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By using Gutzwiller projected fermionic wave functions and variational Monte Carlo technique,
we study the spin-1/2 Heisenberg model with the first-neighbor (J1), second-neighbor (J2), and
additional scalar chiral interaction JχSi · (Sj × Sk) on the triangular lattice. In the non-magnetic
phase of the J1 − J2 triangular model with 0.08 . J2/J1 . 0.16, recent density-matrix renormal-
ization group (DMRG) studies [Zhu and White, Phys. Rev. B 92, 041105 (2015); Hu, Gong, Zhu,
and Sheng, Phys. Rev. B 92, 140403 (2015)] find a possible gapped spin liquid with the signal of a
competition between a chiral and a Z2 spin liquid. Motivated by the DMRG results, we consider the
chiral interaction JχSi · (Sj × Sk) as a pertubation for this non-magnetic phase. We find that with
growing Jχ, the gapless U(1) Dirac spin liquid, which has the best variational energy for Jχ = 0,
exhibits the energy instability towards a gapped spin liquid with non-trivial magnetic fluxes and
nonzero chiral order. We calculate topological Chern number and ground-state degeneracy, both of
which identify this flux state as the chiral spin liquid with fractionalized Chern number C = 1/2
and two-fold topological degeneracy. Our results indicate a positive direction to stabilize a chiral
spin liquid near the non-magnetic phase of the J1 − J2 triangular model.

PACS numbers: 75.10.Jm, 75.10.Kt, 75.40.Mg, 75.50.Ee

I. INTRODUCTION

Quantum spin liquid is one kind of long-range en-
tangled states without breaking neither spin rota-
tional nor lattice translational symmetries even at zero
temperature1,2. The physics of spin liquid has been
playing an essential role to understand strongly corre-
lated systems and unconventional superconductivity3,4.
The emergent topological order5–7 and fractionalized
quasiparticles8–10 of spin liquid have wide applications on
quantum computations and quantum communications11.
In experiment, one of the best candidates to realize spin
liquid is frustrated antiferromagnetic material. A natural
way to form geometric frustration is to have the corner-
sharing triangle and the face-sharing triangle structures
on lattice.

The simplest lattice which is constructed from corner-
sharing triangles is the kagomé lattice. At experi-
mental side, the most promising materials to realize
spin liquid on kagomé lattice are the spin-1/2 antifer-
romagnets herbertsmithite and kapellasite12–17. Theo-
retically, density-matrix renormalization group (DMRG)
studies consistently find a gapped spin liquid in the spin-
1/2 kagomé Heisenberg model with the nearest-neighbor
(NN) interactions18–20. However, the variational stud-
ies based on projected fermionic parton wave functions
favor a gapless U(1) Dirac spin liquid (DSL) with com-
peting ground-state energy21–24. Near the NN model, a
robust chiral spin liquid (CSL)25–28 is unambiguously es-
tablished by introducing second- and third-neighbor cou-
plings or chiral interaction29–35. This CSL spontaneously
breaks time-reversal symmetry (TRS) and is identified as
the ν = 1/2 bosonic fractional quantum Hall state.

On the other hand, the typical system with face-

sharing triangles is the simple spin-1/2 triangular lattice
system. The NN Heisenberg antiferromagnetic model on
the triangular lattice is the first candidate proposed to
realize a spin liquid3; however, a 120◦ antiferromagnetic
order is found in the subsequent studies36–40. Although
spin liquid does not exist in the NN model, both ex-
perimental and theoretical studies find that the addi-
tional interactions may open a new route for realizing
such states. In the organic weak Mott insulators with
triangular lattice structure such as κ-(ET)2Cu2(CN)3

and EtMe3Sb[Pd(dmit)2]2
41–46, no magnetic order is ob-

served at the temperature much lower than the interac-
tion energy scale. The spin liquid behaviors are explained
by a gapless spin Bose metal state realized in a triangu-
lar model with four-site ring-exchange interactions47–50.
The spatial anisotropic triangular model with the NN
couplings J1 − J ′1 has also been studied extensively to
find a possible spin liquid state at the neighbor of the spin
spiral phase51–55. Recently, different theoretical studies
consistently find a non-magnetic phase in the J1 − J2

