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Abstract

Oxygen interstitial site energies and migration barriers in 15 HCP metals have been calculated with first-

principles density functional theory. Multiple HCP systems show a preference for the hexahedral site over

the tetrahedral site, as well as a stable crowdion site. More surprisingly, in more than half of the HCP

systems, the oxygen does not choose the large octahedral interstitial as its ground-state. We explain this

result based on the effective valence of the metal from crystal field splitting and the c/a ratio. Diffusion

constants for oxygen in all 15 HCP systems are calculated from analytically derived diffusion equations and

match available experimental data.

PACS numbers: 61.72.S-, 66.30.Lw

1



I. INTRODUCTION

The presence of light element impurities determine many materials properties in metals, in-

cluding phase transition kinetics1, precipitates in semiconductors2, and hydrogen embrittlement

in steels3. Oxygen content in particular need to be carefully controlled to balance the increase

in hardness with decrease in ductility4. While many studies have experimentally measured5–20 or

computationally predicted21–24 the diffusion of oxygen through various metal alloy systems, there

is a lack of a fundamental atomistic understanding of how oxygen diffuses through many basic

metal systems in a systematic manner.

The hexagonal close-packed (HCP) crystal structure is space group25 194, P63/mmc; and is the

low temperature phase for many elements. Even in this simple lattice it is difficult to experimen-

tally determine the atomistic mechanisms for interstitial diffusion. Contributing to this difficulty

is the short residence time of the interstitial species at meta-stable configurations. However even

the exact ground-state configuration can be hard to confirm since low interstitial solubility limits

the use of X-ray diffraction.

We conduct a systematic first-principles study of various oxygen interstitial sites and diffusion

pathways through all 15 HCP elements (not including the lanthanides): Be, Cd, Co, Hf, Mg, Os,

Re, Ru, Sc, Tc, Ti, Tl, Y, Zn, and Zr. We find a variety of metastable configurations for the

oxygen interstitial which results in four diffusion networks for oxygen in these 15 HCP metals.

The relative stability of octahedral or tetrahedral sites in different metals is understood based on

the effective valence from crystal field splitting and the c/a ratio. We derive analytic diffusion

equations for each of the four networks and find good agreement with available experimental

oxygen diffusion data. This work showcases the variety of diffusion behavior for oxygen in HCP

metals.

II. COMPUTATIONAL DETAILS

First-principles calculations are performed with VASP26–29, a plane-wave density-functional the-

ory (DFT) code. Oxygen and each of the 15 HCP elements are treated with projector augmented-

wave (PAW) method30 with the PBE generalized gradient approximation31. Table I lists the valence

configuration for all pseudopotentials used. To accurately describe the diffusion of oxygen in the

Co system we conduct spin-polarized calculations. We choose the PAW method in order to obtain

2



the all-electron charge densities for analysis with improved Bader integration32,33. We use a single

oxygen atom with 96 lattice atoms in a 4× 4× 3 HCP supercell with 4× 4× 4 k-point mesh. A

plane-wave cutoff of 400eV is used for all metals and is converged to 0.3meV/atom. The k-point

mesh with Methfessel-Paxton smearing of 0.2eV is converged to 1meV/atom. To determine en-

ergy barriers for interstitial hops, we use the climbing-image nudged elastic band34,35 method with

one intermediate image and constant cell shape. Since we only consider simple transitions involv-

ing only a single interstitial atom, one image is sufficient to determine the transition saddle point.

With the climbing-image modification, the force on the image along the path is negated, while

components perpendicular to the path are unchanged; the image relaxed to an extremum where

the forces are less than 5meV/Å, and restoring forces confirm that this extremum is a first-order

saddle point.

TABLE I. PAW pseudopotential valence configurations for the 15 HCP elements and oxygen.

Valence Configurations

O 2s22p4 Ru 4d75s1

Be 2s2 Sc 3s23p63d24s1

Cd 4d105s2 Tc 4p64d55s2

Co 3d74s2 Ti 3p63d24s2

Hf 5p65d26s2 Tl 5d106s26p1

Mg 3s2 Y 4s24p64d15s2

Os 5d66s2 Zn 3d104s2

Re 5d56s2 Zr 4s24p64d35s1

III. RESULTS AND DISCUSSION

Fig. 1 shows the location for various observed oxygen interstitial defects in the HCP lattice as

well as their Wyckoff positions25. For HCP systems the most commonly discussed interstitials

are the octahedral and tetrahedral, with six and four equivalent neighboring atoms, respectively.

