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We develop an approach based on edge theories to calculate the entanglement entropy and related quantities
in (2+1)-dimensional topologically ordered phases. Our approach is complementary to, e.g., the existing meth-
ods using replica trick and Witten’s method of surgery, and applies to a generic spatial manifold of genus g,
which can be bipartitioned in an arbitrary way. The effects of fusion and braiding of Wilson lines can be also
straightforwardly studied within our framework. By considering a generic superposition of states with differ-
ent Wilson line configurations, through an interference effect, we can detect, by the entanglement entropy, the
topological data of Chern-Simons theories, e.g., the R-symbols, monodromy and topological spins of quasipar-
ticles. Furthermore, by using our method, we calculate other entanglement/correlation measures such as the
mutual information and the entanglement negativity. In particular, it is found that the entanglement negativity of
two adjacent non-contractible regions on a torus provides a simple way to distinguish Abelian and non-Abelian

topological orders.
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I. INTRODUCTION

Quantum entanglement plays a central role in character-
izing and distinguishing various phases realized in quantum
many-body systems.'™ For example, quantum entanglement



as measured by the bipartite entanglement entropy may be
used to distinguish different topological phases, and to char-
acterize properties of critical points.'® Quantum entangle-
ment has also been extensively studied in the context of quan-
tum gravity, in particular in the context of the AdS/CFT
correspondence.”?

In this work, we will mainly focus on the quantum
entanglement between spatial regions in topological quan-
tum field theory (TQFTs) in (2+1) dimensions. TQFTs
were extensively studied after Witten’s seminal work on the
Chern-Simons gauge theory and its relation to the Jones
polynomial.>'” In particular, in condensed matter physics,
TQFTs are widely used to describe emergent topological
phases of matter in many-body systems, such as the fractional
quantum Hall states,''"!® gapped quantum spin liquids,'* a
P + ipy superconductor,'>!® and quantum dimer models.'7-18
Quantum entanglement has been verified to be very useful in
characterizing and extracting the topological data of TQFTs.
For example, it was found that the quantum entanglement can
be used to extract the modular S and 7 matrices, which en-
code the properties of quasi-particles in topological phases.!”

There are different measures of quantum entanglement
or correlations, which have their own merits depending on
the case under study. Let us start by listing entangle-
ment/correlation measures of our interest in this work.

A. Different entanglement/correlation measures

First, when the total system is bipartitioned into two sub-
systems (regions) A and B, the von Neumann entropy of the
region A is defined by

SH = —Trpalnpa, (1.1)

where ps = Trpp is the reduced density matrix of the sub-
system A. Note that when p is a pure state, p = |U)(¥| where
| W) is, e.g., the ground state of the total system, SIVLXN = S}’BN.

An alternative measure of bipartite entanglement is the
Renyi entropy

" 1
St = — nTip}, (1.2)

which also satisfies 51(4”) = ngn) when p is a pure state.
The Renyi entropy can provide more information than the von
Neumann entropy, in that, by knowing the Renyi entropy for
arbitrary n, we reconstruct the entanglement spectrum, i.e.,
all the eigenvalues of p 4. The von Neumann entropy and the

Renyi entropy are related by S*N = lim,,_,1 S (")

SN = — Tim 0, Trply. (1.3)

For a mixed state, it is found that the quantum and classical
correlations cannot be explicitly separated in these entangle-
ment measures. As an example, let us consider two subsys-
tems A; and A, which are embedded in a larger system. A
and A, are not necessarily complementary to each other, and
therefore pa,,4, may correspond to a mixed state. In this

case, a useful quantity that can be constructed based on the

entanglement entropy is the (Renyi) mutual information
(n) (n) (n)

15, = S5+ 55 — 54, (1.4)

which by definition is symmetric in A; and As. By taking the

n — 1 limit, we define the (von Neumann) mutual informa-
tion:

Laja, = lim I3, (1.5)

However, it is found that the mutual information does not have
all the proper features to be a quantum entanglement measure.
(See, e.g., Ref. 20, where it is shown that the mutual informa-
tion is finite for most of the separable mixed states.) It will
mix the classical and quantum information together, and can
only be considered as a correlation measure.

A yet another quantity, entanglement negativity has been
recently calculated in different many-body systems, such
as conformal field theories and exactly solvable lattice
models.?!">* The entanglement negativity turned out to be a
computable and useful entanglement measure.>>?® To be con-
crete, given a reduced density matrix p 4, 4, which describes a
mixed state in the Hilbert space H 4, ® H 4,, we take a partial
transposition with respect to the degrees of freedom in region
As as follows

(1) (2)>

1 2 2
< ) ()‘pA1UA2|ek ! (1) ()>

(1.6)
where 75 means the partial transposition on A, |e£1)> and

|e(2)> are arbitrary bases in H 4, and H 4, respectively. Then
the entanglement negativity are defined as

1 2
(eMet? pa,uales

1.7)

_ 1>
Eaa, = 1nTr‘,oAluA2 .

The entanglement negativity in quantum filed theories can be
computed by using the replica method as?!'-??

Ne

Eaa, = lim InTr (p%l y A2> (1.8)

The trace of the partial transposmon of the density matrix on
the replica space Tr (p e A2> has different forms depend-

ing on whether n is even or odd. Here we consider the ana-
lytic continuation of the even sequence at n. — 1. The for-
mula above has been proved to be of great use in the study of
the entanglement negativity in quantum field theories for both
equilibrium cases?'*? and non-equilibrium cases.?’~3°

B. Different entanglement/correlation measures for a
topological quantum field theory

These different entanglement/correlation measures have
been calculated in TQFTs in (2+1) dimensions. The topo-
logical entanglement entropy (TEE) was first introduced by
Kitaev-Preskill and Levin-Wen."? First, for topologically or-
dered systems in two spatial dimensions, it was shown that the



von Neumann entanglement entropy for a simply connected
region A behaves, in the limit of zero correlation, as

SWN =alL -+, (1.9)

where « is a nonuniversal coefficient, L is the length of the
smooth boundary of A, and —~ is a universal negative con-
stant which is named the ‘topological entanglement entropy’.
For a general TQFT, ~ is given by

v=InD =1n /de,

where d; is the quantum dimension of quasiparticle ¢, and D
is the total quantum dimension (see Appendix).

(1.10)

Dong et al. extended the Kitaev-Preskill results to more
general manifolds like torus and a sphere with quasiparticles
by using the replica trick and surgery method.?' They found
that the entanglement entropy depends on the universal data of
a TQFT, e.g., the quantum dimensions and the fusion rules. In
certain cases such as the torus geometry, the entanglement en-
tropy also depends on the choice of ground state. Later, Zhang
et al. studied the entanglement entropy of topological phases
on a torus'®. By tuning the ground state and introducing dif-
ferent entanglement cuts, they found that the modular S and
T matrices can be extracted from the entanglement entropy.

Besides the entanglement entropy, other entangle-
ment/correlation measures such as the entanglement negativ-
ity and mutual information which are powerful in the case of
mixed states, turn out to be very useful in characterizing the
properties of a TQFT. Recently, the entanglement negativity
was used to study the topological ordered systems such
as the toric code model.?>?* Tt was found that there is a
universal topological entanglement between two adjacent
non-contractible regions on a torus. On the other hand, if
the two regions are disjoint, independent of whether they
are contractible or not, there is no universal topological
entanglement between them. It should be noted that the
above results are obtained based on an exactly solvable lattice
model. It is hence desirable to have a more understanding
of these results by studying general TQFTs. The difficulty
may be that the operation of ‘partial transposition’, which is
used in the definition of the entanglement negativity [see Eq.
(1.6)], is difficult to realize in practice when one considers a
general three dimensional manifold where a TQFT lives.

Most recently, Ref. 32 used mutual information to study
the topological ordered phases in (2+1) dimensions, as well
as higher dimensions where topological orders are identified
as condensates of membranes. Therein, the mutual informa-
tion can be utilized to define the topological uncertainty prin-
ciple, which reflects the non-commuting property of non-local
order parameters in topological ordered phases>>. Compared
to the entanglement entropy of topological ordered phases, it
is noted that the mutual information has the merit of being
ultraviolet finite for two disjoint regions.

C. Our motivations

In this work, our motivations to revisit the topological en-
tanglement entropy and other entanglement/correlation mea-
sures of a TQFT are mainly as follows.

1. In the calculation of the topological entanglement en-
tropy of a Chern-Simons theory on a general manifold,
one needs to evaluate the Chern-Simons path integral
on a 3-manifold. In particular, when using the replica
trick, one needs to consider a n-sheeted Riemann sur-
face spacetime and glue them together, which may be
very complicated. In this work, we hope to develop an
alternative edge theory approach, which may simplify
the calculation. It should be noted that the edge the-
ory approach to the topological entanglement entropy
of a TQFT on a simple manifold such as a sphere, or
a cylinder with definite topological flux, has been stud-
ied in several works!*3-3¢. However, as far as we know,
there are still many open issues to be understood. For
example, how do we use the edge theory approach to
study the topological entanglement entropy of a TQFT
on a general manifold of genus g? How is the effect of
fusion and braiding of Wilson lines/quasiparticles re-
flected in the edge theory approach? How do we extract
topological data of the underlying theory from the edge
theory approach?

2. Till now, some other entanglement measures such as
the entanglement negativity of a TQFT has not yet
been studied with the field theory approach. Although
some results have been obtained based on the lattice
models®>?4, it is still desirable to understand the gen-
eral structure of the entanglement negativity for a gen-
eral TQFT. Can we use the edge theory approach to ful-
fill this aim? Moreover, in Refs. 23 and 24, the lat-
tice model under study is in an Abelian topological or-
dered phase. Then it is natural to ask what is the result
for a non-Abelian topological ordered phase? Is there
any qualitative difference between Abelian and non-
Abelian theories? We hope to answer these questions
in this work.

D. Summary of main results

Using the edge theory approach, we found a systematic way
to study the topological entanglement entropy, mutual infor-
mation and the entanglement negativity for a (2+1) dimen-
sional Chern-Simons theory on a general manifold. The ef-
fect of braiding and fusion of Wilson lines can be straightfor-
wardly incorporated in the calculations. In particular, we have
obtained the following results.

1. On topological entanglement entropy. By using the
edge theory approach, we calculated the entanglement
entropy for given spatial regions in Chern-Simons the-
ories defined on a general manifold. Our results agree



with the path integral calculations for all the cases con-
sidered in Ref. 31. A technical advantage of our ap-
proach, as compared with the path integral (surgery)
calculations, is that the edge theory approach greatly
simplify the calculation in that we do not have to con-
sider complicated 3-manifolds which may appear in
the surgery method. The effect of braiding Wilson
lines can be also considered, instead of using skein
relation®3!, by simply introducing the braiding matrix
or R-symbols, which makes the calculation more trans-
parent. We also found that, in the presence of multiple
Wilson lines, By considering a generic superposition
of states, the R-symbols, monodromy and topological
spins of quasiparticles/anyons can be detected in the en-
tanglement entropy, through an interference effect. Fi-
nally, we also applied our edge theory approach to more
general manifolds of g-genus, which may be difficult
to handle in the replica trick due to the complicated 3-
manifolds which may arise as a result of surgery.

2. On topological mutual information and entanglement
negativity. We gave explicit calculations of the topolog-
ical mutual information and the entanglement negativity
in Chern-Simons theories. In particular, to our knowl-
edge, the results on the entanglement negativity in a
Chern-Simons field theory are given for the first time.
Moreover, compared with the previous works on lattice
models, we obtained some new results for two adjacent
non-contractible regions on a torus. In Ref. 23, it was
found that the entanglement negativity in this case is in-
dependent of the choice of ground state. Based on our
field theory result, it was found that the entanglement
negativity is dependent (independent) on the choice of
ground state if the system is in a non-Abelian (Abelian)
topological ordered phase.

Along with these results, we will also point out that, when
using edge theories to calculate entanglement/correlation
measures, the boundary states must be regularized/normalized
properly. In the previous works334, the proposed state, which
is a superposition of different Ishibshi states, is regularized
as a whole (see next section for details). We found that this
regularization scheme cannot recover the correct topological
entanglement entropy for a Chern-Simons theory on a gen-
eral manifold. In this work, we regularized each Ishibashi
state separately. Then a general quantum state can be ex-
pressed as a superposition of different regularized Ishibashi
states. With this new regularized state, we can obtain the cor-
rect topological entanglement entropy as well as other entan-
glement/correlation measures for a Chern-Simons theory.