triangular Heisenberg model, which is sandwiched be-
tween the 120◦ and the stripe magnetic order phases
for 0.08 . J2/J1 . 0.1556–64. DMRG results suggest
a gapped spin liquid for this non-magnetic phase60,61.
However, the finite-size DMRG calculations find numeri-
cal signals for both CSL and Z2 spin liquid61, which may
imply strong finite-size effects; therefore, the system has
difficulty to settle into one state. On the other hand, re-
cent variational Monte Carlo studies64 find that the gap-
less U(1) DSL hosts the best variational energy than the
various Z2 spin liquids in parton constructions65,66. Now,
the understanding of this non-magnetic phase in triangu-
lar model is in the similar situation as the NN kagomé
model, both of which exhibit various candidate ground
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states with close energies. Inspired by the CSL signals in
the triangular model61 and the emerging CSL in kagomé
model by considering different pertubations, we address
the issue that whether a CSL might also be stabilized by
introducing further perturbations in the J1−J2 triangu-
lar model.

Motivated by this question, we use the variational
Monte Carlo (VMC) calculations based on the flux
state26 of fermionic representation to study the J1 −
J ′1−J2 triangular Heisenberg model with additional TRS
breaking chiral interactions. The model Hamiltonian is
defined as

H = J1

∑
〈ij〉horizontal

Si · Sj + J ′1
∑

〈ij〉zigzag

Si · Sj

+J2

∑
〈〈ij〉〉

Si · Sj + Jχ
∑
4/5

Si · (Sj × Sk), (1)

where J1 and J ′1 are the horizontal and zigzag NN cou-
plings, respectively (see Fig. 1(a)). We set J1 = 1.0
as energy scale, and focus on the phase regime with
0.96 ≤ J ′1 ≤ 1.04 and 0 ≤ J2 ≤ 0.15. The chiral couplings
Jχ have the same magnitude in each triangle (up triangle
4 and down triangle 5) as shown in Fig. 1(a), and the
sites i, j, and k follow the clockwise order in all trian-
gles. In recent VMC calculations by Zhang, et. al, some
topological features of the spin liquids constructed based
on fermionic flux states have been obtained67–69. In par-
ticular, the VMC studies find the CSL in the extended
kagomé model by showing the ground-state degeneracy
and topological Chern number34. In our calculations, we
will follow these techniques.

Through our VMC calculations, we find that while the
120◦ antiferromagnetic order vanishes at a finite chiral
coupling Jχ for J2 . 0.08, the gapless U(1) DSL in the
non-magnetic phase 0.08 . J2 . 0.15 has the instability
towards a CSL as soon as we turn on the Jχ term. This
CSL has a quantized topological Chern number C = 1/2
and two-fold topological degenerate ground states, which
characterize the CSL as the ν = 1/2 fractional quantum
Hall state. We also study the relation between the chiral
order and the lattice anisotropy of the J1 coupling in the
CSL phase regime. We find the consistent behaviors with
the DMRG results61 that some spin coupling anisotropy
may enhance the robustness of the CSL. Our VMC re-
sults indicate a positive direction to stabilize a CSL near
the non-magnetic phase in the J1−J2 triangular Heisen-
berg model.

II. VARIATIONAL WAVE FUNCTIONS

Following one of the novel ways to construct spin liquid
states beyond the mean-field level, we introduce the pro-
jected fermionic wave functions for our variational calcu-
lations70. In this representation, spin operator Si is ex-

pressed using the spinon operators as Si = 1
2c
†
i,ασαβci,β ,

where σ = (σx, σy, σz) is the Pauli matrices and c†i,σ
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θ1 θ1

θ1 θ1

π-θ1

π-θ1π-θ1 π-θ1

(b)

t'1 t'1 t'1 t'1 t'1

t'1 t'1 t'1 t'1 t'1 t'1

t1 t1

t1 t1

t1 t1t1

(a)

J1

J'1 J'1

a1
a2

FIG. 1: (Color online) Model Hamiltonian and variational
Ansatz. (a) In the J1−J ′

1−J2−Jχ model Eq.(1), we add the
same Jχ in the up (blue) and down (red) triangles. (b) The
variational Ansatz with the NN hopping t1 and t′1 is shown.
Solid (dashed) lines indicate positive (negative) hoppings,
which define the U(1) DSL. The phases φ1 and φ′

1 are added
upon this Ansatz to obtain a CSL. The direction of arrows
indicates one possible convention of phases. In each up trian-
gle, the flux is θ1 = φ1 + 2φ′

1; in each down triangle, the flux
is θ2 = π − θ1.