Recently, it has been found through DFT calculations that oxygen in titanium occupies the hexa-

hedral site1 rather than tetrahedral and oxygen is also metastable at the non-basal crowdion site in

titanium21. The hexahedral site is five-fold coordinated with three nearest lattice atom neighbors
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in the basal plane and two further neighbors directly above and below. The non-basal crowdion

site is six-fold coordinated with two significantly displaced lattice atom neighbors and four further

neighbors. While all HCP systems contain a (meta)stable octahedral site, the other interstitial sites

are not stable in all systems. Indeed, the tetrahedral and hexahedral sites are mutually exclusive for

all 15 systems studied. It should also be mentioned that for all systems with stable tetrahedral sites,

the oxygen does not reside at the perfect tetrahedral positions as shown in Fig. 1. Rather, oxygen

displaces away from the basal face of the tetrahedral site for Os, Re, Ru, and Tc; and displaces

towards the basal face for the remaining tetrahedral systems. Other high symmetry sites, such as

the basal crowdion were not found to be metastable for oxygen in any of the 15 HCP elements

studied.

Site Wyckoff pos. Site Wyckoff pos.

octahedral 2a (0, 0, 0) hexahedral 2d (23 ,
1
3 ,

1
4)

tetrahedral 4f (23 ,
1
3 ,

1
8) crowdion 6g (12 , 0, 0)

FIG. 1. (color online). Wyckoff positions and unit cell locations for oxygen interstitial sites in HCP systems.

On the left: octahedral (orange) and tetrahedral (blue). On the right: hexahedral (blue) and crowdion

(black).

Fig. 2 shows all possible transitions between interstitial sites in HCP systems. Since tetrahedral

and hexahedral sites do not coexist in any system, no H–T transition networks are shown. For

networks which contain the tetrahedral site, the T–T transition is also included in the figure. The

T–T transition is a local jump between neighboring tetrahedral sites and allows c-axis mobility in

those single networks. Depending on the available interstitials for each system, octahedral sites

may be connected to six distinct tetrahedral sites, six hexahedral sites, six crowdion sites, and two

other octahedrals. Tetrahedral sites connect to three octahedral sites, three crowdion sites, and
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the neighboring tetrahedral site. Hexahedral sites connect to six octahedral sites and six crowdion

sites. Crowdion sites connect to two octahedral sites, two tetrahedral sites, and two hexahedral

sites. The complete oxygen diffusion network for each specific HCP system is the summation of

all the networks in Fig. 2 which contain interstitial sites available to that system.

FIG. 2. (color online). Connectivity network for transitions between interstitial sites in the HCP lattice.

Note that the O–T and T–C networks also include T–T transitions between neighboring tetrahedral sites.

White spheres represent the HCP lattice atoms, orange for octahedral, blue for tetrahedral and hexahedral,

and black for crowdion interstitial sites.

The analytic diffusion equations for each of the individual diffusion networks (Fig. 2) are

given in Table II. The diffusion equations are given in terms of λij , the transition rate for oxy-

gen jumping from site i to site j. At temperature T , λij is equal to the Arrhenius equation:

λij = νij exp(−Eij/kBT ), where νij is the attempt prefactor for the transition and Eij is the

energy barrier relative to the site energy of site i. Please note that since these equations are for the

transition networks independent of one another, comparisons can only be made after applying the

appropriate fractional occupancy for sites in the network.