The rest of the paper is organized as follows. In Sec. II, we
start by introducing a new regularizd state, based on which we
can calculate the spatial topological entanglement entropy in a
Chern-Simons field theory. Subsequently in Sec. III, we apply
our method to the calculation of the Renyi and von Neumann
entanglement entropy for a Chern-Simons theory defined on
various kinds of manifolds. The effects of braiding and mon-
odromy of quasiparticles are also studied in this section. In
Sec. IV, we study the spatial mutual information in Chern-

Simons theories. We consider different tripartitions of a torus,
and calculate the mutual information accordingly. In Sec. V,
we show how to calculate the left-right entanglement negativ-
ity for a general regularized state. Then we apply this method
to the calculation of the entanglement negativity on a torus
with different tripartitions. Finally,we conclude our work in
Sec. VI. We also include several appendices containing a brief
review of modular tensor categories (Appendix A), the topo-
logical data of SU(2);, Chern-Simons theories, and an alter-
native method of calculating the entanglement negativity for
several cases (Appendix B).

II. LEFT-RIGHT ENTANGLEMENT ENTROPY
A. Regularized state at the interface

In this section, we introduce basics of boundary states in
(1+1) dimensional conformal field theories. These boundary
states will be used later to describe the reduced density ma-
trices of (2+1) dimensional topologically order phases, but in
this section, we study boundary states and quantum entangle-
ment in isolation. In particular, we will discuss how we need
to regularize these boundary states properly.

In the study of quantum entanglement, the regularized
boundary state was first introduced in the quantum quench
problem®”38, Later, this concept was used to study the spa-
tial entanglement entropy of a topological ordered system?>.
Most recently, the similar idea was used to study the entangle-
ment entropy between the left and right moving modes of the
regularized boundary state®*. To be concrete, in Ref. 33 and
34, the regularized boundary state has the expression

B =< i)

B) = B), 2.1)
vV N B

where e is a regularization factor, H is the Hamiltonian,

N3p is a normalization factor, and the conformal boundary
state | B) can be expressed as a linear combination of Ishibashi
states |hq)), which are solutions to the conformal boundary
condition

Lolb) =T_,|b), Vn € Z. (2.2)

a in |h,)) is used to label the primary field in a CFT, or the
type of quasiparticles in the corresponding TQFT. L,, is the
generator of chiral conformal transformations which is de-
fined through a Laurent expansion of the stress-energy tensor,
T(z) = Y ,ez2 " 2Ly, and Ly, is the generator of anti-
chiral conformal transformations which is defined in a similar
way. Note that the Hilbert space of a CFT can be written in
terms of holomorphic and antiholomorphic sectors, i.e.,

H= @nh,;ﬂ}h ® Vi,
h,h

(2.3)

where the non-negative integer n;, j, denotes the number of

distinct primary fields with conformal weight (h,h). For
simplicity, here we only consider the diagonal CFTs with



N i = Op - Then the Ishibashi state |h,)) which satisfies
Eq. (2.2) can be expressed as a linear combination of states in
Vi, ® V5, . By using dj,, (V) to label the dimension of sub-
space for level N of the conformal family, we can denote an
orthonormal basis |h,, N; j) for Vy,, and similarly |h,, N; j)
for Vh ,with 1 < j < dp, (N). Then the concrete form of
Ishibashi state |ha)) can be written as

[e’e) dha(N)
=3 > |ha Nij) ®[ha, Nij).  (24)
N=0 j=1

For a rational CFT (RCFT), in which there are finite number
of primary fields, the conformal boundary state may be ex-
pressed as

(2.5)

Bi) = ¢flha))

The concrete form of 1) is related with the modular S-matrix
as follows

Sia
\% SOa .

In Refs. 33 and 34, the regularized boundary state in Eq.
(2.1) was suggested to study the spatial entanglement entropy
for a topological ordered system in (2+1) dimensions. As
will be studied in detail later, it is found that this state can
not recover the topological entanglement entropy for a Chern-
Simons theory on a general manifold. There are mainly two
reasons as follows:

— For a conformal boundary state defined in Eq. (2.5), the
amplitude ¢ is fixed through the modular S matrix. How-
ever, to study the topological entanglement entropy for a
Chern-Simons theory on a general manifold such as a torus,
the ground state can be chosen as an arbitrary superposition of
the minimum entangled states (MESs)!. There is no reason
to fix the coefficient ¢{ as in Eq. (2.5). This indicates that we
should choose a state that can be in an arbitrary superposition
of Ishibashi states |h,)).

— The regularization factor ?ﬁg in Eq. (2.1) acts on the
state in a ‘collective’ way (i.e., the regularization factor is
not defined for each Ishibashi state independently, but for the
whole superposition thereof). This is, however, not the only
way to regularize the state. We may instead regularize each
Ishibashi state separately. This suggests that we may arrange

Y = (2.6)

a regularization factor e\;;;j to each Ishibashi state |h,)), with
the normalization factor n, depending on the primary field a.
As will be shown later, this ‘individual’ way of regularization
can correctly recover the spatial topological entanglement en-
tropy for Chern-Simons theories while the ‘collective’ way of
regularization cannot.

Based on the above analysis, we consider an appropriate
regularized state as follows

= alba))

—eH

T 1)),

where

[9a)) = 2.7)

with n, being a normalization factor so that

{(halbs)) = dab-

Note that n, depends on the type of primary field (or topo-
logical sector) a. The amplitude v, in Eq. (2.7) is a complex
number which depends on the choice of ground state of the
Chern-Simons field theory on a general manifold. For the
form of the Hamiltonian H, following Refs. 33 and 34, we
consider

(2.8)

H= Z(L0+LO C)

13 2.9)

where [ is the length of the circle where the state |¢) is de-
fined, e.g., the interface between the subsystems A and B in
Fig. 1 (a). cis the central charge of the underlying CFT. The
term proportional to c arises from the conformal transforma-
tion from the plane to the cylinder. It is also instructive to
rewrite the Hamiltonian in Eq. (2.9) as a sum of ‘chiral Hamil-
tonian’ (or left-moving Hamiltonian) and ‘anti-chiral Hamil-
tonian’ (or right- moving Hamiltonian) as H = Hy + Hg,
WhereHL_—(Lo ) andHR—Z—"(Lo—ﬂ)

Now we are ready to calculate the normalization factor n,
in [h,)) as follows

<<ha/|ba>>
1 —2€
_ m«me Tlha))

dhq (N)

- Z e_%(ha"l‘]\/—ﬁ) (2.10)
F fe N0 G=
50'/0‘ _ 8me
= Xha (6 ; ) ’
nll
where we have used
Lo|ha,N;j) = (ha + N)|hq, N3 j) @.11)

and h, = hg. By requiring that ((hs|bhy)) = Jap, one can
obtain the normalization factor n, as

_ 8me
Ng = Xh, (6 l ) .

Note that for different primary fields or topological sectors a,
n, are usually different.

For later use, let us introduce the modular transformation
property of the character x in CFT, i.e.,

_ 8me _ ml
Xha (6 ‘ ) = SawXn, (6 26) ;
a/

which follows from applying the Poisson summation for-
mula to the explicit expressions of the character x in Eq.
(2.10), with S, being the matrix elements of the modular
S matrix*. In RCFTs, S is a finite dimensional unitary ma-
trix indexed by primary fields (or the types of quasiparticles in
TQFTs) {I,a,b,c- -}, where I = 0 labels the identity oper-
ator. The anti-quasiparticle of a is denoted by a, which is the

(2.12)

(2.13)



unique quasiparticle that can fuse with a into I (see appendix
for more details).

To avoid confusions, it is helpful to remind ourselves that
we will use primary fields, quasiparticles, anyons and topo-
logical sectors back and forth when referring to the label a in
[ha)).

In addition, throughout this work, we are interested in the
spatial entanglement on different closed two-manifold M.
Following Ref. 31, we consider each two dimensional spatial
manifold as the boundary of a three-dimensional spacetime
manifold B, i.e., M = 9B, so that it is convenient to include
the effect of braiding Wilson lines, efc. (See Ref. 31 for more
details.)

B. Left-right entanglement entropy

We now study the reduced density matrix associated to the
(regularized) boundary states, when we take the partial trace
over the right-moving sector. In particular, we will com-
pute the “left-right” entanglement entropy associated to the
reduced density matrix. This calculation is a necessary ex-
ercise for later sections where we calculate various entangle-
ment/correlation measures in topological quantum liquid.

To see the connection between the left-right entanglement
entropy and the topological entanglement entropy in the sim-
plest setup, let us consider the geometry in Fig. 1 (a) for ex-
ample. Following Refs. 33, one can use the ‘cut and glue’
strategy. By cutting the sphere into two semispheres A and
B, one has a left-moving chiral CFT (with Hamiltonian Hp,)
and a right-moving antichiral CFT (with Hamiltonian Hp)
on the two physical edges of A and B, respectively. In this
case, the left- and right-moving CFTs are the low energy ex-
citations of the subsystems A and B, respectively. Next, by
turning on a relevant inter-edge coupling AH r between the
two edges, the total Hamiltonian for the coupled edge states is
Hp+Hr+MHpr. For asmall enough ), the bulk states in the
subsystems A and B are almost not affected. Therefore, the
entanglement between the subsystem A and subsystem B are
reduced to the entanglement between the left and right moving
edge states.

Now let us calculate the left-right entanglement entropy of
the regularized state in Eq. (2.7) explicitly. We start by evalu-
ating the reduced density matrix for the left-moving sector

pr = Trr ([¥) (@)

= Trn (3037 s () 19ar)) ({0
=Y |Yal?PL.a;

where we have defined

pra = Trr(|ha)) ((hal)
= 37 L Ny, N ), N | 1)

(2.14)

(The reduced density matrix for the right-moving part will
give the same final result since S, = Sk for a bipartite system

in a pure state.) To obtain the von Neumann entropy or Renyi
entropy, it is convenient to first calculate Try, (pz,)" as follows

Trr (pr)" = Z Ya|”" Trr(pr,a)"

a,N,j
:Z |¢a|2n ( Sﬂf)

-y '% zsaa i (7).

where in the last step we have used the modular transforma-
tion of the character Xy, . By using the explicit form of n, in
Eq. (2.12), Try, (pr)"™ can be further written as

, Za' Saa’Xha/ (ei Tne )
TrL (PL)n = Z ‘wa|2n - n
a [Za/ Saa’Xha/ (e_ﬁ):|

= e B G ST g P (Sa0)

a

(2.16)

where in the second line, we took the thermodynamic limit
/e — 00, and noted

Tl el
hm E Saa Xh , (e 2715) = SCLO X e48ne,

2.17

l/e—o0 ( )
i.e., only the identity field 7, labeled by “0” here, survives the
limit. Then based on the definition in Egs. (1.2) and (1.3),
one can immediately obtain the Renyi entropy and the von
Neumann entropy as

St — 1 T (pL)"
1—n " (Trppr)"
1+n e 1 o 11
g Dty 1n2\¢a| d:
|2
21 2] 2
v T Ly py 2oVl r;da 2oVl nl;/)a\
24 € Za |wa| Za |wa|
(2.18)

+In) vl

where we have used S0 = d,/D (see Eq. (A15)). The first

terms in SE") and SYN in Eq.(2.18) are ultraviolet divergent
and non-universal, corresponding to the so-called ‘area law’
term in Eq. (1.9). The left terms in Eqgs.(2.18) are independent
of the details of the system. They are determined by the topo-
logical property of the system as well as the choice of states,
and therefore are universal.

As a comparison, if one follows the method in Refs. 33 and
34 to regularize the state in a ‘collective’ way [see Eq. (2.1)],
then one gets>*

ne v Za Sao|wa|2 ln"l/}a|2
S _24 €+1 Z|wa| SCLO_

>0 Saoltal?
(2.19)




which will not recover the correct topological entanglement
entropy for a Chern-Simons field theory on a general man-
ifold. Nevertheless, it is noted that for the specific case
[thar |2 = 044/, Namely the state under consideration is in a def-
inite topological sector a, there is no difference between the
two methods of regularization. In this case, both Eq. (2.18)
and (2.19) will lead to S}N = Z¢ - L —InD + Ind,,.

In the rest parts of this work, for most cases we have
>, [¥a|? = 1, and then the Renyi entropy and the von Neu-
mann entropy for the left moving CFT (or the right moving
CFT) can be further simplified as

(n)_l—l—n.ﬂclf_ 1 om l—n
S, = 18 ln’D—i—linln Ea |tha | d, ",

W el Z 2 Z 2 2
SL - 24 ! E —InD + — |1;[}a| lndaf - |wa| an}a| .

