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Abstract

Angular momentum transport in magnetic multilayered structures plays a central role in spin-

tronic physics and devices. The angular momentum currents or spin currents are carried by either

quasi-particles such as electrons and magnons, or by macroscopic order parameters such as local

magnetization of ferromagnets. Based on the generic interface exchange interaction, we develop a

microscopic theory that describes interfacial spin conductance for various interfaces among non-

magnetic metals, ferromagnetic and antiferromagnetic insulators. Spin conductance and its tem-

perature dependence are obtained for different spin batteries including spin pumping, temperature

gradient and spin Hall effect. As an application of our theory, we calculate the spin current in a tri-

layer made of a ferromagnetic insulator, an antiferromagnetic insulator and a non-magnetic heavy

metal. The calculated results on the temperature dependence of spin conductance quantitatively

agree with the existing experiments.

PACS numbers: 72.25.-b, 72.25.Mk, 75.30.Ds
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I. INTRODUCTION

In spintronics, one of the most important variables is spin current which describes the

propagation of angular momentum information through magnetic and non-magnetic media

[1]. There are a number of different carriers that contribute to spin current. In non-magnetic

metals, the carriers are conduction electrons while for magnetic insulators, the angular mo-

mentum carriers are magnons or spin waves. When these different carriers meet at interfaces,

they transfer the angular momentum via interfacial exchange interaction. For example, the

spin pumping describes a precessing ferromagnet transferring its long wavelength magnon

current to an electron spin current in the adjacent metallic layer [2, 3], and the spin Seebeck

effect addresses the spatially non-uniform thermal magnon diffusion [4–7].

Recent experiments have shown that angular momentum current transfer at interfaces is

a general phenomenon for many combinations of materials as long as the low-energy carri-

ers (quasi-particles or order parameters) of the materials have nonzero angular momentum

[8–17]. In a trilayer made of a ferromagnetic insulator (FI) layer (YIG) sandwiched between

two non-magnetic metallic layers (Pt), it has been observed that a charge current applied in

one of the metal layers can result in a charge current in the other layer via magnon-mediated

spin current propagation [8–12]. The observed signal is much more profound at high tem-

perature, indicating that a simple model based on a temperature independent interfacial

mixing conductance would fail to describe the experimental findings [10, 12]. Other recent

experiments demonstrated that the spin current can flow from a ferromagnetic insulator

to a non-magnetic metallic (NM) layer with a thin antiferromagnetic insulator (AFI) in

between [13–16]. Furthermore, the spin propagation efficiency is much enhanced at high

temperature when compared with the device without the AFI layer [14, 15]. These findings

call for a more comprehensive theoretical model which is capable of addressing the angular

momentum current across interfaces between different materials at finite temperature.

There are a number of existing theoretical models for the spin conductance (SC) near

interfaces. In spin pumping, the SC or mixing conductance between a ferromagnetic layer

and non-magnetic metallic layer has been calculated at zero temperature using first principle

methods [18]. In spin Seebeck effect, the SC between the FI and NM layers has been studied

by model Hamiltonians and the resulting SC is highly temperature dependent [19]. Thus,

the spin conductances for the thermally driven spin Seebeck effect and for the spin pumping
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are quite different even though the interface is identically same. There are also theoretical

studies involving AFI layer. Adachi and Ohnuma et al. calculated the spin current due to

a temperature difference across the AFI/FI and NM interface [20, 26]. Cheng et al. studied

spin pumping from an AFI layer to a NM layer [21]. Recently, Rezende et al. introduced

a mixing conductance for the interfaces between FI and AFI layers phenomenologically

without calculating its temperature or material dependence [22].

In this paper, we develop a theory to formulate the SC for interfaces with different

material combinations by using a generic interface exchange Hamiltonian, with an emphasis

on the temperature dependence of the SC. The paper is organized as follows. In Sec. II,

we introduce the concept of spin battery for three different spin current generators, define

the interface SC, and summarize our results for various interface SCs in Table I. In Sec. III,

we provide detailed models and calculations to support the results in Table I. In Sec. IV,

we apply the above SCs to the FI/AFI/NM trilayers and compare our results to available

experiments. The excellent agreement with the experimental data are obtained. We conclude

the paper in Sec. V.

II. SUMMARY OF INTERFACE SPIN CONDUCTANCE

The interface SC is defined as the ratio of the spin or angular momentum current across

the interface to the spin voltage drop at the two sides of the interface. The spin voltage is

provided by a spin battery. Followed the three spin current generators introduced in Ref.

[23], we define the spin battery voltage in each case before calculating the SC.

First, the spin voltage of the “spin pumping battery” [24], which is generated by an

external microwave source such that the magnetization of ferromagnetic layer undergoes

precession motion in the ferromagnetic resonance (FMR) condition, can be defined as

Vsp =
h̄

2
m× dm

dt
, (1)

where m is the dimensionless unit vector representing the direction of the magnetization of

the layer. It is understood that the spin pumping battery provides non-equilibrium magnons

with zero wave number (k = 0).