Fig. 3 shows the relative DFT site energies and diffusion barriers for oxygen in all 15 studied

HCP systems. Site energies are listed relative to the lowest energy interstitial configuration in

each HCP system. As an example, the Ti diagram in the upper right of the figure shows three

interstitial site for oxygen in titanium (O[+0.00eV], H[+1.19eV], C[+1.88eV]). One surprising

result is that the octahedral site—with the largest interstitial volume—is not always the ground-

state configuration. Indeed, the octahedral site is the ground-state for oxygen in only 7 of the HCP

systems (Co, Hf, Sc, Tc, Ti, Tl, and Zr); oxygen prefers to reside in the tetrahedral or hexahedral
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TABLE II. Analytic diffusion equations for individual transition networks from Fig. 2.

a−2Dbasal c−2Dc-axis

O–T
λotλto

2λot + λto

1

4

3λotλtoλtt

(2λot + λto)(3λto + 2λtt)

O–H
λohλho

λoh + λho

1

8

3λohλho

λoh + λho

O–O 0
1

4
λoo

T–C
1

4

λtcλct

3λtc + 2λct

1

4

3λtcλctλtt

(3λtc + 2λct)(3λtc + 2λtt)

H–C
1

4

λhcλch

3λhc + λch

1

8

3λhcλch

3λhc + λch

O–C
1

4

3λocλco

3λoc + λco
0

in the remaining 8 systems. Oxygen in HCP overwhelmingly prefer the tetrahedral site over the

hexahedral site, only Be, Co, Sc, and Ti contain the hexahedral site. The crowdion site is even

more rare, as it is only metastable in Ti and Zr.

Transitions between sites are shown in Fig. 3 by red lines connecting the sites, with the transi-

tion saddle point energies listed in red along the connecting lines. As an example, the Ti diagram

in the upper right of the figure shows four possible transitions, O–O with a saddle point energy of

3.25eV, 2.10eV for O–H, 2.13eV for H–C, and 2.16eV for O–C. Please note that the values given

for the saddle point energies are also relative to the ground-state configuration energy for each

system. Red lines which begin and end on the same site represents a transition to a neighboring

site of the same type (O–O, T–T). Refer to Fig. 2 to visualize how the different transitions appear

in the HCP lattice. Tetrahedral sites for Hf, Tl, Y, and Zr are labeled as T* and are referred to as

shallow tetrahedrals due to the very low T–T barrier (<0.03eV) connecting neighboring tetrahe-

dral sites. This shallow barrier may allow the formation of a pseudo-hexahedral configuration at

high temperatures.

Few first-principles calculations for oxygen in HCP are available in the literature. One compar-

ison has been done by Middleburgh and Grimes22, where they used DFT to study various defects

and their diffusion in beryllium. They found that oxygen relaxes to the hexahedral site from the

tetrahedral and that the octahedral site is 1.38 eV higher in energy than the hexahedral (our calcu-

lations give 1.53 eV higher). They also found the O–O barrier to be 2.71 eV and the O–H barrier
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FIG. 3. (color online). Oxygen interstitial site energies and diffusion barriers in all 15 HCP elements.

Energy in units of eV is represented on the vertical axis, while possible metastable interstitial sites for

each element is placed on the horizontal axis. The elements are grouped by commonalities of interstitial

stability; on the right, elements have the octahedral interstitial site as the ground-state configuration, while

elements on the left do not. The dotted line separate elements with hexahedral sites (Be, Co, Sc, and Ti)

versus elements with tetrahedral sites. The dashed line separate elements with crowdion sites (Ti and Zr)

versus elements that do not. Relative site energies are given in black, while possible transitions between

sites are connected by red lines with the respective saddle point energies given in red, also relative to the

ground-state configuration energy. Some tetrahedral sites are labeled shallow tetrahedral (T*) due to the

low T–T transition barrier in that element.
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to be 1.63 eV, both energies are relative to the hexahedral site energy. Our calculations give 2.83

eV for the O–O barrier and 1.65 eV for the O–H barrier, again relative to the hexahedral site en-

ergy. Another DFT study done by Zhang et al.23 gives very similar results, with the octahedral

being 1.50 eV higher than hexahedral, O–O barrier to be 2.76 eV, and O–H barrier at 1.63 eV. The

excellent agreement with two separate DFT calculations for oxygen diffusion in beryllium serves

as validation of our methodology for the other HCP systems.