(2.20)

Before ending this section, it is worth mentioning that we
will come across in later section the state of the form

[¥) = € talba)) 2.21)

in the study of multi Wilson lines. Then the reduced density
matrix py, can be expressed as p;, = @, [¢a|?*pL,q, With the
same py, , defined in Eq. (2.15). It is straightforward to check
that Try, (pr)" has the same expression as Eq. (2.16). This
indicates that our results in Eqs. (2.18) and (2.20) still hold
for this case.

III. TOPOLOGICAL ENTANGLEMENT ENTROPY

In this section, by using the edge theory approach, we study
the entanglement entropy associated for a given spatial region
in Chern-Simons theories defined on different kinds of two
spatial manifolds.

A. Sphere
1. Sphere

As shown in Fig. 1 (a), let us consider a Chern-Simons the-
ory which lives on the simplest closed manifold in two spatial
dimensions, i.e., a sphere. We are interested in the entangle-
ment entropy for the subsystem A (B). For simplicity, let us
first assume that there is no quasiparticle on the sphere, and
therefore no Wilson lines thread through the interface b. In
this case, one has [1,|? = 40 for the regularized state in Eq.
(2.7). Then by using the results in Egs. (2.20), one can imme-

diately obtain

m _L¥n me Ty p
Sa = n 8 e M
l
SN=T L _mp. 3.1)

FIG. 1. Various setups discussed in Sec. Il A. (a) A S? is bipartited
into two subsystems A and B, with the interface labeled by b. (b)
A S? with a quasiparticle ¢ and an anti-quasiparticle a. A Wilson
line connecting the two quasiparticles threads through the interface
b. The two quasiparticles correspond to two punctures, and therefore
the geometry in (b) is equivalent to a cylinder in topology. (c) A S>
with two pairs of quasiparticles. (d) A S? with N pairs of quasipar-
ticles.

Based on the equation above, one can find that the topological
entanglement entropy is independent of the Renyi index n,
and only depends on the total quantum dimension D.

The above calculation is based on a S? with a single inter-
face between A and B. It is straightforward to generalize it to
a 52 with multiple (=M) interfaces between A and B. In this
case, the wave function under consideration can be expressed
as

[¥) = L1 1b7)), (3.2)
where ¢ labels the i-th component interface, and I refers to the
identity primary operator. By using the method in Sec. II, one
obtains the Renyi and the von Neumann entropy as

M
1+n mwec l;
st — - — LMD
g S

n 48 p
g ¢ iﬁ—MlnD (3.3)
24 e ’ )

where [; represents the length of the i-th component of AB
interface. For the universal part of the entanglement entropy,
one can find that each interface contributes — In D.



2. Sphere with two quasiparticles = cylinder

As shown in Fig. 1 (b), let us now consider a sphere with
two quasiparticles, with @ in subsystem A and « in subsystem
B. This configuration corresponds to a S? with two punctures,
which is equivalent to cylinderical topology. In this case, there
is a Wilson line corresponding to topological sector a thread-
ing through the AB interface. Then one has [1),/|?> = 0474
for the regularized state |¢)) = >, ¥q/|har)). Then, based on
Eq.(2.20), the Renyi and the von Neumann entropy for sub-
system A have the expressions as follows

(n)71+n e 57

Sy = T InD + Ind,,

, me

SAN:ﬂ~E—lnD+lnda. (3.4)

Again, the universal part of entanglement entropy is indepen-
dent of the Renyi index n. Compared with the results on a
sphere with no quasiparticles, the entanglement entropy here
is increased by In d,. The physical picture is as follows: For
dq > 1, the underlying theory is non-Abelian. The quasipar-
ticle a and antiparticle a can fuse into, apart from the identity
I, other types of quasiparticles. This increases the uncertainty
that is shared by the two semispheres. If the underlying the-
ory is Abelian, then d, = 1 and Ind, = 0. This is because in
the Abelian case, a and @ can only fuse into I, and therefore
cannot increase the uncertainty shared by A and B.

3. A sphere with N Wilson lines

As a generalization of the previous part, it is natural to ask
what is the entanglement entropy of the subsystem A(B) if
there are more than one Wilson lines (or more than one pair of
quasiparticles) on a sphere, as shown in Fig. 1 (c) and (d). The
strategy we will use is to fuse the quasiparticles (or anyons)
based on the fusion rule:

a®b:@N§bc

where the fusion coefficients N, are non-negative integers,
and a, b, c represent the topological or anyon charges. In the
following discussions, for simplicity, we will consider the
multiplicity free case, i.e., N;, = 0 or 1. For the case with
N¢, > 1, one needs to include an orthonormal set of bases to
count the number of times that c appears by fusing a and b.

As a warm-up, let us first consider the case with two Wilson
lines. As shown in Fig. 1 (c¢), the two Wilson lines are in
topological sectors a and b, respectively. After the fusion, the
state at the interface may be expressed as

¢> = @ 7/}(Czb|hab—>c>>

For the regularized Ishibashi state |§4p—)), it has the same
expression as |h.)), as defined in Eq. (2.7). However, we use

(3.5)

(3.6)

[Dab—sc)) instead of |h.)) to emphasize that now the orthonor-
mal property of [hap—.)) also depends on the fusion history,
ie.,

<<hab—>c|ba’b’—)c’>> = 6aa’5bb’ 666/ .

In the surgery method?!, to obtain this result, one needs to glue
Wilson lines a and b with Wilson lines a’ and V', respectively,
resulting in the factor d,4+dpp . From the topological field the-
ory, it can be shown that ¢, in Eq. (3.6) satisfies! (see also
Appendices)

3.7)

de

ab@7 (38)

|1/1§b|2 =

ab—c =
where d; is the quantum dimension of the quasiparticle ¢, and

P,y is the probability of fusing a and b into c. It is required
that )~ Pap—c = 1, and therefore

dody = N&d

The density matrix corresponding to the state (3.6) can be

written as
p =B v, pe,
C

with p. = |hab—e)) ((Bap—c|- Based on the discussion around
Eq. (2.21), one can directly use the results in Eq. (2.20). Then
the Renyi entropy for subsystem A is expressed as

an A
(3.11)

(3.9)

(3.10)

Sa = n 48 e . +

By using Egs. (3.8) and (3.9), one can further obtain

m_ Ldn mc L o —In Napde
Sat= T m e P deb
:1+n.lc.£—ln'D—|—lnda+lndb,

n 48 €
l
SN =T L D4 Ind, +Ind,. (3.12)

24 €

Based on the above example, now we are ready to study the
more general case with N Wilson lines threading through the
interface, as shown in Fig. 1 (d). Suppose that the N Wilson
lines are in topological sectors aj, as, - - - , ay respectively, let
us fuse them in the following order. We first fuse a; and ao
into b1, and then fuse b; and ag into by. By repeating this
procedure, we finally fuse by _2 and a into c. The state we
need to consider can be expressed as

= P ¢, .

{bi},c

bla ba, -+, bN—Q) |ha1-~aN—)c>>-
(3.13)
Note that the direct sum is not only over ¢, but also over {b;},
which means that the final fusion result also depends on the fu-
sion channels {b; } in the middle. For a specific fusion channel



b1
b b2
(a) (b)

FIG. 2. A T? with a two-component AB interface. The region B is
connected in (a) and disconnected in (b). b1 and b2 denote the inter-
face that separates A from B. The red solid line represents a Wilson
loop which may fluctuate among different topological sectors.

in {b; }, one has

c 2
’¢a17a2 AN (bla b2a v bN_Q) |
— NngN o e . N::bldb2 alazdb
daydpy_, dosdy,  dayda, (3.14)
d
¢ b b c
anby_2 " Nagz,blN(l;al m.

Based on the wave function (3.13), and relabeling
1.an, an (b1,b2,- -+ ,by_2) as ¥S(b) to simplify nota-
tions, the Renyi entropy of the subsystem A can be expressed

as

S,%")—H"-g o
mZZZ ZW di*".
c b b
s (3.15)

After some simple algebra, one obtains

m_1+n me 1 3
SA = " 48 p 1nD+ : hlda,”
wc 1
SN :ﬂ.g—lnDJr E Ind,, (3.16)

This results (3.16) can be easily understood by considering
the additivity property of entanglement entropy. Each Wilson
line in the topological sector a; increases the entanglement
entropy by Ind,,.

B. Torus

In this part, we consider a torus with a two-component AB
interface. There are many ways to slice the spatial surface,
and here we mainly focus on the two slicing shown in Figs. 2
(a) and (b), respectively.

1. Connected B region

As shown in Figs. 2 (a) and (b), for the torus geometry, the
Wilson loop can in general fluctuate among different topolog-
ical sectors a with probability |1, |2. In this case, the ground
state may be written as

(3.17)

= talWa),

where |W,,) represents the state that the Wilson loop is in a
) are also called
minimal entangled states (MESs). It is noted that here we use
the bulk wavefunction |¥) to distinguish it from [¢)) which
represents the state at the interface.

For the configuration in Fig. 2 (a), the Wilson loop threads
through both b; and by. Then the wavefunction at the interface
may be written as

¥) = albl)) @ [b57))

e—eHi
where |bf’;>>: |hgl)), 1=1,2
\/nZ"
2 P — c
Hl-:—(LZ L _7),
l; ot Lo~ 75

b, 78[71‘6
n, = Xn, (6 i ) .

l; represents the length of the i-th component of interface.
Then by following similar procedures in the case of single
interface on a cylinder, we can get the reduced density matrix
for the subsystem A as

PA —lea|2pi}4la Aa’

(3.18)

(3.19)
with
piif,a:nbl D e IR N ja) (hy Vs,
N (3.20)
pljéxz,a: b2 Z e_ﬁ|ha , Nas ji2) (h%2, Noj |
Na Na,j2

where we have considered that the chirality of edge states at
b1 and b, are opposite to each other, if there is a physical cut.
Then one can get

_ 7l
Tra (p Z |¢a 2n H [Zai SaaiXh,,,i (e 2ne>}

=12 [Ea Saai Xha, (e* Trzll)i|n
3.21)

where we have used the modular transformation of characters
Xh,. - In the thermodynamic limit [ /e — oo, Eq. (3.21) can be
further simplified as

"TC( )
11+L2 7—n lea|2n 2 Zn. (322)

Tra (p}) =



Then by using the definition in Eq. (1.2), one obtains the
Renyi and von Neumann entropy for subsystem A as follows

_1+n mc l1+ 19

(n)
= = —2InD
Sa n 48 ¢ .
1 2n j2—2n
+1_nlnza:|wa‘ dqg ",
gN_TC¢ htl o5
DY €

+2) |val?Inda =Y [Wal*Inval? (3.23)

The first term above is the area law term. The left terms, which
are universal, are exactly the same as the results obtained with
replica trick and surgery method in Ref. 31. The topological
entanglement entropy in this case depends not only on quan-
tum dimensions but also on the choice of ground state. On the
other hand, it is noted that the formulas in Refs. 33 and 34 can
not recover this result, because of the inappropriate regular-
ization scheme.

2. Disconnected B regions

As shown in Fig. 2 (b), this case is trivial compared with
the configuration in Fig. 2 (a), since there is no Wilson loop
threading through the interface b; and b5. In this case, we sim-
ply make [1/,]|? = 40 in Eq. (3.23). Then one can obtain the
Renyi entropy and the von Neumann entropy for subsystem A
as follows

14+n me U1+

(n)
= — —2InD
54 n 48 € ne
VN e 11+ 19
= — —2InD. 24
SA 21 c n (3 )

The universal parts of the entanglement entropy in Eq. (3.24)
agree with the results in Ref. 31, as expected. In addition, by
comparing with Eq. (3.3), it is found that the results here are
the same as the entanglement entropy for a S? with a two-
component AB interface. This is reasonable by considering
that the Wilson loop in Fig. 2 (b) does not thread through the
AB interface, and therefore has no effect on the entanglement
entropy of the subsystem A (B).