The second spin battery is created by a temperature gradient across a FI layer [27, 28].

The presence of the position-dependent temperature T = T (x) in the FI layer (x < 0) leads
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to a non-uniform local magnon density

n(x) =

∫
dεqg

F
m(εq)N0(εq, T )

where N0(εq, T ) = [eεk/kBT − 1]−1 is the Bose-Einstein distribution function and gFm(εq) is

the FI magnon density of states. The magnon diffusion generates a magnon current in the FI

layer. When the magnon current flows to the interface, a non-equilibrium magnon density

is accumulated near the interface. These non-equilibrium magnon accumulation becomes a

spin voltage that can excite spin degree of freedom at the other side of the interface. In the

open circuit condition (i.e., an isolated FI layer without a contacting layer), the magnon

accumulation is proportional to the magnon diffusion length. Thus, we define the thermally

driven spin battery voltage as

Vth = λF
d(kBT )

dx
m (2)

where kB is the Boltzmann constant and λF is the magnon diffusion length within the FI

layer.

The third battery is built up in a non-magnetic layer such as Pt with a large spin Hall

angle. When an in-plane current is applied to the NM layer, a spin Hall current flowing

perpendicular to the charge current is generated. Similar to the magnon accumulation for

magnetic materials, electron spin accumulation is built near the interface and scales with

the spin diffusion length in the open circuit condition [29]. The spin Hall battery voltage in

this case is

Vsh = eθshρλNẑ× je (3)

where e is the electron charge, θsh is the spin Hall angle, λN is the spin diffusion length

within the NM material, ρ is the resistivity, ẑ is the unit vector normal to the interface, and

je is the electron current density.

We emphasize a few points on the above definitions: 1) we have chosen the unit of the

spin battery to be that of energy, 2) the spin battery is a vector which characterizes the

direction of the angular momentum (note that the spin pumping battery is transverse to

m and the temperature gradient battery is parallel to m), 3) the battery “stores” different

forms of spin angular momenta: zero-wave number magnons for spin pumping battery,

magnon accumulation with a broad distribution of wave numbers for the thermal battery,

and electron spin accumulation for the spin Hall battery.
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TABLE I. List of spin conductance Ginta
2 (a is the lattice constant) of several magnetic interfaces

driven by different batteries. In these bilayer structures, the spin current across the interface is

js = GintV/[2π(1 + ε)] where ε characterizes a backflow spin current and will be calculated in late

sections. The Table gives the dependence of the SC on temperature T , interface coupling strength

Jint, electron density of states at Fermi level ge(EF ), Curie temperature TC , and Néel temperature

TN .

Batteries Interface Hint Ginta
2

Spin

pumping

FI/NM Jinta
+
0 c

+
k↑ck′↓

(
Jintge(EF )

)2
FI/AFI Jinta

+
q1
aq2

a0βq3

J
2
int

(kBTC)(kBTN)

(
T
TC

)2
T
TN

Temperature

gradient

FI/NM Jinta
+
q c

+
k↑ck′↓

(
Jintge(EF )

)2 (
T
TC

)3/2
FI/AFI Jinta

+
qαq′

J
2
int

(kBTC)(kBTN)

(
T
TC

)1/2
T
TN

Spin Hall

NM/FI (µs ⊥m) Jinta
+
0 c

+
k↑ck′↓

(
Jintge(EF )

)2
NM/FI (µs ‖m) Jinta

+
q c

+
k↑ck′↓

(
Jintge(EF )

)2 (
T
TC

)3/2
NM/AFI (µs ‖ n) Jint

(
α+
q + βq

)
c+k↑ck′↓

(
Jintge(EF )

)2 (
T
TN

)2

These spin batteries, in Eqs. (1), (2), and (3), are defined for an isolated layer, i.e, in

the absence of spin current. When the battery is connected to a layer which is capable of

carrying spin momenta, a spin current flows in the neighboring layer as well as in the battery

layer. Thus, both internal spin current (within the battery layer) and external spin current

will “consume” spin angular momentum. However, the comparison between charge and spin

batteries on the internal and external resistance or conductance shows one fundamental

difference: the electric current is conserved but the spin current is not, thus the addition of

the resistance in series is no longer valid for the spin resistance; we shall illustrate in later

sections on how to calculate the spin current with many layers or many spin conductors in

series. The main goal of the present paper is to calculate the SC at finite temperatures,

for interfaces between different materials and for three different batteries. We shall first

tabulate our calculated results in Table I. The explanation of the Table I is given below and

the detailed derivation of these results will be given in the next Section.