(ci,σ) creates (annihilates) an electron with spin σ at site
i. Therefore, the Hamiltonian Eq. (1) could be repre-
sented using the fermionic operators, and the Gutzwiller
projector PG =

∏
i(1 − ni↑ni↓) is introduced to enforce

no double occupation on each site. For the variational
calculations, we define the variational wave function as

|Ψv〉 = JsPG|Ψ0〉, (2)

where Js = exp(1/2
∑
ij vijS

z
i S

z
j ) is the spin Jastrow

factor describing magnetic orders. The variational pa-
rameters vij depend on the distance between sites i and
j. |Ψ0〉 is an uncorrelated ground state of mean-field
Hamiltonian. In the previous VMC calculations of the
J1 − J2 Heisenberg model64,65, the Z2 spin liquids have
the higher energy than the gapless U(1) DSL in the inter-
mediate J2 regime (0.08 . J2 . 0.16); thus, we consider
the mean-field Hamiltonian only with the NN hopping
term consistent with the DSL,

HMF =
∑
〈i,j〉,σ

tijc
†
i,σcj,σ + h.c. (3)

As shown in Fig. 1(b), the solid (dashed) bonds denote
the positive (negative) signs of tij , which define a mag-
netic flux Φ = 0 crossing up triangles and Φ = π crossing
down triangles (or opposite)64–66. For the NN hopping,
tij = t1. Thus, the unit cell is doubled in this DSL. In our
study considering bond anisotropy and CSL, we allow the
anisotropy of the NN hoping tij and t′ij with both real

and imaginary parts, i.e., tij = |tij |eiφij . In Fig. 1(b), we
show the Ansatz of the variational wave function71. Since
the requirement of t∗ij = tji, we define the orientation of
the hoping terms in this way: for the hopping from j to
i, tij (t∗ij) has the direction (opposite direction) along the
arrow shown in Fig. 1(b). Here, we choose the definition
that the up triangles have the fluxes θ1 = φ1 + 2φ′1, and
the down triangles have the fluxes θ2 = π − θ1. Such
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a state can be denoted as [θ1, π − θ1]. Thus, using this
symbol, the U(1) DSL has the fluxes [0, π], and the wave
functions with non-zero θ1 describe the states with spin
chirality5. In Ref. 64, the U(1) DSL has competitive vari-
ational energy in the non-magnetic phase of the J1 − J2

model.

We will also consider the effect of Jχ to the 120◦ Néel
order for J2 . 0.08. In this case, we define the magnetic
states as

HMAG =
∑
〈i,j〉,σ

(tijc
†
i,σcj,σ + h.c.) + h

∑
i

Mi · Si, (4)

where the magnetic order is described by variational pa-
rameter h and unit vector Mi. The magnetic long-range
order is directly related to a non-zero h. For describing
the 120◦ Néel state, we set Mi = (cos(ri · q+ ηi), sin(ri ·
q+ ηi), 0) (q is the pitch vector and ηi is the phase shift
for the sites within the same unit cell) with q = (4π/3, 0).
For the unit vector Mi in the XY plane, the spin Jastrow
factor Js = exp(1/2

∑
ij vijS

z
i S

z
j ) correctly describes

spin fluctuations around the classical state in the XY
plane72.

In this paper we study the competitions among the
120◦ Néel state, the gapless U(1) DSL, and the gapped
CSL. We perform variational calculations at half fill-
ing on toric clusters with L × L sites under the peri-
odic/antiperiodic boundary conditions (PBC/APBC). In
order to find the energetically favored state, we use the
stochastic reconfiguration (SR) optimization method73 to
optimize the variational parameters.
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FIG. 2: (Color online) Finite-size scaling of the magnetic
order variational parameter h for J2 = 0 and 0.05 with
J1 = J ′

1. We use the L × L toric clusters with PBC at
L = 6, 12, 18, 24, 30. Quadratic fittings are used for all the
data.

III. COMPETITION BETWEEN MAGNETIC
AND CHIRAL ORDERS

First of all, we study the competition between the mag-
netic and chiral orders for J2 . 0.08 with J1 = J ′1.
When Jχ = 0, the system has the 120◦ Néel order.
When Jχ is much larger than J1 coupling, the classi-
cal spin analyses show that the system would become
a non-coplanar tetrahedral state with four sublattices,
where the spins of four sublattices point toward the cor-
ners of a tetrahedron74. Therefore, with growing Jχ, we
expect the system to transit either directly from the 120◦