Following our previous work21,36,37, we have derived full analytic diffusion equations for oxy-

gen in each HCP system. For different HCP systems, the diffusion equations in the basal and

c-axis directions are distinct according to the set of interstitial sites possible ({O, T}, {O, H}, {O,

T, C}, {O, H, C}). For systems with only octahedral and tetrahedral sites (Cd, Hf, Mg, Os, Re,

Ru, Tc, Tl, Y, and Zn):

Dbasal = a2
[

λotλto

2λot + λto

]
Dc =

1

4
c2
[
λot(3λtoλtt + 3λooλto + 2λooλtt)

(2λot + λto)(3λto + 2λtt)

]
(1)

For systems with only octahedral and hexahedral sites (Be, Co, and Sc):

Dbasal = a2
[
λohλho

λoh + λho

]
Dc =

1

8
c2
[
λoh(3λho + 2λoo)

λoh + λho

]
(2)

Only Zr contains octahedral, tetrahedral, and crowdion sites, the simplified equations are:

Dbasal = a2Zr

[
λot +

3

4
λoc +

1

8
λtc

(
λot

λto

)
+ 0λoo

]
Dc = c2Zr

[
3

8
λot + 0λoc +

3

16
λtc

(
λot

λto

)
+

1

4
λoo

]
(3)

Only Ti contains octahedral, hexahedral, and crowdion sites, the simplified equations are:

Dbasal = a2Ti

[
λoh +

3

4
λoc +

1

4
λhc

(
λoh

λho

)
+ 0λoo

]
Dc = c2Ti

[
3

8
λoh + 0λoc +

3

8
λhc

(
λoh

λho

)
+

1

4
λoo

]
(4)

The simplified equations for Zr and Ti are derived from the general diffusion equations for O–

T–C and O–H–C transition networks. The simplification process assume—relative to kBT—that

the octahedral site is much lower in energy than tetrahedral and hexahedral sites, which are in

turn much lower in energy than crowdion sites; and that the T–T transition barrier is also much
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TABLE III. Debye temperature38–40 (TD), Debye frequency (νD), and attempt frequency (ν =

νD(mmatrix/moxygen)
1/2) for HCP elements, not including Ti. νD is used to approximate the attempt fre-

quency in diffusion calculations.

Be Cd Co Hf Mg Os Re

TD [K] 1463 214 453 251 387 477 405

νD [THz] 30.48 4.45 9.44 5.23 8.05 9.94 8.44

ν [THz] 22.88 11.81 18.12 17.47 9.92 34.27 28.79

Ru Sc Tc Tl Y Zn Zr

TD [K] 499 362 454 79 257 327 296

νD [THz] 10.40 7.55 9.46 1.65 5.35 6.81 6.16

ν [THz] 26.14 12.65 23.41 5.90 12.62 13.77 14.72

lower in energy than kBT . These assumptions are justified for the cases of oxygen diffusion in

Zr and Ti, and the diffusion equations simplify into the sum of diffusion equations for individual

diffusion networks (Fig. 2, Table II). From left to right, the terms in the Zr diffusion equations

(Eqn. 3) represent contribution from: O–T, O–C, T–C, and O–O. From left to right, the terms in

the Ti diffusion equations (Eqn. 4) represent contribution from: O–H, O–C, H–C, and O–O.

To obtain the DFT diffusion plots shown in Fig. 4 and Fig. 5, we compute transitions rates,

λij , for each element according to the corresponding Eqn. 1–4. While we have the DFT energy

barriers, Eij , from Fig. 3, we still require the attempt frequencies νij . For the case of oxygen

in titanium21, this was done by calculating the Vineyard attempt frequency41 for each individual

transition. In this work, we approximate all the attempt frequencies for oxygen in a single HCP

system as ν, calculated from
ν

νD
=

√
mmatrix

moxygen
(5)

where mmatrix is the mass of the HCP matrix atom, moxygen is the mass of oxygen, and νD is the

Debye frequency for each HCP element. The Debye frequency νD is computed from the element’s

Debye temperature38–40 (TD) with the relation: TD=νD(h/kB). This approximation is reasonable

because the lattice vibration frequency is generally the same order of magnitude as the diffusion

attempt frequency, which should scale with the mass ratios of the diffusant and matrix. For Ti, TD