3. Effects of the modular S matrix

Now we consider the bipartition of a torus as shown in Fig.
3. In this case, it is convenient to consider the Wilson loop that
threads through the entanglement cut, i.e., the Wilson loop
threading through the exterior of the torus around the merid-
ional cycle. As shown in Fig. 3, by labeling the basis of the de-
generate ground state as |W,,); and |W}),,, respectively (I rep-
resents ‘longitudinal’ and m represents ‘meridional’), where
[Wa)i ((Wh)m) represents the state that the Wilson line along
the longitudinal(meridional) circle carries a definite topologi-
cal flux a (b), we can express the state in Eq. (3.17) with either
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FIG. 3. A T2 with a two-component AB interface labeled by b;
and by. Compared to Fig. 2, the bipartition is along the other non-
contractible cycle on 72, The red (magenta) solid line represents
the Wilson loop threading through the interior(exterior) of the torus
along the longitudinal(meridional) circle.

set of bases. In particular, the two sets of bases are related by
the modular S matrix as follows'*#0

|Wa>l = ZSab|Wb>m- (325)
b
Then the state in Eq. (3.17) may be rewritten as
9) = 37 Gl W),
= Z (Z waSab> |Wb>m (326)
b a

=3 ¢p|Wo)m,
b

where we have defined ¢, = ) ; ¥iSia. Then the state at the
interface can be expressed as

W) =" dalbl)) @ [H52)). (3.27)

By using the formulas (3.23), one can immediately obtain the
Renyi and the von Neumann entropy of subsystem A as

_1+4+n mc I+ 15

S = = —2InD
A n 48 .
1 n —zn
+ 1_n1nza:|¢a\2 a2,
gN_Te il oy p
24 €

+2> |al’Inde — > |gal*In|dal.  (3.28)

As an example, let us consider the specific case ¥, = d,0 in
Eq. (3.17), i.e., the Wilson loop a in the longitudinal circle
is in the identity topological sector I. For the entanglement
cut in Fig. 2 (a), the universal parts of 51(4") and S¥Y are both
—21n D, which is in the minimal value. On the other hand, for
the entanglement cut in Fig. 3, we have ¢, = Sp, = do/D,
and then it is straightforward to check that the universal parts
of S and S*N are both 0, which is in the maximal value.
This is as expected by considering that the Wilson loop oper-
ators corresponding to the longitudinal and meridional circles
do not commute with each other.



FIG. 4. A manifold of genus ¢ = 2. We have three components
of AB interfaces labeled by b1, by and bs, respectively. The red
solid lines a and b represent two independent Wilson loops threading
through the interior of the double torus along the longitudinal circles.

C. Manifolds of genus g

In this part, we consider general manifolds of genus g. As a
warm-up, we will first consider a simple case with g = 2, and
then move on to the general case with arbitrary g.

1. Double torus

Let us consider a double torus with three components of
AB interfaces as shown in Fig. 4. We consider two inde-
pendent Wilson loops that thread through the AB interface
along the longitudinal circles*!. For the configuration in Fig.
4, where the Wilson loops a and b fluctuate independently, the
bulk wave function may be written as

_ (z mm) ® (z ¢b|wb>) e

Focusing on the A B interface by, by and bs, the wave function
may be expressed as

= watultl) © (@
ab

where we have used b; with ¢ = 1,2, 3 to label the i-th com-
ponent of AB interface. The fusion probability at interface by
has the form ¢S, |*> = N&,d./d,dp. Then the reduced density
matrix for the subsystem A may be written as

pa=Tip|Y) (|
2
wa i

Ze TN D Bl Ny ) (BB N

velbo)) @165), (3.30)

N1,j1
— 87 (hy+ Ny— ) |1 bs . bs .
® E e s 2|hy?, N33 j3)(hy?, N3; js
Ns,j3
c 8me(he+No— &
® (@ Ny, dc Z 6_%
C
Ne d db

N2,j2

X Ih’227Nz;jz><hﬁ27N2;jzl). (3.31)
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Note that for the configuration in Fig. 4, imagining a physi-
cal cut along by, bo and b3, then there may be an ambiguity
in defining the chirality of edge states for the subsystem A
(B). Here, for simplicity, we choose all the edge states to
be left-moving. In fact, it can be checked that the freedom
of choosing the chirality of edge states has no effect on the
entanglement entropy. In the rest of this work, once there is
an ambiguity in defining the chirality of edge states, without
affecting the results, we may choose it to be left-moving.
Based on p4 in Eq. (3.31), one can obtain

n d n
2n 2n c c
Z|,¢}a| W ‘ (n nnc> <dadb) ab

a,b,c

__8mne __ 8mne __8mne
wa(e ) (7 o ().

(3.32)

In particular, for n = 1, this reduces to

=3 [P |wb|2 3

a,b,c

Zlea\QliﬁbF
- (Z\wa )(leb 2),

as expected. Here we consider the normalization condition

> Wal? =3, [¥p|? = 1, and therefore Tr(p4) = 1. By us-
ing the modular transformation property of the character xp,,
Tr(p") in Eq. (3.32) may be rewritten as

= Sl () N

a,b,c

(3.33)

Yoo SiarX (e‘ %i) (3.34)

AL [ S ()]

Taking the thermodynamic limit /; /e — oo, we obtain

= % Pt () N

a,b,c
(5

X _—
D

which, after some simple algebra, can be further simplified as

- (S (D)
a b (3.36)

1 e Ltlatls (1)
X 3=an € .

i

1-n
dy de\'T" g tttasia (1)
D D

(3.35)

Then the Renyi and the von Neumann entropy of subsystem
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FIG. 5. A manifold of genus g with g = N. We have a (N + 1)-component interface labeled by b1, b2, - - -

,bn 1, respectively. We consider

N independent Wilson loops that thread through the interior of the manifold along the longitudinal circles. Each Wilson loop (red solid lines)

can fluctuate among different topological sectors independently.

A can be obtained as

(n)_1+n.@.l1+l2—|—l3_ D
T ¢ 3l
1 2n j2—2n
+1_n1nza:|wa| a2
1 2n j2—2n
+’1 4,n}hl§§:|¢%| Ldb )
l l l
gn_Tc hthtls oy 5

DY €
+23 [alPInd, = [thal* In [t |?

+2> [ Indy =Y e PInfn?. (337
b b

Compared with Eq. (3.23) for a torus with g = 1, the above
result is easy to understand by considering the additivity prop-
erty of the entanglement entropy. Take the Renyi entropy for
example, each component of interface contributes to — In D;
and each Wilson loop contributes to 1~ In 3", [¢;[>"d} ™.

2. Manifolds of genus g

Now we study the case of a manifold of genus g with
g = N. As shown in Fig. 5, we consider N independent
Wilson loops labeled by a1, aq, - - - , ay threading through the
interior of the manifold along the longitudinal circles. Each
Wilson loop can fluctuate among different topological sectors
independently. Then the bulk wave function may be written
as

(3.38)

= ® (Zwai|Wai>> :

Now we choose the entanglement cut as shown in Fig. 5, so
that we have a (N + 1)-component interface. Then the state

at the interface can be expressed as

Z Yo, Pz

ai1az-

® (@02 alaglha1a2~>02>>) Q-

® (e VN _yan DY san—sen)) @ [B2)),
(3.39)

Yay b))

where the probability of fusing quasiparticles a;—; and a; into
c; is \wa‘(ﬁjﬂ | = Naiali de,,,/da;da,,, . Following similar
procedures in the previous part, one can get

Tr (p'4)
1 n
= Y P e P [ (m)
ai,2,..., N nalnaN
L Tl P G L PN
Z a1a2 asas AN —-1aN
no ) () (nex )"

_ 8mne l87rn< 8mne
X Xha, (e h )Xha.N ( N+1) HXh% <e Tl )

By using the modular transformation property of the character
Xh,;, and taking the thermodynamic limit [; /e — oo, Tr(p’)
can be simplified as

Tr (pia)
= Z |tha, |2n|¢az |2n e |Yay ‘Qn
air2,... N
d d
X () N () N
027"2'701\7 daldaz e daN—ldaN N N
N
O e ]
D D 4D
(3.40)
The sum ) ea, ey Can be easily done by considering that

Yo, N&i4de;/da; 1o, = 1. Then Eq. (3.40) can be further



simplified as

Tr (p)
= Z |¢a1 |2n|¢a2 ‘Qn e W}U«N |2n
aiz,...,
2—2n 1 1—-n ﬂ,zi\,:tlli 1
X ( dai) (W) e 48 2t (%-n)
=1

- ﬂl (Z [ta,

1=

based on which we can immediately obtain the Renyi entropy
and the von Neumann entropy of subsystem A as follows

1+n e ll+"'+l]\/+1
st = A T (N4+1)InD
A n 48 € (N+1)In

N
b S S <da1,>2—2"] ,
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+ Z (2 Z |’(/}ai|2 lndaz‘ - Z |1/}ai 2
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—(N+1)InD

2)_
(341

For N = 1 and 2, we recover the results (3.23) and (3.37),
respectively. It is found that the coefficient in front of —In D
equals the number of components of the AB interface. For
each Wilson loop a; that threads through the entanglement
cut with probability |1, |?, it contributes to the Renyi and von
Neumann entropy as

ASEL& =1 _ Zln [Z |¢a1
A ,a; Z |wa1

In fact, we also checked the Renyi entropy and the von Neu-
mann entropy for a g-genus manifold with replica and surgery
methods. The results we obtained are exactly the same as the
universal parts in Eq. (3.41).

2n 2 2n
aI ’

WIQ (3.42)

D. A sphere with four quasiparticles

Although we have studied the entanglement entropy for
several examples in the presence of quasiparticles, it is still
interesting to ask if we can extract more topological data of
Chern-Simons theories, such as the braiding property of Wil-
son lines and so on. In this part, we demonstrate that our edge
theory approach is powerful enough to study these more com-
plicated cases.

Following Ref. 31, we consider a S? with four quasipar-
ticles, with two quasiparticles carrying anyon charge a, and
the other two carrying anyon charge a. According to different

1— N1y,
2n 2—2n 1 "e%_izz:: U (7%7")
al DI+N ’
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FIG. 6. Top row: A S? with four quasi-particles, with the subsys-
tem A containing two quasiparticles a and a. Each red solid line
represents a Wilson line connecting quasiparticles a and a. The two
configurations represent two states | 1) and |¥s), respectively. Bot-
tom row: A S? with four quasi-particles, with two quasiparticles @
and @ in the subsystem A, and the other two quasiparticles a and a
in the subsystem B. Each red solid line represent a Wilson line that
connects @ and a. The two configurations represent two states | ¥ )
and |¥5), respectively.

distributions of the four quasiparticles, we need to study the
entanglement entropy case by case, as discussed in the follow-
ing.

1. Awithaanda

Let us consider the case where there are two quasiparticles
a and a in the subsystem A, with the other two quasiparticles
a and a in subsystem B. As shown in Fig. 6 (top row) there are
two configurations which correspond to states |¥';) and |U5),
respectively. We want to calculate the entanglement entropy
of the subsystem A for a general state
|[T) = a|Pq) + b|Ts). (3.43)
For |¥,), there is no Wilson line threading through the AB
interface, and therefore the corresponding state at the inter-
face is |haa—1)), with I being the identity topological sector.
For |Us), among different fusion channels, there is a fusion
channel @ ® @ — I. Then the state at the interface may be
expressed as

(3.44)

= P vislbaase)),



where
1P
a+b , c=1,
lgsl® = z dada (3.45)
Ngfld ;7‘b|2? C#‘[

Note that for a general TQFT, one always has d; = d,. Itis
also noted that for the state in Eq. (3.44), __ [¢,|* # 1, but
has the following expression

ZC:WCP = ’a+%’2+|b|2 (1—;3).

In this case, to obtain the Renyi and the von Neumann entropy,
we can use the results (2.18) directly. Let us check the von
Neumann entropy first. For convenience, we rewrite S¥N in
Eq. (2.18) in the following form

(3.46)

12 . |2
N _ T l > [Yi* In (dl/wtl ) ‘HHZW’Z‘F'

=2".2_InD
7R S R

(3.47)

It is found that

1

- =T

d; latb/d, 2 T

OAE - 2 (3.48)
W aa’ ? 7é I7

is independent of d;. Then the von Neumann entropy for the
subsystem A, after some straightforward algebra, can be ob-
tained as follows

SN = g A Do ama - (d2 — 1)A21n \a, (3.49)
€

where A1 and )\ are defined as

N — lad,, + b|?
1=

dg + b2 + (d2 — 1)[b|?’
N b

" Jad, + b2+ (a2 — 1)[b2°

One can find that the universal parts of the entanglement en-

tropy in Eq. (3.49) are exactly the same as the results obtained

with the method of replica trick and surgery in Ref. 31.
Similarly, we can obtain the Renyi entropy as follows

(n)_1+n.E E—ID
s e
b |12n |b| 2n 2
+1_ In ’a+£ +<da> (da,]_)
b2 b, o
_1_nln“a+da +d73(da—1) .