Table I shows the spin conductance for three spin batteries. In the first two cases in which
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the battery layer is a FI, we consider two bilayers, FI/NM and FI/AFI. In the third case,

the battery is the NM layer and we consider NM/FI and NM/AFI interfaces. In all bilayers,

the total spin current also depends on the backflow [30]: when the battery generates a spin

current in the neighboring layer, a spin or magnon accumulation will be established in the

layer, which in turn, flows a portion of the spin current back to the battery, resulting a

smaller interface spin current. The backflow parameter, ε, is determined by the ratio of the

spin conductance at the interface to that in the layers. In a bilayer structure, the backflow

parameter for three batteries has the same form, ε = Gint/GL +Gint/GR where GL/R is the

spin conductance of the left/right layer, see next section for details.

For spin pumping at FI/NM interfaces, the angular momentum current conversion occurs

between the zero wave number magnons in the FI layer and the conduction electron spins

in the NM layer [3]. The spin conductance in this case has been identified as the mixing

conductance. The temperature dependence is unimportant since the conduction electron

distribution is weakly dependent on temperature. For other interfaces, i.e., FI/AFI, the spin

conductance involves conversion from FI magnons to AFI magnons with broadly distributed

wave numbers. Since the density of the magnons is highly temperature dependent, one

expects a similar dependence for the SC. The SC in Table I is for low temperatures (lower

than Néel or Curie temperatures) where the temperature dependence can be analytically

derived. For higher temperatures, analytical expressions are unavailable; we will present

the numerical results in later Sections. The spin conductances for the temperature gradient

battery are shown with the same two interfaces, FI/NM and FI/AFI. In both cases, there

are strong temperature dependence.

Spin conductance for the spin Hall battery is also summarized. It is interesting to note

that the electron spin current from the spin Hall battery can excite two types of magnons:

coherent zero wave number magnons which represent the uniform magnetization precession

or spin transfer torque (µs ⊥m), and incoherent magnons that produce a dc magnon current

(µs ‖ m or µs ‖ n). When driven by the spin Hall effect, the interface spin conductance is

either same as the spin pumping conductance or the thermal conductance depending on the

relative direction between the electron spin accumulation and the magnetization. We will

further discuss these in next section. It is noted that the magnetic metal is not included in

this paper because of an additional complication: a magnetic metal has both magnons and

conduction electron spins, and thus spin current in different layers will involve much more
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channels; we will leave such complication for further studies.

III. CALCULATION OF SPIN CONDUCTANCE

In this Section, we derive the conductances shown in Table I. We start with specifying the

model Hamiltonian for each layer and determining the dispersion relations of equilibrium

quasi-particles including the ferromagnetic and antiferromagnetic magnons. By using a

generic exchange coupling between spins of the two layers at the interface, we compute the

interface spin conductance and total spin current include backflow.

A. The model systems and spin Hamiltonians

We first consider simple models for each individual layer. For nonmagnetic metals, the

spin current carriers are conduction electrons whose dispersion relations are described by

free electron model, i.e., εk = (h̄k)2/2me. For FI or AFI, we model the spin Hamiltonian

below,

H = ±Jex
∑
〈i,j〉

Si · Sj −Hext

∑
i

Szi −K
∑
i

(Szi )2 (4)

where Jex is the exchange constant between nearest neighbors, Hext is the external magnetic

field applied in the z direction and K is the easy axis anisotropy constant.

When choosing the minus sign in the above Hamiltonian, the spin lattice has a ferro-

magnetic ground state. Within the spin wave approximation, one can readily obtain the

low-energy quasiparticle spectrum as

HF =
∑
q

εFqa
+
q aq (5)

where εFq = 2JexSZ(1 − γq) + 2KS + γ0Hext is the magnon dispersion, Z is the number of

nearest neighbors, S the magnitude of each atomic spin and γq = 1/Z
∑

δ e
iq·δ where δ runs

over all nearest neighbor positions. ∆F = 2KS is the FI magnon gap.

With the positive sign, the Hamiltonian describes an antiferromagnetic lattice. Within

the spin wave approximation, the magnon spectra are

HA =
∑
q

(
εαqα

+
qαq + εβqβ

+
q βq

)
(6)
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where αq and βq represent two branches of magnon and εα,βq = JexSZ
√

(1 + 2K/JZ)2 − γq ±

γ0Hext. ∆A =
√

2KS × JexSZ is the AFI magnon gap .

There are two important distinctions between the FI and AFI magnons. First, the FI

magnon has a small energy gap determined by the anisotropy while the AFI magnon has a

much larger gap because it scales with the geometrical average of the exchange constant and

the anisotropy. Another distinction is that each F magnon carries an angular momentum

−h̄ with respect to the magnetization direction while in the AF lattice, a magnon in one

branch (αq) carries −h̄ and the other (βq) carries h̄. A αq magnon represents the mode

with a larger precession angle for sublattice A than B, i.e., θA > θB. While both θA and

θB depend on q, the angular momentum is Lα = −NASh̄
[
(θAq )2 − (θBq )2

]
≡ −h̄ for a α

magnon and Lβ = h̄ for a β magnon, where NA is the number of spins in the AFI lattice

[31]. In the absence of the external magnetic field, αq and βq magnons have exactly same

energy, indicating that these two degenerate magnon branches are equally populated at any

temperature, and thus there is no net magnetization or spin current at equilibrium.