= 425K (νD = 8.85THz), giving an attempt frequency of ν = 15.31THz. This value is comparable to

the previously reported DFT attempt frequencies, all of which—with one exception—were above
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10THz. The Debye temperatures, Debye frequencies, and the approximate attempt frequencies for

the 14 HCP elements (excluding Ti) are listed in Table III.
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FIG. 4. (color online). Comparison between our DFT predicted and experimentally measured oxygen

diffusivity in Ti5–7, Hf8–12, Zr13–16, Y17–19 , and Sc20. We have previously reported the DFT data for

oxygen diffusion in titanium21, while the other DFT predictions are from this work. For Ti, the data labeled

as Liu and Welsch comes from their review paper covering experiments ranging from 1957-1983. For Zr,

the data labeled as Ritchie and Atrens comes from their review paper, the data points plotted only includes

experiments without the effect of grain boundary diffusion. The vertical dotted lines show the α-β transition

temperatures for each element: 1155K for Ti, 2016K for Hf, 1137K for Zr, 1751K for Y, and 1610K for Sc.

Fig. 4 shows comparisons between oxygen diffusion coefficients calculated from DFT and

experimentally reported diffusion data for Ti, Hf, Zr, Y, and Sc. Oxygen diffusion in Ti, Hf, and

Zr make up the vast majority of available experimental literature, with fewer reports found for Y

and Sc. The overall diffusion energy slope for Ti, Hf, Zr, and Y match very well between the DFT

diffusion curves and the experimental data. The absolute DFT diffusivity values for these Hf, Zr,

and Y also lie within the experimental spread while Ti shows an underestimation of the diffusion

prefactor.21 Our predicted slope for oxygen diffusion in scandium disagree significantly with the

single experiment available20. The DFT diffusion barriers that we calculated for scandium are not

substantially different when compared to those of the other 14 HCP elements, and no indication

from the calculations that there are different mechanisms at work for oxygen in scandium. It is

possible that the discrepancy is due to the experiment’s attempt to measure the diffusivity near the

α-β transition temperature for Sc. Fig. 5 shows the predicted DFT oxygen diffusivity curves for

the remaining 10 HCP elements. We were not able to find any experimental results in the literature
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FIG. 5. (color online). DFT oxygen diffusion predictions for the remaining 10 HCP elements. No experi-

mental data were found in the literature.

for oxygen diffusion in these elements.

Fig. 6 plots various system properties of the HCP elements against the relative stability of the

oxygen interstitial sites. Fig. 6a shows a comparison between the HCP lattice parameter and c/a

ratio. In Fig. 6b-c the numerical energy difference between oxygen at the octahedral site versus

the tetrahedral/hexahedral site is compared to the common metal valence and the first ionization

energy, respectively. A lower ionization energy is weakly correlated to increased octahedral sta-

bility, while a V-shaped trend exist between the valence and octahedral stability. A different way

to group the metal valence is through crystal-field theory. For hexagonal configuration the crystal-

field splitting for the d-orbital has dz2 at the lowest energy, above which are the degenerate dxy and

dyz, above that is dx2−y2 , and finally dxy at the highest energy level. With this splitting, the 15 HCP

elements can be divided into three different groups: 1) full shells of paired d-electrons, Be, Mg,

Ru, Os, Zn, and Cd; 2) single unpaired electron, Sc, Y, Tc, Re, Co, and Tl (unpaired p-electron);

3) two unpaired electrons (one in each of the degenerate dxy and dyz), Ti, Zr, and Hf. Under this

grouping, Os and Ru belong with the two-valent elements, while Re and Tc belong with the three-

valent elements. This effective valence, together with the c/a ratio and the first ionization energy

are used to fit the relative oxygen site energies.

Fig. 6d shows the result of linear fitting of the relative oxygen site energies, Eo−t,

Eo-t = 5.38[eV]− 0.75[eV/e]veff + 0.0029[eV/kJ ·mol]Eion − 3.31[eV]
c

a
, (6)
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FIG. 6. (color online). Correlation between the relative oxygen interstitial site energy and physical prop-

erties of the 15 HCP elements. Each elemental symbol is centered on the corresponding data for that

element. a) Comparison of the lattice constant and the c/a ratio for the HCP elements. The dotted line

represents the ideal HCP c/a = 1.633. b) Correlation between the octahedral–tetrahedral/hexahedral en-

ergy difference and the common metal valence as well as the effective valence. c) Correlation between the

octahedral–tetrahedral/hexahedral energy difference and the first ionization energy. d) Linear regression fit