(3.51)
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2. Effect of braiding and R-symbols

In this part, we will study how the braiding of Wilson lines
can show up in the entanglement entropy. We consider a
generic superposition of two states

(W) = a W) + b|T5), (3.52)
where |U}) and |¥,) are shown in Fig. 6 (bottom row). In
this case, the two quasiparticles in subsystem A are both in
topological sector a. Compared to the configuration in |¥}),
one can find that there is braiding of Wilson lines in |¥5).

At the interface, the states corresponding to | ¥/ ) and |U%)
may be expressed as

{ |¢i> = OcPzalbaa—e)); (3.53)
|¢'2> = BcWaq e Daa—c))- .
where [¢¢,|? = N¢,d./d?, and R are the so-called

R-symbols, which describe the effects of braiding of
anyons/Wilson lines (see Appendix A for details). The R-
symbol is in general a unitary matrix, but reduces to a collec-
tion of phases in a fusion multiplicity free theory. In particu-
lar, R2° represents the phase picked up by exchanging anyons
a and b which fuse into channel c. Then the state at the inter-
face may be written as

[Y') = aly)) + b)),
= @c (@ +DR) YE, [Daasc))
=: @c¢c|baa—)c>>'

(3.54)

Based on the wave function above, we can obtain the Renyi
entropy as well as the von Neumann entropy of the subsystem
A(B) by using Eq. (2.18) directly.

In the following, we are mainly interested in the SU(2)
theory, in which the R-symbol has an explicit expression

R;hj? — (_1)j—j1—j2q%[j1(j1+1)+j2(j2+1)—j(j+1)]’ (3.55)

where ¢ = e~27"/(2tk) "and j represents the anyonic charge
of SU(2)y theory, which is labeled by integers and half-
integers as C = {0, %, 1,000, g} (Here, for the definition
of ¢, we follow the convention in Ref. 31. It is noted that in
some literatures ¢ = e2™/(2+k) i5 used, and therefore the ex-
pression of R-symbols are slightly modified accordingly.) In
addition, the fusion rule in the SU(2);, theory is

min{j1+j2,k—j1—j2}
J1XJ2 = > J
|71 —J2|
lj1 — g2l + (lj1 — Jol + 1) + -~
+min{j1 + j2,k — j1 — jo}

(3.56)

Relabeling a = a = j and using Eq. (2.18), we can imme-
diately write down the Renyi entropy and the von Neumann



entropy for the subsystem A as follows

(n) L Te v
Sy - 5 InD
N L, min{%izj}‘a+bej 2nd
n —_— i
1—n =0 dj
__n lnmin{wzkzj}‘ e bR d;
1-n — d; v
l
SN = % = —InD
€
smin(2 k=27 |, 4 g i d 1n’ +bR”
S5t o 1y
min{2j,k—2;5}
bRJJ
Y ’JFT di, (3.57)
i=0 J

where the quantum dimension d; is defined as

i <%) (3.58)

. T :
sin (25 |

d; =
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Before we end this part, it is emphasized that the R-symbols
usually depend on the choice of bases in the topological
Hilbert space, which indicates that R- symbols are usually
gauge dependent. An exception is Rj“, which is gauge in-
variant (see Appendix A 1). That is to say, our results on the
entanglement entropy in Eq. (3.57) are gauge invariant, as it
should be.

(a) Specific case a = a =

N[

In Ref. 31, the specific case of a = a = % is studied based
on the replica trick and surgery method. In this part, based on
our general formula in Eq. (3.57), we make a comparison with
the results in Ref. 31.

For a = @ = % in a SU(2); theory, the fusion rule of two

2
anyons a is simply

1 1
- ®@-=001.

S ®5 (3.59)

For convenience, we label the quasiparticles with j = 0, 5,1
as w, « and o, respectively. Based on Eq. (3.58), it can be
checked thatd, = 1, d, = 2cos k+2 and d, = 2 cos = 2+k +

1 _ sin k+2
Sll’lk

Neumann entropy may be expressed as follows

. From Eq. (3.57), the universal parts of the von

min{2;j,k—2;} JJ min{2j,k—2j y
- Ez 0 a+ bR,L a+bR” {QJ’k 2J} a+ szJ 2
Sep = —InD+ - T S e
Z?;IB{Qﬁk*Qj} ‘a + sz] d; i—0 dj (3.60)
—InD — dw/\l In )\1 — dg)\g In )\27
[
where A1 and )\, are defined as SN Atop = InD + 2Ind,. Hence, the R-symbols cannot be
wal2 detected. In other words, the effects of braiding or R-symbols
A\ = la + bRS| can be detected only through the interference effect in the en-
dula + bR + dy|a + DRG|?’ tanglement entropy.
o 7 (3.61) ’
la + bRS*|?
Ao = < .
> dyla+ bR + dy|a + bReO?
For a SU(2);, theory, one has 3. Effects of monodromy and topological spin
[e7e% 3 .« g0 .
R™ = —q%, 3.62) The effect of monodromy, or double braiding, of two quasi-
Roo q*i 3. particles/Wilson lines a and b is governed by the monodromy

Therefore, A1 and A5 in Eq. (3.61) can be rewritten as

|a—bq4\2
M= bt Pt dola b 1P
w q b_o;Q q (3.63)
N

dw‘a - bq%|2 + da‘a + bq_i|2,

which agrees with the result in Ref. 31. It is noted that if we
focus on either |¥}) or |U)) separately, the universal parts
of the Renyi entropy or von Neumann entropy are simply

equation or ribbon equation as follows

SRS

A

ba] _ Oc
(R, = 5.6, S (3.64)

which is associated with the mutual statistics of a and b fused
into channel c. For the multiplicity free case we are interested
in here, Eq. (3.64) reduces to

Oe
0.0y

RO RV — = M, (3.65)
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FIG. 7. Top row: A S? with four quasi-particles, with two quasipar-
ticles @ and b in subsystem A, and the other two quasiparticles a and
b in subsystem B. The red solid lines are Wilson lines which connect
a(b) and a(b). The two configurations represent two states |¥'; ) and
|W5), respectively. Bottom row: A S? with four quasi-particles, with
two quasiparticles a and @ in subsystem A, and the other two quasi-
particles a and a in subsystem B. The two configurations correspond
to the two states | ¥/ ) and |¥5), respectively.

The topological spin 6, also known as twist factor, is related
to the spin or conformal scaling dimension h, of a as

6, = e??™ha, (3.66)
Therefore, M®bin Eq. (3.65) can be rewritten as MC"“” =
e??m(he=ha=hs) " To see the effect of the monodromy on the
entanglement entropy, we consider a general state |U) =
a|U1) + b|¥a), where | ¥ ) and |¥o) are shown in Fig. 7 (top
row). It is noted that for the configuration in |¥5), the two
Wilson lines braid for two times. Compared to the configura-
tion in Fig. 6, this double braiding of two Wilson lines allows
us to study the case a # b.

At the interface, the states corresponding to |¥) and |¥3)
may be written as

{ Y1) = @c%bmab:c)), 3.67)
|¢2> = GBCwaMca |bab%c>>v

based on which one can write down the state corresponding to
|T) as

[) = a|h1) + blwa),
=P, (a + ngb) YaplDab—sc))

b\ .
= @, (a + b9a0b> EolBe))

= ®c¢c|bab—>c>>~

(3.68)
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where [¢¢,|? = N¢,d./d.dy. Then one can immediately ob-
tain the Renyi entropy and the von Neumann entropy of the
subsystem A(B) by using the results in Eq. (2.18).
Now we are interested in the SU(2), theories, where the
topological spins are expressed as
0; = 2 i (3.69)

Relabeling the anyonic charges as a = j; and b = js, then we
have

1+n 7we 1
S(”) — -— .- —=InD
A n 48 e
min{j1+j2,k—j1—j2}
1 0; d;
+ In Z ‘a + b T
1=n i=lir—a| Y00l &
min{j1+j2,k—j1—j2}
n 0 d;
_ In ’CL + b J . )
I=n j_Uzl:j2| Oinbin | iy,
(3.70)
and
eN_T¢ L _1p
AT 24 e
min{j1+j2,k—j1—J
{j1+72 J1 Jz}’aerA’Qd'ln%
=l 05103, J |“+b9j/9319j2|
+ 2
min{j1+j2,k—j1—j2} b5 .
2=l ‘a 70| 4
min{j1+j2,k—j1—j2}
0, d;
+1n ’a +b—2 .
Jj=|j1—7j2I 9j10j2 djl dj2
(3.71)

Similar with the previous calculation involving the R-
symbols, the effects of monodromy can be detected only
through the interference effect. One can check that for ei-
ther |Uy) or |Us) separately, the universal parts of the Renyi

entropy and the von Neumann entropy are simply SXft)op =

Sﬁ\flop =—InD +1Ind;, +1Ind,,.

As a specific example, it is interesting to check the case
with anyonic charges j; = j2 = % As before, we label the
anyons with j = 0, %, 1 as w, a and o, respectively. Then
based on Eq. (3.71), one can obtain

op = —InD —d, A In Ay —dehalndy,  (3.72)
where A1 and )\, are defined as
2
‘a + bez‘g)
)\1 = 5 PR
d., ’a +b5l—| +dy |a+ byle-
) (3.73)
[
‘a + beae
)\2 - 0 2 0 2
d, la + boa‘ga +ds |a + beaga




which may be further rewritten as
_ |a+bq%\2
dula +bg3 2 + dyla + bg=2 |2’
_ |a+bg~%?
2 dyla+bg2 |2 + dyla+ bg—z |2

A1
(3.74)

where ¢ = e~2mi/(2+k)  Before we end this part, it is noted
that M2 = R Rb in Egs. (3.70) and (3.71) is a gauge in-
variant quantity, although R%® for a # b is not gauge invariant
itself (see Appendix A 1). This is expected since that the en-
tanglement entropy should be gauge independent.

4. Discussion: Relative phase in interference effect

From the discussions above, it is found that both the R-
symbols and the monodromy can be detected through the in-
terference effect, in which the R-symbols and the monodromy
appear as relative phases between two sets of bases in |)1)
and |12). To understand this interference effect better, let us
consider another state

V') = a¥y) + b ¥3), (3.75)
where |U}) and |¥,) are shown in Fig. 7 (bottom row). In
particular, the two Wilson lines are braided once in |¥}) and
twice in |05). Then the corresponding states at the interface
can be written as

{ |¢§> = ®c1/)2aRZa|f)aa—>c>>,
|wé> = @c%aMémlf)aa—w»-

where [¢¢,|* = N&,d./d?, and M2 is defined through Eq.
(3.65), i.e., M?* = R2*R2*. Note that for the multiplic-
ity free case we consider here, both R%® and M are simply
complex phases. Then the state at the interface can be written
as

(3.76)

[¥') = alyy) + bles),
= @R (0 + DR ¥, [aase))
= @c¢c|haa—>c>>’

By comparing the states in Eq. (3.77) and Eq. (3.54), it is
straightforward to check that Sg") and S*) corresponding to
the state in Eq. (3.77) have the same expressions as those in
Eq. (3.57). This is as expected because what we detect in the
interference is the relative phase.

(3.77)

IV. TOPOLOGICAL MUTUAL INFORMATION

As mentioned in the introduction, the Renyi and the von
Neumann entropy are good measures for bipartite entangle-
ment. For a tripartite system, or more generally a mixed state,
it is convenient to introduce other entanglement/correlation
measures such as the mutual information and the entangle-
ment negativity. Since the mutual information is expressed in
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FIG. 8. Four setups in calculating the mutual information and the
entanglement negativity. Two adjacent non-contractible regions A
and As on a torus with non-contractible ((a) and (b)) and contractible
(c) B. (d) Two disjoint non-contractible regions A; and Az on a
torus with non-contractible region B. The red solid line represents a
Wilson loop threading through the interior of the torus.

terms of the entanglement entropy, one can directly use the
results in the previous section. In the following, we will give
several examples on the mutual information between two spa-
tial regions on a torus for Chern-Simons theories.

A. Two adjacent non-contractible regions on a torus with
non-contractible B

Let us consider two adjacent non-contractible regions A;
and As on a torus with their compliment B which is also non-
contractible. Here we mainly consider two nontrivial cases,
shown in Figs. 8 (a) and (b). The two regions A; and A,
share a one-component A A interface in Fig. 8 (a) and a two-
component A; A, interface in Fig. 8 (b). In the following, we
will calculate the mutual information between A; and A, for
these two cases respectively.