Having specified the angular momentum carriers in each layer, we now introduce the spin

interaction between two materials in contact. A generic exchange interaction at the interface

between two spins would be simplest and universal,

Hint = −Jint
∑
i

S
(L)
i · S

(R)
i (7)

where S
(L)
i (S

(R)
i ) represents the spin at the interface of the left (right) layer. For the FI or

AFI layers, Si refers to the spin at the local site, while for the NM, Si denotes the spin of

conduction electrons at the interface.

B. Spin conductance of a spin pumping battery

The spin pumping battery has widely been used for the generation of the spin current in

NM layers. The SC has first been formulated via interfacial reflection and transmission co-

efficients in the scattering approach [2]. Other models [3], including a simple linear response

theory [32], yield essentially same result. Here we briefly re-derive it with Eq. (7) for the

FI/NM interface and then continue with the derivation for the FI/AFI interface.
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The second quantization of Eq. (7) at the FI/NM interface is

Hint = −Jint
√

2SF

∑
kk

′
q

(
a+q c

+
k↑ck′↓ +H.c.

)
δk′

,k+q (8)

where c+kσ (ckσ) is the conduction electron creation (annihilation) operator, NF (NN) is

number of lattice sites of FI (NM) at the interface and SF is the magnitude of each FI spin.

The spin current across the interface is,

js =

〈
1

iAI

[∑
q

a+q aq, Hint

]〉
(9)

where [, ] is the quantum commutator, 〈〉 refers to the average over all states and AI is the

interface cross area. Use the rough interface approximation, we don’t impose the momentum

conservation in Eq. (8). By placing Eq. (8) into Eq. (9) and by utilizing the random phase

approximation, we find

js =
2πJ2

intSF

NFNNAI

∑
kk

′
q

[
(NF

q + 1)(1− fk↑)fk′↓ −N
F
q fk↑(1− fk′↓)

]
δ(εFq + εk − εk′) (10)

where NF
q and fk′

s are the magnon and electron distribution functions. In thermal equilib-

rium, the magnons and electrons can be described by the Boson and Fermion statistics.

For the spin pumping voltage, the magnon distribution is the sum of the thermal magnon

N0(εq, T ) and coherent q = 0 magnons δq0NFSF sin2 θ representing the uniform precession

driven by microwave magnetic field, where θ is the magnetization precession angle. The

energy of a q = 0 magnon is given by the FMR frequency ω, i.e., εFq=0 = h̄ω. Inserting the

distribution function into Eq. (10), we find

jsp,NM
s = 2πh̄J2

intS
2
Fa

4
Ng

2
e(EF)ω sin2 θ (11)

where aN is the lattice constant of the NM material and ge(EF) the electron density of states

near Fermi energy. Under the FMR condition, we identify ω sin2 θ as the dc component of

m× dm
dt

. Compare with the definition of the spin conductance js = Gsp
F/NVsp/2π, we find,

Gsp
F/N = 8π2J2

intS
2
Fa

4
Ng

2
e(EF). (12)

The above SC is also known as the mixing conductance [2]. After discarding the unimpor-

tant constants, Eq. (12) is listed in the first row of Table I. We note that Ohnuma et al.
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have already derived the SC using similar method, but expressed the result in terms of ferro-

magnetic susceptibility [3]. By replacing the susceptibility with the Lindhard susceptibility

of a non-magnetic metal, one will directly get the mixing conductance derived here.

Next, we calculate the spin pumping conductance for a FI/AFI interface. The second

quantization of Hint in Eq. (7) gives the coupling between FI and AFI magnons. The lowest

order terms refer to two magnon interactions. The angular momentum conservation limits

the possible two-magnons processes to a0(α
+

q
′ + βq′) and its complex conjugate. However,

such process is prohibited by the energy conservation: the energy of the FMR frequency or

q = 0 magnon is too small to excite any magnon in the AFI. Thus, the angular momentum

current across the interface must go through at least four magnon processes. By expanding

Eq. (7) to four magnon operators, we obtain a number of terms which satisfy both energy

and angular momentum conservation. For example, the term a+q1
a0aq2

βq3
represents the

transfer of the angular momentum in the FI by annihilating a q = 0 and two thermal

magnon of the FI layer, and simultaneously annihilating a β magnon in the AFI layer, as

long as εFq1
= εF0 + εFq2

+ εαq3
. After tedious but straightforward calculations, we find the spin

current across the interface via such four magnon processes can be written as

jsp,AFI
s =

πJ2
intSA

8NFNA

∑
q1q2q3

(
ζ2q3

+ ζ−2q3

)
δ
(
εFq1
− εFq2

− εαq3
− εF0

)
(13)[

(NF
q1

+ 1)NF
q2
Nα

q3
NF
q=0 −NF

q1
(NF

q2
+ 1)(Nα

q3
+ 1)(NF

q=0 + 1)
]

where ζ2q = |(θA − θB)/(θA + θB)| [33] and θA (θB) is the precession angle for a given spin

wave mode, NF
q1/2

and NF
q=0 are the FI magnon distribution functions, and Nα

q3
are the

distribution functions of AFI α magnons; in the long wavelength limit, ζ2q ' εq/JexSAZ. By

inserting the ferromagnetic resonance driven magnon distribution function, Nq = N0(εq, T )+