Néel order to the tetrahedral phase, or through an inter-
mediate phase. Interestingly, the CSL discovered in the
kagomé model emerges between a 120◦ Néel phase and
the non-coplanar cuboc phase32. In our present studies,
we do not include the variational wave function of the
tetrahedral state. Thus, we only consider the vanishing
of the 120◦ Néel order with the increase of Jχ (we expect
further studies using unbiased methods to investigate the
phase transition between the 120◦ Néel and the tetrahe-
dral phases in the future work).

In our variational calculations for J2 . 0.08, we start
from the wave function Eq. (4) and optimize the pa-
rameter h and Jastrow factor vij . h = 0 describes
the vanished Néel order. We study the lattice with
L = 6, 12, 18, 24, 30, where the 120◦ Néel order is not
frustrated by boundary conditions. In Fig. 2, we show
the variational parameter h of magnetic order for J2 = 0
and 0.05 with Jχ on different clusters. For both J2 cou-
plings with small Jχ, the variational parameter h de-
creases quite slowly with increasing system sizes and
smoothly extrapolates to a finite value in the thermo-
dynamic limit. When Jχ is large enough (Jχ & 0.1), the
magnetic order parameter h decreases sharply and scales
to vanishing when L → ∞. Our results clearly indicate
that there is a phase transition with vanished 120◦ Néel
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(b) J2=0.1, Jχ=0.05, L=12

0.0
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(a) J2=0.1, Jχ=0.05, L=6
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initial θ1=0.0

initial θ1=0.32

initial θ1=0.0

FIG. 3: (Color online) The variational Monte Carlo opti-
mizations of the flux θ1 = 3 arctan(Im(t1)/Re(t1)) are shown
for J2 = 0.1 and Jχ = 0.05 on L = 6 (a) and 12 (b) clusters.
Different initial values θ1 = 0.32 (Im(t1) = 0.107) and 0 are
chosen.
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order at a finite Jχ.

IV. CHIRAL SPIN LIQUID EMERGING NEAR
THE GAPLESS DIRAC SPIN LIQUID

In this section we study the possible CSL near the gap-
less U(1) DSL. We start from the non-magnetic vari-
ational wave function Eq. (3) without magnetic term
(h = 0) and spin Jastrow factor (vij = 0). Thus, the
variational parameters are the imaginary part of t1 and
both real and imaginary parts of t′1. We will focus our
studies for J2 = 0.1.

A. Isotropic system with J1 = J ′
1

1. Optimization and measurement of local order parameters

For the isotropic system with J1 = J ′1, we have t1 = t′1,
and the only variational parameter is the imaginary part
of the NN hopping. Before discussing the results, we
demonstrate the good convergence of our calculations. In
Fig. 3, we show the optimization of θ1 for J2 = 0.1, Jχ =
0.05 on the 6 × 6 and 12 × 12 clusters. We obtain the
converged θ1 after optimization, which are found to be
independent of initial values.

To study the CSL, we optimize the variational wave
function for different Jχ on different system size with L
up to L = 30. On the L = 6 and L = 12 clusters, we
study the system with Jχ up to 0.3. As shown in Fig. 4,
the optimized flux θ1 increases with the growing Jχ. For
Jχ = 0.02, 0.05, 0.1, we study the larger clusters, which
give the optimized θ1 that almost do not change with
increasing system size. In the inset of Fig. 4, we also
show the finite-size scaling of the ground-state energy
for small Jχ, which support the good convergence of the
calculations with system size.

With the optimized finite variational parameter θ1,
we expect non-zero chiral order of the optimized wave
function, which can be measured through the three spins
scalar chirality in each triangle as:

〈χ〉 = 〈S1 · (S2 × S3)〉. (5)

In our calculations, we find that the chiral order parame-
ter 〈χ〉 of the up and down triangles are the same within
the error bar. In Fig. 5, we show 〈χ〉 as a function of
the chiral coupling Jχ on different clusters up to L = 30,
which grows continuously with increasing Jχ. The finite-
size scaling in the inset of Fig. 5 clearly demonstrates the
non-zero chirality in the thermodynamic limit.