1. One component interface

As shown in Fig. 8 (a), the two adjacent non-contractible
regions A; and A, share a one-component A; A interface.
This case can be easily studied based on our previous results
on the bipartite entanglement of a torus. To be concrete, let us
consider the Renyi mutual information defined in Eq. (1.4).
For the two adjacent regions A; and As as shown in Fig. 8
(a), the subsystem A = A; U A, has the same topology as
Aj (As), which is simply a cylinder. Therefore, for a general
state in Eq. (3.17), i.e.,

0) = ha|Wa), @.1)



one can directly use the result in Eq. (3.23), and the Renyi
mutual information can be obtained as

Ltn 2mc b o) p
n 48 €

1 n —zn
_nanW}aF di 2 ,

(n)
IAlAQ =

4.2)

where [5 is the length of the interface 5. And the von Neu-
mann mutual information has the following expression

IA1A2 = 1im IA1A2

=22 9o D+2Z|¢a| Ind,
_ZW)(JFIHW}(LF'

(4.3)

For a later comparison with the entanglement negativity, it
should be noted that 1 X?AQ and I 4, 4, depend on the choice of
ground state for both Abelian and non-Abelian Chern-Simons
theories.

2. Two component interface

As shown in Fig. 8 (b), let us consider the two adjacent non-
contractible regions A; and A5 which share a two-component
A As interface. In this case, the subsystem A, itself is com-
posed of two disjoint regions. To obtain the mutual informa-
tion between A; and As, we need to calculate the entangle-
ment entropy of the subsystem A first.

For the general ground state in Eq. (4.1), the state at the
interface (including the components by, b2, b3 and b4) has the
following expression

(4.4)

Zzpa ® [657)-

i=1,---,4

Following similar procedures in the previous sections, one can
obtain the reduced density matrix for the subsystem Aj as fol-
lows

2
leal T 4n
® Z e li ll7 Z?jl><h

4 N;, i

T b
(4.5)
szjl|a

based on which one can get

il
Za» Saai Xha,v (e_Tlls)
pAg Z |1/)a|2n H i, o
i=1,---,4 [Zal SaainLa7 <67 2e >:|

(4.6)

where we have used the modular transformation property of
the character x,. In the thermodynamic limit /; /e — oo, Eq.

18

(4.6) can be further simplified as

7rL(114r124r134r14)

leaPn 4 4n.

4.7
Then one can obtain the Renyi and the von Neumann entropy
of A, as

Tr (ph,) =€

(n)_1+n_E_ll+l2+13+l4_4l D
SAQ_ n 48 € .
1 2n j4—4n
+1_n1n2aj|wa| dg™*,
2mc Iy + 1o+ 13 +1

vN 1 2 3 4
=— . —= 2  — _4InD
54 = 713 ¢ o

+4) |Wal?Inde = Y [val’Infal®.  (4.8)

a

Based on the results in Egs. (3.23) and (4.8), one can obtain
the mutual information between A; and A, as follows

(n) 1+n 2me ll—l—lz
I8 =— o 4D
1
1 a2nd4—4n
— n;w\ i
ore Iy 41
Ta, 4, :Ql:' LT2 _4mD 43 [’ Ind,

= [l In ]t . 4.9)

Similar with the one-component A; A interface case, the mu-
tual information in Eq. (4.9) depends on the choice of ground
state for both Abelian and non-Abelian Chern-Simons theo-
ries.

B. Two adjacent non-contractible regions on a torus with
contractible B

In this part, as shown in Fig. 8 (c), we will calculate the mu-
tual information of two adjacent non-contractible regions A
and A, with a contractible region B. In section III, the entan-
glement entropy of A = A; U A has already been calculated
[see Eq. (3.24)]. To calculate the mutual information between
Aj and Ay, one only needs to further calculate Sy, (4,) as
follows.

Given the ground state in Eq. (4.1), the state at the interface
(including the components by, by and bs) can be written as

W) = [05)) ® Y alb?) @ 552)). (4.10)

Then it is straightforward to check that the reduced density
matrix for A; has the expression

pA, = tra,uBlY) (Y]

=R ® el o0 @b

A1 a’



where pl;{i ., has the form

) 1 _smep yn— < ) . ) .
piﬁ,a = Z -.€ " (e tN=3D | pbi Ny i) (hY, Nis gl
g
iJi
(4.12)
Then one can obtain

me(li+la+lg) (L,
18e

Tr(pzl) = e n n) (S()())l_n Z |wa‘2n(8a())2_2n7

(4.13)

where we have used modular transformation of the character
X#n; and taken the thermodynamic limit /; /e — oo. Based on
Tr(p’,) in Eq. (4.13), we can obtain the Renyi entropy and
the von Neumann entropy of subsystem A; as follows

(n)_1+n'E'l1+lz+13_ 0D
Sal = n 48 € 3hn
1 n —zn
+1_n1n2a:|1/)a\2 2=,

2re 11+ 1 +1

vN 1 2 3
=——.——= 2 _ 3InD
A1 48 €

+2) |val?Inde =Y [Wal*Inval?  (4.14)

The same results can be obtained for SX;) and S'{\ by simply
replacing [3 with [4. Then based on Egs. (3.24) and (4.14),
one can obtain the mutual information between A; and A, as
follows

1 2
", = tn e Wtk 4)p
1432 n 48 €
2 2n j2—2n
+1_n1n§ajlwal dg ™",
dme 1y +1
IAIAQ:TS. ! 2 —4InD

+43 (e Indy — 2 [thal* In [1ha]?. (4.15)

It is found that the mutual information in Eq. (4.15) does not
change if we take B — &, which corresponds to the biparti-
tion of a torus (see Fig. 2).

C. Two disjoint non-contractible regions on a torus

In this part, we consider two disjoint non-contractible re-
gions A; and A, on a torus, as shown in Fig. 8 (d). For this
case, the mutual information between A; and A can be easily
calculated based on our previous results. First, it is straight-
forward to check that 51(4") = Sgl), with A = A; U A,. This
can be understood based on the fact that the torus is bipartited
into A = A; U A and B. Then, based on Egs. (3.23) and
(4.8), one can immediately get the Renyi and von Neumann
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mutual information between A; and A, as follows
2—2n
n)y _ 2 on (da
i = g ()

1 d 4—4n
1 a2n “a
l—nn;|w| (D)

n —an 2
L (Sl
> [al?rda™ ™
IA1A2 = _Z |¢a|21n |wu‘2

1—n

(4.16)

Some remarks on the results of mutual information in Eq.
(4.16) are in order:

e For both IX?AQ and 14, 4,, the area law term disappears.
That is to say, short-scale degrees of freedom cancel in the mu-
tual information of two disjoint regions. This is very helpful
for numerical calculations, because one needs not to calculate
the entanglement entropy for different lengths of interface. It
is noted that for the mutual information of two adjacent re-
gions in Egs. (4.2) and (4.3), the short-scale degrees of free-
dom does not cancel.

e The universal parts of II(LQ)AZ and I 4, 4, result from the
fluctuations of the Wilson loop. If we set ¥, = 3447, i.€., the
Wilson loop stays in a definite topological sector a, then both
Igi)AQ and [ 4, 4, vanish.

e The result of mutual information I 4, 4, in Eq. (4.16) was
also obtained in Ref. 32 by using the surgery method. In that
work, the mutual information 14, 4, was considered as a uni-
fied quantity to describe both conventional orders and topo-
logical orders. For conventional orders which are character-
ized by the spontaneous symmetry breaking, it is found that
the mutual information has the same expression as Eq. (4.16).
Here, we emphasize that this is not the case for the Renyi mu-

tual information IS?AQ with n > 1. As shown in Eq. (4.16),
the Renyi mutual information depends on both the choice of
ground state and the quantum dimensions d, which are absent
in conventional orders. In short, the Renyi mutual informa-
tion contains more information than the von Neumann mutual
information. On the other hand, if we focus on the Abelian
Chern-Simons theories, Eq. (4.16) can be further simplified
as

iz 1 n
‘[1(41)142 “1_-n IIIZ |¢a|2 )

4.17)

which can still be used as a unified quantity to describe both
conventional orders and Abelian topological orders.

V. TOPOLOGICAL ENTANGLEMENT NEGATIVITY

In this section, we will study the entanglement negativ-
ity defined for two spatial regions in Chern-Simons theories.
Note that both the mutual information and the entanglement
negativity are useful for understanding the entanglement prop-
erty of a mixed state. As will be seen later, however, compared



to the mutual information, the entanglement negativity may
provide different information on the underlying theory. At the
technical level, the calculations of the entanglement negativity
require a new layer of complexity — taking partial transpose of
the reduced density matrix —, as compared to the entanglement
entropy or mutual information.

A. Left-right entanglement negativity

In this part, for illustration purpose, we will calculate the
entanglement negativity between the left-moving modes and
the right-moving modes of the general state in Eq. (2.7), i.e.,

¢> = Zwa‘ha»

We start from the density matrix as follows

<’¢)| = Z %/Ja%/J:Z/ ‘ha>><<ba'|

(5.1

E:“‘”¢*¢f7

a,a’
S
N.j N’ j'
X |ha>N§j>®|haaN§j><ha’vN/

51) e 1 (har +N'=51)

19"l @ (har, N3 57
(5.2)

Next, without loss of generality, let us take partial transposi-
tion over the right-moving modes. Then one can obtain

Tr __ * 1
/0 - Z'l/)awa’ mm

)3T e N ) (4 )
;_]N/ 5!
o N:) & Thars N )bt N'3 | @ (i N3,

(5.3)

where Tr(r) represents the partial transposition over the
right(left)-moving modes. To calculate the entanglement neg-
ativity £y r, we can use the definitions either in Eq. (1.7) or
in Eq. (1.8). In the main text of this work, we will use the
definition in Eq. (1.8). For the readers who are interested in
the calculation of £ based on Eq. (1.7), one can find the
explicit calculation in the Appendix.
Based on the expression of p”* in Eq. (5.3), one can get

2
__4mnee
T [Z|¢a n /QXha< l >‘|
2
— [6245 r% nT ZW)G aO ] .

(5.4)
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where we take the thermodynamic limit in the second line.
Therefore, by using the definition in Eq. (1.8), one can imme-
diately obtain the entanglement negativity between the left-
moving modes and the right-moving modes as follows

Err = lim InTr (pTR)ne

Ne—>1

3me 1
=% - mD+2In (2 |¢a|\/da> :

€

(5.5)

By comparing with S\ in Eq. (2.20), it is found that £ 5
equals to the 1/2 Renyi entropy, i.e.,

Err =S =547

(5.6)
This is actually a property of the entanglement negativity for a
general pure state’’. Here we demonstrate it for the left-right
entanglement negativity through an explicit calculation. It is
noted that for v); = J;,, the universal parts of the entangle-
ment negativity are

P =—InD+Ind,, (5.7)

which are the same as the universal parts of the Renyi/von
Neumann entropy.

Before we end this part, the readers may be curious to ask
what is the result of Tr (p®)" if we choose n to be odd in Eq.
(5.4). After some simple algebra, one has

_ 8meng
|1/)a|2no n(, g Xha ¢ .
=2

By comparing with Eq. (2.16), it is found that Tr (pTR)"°
Trp}°, and therefore lim,,, 1 Tr ( pTR)no
is trivial.

(5.8)
= Trpr, = 1, which

B. Bipartition of a torus

For the bipartition of a torus in Fig. 2 (a) and (b), £4 can
be immediately obtained by considering the property of the

entanglement negativity for a pure state, i.e., Eap = 51(41/ 2 —

Sg/ %) Then the entanglement negativity £ corresponding
to Fig. 2 (a) and (b) has the following form

g(a) (S(a))(l/Q)

37TC l1—|-l2
=5 . —21nD+21n<Za:|wa|da>,

3me i+l
48

gP) = (52 = —2InD. (5.9)

From the above analysis, one can find that for a pure state,
the entanglement negativity cannot provide more information
than the Renyi entropy. As mentioned in the introduction,
the entanglement negativity becomes more useful for a mixed
state. In the following parts, we will mainly focus on the en-

tanglement negativity for different cases of mixed states.



C. Two adjacent non-contractible regions on a torus with
non-contractible B

For two adjacent non-contractible regions on a torus with
non-contractible B, similar with the discussion on the mutual
information, we mainly focus on the two cases in Fig. 8 (a)
and (b). In Fig. 8 (a), the two adjacent regions A; and A,
share a one-component A; A, interface, and in Fig. 8 (b), the
two adjacent regions share a two-component A; A5 interface.
In the following, we will study the entanglement negativity
between A; and A for these two cases separately.