(R2 = 0.8240) of the DFT relative site energies to the c/a ratio, the effective valence, and the first ionization

energy. The primary outlier is Co, due to its magnetic ordering. The effective valence is determined accord-

ing to crytal-field splitting. HCP elements are colored according to the oxygen ground-state configuration

in that element, orange for octahedral site and blue for tetrahedral/hexahedral site.

where veff is the effective valence, Eion is the first ionization energy, and the c/a ratio. From this fit

withR2 = 0.8240, oxygen site stability can be understood in terms of how easy it is for the oxygen

interstitial to gain the extra electrons it needs from the surrounding lattice. An oxygen interstitial

is further from its lattice neighbors when in the octahedral site when compared to the tetrahedral

site, making it more difficult for charge transfer to occur. However, this can be offset by the fact

that the octahedral site has six lattice neighbors compared four neighbors for the tetrahedral. As

valence increases, it becomes easier for oxygen to obtain electrons from the surrounding atoms and

octahedral sites become more stable relative to tetrahedral sites. This is because oxygen only wants

12



a certainly amount of charge, and thus no further reduction in tetrahedral site energy is gained after

a certain point. Through Bader charge analysis32,33 we have found that although charge transfer to

the oxygen atom varies between HCP elements, within each element the oxygen charge transfer is

almost the same for all interstitial sites. The same argument applies to the first ionization energy,

where a decrease in the ionization energy will stabilize the octahedral relative to the tetrahedral.

The c/a ratio provides a measure of how distorted the tetrahedral site is for a specific HCP lattice.

A higher c/a ratio increases the distance between oxygen and one of its tetrahedral neighbors and

leads to relatively more stable octahedral sites. The primary deviation for the fit is Co, which

unlike all of the other HCP elements, show magnetic ordering which provides for an additional

interaction between transferred electrons.

While no general trends for oxygen diffusion extend across all 15 HCP elements in Fig. 3, much

more similarities exist between elements at close proximity on the periodic table. The titanium

group—Ti, Zr, and Hf—all exhibit a high barrier for oxygen transition between octahedral sites

(∼3 eV), and comparable activation energies for diffusion (∼2 eV). Ti prefers the hexahedral site

over the tetrahedral, while both Zr and Hf prefer the very similar shallow tetrahedral site. Ti

and Zr are also the only two HCP elements which contains a stable non-basal crowdion site for

oxygen. In their own group, Zn and Cd both possess unusually high c/a ratios, and as a result

exhibit very similar site energy differences and diffusion barriers. In the middle of the transition

metals, Tc, Ru, Re, and Os all appear qualitatively the same, having relatively high T–T barriers

and low O–O barriers. With the O–O barrier lower than the O–T barrier for these four elements,

high diffusion anisotropy will emerge between the basal and c-axis directions. At 1000K, Dc-axis

/ Dbasal is approximately 5 for Tc, 10 for Ru, 30 for Re, and 1000 for Os; this anisotropy grows

larger at lower temperatures. In contrast, the anisotropy between c-axis and basal oxygen diffusion

for all other HCP systems is less than a factor of two over the entire temperature range. Finally,

the scandium group—Sc and Y—also appear qualitatively similar in terms of their site stabilities

and diffusion barriers.

IV. CONCLUSION

We have used first-principles calculation to determine oxygen diffusion pathways in 15 HCP

metals as well as oxygen diffusion barriers within each element. A variety of different interstitial

site combinations were discovered for oxygen in these HCP elements. Analytic diffusion equations

13



have been derived for each unique diffusion network. Combined with calculated DFT diffusion

barriers, we predict diffusivity curves for oxygen in all 15 HCP elements, which match well to

available experimental data. A surprising result is the discovery that oxygen does not prefer the

large octahedral interstitial site in 8 of the 15 HCP elements. Though this preference for the

tetrahedral/hexahedral site is counterintuitive, it can be explained by the relative ease for oxygen

charge transfer. Where lower valence, higher ionization energy, and lower c/a ratio all favor the

tetrahedral site more than the octahedral. The large variety of interstitial sites as well as their

stability found within these 15 HCP elements should serve as a reminder that surprises can be

hidden in very simple and well studied systems.
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