δq0NFSF sin2 θ, we find the SC at FI/AFI interface due to the a+q1
a0aq2

βq3
process, Gsp

A/F =

2πjsp,AFI
s /Vsp, is

Gsp
A/F = a5Fa

2
A

J2
intSA

32kBT

∫
dεq

∫
dεq′

(
ζ2
q
′ + ζ−2

q
′

)
gFm(εq)gAm(εq′)gFm(εq + εq′) (14)

csch2 εq
2kBT

csch2
εq′

2kBT
csch2

εq + εq′

2kBT

where aF (aA) is the FI (AFI) lattice constant and gA/Fm (ε) is the AFI/FI magnon density of

states. For temperatures much lower than the Curie and Néel temperatures, Eq. (14) reduces

to the value listed in the second row of Table I where the unimportant numerical factors
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are discarded. The term a+q1
a0aq2

α+
q3

makes identical contribution to the spin conductance

that shown in Eq. (14). Notice that the interaction in Eq. (7) also contains other four

magnon terms involving three AFI magnons and one q = 0 FI magnon like a0α
+
q1
α+
q2
αq3

and

so on. Below the Néel temperature, the spin pumping conductance from those terms can be

estimated as a−1F a−1A
J
2
int

k
2
BTCTN

(
T
TN

)5
. The total spin pumping conductance is the sum of all

these contributions.

As we have discussed earlier, the total spin current depends on the backflow. The backflow

can be easily included if the layer thickness is much larger than the relevant length scales

such as the spin or magnon diffusion lengths. The spin current provided by the spin battery

decays in the layer; this creates a spin accumulation or magnon accumulation that drive a

backflow spin current. One may introduce a spin conductance GN = (h/2e2)(1/ρλN) as the

spin conductance for the NM layer and similarly, GF and GA for the FI and AFI layers. The

Onsager reciprocal relation can be used to determine the backflow current [34] such that

the total spin current across the interface is reduced by (1 + ε)−1 where the backflow factor

ε = Gsp
int(G

−1
F + G−1N ). We will discuss the relative magnitudes of these SCs when we apply

our theory to a concrete multilayer.

C. Spin conductance of a temperature gradient spin battery

The spin Seebeck current across a FI/NM bilayer has been theoretically studied in dif-

ferent methods [25–28]. In this work, we follow the magnon diffusion theory used in Refs.

[27, 28]. Far from the interface, the temperature gradient perpendicular to the interface

drives a magnon current. The magnon current leads to a non-equilibrium magnon accumu-

lation near the interface. In contrary to the spin pumping case where the non-equilibrium

magnons only exists for q = 0, there is a broad magnon spectrum distribution. For the

FI/NM interface, the interaction in the spin wave approximation is same as Eq. (8) and the

expression of Eq. (10) remains valid. However, we need to replace the magnon distribution

by,

NF
q =

1

e(Eq−µm(x))/kBT − 1
(15)

where we have introduced the spatial dependent magnon chemical potential, µm(x). At

equilibrium, µm(x) is identically zero. In the presence of magnon accumulation, µm(x)
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characterizes the number of the non-equilibrium magnons,

δn(x) ' gFm(T )µm(x). (16)

where gFm(T ) = −
∫
dεgFm(ε)∂εN0(ε, T ). By inserting the non-equilibrium distribution func-

tions, NF
q and fkσ = f0 − ∂f0

∂Ek
µσ(0+) into Eq. (10), we find the spin current at the interface

is,

jth,NM
s (0) =

Gth
F/N

2π

[
µm(0−)− µs(0+)

]
(17)

where µs(0
+) = µ↑(0

+)− µ↓(0+) is the spin split chemical potential at the interface and

Gth
F/N =

π2J2
intSF

kBT
a3Na

4
Fge(EF)2

∫
dεqg

F
m(εq)εqcsch2 εq

2kBT
(18)

is the thermal driven interface spin conductance. If the temperature is lower than the Curie

temperature of the FI, the SC reduces to a simple T 3/2 power law listed in Table I. The

inclusion of the backflow can be similarly done; the calculated backflow parameter ε has

same forms as that of the spin pumping, with one distinction: in the present case, GF is

the spin conductance for the longitudinal spin current (proportional to the magnon-diffusion

length), while GF in the spin pumping battery is for the transverse spin current where the

spin dephasing length is much smaller.