1. One component interface

Let us start with the entanglement negativity £4,4, be-
tween two adjacent non-contractible regions A; and As on a
torus, as shown in Fig. 8 (a). Given the general ground state in
Eq. (4.1), the state at the interface (including the components
b1, ba and b3) can be written as

W) => va @) [65)).

a i=1,2,3

(5.10)

Then it is straightforward to check that the reduced density
matrix for A = A; U A, has the expression

PAuA, = Tre|Y) (Y]

=> [al* QX e (.11
a i=1,2,3
where
1 _ 8me _ < N K
o= 3 e 1 PN b NG (bl Ny,
Na Ni,j1
, 1 BTl 4 Ny— & . ,
A= D e BTG, Nas ga) (it Nos ol
% Ns,js

Na N, s N3
x |h82, Ny, jo)|h%2, Naj ja) (RE2, Nb; 3| (hb2, Nb; g4
(5.12)

By taking partial transposition over the subsystem As, one
obtains

T> T
T b b b
Piuas = D [al*pi . ® (pi,a) ® (ﬂia)
a

(5.13)
_ Z |w |2 b1 ba T2 b3
- a pA,a ® pA,a ® pA,a7

where

by \ 12
(pA,a)
nlz
% Na,j2 N},jb

x |h2, Na, jo) |he?, Ni; 4)(hb2, N 5| (h%, Noj jal,
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with T, representing the partial transposition over the subsys-
tem As. After some algebra, one obtains, by taking the ther-
modynamic limit,

Tr(pinAg)ne
_ 8mnee _ 87nee
I YV G E O G
S ) ()
L Xna(e” T Y i, (e B)
(ngb2)" .

1

Sl ()t R )
a

wclg (4
¢ e8¢ (Te—”e).

X (Sa0)® ™" (5.14)
Based on the definition (1.8), one can immediately obtain the
entanglement negativity as

& = lim InTr(p%2 e
Ard, = L (pAlqu)

_ 3me o (5.15)

=S 2 oD+ (Y ).

It is noted that the first term, which is the area-law term, is pro-
portional to the length of the interface between A; and As, but
has nothing to do with the interface between A;(As) and B,
as expected. The second and third terms are related only to the
quantum dimensions and the choice of ground state, and there-
fore are universal. We call the second and third terms in Eq.
(5.15) ‘topological entanglement negativity’. In particular, the
third term is very useful since it can distinguish Abelian and
non-Abelian theories. For an Abelian Chern-Simons theory,
we have d, = 1 for each topological sector a, and therefore
In (3, [¥al?da) = In (3, |[¥a]?) = 0. For a non-Abelian
Chern-Simons theory, however, we have d, # 1 for at least
one topological sector, and therefore In (3, [¢4]%d,) # O for
a general ground state. In practice, one can tune the ground
state of a topological system, and observe if the topological
entanglement negativity changes accordingly or not. This pro-
vides us a convenient way to distinguish an Abelian theory
from a non-Abelian theory.

In Ref. 23, the entanglement negativity for a toric code
model was studied. For the case of two adjacent non-
contractible regions as discussed in this part, they found that
the entanglement negativity is independent of the choice of
ground state. This may be easily understood based on our re-
sult in Eq. (5.15) considering that the toric code model is in
an Abelian phase.

As a comparison, it is noted that the mutual information
14, 4, for two adjacent non-contractible regions on a torus
depends on the choice of ground state for both Abelian and
non-Abelian phases [see Egs. (4.2)-(4.3)]. In other words, the
mutual information of two adjacent non-contractible regions
on a torus cannot distinguish an Abelian theory from a non-
Abelian theory. From this point of view, the entanglement
negativity is more useful in distinguishing different topologi-
cal phases.



2. Two component interface

Let us now consider the set up in Fig. 8 (b), where now
the two adjacent non-contractible regions A; and As share a
two-component A; A, interface. For the general ground state
(4.1), the state at the interface (including the components b,
ba, bz and b, ) has the expression

W)=Y va @ 165)).

a i=1,2,3,4

(5.16)

The reduced density matrix for A; U A can be expressed as
paua, = TrplY) (Y]

= ZWMP ® PAm

i=1,2,3,4

(5.17)

where
e 1
Na N1,j1 N{,j}
|hét, Ny, i)l kb, Nus ju)(het, Nis g1 |(REY, NT; 4,
(5.18)

by __ —4ze (ho+No—o) —
Pha= bz > D e n e

Na N2,j2 N} ,j}

‘hazvN27j2>‘ha27N2;j2><hZ2’N2/;j5|<hgzvNé;jé|’

41\'5 (}La-'rN -

(5.19)
1 __ 8me Y € R .
PZX’,a = Z e s e tNo T3 pbs Ny ) (hb?, N jal,
@ Ns,js
(5.20)
and
87\'6 _c
PAa= Z 2 (ot N1 24)|hb4 Nu; ja) (A2, Nuj jal.
I‘la Na,ja

(5.21)
Taking a partial transposition over region Ay, one can get
T b T by |1 b b
P = 2 WP (i) ™ @ () @ i @ sl
(5.22)
where
51) ,— B (ha+N{—57)

(&

(pf’i,a) bl YD e

Na Ni,j1 N{:jl
|het, N1, ju) kb, NYs 1) (hat, N{s 31| (REr, Ny g,
(5.23)

and

(p’iia)

47 (h+ Nj— )

bzzzel )67

Na N2,j2 N5}
|h52, Na, jo) | he?, Ny; 3) (hE?, Nb; 5| (hé?, Naj jal.
(5.24)
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Then one can obtain, by taking the thermodynamic limit,

Tr(pAlqu)

=y |¢a|2"e

Ne

47mf, e 47mpe

na(e )

()
L

i=1,2
= > [thal™ (S

X (Sa0) ™2 e

Therefore, one can obtain the entanglement negativity be-
tween A; and A, as follows

ne
_ T
Ea,a, = nhml InTr (pAluA2)

Ll oDt (Zwa\?di).
a

(5.26)

Similar with the result of one component A; A, interface in
Eq. (5.15), one can find that £4, 4, is dependent(independent)
of the choice of ground state for non-Abelian (Abelian) theo-
ries.

Therefore, the entanglement negativity of two adjacent non-
contractible regions for both configurations in Fig. 8 (a) and
(b) can serve as a quantity to distinguish an Abelian theory
from a non-Abelian theory.

)ne

2-2n TUEH (L —n,)

(n

2L (o ne)

(5.25)

3me
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D. Two adjacent non-contractible regions on a torus with
contractible B

In this part, we study the entanglement negativity of two ad-
jacent non-contractible regions A; and A5 with a contractible
region B, as shown in Fig. 8 (c). For the general ground state
in Eq. (4.1), the state at the interface (including the compo-
nents by, ba, bs and b4 ) can be expressed as

) =15) @ [b5)) @ > " walbh)) @ [b52)).  (5.27)

Then the reduced density matrix for A =
obtained as follows

A1 U Ay can be

PAIUA, = pllf', ®pb4
© S watl [00)) (00| © [ty (o] ©-28)
where
1 _ TE _L
ﬂbfiz:Zﬁe NI ks N ) (R N ],
Nj M

81\'5 (h1+N

) Rb N ) (hY, N ).

PIX,I = Z b
(5.29)

The explicit expression of p4,u4, is as follows
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. by
N G N )
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Next, we take partial transposition over A5 on the reduced density matrix p4,u4,. Then one can get

_ b3 by
=PAr®@Par

.1 1
(X e

Ni,j1 Ni,j3%

o(¥ ek

Na,j2 Nb,jb

1>
pA1UA2

(hatN2=57) =%

After some tedious but straightforward algebra, one can get

1 8mne 1
To Ne - -7 -
Tr(pAluA2) - ( b3>ne Xh[ (6 3 ) X ( b neXhI(
Ng Ng )
Wf(13+’4) _ "6(11+12)
e (ne E)Sgo 2ne X |S5 3de

Then the entanglement negativity between A; and As can be
expressed as

n
. T, ©
gAlAz = nhgll InTr (pAllqu)
3me

dme Litly _21nD+21n(Z|walda),

48 €
(5.33)

which is the same as the result in Eq. (5.9) for a bipartited
torus. For this case, the entanglement negativity depends on
the choice of ground state for both Abelian and non-Abelian
Chern-Simons theories.

E. Two disjoint non-contractible regions on a torus

In this part, we consider the entanglement negativity £4, 4,
between two disjoint non-contractible regions A; and A, on
a torus, as shown in Fig. 8 (d). For the general ground state in
Eq. (4.1), the state at the interface (including the components

PN ) (e N N ) i N DB N O N )

(N Bl N o) W23, N ) (0 N

(5.31)

.]2|<ha 7N27]2|)

a’’

4Tnee

() (e BN
O CRE B G
X [Za:|wa| (nzl)ne/Q (nZQ)ne/Q ]

(5.32)
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(

b1, b, b3 and by ) can be written as

=> 1o X 165)),

i=1,- 4

(5.34)

where i = 1, 2 correspond to the interface between A; and B,
and ¢ = 3, 4 correspond to the interface between A, and B. It
is straightforward to check that

PALA; = Z [Yal’Pa1.0 ® Pas.as (5.35)
where
67871’6/[1 - '
PAva = — 5 > |het, Nus ja) (het, Nas g
@ Ni,j1
> (5.36)

Z |ha ’vajl

Ni,j1

)Nl;j1|)
na



and
67871'6/[3 ' A .
PAza = — 5 > [h2, Ns; ja) (h%?, Na; j]
a Na,j
o (5.37)
67871’6/[4 3 ' - :
® —p— > e, Nuz ja) (et N jal
@ Ny, ja

In this case, the partial transposition of p 4,4, over Ay can
be expressed as

T
Pﬁiqu = Z W’a‘QpAha @ (PAsa)
a

= Z W)GPPALCL R PAs,a (5.38)

= PAUA,,

. . T Ne Ne
based on which one obtains Tr(p 2 ,,.) = Tr(pa,ua,)
for two disjoint regions. Then the entanglement negativity
simply reads

Envas = lim InTr (bhoa,) =0 (5.39)
In Ref. 23, the same conclusion was obtained based on the
toric code model. Here we demonstrate it for a general Chern-
Simons field theory.

VI. CONCLUSIONS

In this work, we develop an edge theory approach to study
the topological entanglement entropy, mutual information,
and entanglement negativity in Chern-Simons theories. Com-
pared to the prior works, we propose a new regularized state to
describe the spatial quantum entanglement in Chern-Simons
theories. An advantage of our approach, as compared to,
e.g., the surgery method?', is that there is no need to con-
sider the three dimensional spacetime manifold which may
be quite complicated. For all the cases studied by the replica
and surgery method, our edge theory approach reproduces the
same results.

In addition, our edge theory approach is very flexible to
include various factors in the calculation of entanglement, in-
cluding the choice of ground state, the fusion and braiding of
Wilson lines and so on. In particular, through an interference
effect, we can detect the R-symbols and the monodromy of
two quasipartilces/anyons in the entanglement entropy. We
also generalize our edge theory approach to the calculation of
entanglement entropy for a manifold of genus g.

Furthermore, our edge theory approach is also applied to
the calculation of topological mutual information and entan-
glement negativity in a mixed state. To our knowledge, this is
the first calculation of the entanglement negativity for a gen-
eral Chern-Simons theory. It is found that the entanglement
negativity between two adjacent non-contractible regions on a
torus provides a simple way to distinguish an Abelian Chern-
Simons theory from a non-Abelian Chern-Simons theory. To

24

be concrete, for two adjacent non-contractible regions on a
tripartited torus, the entanglement negativity is independent
of the choice of ground state for an Abelian Chern-Simons
theory. On the other hand, for a non-Abelian Chern-Simons
theory, the entanglement negativity depends on the choice
of ground state. In the previous works,*>*? to distinguish a
non-Abelian phase from an Abelian phase for a microscopic
model, one needs to tune the ground state to find out the
MESs, based on which one can further obtain the quantum
dimension corresponding to each anyon. With the method in
our work, we only need to check whether the topological en-
tanglement negativity is dependent on the choice of ground
state or not, which is much easier in practice.

There are also some future problems we are interested in.
For example, in this paper we mainly focus on the quan-
tum entanglement in Chern-Simons theories. It is interest-
ing to generalize our approach to non-chiral TQFTs. In addi-
tion, it is also interesting to apply the concept of charged and
shifted topological entanglement entropy that was proposed
recently* to a general TQFT based on the edge theory ap-
proach developed in this work.
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Appendix A: On modular tensor categories

In this part, for the completeness of this work, we give a
short review of the modular tensor category (MTC) descrip-
tion of a (2+1)-dimensional topological quantum field theory.
We will mainly review the properties of MTCs that are fre-
quently used in this work. For more details and other interest-
ing properties of MTCs, the readers may refer to Ref. 45-48.