2. Topological properties

In order to characterize the non-trivial topological
properties of the chiral state, we calculate the topological
Chern number and the ground state degeneracy.

In our calculations, the topological Chern number
is computed as the integral over the Berry curvature
F (Θ1,Θ2) in boundary phase space:75–78

C =
1

2π

∫
dΘ1dΘ2F (Θ1,Θ2), (6)

where 0 ≤ Θk ≤ 2π (k = 1, 2) are twist bound-
ary phases for the torus systems. To obtain this in-
tegral, we uniformly divide the boundary phase space
into M plaquettes (M is chosen up to 100). The Berry
curvature defined for each plaquette l is calculated as

Fl = arg
∏4
i=1〈Ψ

li+1

V |Ψli
V 〉 (l = 1, . . . ,M). The label i

(i = 1, 2, 3, 4) denotes the four corners of the l-th pla-

quette, where the periodic condition requires Ψl5
V = Ψl1

V .
The wave function |Ψl

V 〉 is the optimized wave function of
the mean-field Hamiltonian with twisted boundary condi-
tions, which have the opposite requirements for the spin
up and spin down partons, namely cj+Lk↑ = cj↑e

iΘk and
cj+Lk↓ = cj↓e

−iΘk (k = 1 and 2, and L1 = L2 = L
in our calculations). The overlap for the Berry cur-

vature 〈Ψli+1

V |Ψli
V 〉 =

∑
x P (x)

〈x|Ψli
V 〉

〈x|Ψ
li+1
V 〉

is calculated by

Monte Carlo method according to the weight P (x) =
|〈x|Ψ

li+1
V 〉|2∑

x |〈x|Ψ
li+1
V 〉|2

. We obtain the Berry curvatures as shown

in Fig. 6. Here, we consider two wave functions. One is
the optimized state at J2 = 0.1, Jχ = 0.05 (flux is ob-
tained as θ1 ≈ 0.18), and the other one for comparison is
the state with fluxes [π/2, π/2]. For both states, we do
the integration of the Berry curvature from 0 to 2π. We
must emphasize that the integration from 0 to 2π for the
operators of two partons (with spin up and spin down)
includes two periods of phases for the spin operators, so
the final results of the Chern number must be divided by
4 for the spin system. In our calculations, the integra-
tions between 0 and 2π for both states give the results
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0.00 0.06 0.12 0.18
–0.516

–0.512

–0.508

1/L

E/
N

Jχ=0.02
Jχ=0.05
Jχ=0.1

FIG. 4: (Color online) The optimized flux θ1 in the varia-
tional wave function at J2 = 0.1 with different Jχ on L = 6,
12, 18, 24, and 30 clusters. The inset is the finite size scaling
for the ground state energy at Jχ = 0.02, 0.05, and 0.1.
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FIG. 5: (Color online) The chiral order parameter 〈χ〉 of the
optimized wave functions. For the up and down triangles, we
obtain the same value of 〈χ〉 within the error bar. The inset is
the finite size scaling for the chirality 〈χ〉 at Jχ = 0.02, 0.05,
and 0.1.

2 with high accuracy, which leads to a Chern number
C = 1/2.

In the variational approach with Gutzwiller projected
parton construction, the degeneracy of the wave func-
tion is consistent with number of the linear independence
states of the fermionic variational wave functions accord-
ing to the SU(2) Chern-Simons theory.67–69 The idea67–69

is that through changing the boundary conditions of the
mean field Hamiltonian to either periodic or antiperiodic
in ~a1 and ~a2 directions (see Fig. 1(b)), we can obtain four
projected states denoted as |ψ1, ψ2〉. We label ψi = 0
for periodic boundary condition and π for antiperiodic
boundary condition (i = 1, 2), i.e., these four projected
states are {|0, 0〉, |0, π〉, |π, 0〉, |π, π〉}. Then we can cal-
culate the overlaps between any two of the four states
to obtain the overlap matrix67–69, and the number of
the nonzero eigenvalues of this overlap matrix gives the
number of the linearly independent states. Based on the
experience of the similar calculations on kagomé antifer-
romagnet34, we should choose a state with a big mean-
field band gap to suppress the strong finite-size effects on
small clusters. Thus, we calculate the overlap matrix on
the 8 × 8 cluster for the state with flux θ1 = π/2 (this
state has a big mean-field band gap 4.1), and obtain the
overlap matrix O as