The second interface for the thermally driven spin battery is the FI/AFI interface in which

the thermal magnons in the FI transfer to the magnons in the AFI layer. In contrast to the

spin pumping battery where the two magnon process is prohibited, the thermal magnons

have a broad spectrum of the magnon energy in the FI layer and thus it is possible to directly

transfer one FI magnon to one AFI magnon, i.e., the interface spin exchange interaction in

the form of Jintaqα
+

q
′ leads to a spin current across the interface,

jth,AFI
s =

2πJ2
intSFSA

AI

∑
qq

′

(
ζ2
q
′ + ζ−2

q
′

) [
NF

q (Nα
q
′ + 1)− (NF

q + 1)Nα
q
′

]
δ(εFq − εαq′) (19)

where NF
q and Nα

q
′ are the FI and AFI magnon distribution functions respectively. Notice

that only the transmission from FI magnon to the αq branch of AFI magnon can conserve

energy and angular momentum at the same time. Following the similar procedure in deriving

the SC of FI/NM spin interface, we find the interface current

jth,AFI
s (0) =

Gth
F/A

2π

[
µm(0−)− µm(0+)

]
(20)
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where µm(0−/+) measures the non-equilibrium FI/AFI magnon accumulation at the inter-

face, and the interface conductance is

Gth
F/A =

π2J2
intSFSA

kBT
a2Fa

2
A

∫
dεq

(
ζ2q + ζ−2q

)
gFm(εq)gAm(εq)csch2 εq

2kBT
(21)

D. Spin conductance with the spin Hall battery

The sources of the spin current in previous two batteries reside in the FI layer. We

next consider a non-magnetic layer with a large spin Hall angle as a spin battery. As we

have introduced earlier, an in-plane charge current creates a spin voltage in the direction of

ẑ × je due to the spin Hall effect. For a ferromagnetic layer in contact with the spin Hall

battery, the spin current would depend on the relative direction between the magnetization

m and the spin voltage. If m is perpendicular to the spin voltage ẑ × je, the spin current

entering the ferromagnetic layer decays within very small length, resulting a spin torque

at the interface. This spin conductance at the FI/NM interface is the same as the mixing

conductance defined in Eq. (12). There are quite extensive studies on the magnetization

switching by the spin Hall current [35, 36]. In the case where m ‖ ẑ × je, the spin Hall

battery creates non-equilibrium magnons in the FI layer. The spin conductance for the

parallel case is identical to the Gth
F/N shown in Eq. (18). Both spin conductances have been

already calculated previously [19, 37], we have listed them in Table I. Here we present the

calculation for the NM/AFI interfaces.

The Hamiltonian in Eq. (7) within the spin wave approximation is

Hint = −Jint
√

2SA

∑
kk

′
q

[
ζq(α+

q + βq)c+k↓ck′
,↑ +H.c.

]
δk′

,k+q

+
[
ζ−1q (α+

q − βq)c+k↓ck′
,↑ +H.c.

]
δk′

,k+q+G (22)

where the first term is normal scattering, the second term stands for the Umklapp scattering

[21] and G is half of the reciprocal NM lattice vector. Again, we don’t impose the momentum

conservation at the interface in the following calculation. The angular momentum current
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across the interface is

js =
2πJ2

intSA

NANNAI

∑
kk

′
q

(
ζ2q + ζ−2q

) [
(Nα

q + 1)(1− fk↑)fk′↓ −N
α
q fk↑

(
1− fk′↓

)]
δ
(
εk + εαq − εk′

)
−
(
ζ2q + ζ−2q

) [
(Nβ

q + 1)fk↑(1− fk′↓)−N
β
q

(
1− fk↑

)
fk′↓

]
δ
(
εk − εβq − εk′

)
(23)

By placing the non-equilibrium distribution of the battery into Eq. (23), we find,

Gth
N/A =

2π2J2
intSA

kBT
g2e(EF)a4Na

3
a

∫
dεq

(
ζ2q + ζ−2q

)
gAm(εq)εqcsch2

(
εq

2kBT

)
. (24)

The above SC is applied to the case when the spin battery is parallel to the staggered

magnetization of the AFI. The superscript “th” (thermal) indicates the above spin conduc-

tance involves the spin convertance between conduction electrons and magnons across the

whole spectrum instead of only the k = 0 mode. When they are perpendicular, a spin

current driven spin torque on the AFI has been proposed; this will involve the coherent AFI

magnon generation by the spin Hall battery [21].

IV. APPLICATION FOR MULTILAYERED STRUCTURES AT HIGH TEMPER-

ATURES

In Table I, we have listed the interface spin current and conductance of bilayers with

semi-infinite thickness for each layer. Experimentally, there can be more than two layers

whose thicknesses are comparable to the spin or magnon decaying length. Furthermore,

experiments are usually carried out at room temperature which is not much lower than the

Curie or Néel temperatures. For example, the spin current with a thin NiO is largest near

the Néel temperature [13–15] . Thus, in the following, we describe how the interface SCs

in Table I are applied to multilayers with finite thickness and how these SCs changes at

temperatures near or above critical temperatures.

