since we chose to symmetrize in the
dual basis). For the large α regime, however, we cannot
reliably extract the scaling of the λNv

due to the large

correlation length. In order to identify the condensation
pattern, we therefore choose an alternative approach: We
consider an infinite plane and compute the overlap of
different anyons (with a semi-infinite string attached to
them), using an iMPS ansatz, cf. Ref.18. Here, a non-
abelian anyon is described by a semi-infinite string of Ug

with g ∈ Cn, terminated by an object Rαm
which trans-

forms like an irrep αm of N [g]; in order to account for
the symmetry breaking in the boundary MPS18,19, we ad-
ditionally need to symmetrize the iMPS over the group
action, since the group is non-abelian. In order to not
have to worry about the precise choice for Rα, and in or-
der to reduce computational effort, we choose to rather
compute the boundary conditions imposed on an arbi-
trary endpoint Rα⊗ R̄β in the overlap, and subsequently
project it onto all possible irrep sectors (α, β); details
of the method will be presented elsewhere. This way,
we find that all anyons describe well-normalized and or-
thogonal excitations, suggesting that the large α regime
corresponds to the full D(D4) phase.
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