O =

 〈0, 0|0, 0〉 〈0, 0|0, π〉 〈0, 0|π, 0〉 〈0, 0|π, π〉〈0, π|0, 0〉 〈0, π|0, π〉 〈0, π|π, 0〉 〈0, π|π, π〉
〈π, 0|0, 0〉 〈π, 0|0, π〉 〈π, 0|π, 0〉 〈π, 0|π, π〉
〈π, π|0, 0〉 〈π, π|0, π〉 〈π, π|π, 0〉 〈π, π|π, π〉



≈


1 0.57 0.57 0.58

0.57 1 0.58e−i1.59 0.58ei1.59

0.57 0.58ei1.59 1 0.58e−i1.59

0.57 0.58e−i1.59 0.58ei1.58 1



≈


1 1√

3
1√
3

1√
3

1√
3

1 − i√
3

i√
3

1√
3

i√
3

1 − i√
3

1√
3
− i√

3
i√
3

1

 . (7)

In this calculation, we fix the global phases in such a way
that all the overlaps with |0, 0〉 are set to real. The num-
ber of the independent ground states can be found by
diagonalizing the overlap matrix, i.e., O = U†ΛU . We
find that only two eigenvalues are non-zero, which indi-
cates that only two eigenvectors are linearly independent.
This fact implies that the ground-state degeneracy is two-
fold. Our calculations of topological Chern number and
ground state degeneracy consistently suggest that this
chiral state is the ν = 1/2 Laughlin state.

B. Anisotropic system with J1 6= J ′
1

In the DMRG studies on the J1−J2 triangular model,
a weak chiral order is found on the finite-size system in
the even sector, and by tuning the bond anisotropy J1

and J ′1 (J1 and J ′1 are along the vertical and the zigzag
directions, respectively) the chiral order seems to en-
hance with J1 − J ′1 for 0.96 . J ′1/J1 . 1.0461. The
bond anisotropy and chiral order appear to have inter-
esting competition. In this part, we introduce the bond
spatial anisotropy in the J1−J2−Jχ model to study this
competition. We choose J2 = Jχ = 0.1 and change the
anisotropy J ′1 from 0.96 to 1.04. Correspondingly, we use
the variational wave function with t1 6= t′1 (see Fig. 1(b)).
Thus, there are three variational parameters (imaginary
part of t1, real and imaginary parts of t′1), including two
fluxes that need to be optimized. Since the optimiza-
tions with two fluxes are very time consuming, we only
did variational calculations on the L = 12 and 18 clus-
ters.

As shown in Fig. 7(a), we find that once J ′1 6= J1,
we obtain |t1| 6= |t′1| after optimization, which indicates
that the optimized wave functions break lattice rotational
symmetry. Then, we measure the spin chirality 〈χ〉 for
different J ′1. Interestingly, as shown in Fig. 7(b), we find
that when J ′1 < J1, the chiral order is enhanced with
increasing anisotropy |J1−J ′1|; on the contrary when J ′1 >
J1, chiral order is suppressed with increasing |J1 − J ′1|.
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FIG. 6: (Color online) Berry curvature for the states of (a) J2 = 0.1, Jχ = 0.05 on the L = 12 lattice and (b) [π/2, π/2] on the
L = 8 lattice. For both calculations, the Brillouin zone is divided into a mesh with 100 plaquettes. The summation between 0
and 2π gives C = 1.998 (a) and 1.999 (b).

V. CONCLUSIONS

We have studied the spin-1/2 antiferromagnetic J1−J2

Heisenberg model with additional chiral coupling JχSi ·
(Sj × Sk) on the triangular lattice. By performing the
variational Monte Carlo simulations and considering dif-
ferent variational wave functions, we find that while the
120◦ Néel order vanishes at a finite Jχ, and the gap-
less U(1) Dirac spin liquid in the intermediate regime
would become a chiral spin liquid once Jχ starts to
grow. By calculating the topological Chern number and
ground-state degeneracy, we identify this CSL as the
ν = 1/2 Laughlin state. We also consider the relation
between the chiral order and the spacial anisotropy in the

J'1
0.96 0.98 1.00 1.02 1.040.0720
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>

J'1
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FIG. 7: (Color online). Variational results for the anisotropic
system with J1 6= J ′