A. Boundary conditions for spin currents in multilayers

Similar to the electron spin transport in metallic multilayers, we need boundary conditions

and the spin/magnon diffusion equations within each layer. The SC in Table I will be used
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as boundary conditions at x = 0,

js(0
+) = js(0

−) =
Gint

2π

[
µ(0+)− µ(0−)

]
(25)

where Gint is the interface SC for a particular interface, and µ(0+) [µ(0−)] represents the

chemical potential of the electrons or magnons at the right [left] interface. Within each

layer, including the battery layer, the spin current is given by

js(x) = jb(x)− σdµ(x)

dx
(26)

where jb(x) is the source spin current in the battery layer and is zero elsewhere. To illustrate

how these boundary conditions along with the diffusion equations determine the spin current

in the entire multilayers, we take an example of a trilayer consisting of FI/AFI/NM, driven

by a temperature gradient battery across the FI layer. The spin/magnon chemical potentials

in each layer has the following forms: µm = C1 exp(x/λF) in the FI layer (x < 0), µm(x) =

C2 exp(−x/λA) + C3 exp(x/λA) in the AFI layer (0 < x < dA) and µs(x) = C3 exp(−x/λN)

in the NM layer (x > dA) where dA is the thickness of the AFI layer, λF, λA, and λN are

the diffusion lengths in each layers. of the AFI layer. By using the boundary conditions,

Eq. (25) for the interfaces FI/AFI and AFI/NM at x = 0 and x = dA, four constants of

integration Ci (i = 1−4) are readily determined. While the expression of the spin current is

rather lengthy and cumbersome for an arbitrary thickness of the AFI, it takes a particularly

simple form if we assume 1) the thickness of the AFI is much smaller than λA so that there is

no spin current decay in the AFI layer, and 2) the interface spin conductance of the FI/AFI

is much larger than that of the NM/AFI interface. We find the spin current in the NM layer

is

jtris (x) =
Gth

N/A exp(−x/λN)

1 +Gth
N/A/GF +Gth

N/A/GN

Vth

2π
(27)

If we further approximate the FI as a good spin sink so that one may neglect the second term

in the denominator [28]. Comparing the spin current above to that of the bilayer FI/NM,

i.e., without the AFI insertion, we have

ηth ≡
jtris

jbis
= 1 +

(a− 1)GN

Gth
N/A +GN

(28)

where

a =
Gth

N/A

Gth
F/N

= C ′
(
JNiO/Pt

JYIG/Pt

)2(
T

TN

)2(
T

Tc

)−3/2
(29)
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C ′ is a numerical constant of the order of 1, JNiO/Pt and JYIG/Pt are the interface exchange

constants and we have used the interface SC of Table I.

Interestingly, if a � 1, i.e., the spin conductance for NiO-Pt interface is much larger

than YIG-Pt interface, the enhancement with an AFI layer insertion is significant and the

largest occurs at high temperatures. We will further address the enhancement in the next

subsection. Next, we consider the same trilayer structure by replacing the thermal battery

with a spin pumping battery. Within the same approximation, the spin current in the NM

layer is

jsp,tris (x) =
h̄

4π

Gsp
F/A exp(−x/λN)

1 +Gsp
F/A/G

th
N/A +Gsp

F/A/GN

m× dm

dt
. (30)

Notice that at the YIG/NiO interface, the battery is magnetization precession in the YIG

layer. Thus, we use Gsp
F/A as the interface conductance. At the NiO/Pt interface, the

spin battery is the magnon accumulation with broad wave number distribution, and the

interface spin conductance is given by Gth
N/A. Again, the spin pumping current vanishes at

low temperature, reflecting the fact that magnon or spin current is blocked by either the

FI/AFI or AFI/NM interface at low temperatures. The spin current enhancement with the

AFI layer is,

ηsp = 1 +
(b− 1)(GN +Gsp

F/N)

Gsp
F/A

(
1 +GN/G

th
N/A

)
+GN

(31)

where b = Gsp
F/A/G

sp
F/N.

B. Modeling spin current at elevated temperatures

As our theory is built on the spin wave approximation, one would expect the theory not

applicable to high temperatures, in particular, near the transition temperature. However,

the most interesting features with the AFI layers discovered experimentally occur at a tem-

perature near or even above the Néel temperature [13, 14]. Thus, it is desirable to extend

the formalism with reasonably approximations.

The spin transport near transition temperatures is in general an unresolved theoretical

issue. While there are a number of approximate methods to treat the critical phenomena,

no rigorous theory exists for a wide range of temperatures. Here we should remain to use

the spin wave approximation with one limitation: above the transition temperature, the

spin wave approximation breaks down since spin correlation length becomes finite. In early
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FIG. 1. (Color Online) The spin Seebeck signal enhancement factor, ηth, as a function of temper-

ature for various spin conductance of the NM layer from GN = 1, 2, 5, 10,∞ (1018m−2), calculated

by using Eq. (28). The parameters are aF = 1.39 nm, aA = 0.42 nm, TC = 560 K, TN = 160 K

(tNiO = 0.6 nm), ge(EF ) = 3ne/2EF with ne = 5 × 1022cm−3 and EF = 5 eV. JYIG/Pt = 0.07

eV and JNiO/Pt = 0.13 eV are the sd constant at the interface. (a) The enhancement factor for a

number of spin conductance of the NM layer. (b) Comparison of the experimental points [14] with

the theoretical curve for GN = 6.7× 1018m−2.

theories and neutron scattering experiments, it was indeed found that the spin wave with

long wavelengths loses its meaning, but the short wavelength magnon remains intact [38, 39].