The MTCs are also known as anyon models in physics. For
an anyon model, one has a finite set C of superselection sec-
tors which are called topological or anyonic charges. These
anyons are usually labeled by a, b, ¢, - - -, and they satisfy the
so-called fusion algebra

a®b= @ NG,
ceC

(AL)

where the fusion coefficients N, are non-negative integers,
which denote different ways that the anyon charges a and b
fuse into c. Here we use the direct sum @ to emphasize that
different anyons lie in different Hilbert spaces. For each anyon



model, there exists a trivial vacuum charge I € C, or the iden-
tity. Each charge a has its own conjugate charge a € C so that
NZI. = 1. For each fusion product in Eq. (A1), we may assign
a fusion vector space V,2® which is spanned by the orthonor-
mal set of basis vectors |a, b; ¢, ), with g = 1,--- | N&,. If
the fusion coefficients NS, are equal to 0 or 1, we call the
fusion rules multiplicity-free.

The fusion rules in Eq. (A1) are commutative and associa-
tive. For commutative, it means a ® b = b ® a, and therefore
N¢, = Ny, For associative, it means the results of (a®b) ® ¢
and a ® (b ® c) should be equivalent to each other. Then it is
required that

> ONGNG =Y NN (A2)
d,e d,e

Another quantity we frequently used in the main text is the
quantum dimension d,, which reflects the nontrivial internal
Hilbert space of the anyon a. It may be found by considering
the dimension of the fusion space of n anyons a with large n

dim (Z V;ﬁ.a> =

Cn

C2 C3 C mn
E NN - Ner o~ dy.

Cca2a
€2, ,Cn

(A3)

For arbitrary anyon models, one has d, > 1. If the quantum
dimensions of all the anyons in a TQFT are equal to 1, then
the theory is Abelian. On the other hand, if there exist anyons
with quantum dimensions > 1, then the theory is non-Abelian.
The total quantum dimension of a TQFT is defined as

p\/§

With the quantum dimension introduced, the probability of
fusing two anyons a and b into anyon c can be expressed as

(A4)

d
Pipye = NG, —. AS
b— ab dadb ( )
The constraint ZC P,y—. = 1 indicates that
(A6)

dody = N&de.
C

Another useful concept in a TQFT is braiding. The effect of
switching two anyons a and b adiabatically is described by
the braiding operator Rp. It acts on the Hilbert space V.4 as
follows

Ravla,bic,p) = > [Re] [b.ase,v), (A7)
or diagrammatically,
b a b a
> b
=> [Re ] \/ (A8)
1% v 14
c c
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where R2 are the so-called R-symbols, which are unitary ma-
trices satisfying

(R, = (R, =[R2, .

For a fusion multiplicity free theory, the R-symbol reduces to
a phase.

Based on R-symbols, one can study the effect of double
braiding of two anyons a and b, which is governed by the
monodromy equation, or ribbon property

a a 90
z}\: [Rcb} B [RZ })\V = m(swv

i (A9)

(A10)

where 6, is a root of unity called the topological spin of anyon
a. It is related to the spin, or the scaling dimension b, in CFT
as

i2whg

0, =c¢ (A1)

Alternatively, the topological spin 8, can be expressed in
terms of R-symbols as follows

1 aa
0, = T zp: d.Tr, [R]. (A12)

Furthermore, given the R-symbols, one can also construct
the modular S and 7 matrices as follows

c a a 1 e 06
Suv = 3 NogTe [REPRY) de = 55 3 Moo e
(A13)
and
Tab = ea(;ab' (A14)

In MTCs, the modular S and 7 matrices are unitary matri-

ces satisfying STS = SST = 1and 717 = 77T = 1. In
addition, from Eq. (A13), it is straightforward to check that
1

a:@:&m, and D= —.

Soo  Soo Soo
Other useful quantities such as the F'-symbols will not be re-
viewed here, and one can refer to Ref. 45-47 for more details.

(A15)

1. Gauge freedom

For any anyon models, there is a gauge freedom coming
from the choice of bases in the fusion vector space V,**. We
can always apply a unitary transformation in the vector space
V. without changing the theory. By using the notation where

[u¢®], , represents the unitary transformation of bases, i.c.,
la, b, p) = [ul] ol bies i), (A16)
"
the R-symbols transform as
B2, = S (), (B2, [00),,, (A7)

v



For simplicity, let us consider the multiplicity-free case. Then
the unitary transformations u4® are simply complex phases. In
this case, the R-symbols transform as

[re") =

c ab
uab R

(A18)
It is found that the R-symbols are gauge dependent for a # b.
For a = b, however, one always has [R%*] = R%®, which
means R2¢ is a gauge invariant quantity.
The double braiding defined in Eq. (A10) transforms as
. ugb ba
uba ¢

b
a a /U)(/
— (R [Re) =

C

[
(A19)

= RIPRY = M,

which indicates that M2 is gauge invariant for arbitrary a

and b. In a similar way, one can check that all the nontrivial

F-symbols are gauge choice dependent*’.

2. Topological data for SU(2); theories

In this part we give a brief review of the topological data
of SU(2);, anyon theories*’. The SU(2); anyon theories are
q-deformed versions of the usual SU(2) for g = e~ 27/ (k+2),
In other words, the integers in SU(2) are replaced by the g-

n/2__—n/2 . .
numbers [n], = W. These anyon theories describe

SU(2)y, Chern-Simons theories, WZW CFTs, and the Jones
polynomials of knot theory. The anyonic charges of a SU(2)y,
anyon theory is given by C = {0, TR g .

The fusion rules are given by a general version of the addi-
tion rules for a SU(2) spin:

@mln{J1+]27k J1 ]2}
J=lj1—Jzl

J1®J2 = (A20)

with j € C. The fusion rules can be alternatively written as

J1®J2 = @]Nh]z
=lj1—Jo| @1 —Jo| +1®---

@ min{jy + j2, k — j1 — Jjo}-

(A21)

The R-symbols are given by the general formula
Jid2 — (_1\i—d1—i2 o5 (1 (G1+D) 452 (G2 +1)—5(G+1)
le 2 _( 1)] n=izg (J1(G1+1)+72(d2 e )7 (A22)

based on which we can get the topological spins

0; = 2" (A23)
In addition, based on the R-symbols, one can also obtain the
modular S matrix and 7 matrix according to Eqs.(A13) and
(A14), respectively. The quantum dimension for anyon j has
the expression

. (2j+1)7
S ( )

d; = (A24)
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and the total quantum dimension is
/ M

\/ﬁ Sm(k+2>.

For other topological data such as the F-moves (or F'-
symbols), one can refer to, e.g., Ref. 47.

(A25)

Appendix B: Alternative calculations of entanglement negativity
for different cases

1. Left-right entanglement negativity

In the main text, we calculate the left-right entanglement
negativity &1, r based on the definition in Eq. (1.8). In this part,
we give an explicit calculation of £, based on the definition
in Eq. (1.7), i.e.,

Err = InTr|p™"|. (B1)

For the state in Eq. (5.1), |pT®| can be evaluated as follows

[ = /(o7 T, (B2)
where
(7)o
= Zwa\ W?n e DD DAY

N,j N'.j' (B3)
e 8”( N5 |y, N'; §) @ Tha, N5 )
(har, N'3 5| ® (ha, N3l
which is of the diagonal form. Then one can get

P =303 [thallte] ﬁ

aa’ N,j N',j'

—45¢ (hat+N—57)

_ 4me

(N =55) |y N3 57 @ Thay N )
(har, N3 5| @ (T, N3 4.

(B4)

Then the left-right entanglement negativity may be expressed
as

5LR=1nTI'|pTR|
Xhaq 8_4?6)
=21In XQ:WLJT
—2In (Z |a|Si02 e >
_3e l ypiom > WalVd (B5)
- 48 - a a b)

€

where we recall that n, is expressed in Eq. (2.12), and take the
thermodynamic limit. This is exactly the same as the result in
Eq. (5.9).



2. Entanglement negativity of two non-contractible regions on
a torus

In this part, we calculate the entanglement negativity of two
non-contractible regions on a torus [see Fig. 8] based on the
definition of entanglement negativity in Eq. (1.7). Following
the structure in the main text, we study these cases one by one,
as follows.

(a) Two adjacent non-contractible regions with non-contractible B:
one component interface

As shown in Fig. 8 (a), we study the entanglement nega-
tivity between A; and A, on a torus with a one-component
Aq A, interface. We may start from the partially transposed
reduced density matrix pgzl ua, InEq. (5.13), ie.,

b b
PR Ay = ZI%I%AIQ (pi,a) ®0%.  (B6)

(pf’ﬁia)T2 and pf’ia are defined in Egs.

(5.12)~(5.14). Next, let us calculate [p’2 ,, | as follows

;
T T
= \/(pAzluAQ) DA, UA> (B7)

where p” A

T
’pAleAz
where
i
T T

(pAZ)luA2) DA A,

771 Ty 2
=Sl ()" e | ()] ()" e (o)
(B3)

In particular

T T T>
{(pif,a) ] ()
3P
N2J2N2,J
|hff,Né%j§>|ha27N2;j2><hZZ,Né;jé|<h22,N2;jz|-
(B9)

—5 (hot Np— &)

Then one can get

‘pAlqu
2 b
—Z|1/)a| pAla
L3
”a Na.jz Njjb

|ha27Né;jé>|h0«27NQ;j2><h223Né;jé|<hg«2aNQ;j2|'
(B10)

15 (ha+N2—35) ,— 75 (ha+N3—33)
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Then, by using the definition in Eq. (1.7), one can obtain the
entanglement negativity as follows

T.
Eaya, =InTr ‘pA2luA2

[Xha (67 4l7;5 )i| 2
_ 2 : 2
- ln |wa| Xha (e_m

a

_>7 z+1 (ija SaO)

737’( l2 2
=5 61111>+1n<;|¢a| da> (B11)

which is exactly the same as Eq. (5.15).

(b) Two adjacent non-contractible regions with non-contractible B:
two component interface

As shown in Fig. 8 (b), we study the entanglement nega-
tivity between A; and A, on a torus with a two-component
Aj As interface. We mazc start from the partially transposed
reduced density matrix p s, 4, in Eq. (5.22) directly, i.e.,

Ty Py
pzm:zwm@m>®@m>®pcwm,
(B12)

where the definition of (plxva)T% (pl;ia)n, o5 . and oo "
can be found in Eqs.(5.18)~(5.24). Based on pi"’lqu in Eq.
(B12), one can get
t
T, T
(PAiuAQ) PALuA,

St "o )
® (pﬁf’,a)Q ® (pi’&‘,a>2.

f

1>
b
(¢.)

(B13)
In particular, one has
07T
[(p%a)ﬂ ()"
Z Z e — 8% (hat+N1— 31) o™ E(hat+Ni—33)
a Nl J1 N{,71
\h"l N1 jlhat, Nus ju) (RS, NT; il (het, Nus .

(B14)

and
. 771 b \ T2
_ Z Z i3 (ha+N2—35) ,— 35 (ha+N3—53)
N2 J2 Nb,j4

‘h??Né;jéHhU«Z?N?;j2><h’g2aNé;jé|<hgzaNQ;j2|'
(B15)



It is noted that now (pi’fﬂ)z, (plX7a)2, [(0127a)T2]T(pZX7a)TQ,
and [(p% ,)"2] T(,of’éf’,a)T"‘, are all of the diagonal form. Then
one can easily check that
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Then, one can obtain the entanglement negativity between A
and A, as follows
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which agrees with the result in Eq. (5.26).

(¢) Two adjacent non-contractible regions on a torus with
contractible B

As shown in Fig. 8 (c), we study the entanglement nega-
tivity between two adjacent non-contractible regions A; and
Ag with a contractible region B. We may start from the par-
tially transposed reduced density matrix pﬁiu 4, InEq. (5.31),

(h +Ni—-3

28

based on which we can get
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which is of the diagonal form. Then one can get
Tz _ T2 T TZ
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Then, the entanglement negativity between A; and A, can be
obtained as follows

Eavas = T[Ty, (B20)

_4me _4me
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{ za: ny! Vil

o (5 s

a

(B21)

which is the same as Eq. (5.33).
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