1. (a) The difference of the hoppings
along horizontal and zigzag directions for 0.96 ≤ J ′

1 ≤ 1.04
on L = 12 and 18 clusters at J2 = 0.1 and Jχ = 0.1. (b)
The chiral order parameter 〈χ〉 as function of anisotropy J ′

1

on L = 12 and 18 clusters at J2 = 0.1 and Jχ = 0.1.

model, and we find that the chiral order can be enhanced
(suppressed) when the anisotropic parameter J ′1 < J1

(J ′1 > J1), which is consistent with the DMRG observa-
tion. Our results suggest a new way to stabilize a chiral
spin liquid near the J1−J2 triangular model. Finally we
would like to mention that we have not considered all the
possible variational states, and it is worth to use unbi-
ased numerical simulations such as DMRG to clarify the
phase diagram and the properties of the ground states.
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Rev. Lett. 109, 067201 (2012), URL http://link.aps.

org/doi/10.1103/PhysRevLett.109.067201.

20 H.-C. Jiang, Z. Wang, and L. Balents, Nature Physics
8, 902 (2012), URL http://www.nature.com/nphys/

journal/v8/n12/full/nphys2465.html.
21 Y. Ran, M. Hermele, P. A. Lee, and X.-G. Wen, Phys. Rev.

Lett. 98, 117205 (2007), URL http://link.aps.org/doi/

10.1103/PhysRevLett.98.117205.
22 Y. Iqbal, F. Becca, and D. Poilblanc, Phys. Rev. B 84,

020407 (2011), URL http://link.aps.org/doi/10.1103/

PhysRevB.84.020407.
23 Y. Iqbal, F. Becca, S. Sorella, and D. Poilblanc, Phys. Rev.

B 87, 060405 (2013), URL http://link.aps.org/doi/10.

1103/PhysRevB.87.060405.
24 Y. Iqbal, D. Poilblanc, and F. Becca, Phys. Rev. B 89,

020407 (2014), URL http://link.aps.org/doi/10.1103/

PhysRevB.89.020407.
25 V. Kalmeyer and R. B. Laughlin, Phys. Rev. Lett. 59,

2095 (1987), URL http://link.aps.org/doi/10.1103/

PhysRevLett.59.2095.
26 X. G. Wen, F. Wilczek, and A. Zee, Phys. Rev. B 39,

11413 (1989), URL http://link.aps.org/doi/10.1103/

PhysRevB.39.11413.
27 K. Yang, L. K. Warman, and S. M. Girvin, Phys. Rev.

Lett. 70, 2641 (1993), URL http://link.aps.org/doi/

10.1103/PhysRevLett.70.2641.
28 D. F. Schroeter, E. Kapit, R. Thomale, and M. Greiter,

Phys. Rev. Lett. 99, 097202 (2007), URL http://link.

aps.org/doi/10.1103/PhysRevLett.99.097202.
29 L. Messio, B. Bernu, and C. Lhuillier, Phys. Rev. Lett.

108, 207204 (2012), URL http://link.aps.org/doi/10.

1103/PhysRevLett.108.207204.
30 S.-S. Gong, W. Zhu, and D. Sheng, Scientific reports 4,

6317 (2014), URL http://www.nature.com/srep/2014/

140910/srep06317/full/srep06317.html.
31 Y.-C. He, D. N. Sheng, and Y. Chen, Phys. Rev. Lett. 112,

137202 (2014), URL http://link.aps.org/doi/10.1103/

PhysRevLett.112.137202.
32 S.-S. Gong, W. Zhu, L. Balents, and D. N. Sheng, Phys.

Rev. B 91, 075112 (2015), URL http://link.aps.org/

doi/10.1103/PhysRevB.91.075112.
33 B. Bauer, L. Cincio, B. P. Keller, M. Dolfi, G. Vidal,

S. Trebst, and A. W. W. Ludwig, Nature Communications
5, 5137 (2014), URL http://www.nature.com/ncomms/

2014/141010/ncomms6137/abs/ncomms6137.html.
34 W.-J. Hu, W. Zhu, Y. Zhang, S. Gong, F. Becca, and

D. N. Sheng, Phys. Rev. B 91, 041124 (2015), URL http:

//link.aps.org/doi/10.1103/PhysRevB.91.041124.
35 A. Wietek, A. Sterdyniak, and A. M. Läuchli, Phys. Rev.
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