For example, the spin correlation length of NiO is

ξ = l

(
T − TN
TN

)−ν
(32)

where l = 1.2aNiO, aNiO = 0.42 nm is the lattice constant of NiO and ν = 0.64 [39].

The magnon whose wavelength is shorter than ξ has well-defined dispersion relation [38],

indicating the presence of short-range AF spin correlations. We thus modify our spin wave

approximation by assuming a cutoff energy h̄ωqc where qc = 1/ξ such that Nq = 0 for q < qc.

When the temperature increases, the long wavelength magnons do not participate transport.

With this modification, we are able to address the spin current propagation for a wide range

of temperatures.

As an example, we consider the same FI/AFI/NM (YIG/NiO/Pt) trilayer. At high tem-

peratures, we no longer use Table I for the interface SC. Instead, we will use the general

expression, Eqs. (18) and (24) by placing the cutoff energy as a lower bound of the integra-
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tion. In Fig.1(a), we show the spin current enhancement as a function of the temperature

for a thermal battery for different NM spin conductance. As the temperature increases, the

number of magnons and the interface conductance increase, thus the spin current, mediated

by the magnons in the AFI layer increases. When the temperature reaches to the Néel tem-

perature of the AFI (Note that the Curie temperature of YIG is much higher), the number of

magnons participating the angular momentum transport begins to decrease due to removing

of the long wavelength magnons. Meanwhile, the spin current in the bilayer structure keeps

increasing with temperature when TN < T < TC. Thus, both the spin conductance Gth
N/A

and the enhancement factor ηth are maximum near the Néel temperature. We notice that

spin current peak at the transition temperature has been obtained by Okamoto by using a

different approach [42]. The enhancement is reduced as the NM layer SC decreases due to

enhanced back flow, consistent with Eq. (29). Interestingly, the peak position occurs at a

lower temperature for smaller SC of the NM layer; this can be explained as follows. When

Gth
N/A becomes larger than GN, the spin current in the YIG/NiO/Pt trilayer saturates, while

for the YIG/Pt bilayer, spin current continues to increase with temperature since Gth
N/F re-

mains smaller than GN. Notice that the calculated ηth deviates the T 1/2 law even at low

temperatures due to the large AF magnon gap. In Fig. 1(b), we compare our calculations

with GN measured in previous publication [43]; the agreement is considered to be excellent

[14].

V. DISCUSSIONS AND CONCLUSIONS

We have developed a theory based on spin current transfer at interfaces. The different

spin current carriers are mutually converting via an interfacial spin exchange Hamiltonian.

Within the spin wave approximation, we are able to explicitly formulate the SC for different

sources of the spin current (spin batteries) and for different interfaces at finite temperature.

We point out that the SC studied here is for quasi-particle spin transport, i.e., the spin

current carriers are incoherent low-energy quasiparticles, which is different from the “super-

current” carried by the macroscopic classical magnetization (coherent magnons), or the order

parameter. For the quasiparticle transport, the quantum statistics governs the temperature

dependent properties. In general, both incoherent and coherent magnons contribute to the

spin transport.
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Our theory is particularly effective to be used for multilayered structure at finite tem-

perature with arbitrary layer thickness. Using the diffusion equation for each layer along

with the interface SCs, one is able to determine the spatial and temperature dependence

of the spin current. The spin battery, which is an extension of the spin pumping battery

introduced earlier [24], is a convenient concept that can be used to describe the spin current

flow. In analogy with an electric battery: the spin battery has just one terminal while the

electrical battery must have at least two terminals because of the conservation law imposed

to the charge current. The non-conservative nature of spin current has also been studied

by Camsari et al. in a recent publication [44]. For the spin battery, one can still use spin

Ohm’s law, i.e., dVs(x)/dx = js(x)G−1s (x) where G−1s (x) is a local spin resistivity. Due to

non-conservative nature of the spin current, the spin current js(x) is no longer a constant

throughout the layers. Thus, the spin Ohm’s law alone (even if Gs is known) cannot deter-

mine the spin current. In this paper, we have provided a general scheme for computing the

spin current.

Our theory provides a natural explanation to the temperature dependence of current

propagation through FI and AFI insulators. Recent experiments on Pt/YIG/Pt have con-

firmed our earlier prediction [19]. The spin current enhancement by inserting a thin NiO

layer at the interface of the YIG/NM [13, 14], quantitatively supports our theory. The other

theories based on the order parameter spin transport [40, 41] have not taken into account

finite temperature effects.
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