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Topological band structures in electronic systems like topological insulators and semimetals give rise to highly
unusual physical properties. Analogous topological effects have also been discussed in bosonic systems, but
the novel phenomena typically occur only when the system is excited by finite-frequency probes. A mapping
recently proposed by Kane and Lubensky [Nat. Phys. 10, 39 (2014)], however, establishes a closer correspon-
dence. It relates the zero-frequency excitations of mechanical systems to topological zero modes of fermions
that appear at the edges of an otherwise gapped system. Here we generalize the mapping to systems with an
intrinsically gapless bulk. In particular, we construct mechanical counterparts of topological semimetals. The
resulting gapless bulk modes are physically distinct from the usual acoustic Goldstone phonons, and appear
even in the absence of continuous translation invariance. Moreover, the zero-frequency phonon modes feature
adjustable momenta and are topologically protected as long as the lattice coordination is unchanged. Such pro-
tected soft modes with tunable wavevector may be useful in designing mechanical structures with fault-tolerant

properties.

I. INTRODUCTION

Correspondences between bosonic and fermionic problems
have long been an indispensable tool for both solving and
understanding model systems. Other than a few known ex-
ceptions, however, conventional mappings like the Jordan-
Wigner transformation and bosonization are generally exact
only in one spatial dimension'>. For free particles, both
bosonic and fermionic Hamiltonians are characterized by the
single-particle Hamiltonians. The statistics of the particles are
reflected in the different algebras invoked in their canonical
transformations>. In addition, for stable bosonic system the
single-particle Hamiltonian is required to be positive semi-
definite*. Despite such differences, one can nonetheless es-
tablish an equivalence between the spectra of a bosonic and
a fermionic problem by factorizing the corresponding matri-
ces*6. Although this approach is limited to free or weakly
interacting particles, unlike most other mappings, for certain
problems it is manifestly local in any dimensions. It is there-
fore of interest to explore the extent to which this correspon-
dence can provide a new perspective.

The recent realization of the existence of surface modes
dictated by topological properties of the bulk has generated
immense interest across the community®'?. Topological in-
sulators, for instance, are electronic systems that host pro-
tected conducting surface states but are insulating in their
bulk’. Within the free fermion description, the existence of
these robust surface states can be predicted, via the bulk-
boundary correspondence, by computing the topological in-
variants associated with the occupied Bloch bands’. More re-
cently, certain mechanical (spring-mass) problems were in-
dependently found to host robust zero-energy modes local-
ized at boundaries'?. The boson-fermion mapping proposed
by Kane and Lubensky® demonstrates that these phenomena
are the two sides of the same coin. In particular, the mapping
naturally relates the ground state properties of a phonon prob-
lem (i.e. the spectrum in the zero-frequency limit) to that of a
particle-hole symmetric fermionic problem at half-filling, for
which the Fermi energy is naturally pinned to zero.

In Ref., the boson-fermion mapping was applied to me-

chanical frames with a gapped spectrum (aside from the
acoustic modes), and these systems can be viewed as the
phonon analogues of weak topological insulators. The topo-
logical nature of the bulk spectrum is reflected as zero-
frequency modes or states of self-stressed localized at the
boundaries® or defects'?. A natural step forward is to iden-
tify phonon analogues of topological nodal semimetals (TNS),
which feature gapless nodes in the bulk spectrum protected by
nontrivial band topology, and can lead to interesting surface
Fermi-arcs'*.

Previous works have demonstrated the construction of TNS
analogues in bosonic systems, such as photonic crystals',
acoustic systems'® and even spring-mass models'’. The as-
sociated band touchings, however, occur at non-zero frequen-
cies and the topological features are irrelevant when one is
interested in only the low energy excitation of the system.

In this work, we seek to construct phonon analogues of TNS
with protected zero-energy modes in the linearized phonon
spectrum. In particular, we consider pinned, periodic spring-
mass models. One may expect such models, if stable and
not ‘floppy’ (having an extensive number of zero modes),
should generically have a fully gapped phonon spectrum at
zero phonon frequency. Contrary to this expectation, we
show that bulk node with w(k.) = 0 can in fact appear
without fine-tuning in certain isostatic models, and their exis-
tence is rooted in the topological protection of the correspond-
ing fermionic TNS. These systems correspond to metamateri-
als or mechanical structures with robust extended soft modes
which can be employed as building blocks of more complex
structures requiring both rigidity for stability and flexibility
for functionality'"!>. Fault tolerance, provided by topolog-
ical protection, is highly desirable for applications in which
different mechanical parts are coupled to perform nontrivial
maneuvers. Similarly, our construction can also be applied
to engineer acoustic or mechanical metamaterials with pro-
grammable response to external excitations'®!?.

Before we move on to present our results, we pause to com-
ment on the boson-fermion correspondence discussed here.
For non-interacting problems, both fermionic and bosonic
Hamiltonians are characterized by a single-particle Hamil-
tonian 7, and the ground state (zero-temperature) behavior



of the system is determined by the ‘filling’ of the eigen-
modes of H. For fermions, Pauli exclusion dictates that all
the eigenmodes up to the Fermi energy are filled in the zero-
temperature limit. In particular, a 2D nodal semi-metal results
if the Fermi surface consists entirely of nodal points, as in
graphene (assuming spin-rotation invariance). The excitations
about the ground state then correspond to quasi-particles with
linear dispersion about some characteristic momentum k..

Bosons in the zero-temperature limit, however, only occupy
the lowest energy single-particle state(s) in the absence of in-
teractions. Therefore, the stability of a free bosonic system re-
quires H to be positive semi-definite. As such, one can write
eig(H) = {w?} with w > 0, and the ground state is gapped if
and only if w2, > 0. A non-interacting 2D bosonic analogue
of a semimetal will then be a system for which w?(k.) = 0
at a collection of nodal points {k.} (in the thermodynamic
limit), since they would feature similar low-energy excita-
tions. Strictly speaking, even the acoustic phonons satisfy
the criterion outlined, but they are non-topological and can
be trivially gapped out by breaking transition invariance (via,
say, the introduction of a pinning potential). In contrast, here
we are interested in the phonon analogue of topological nodal
semimetals, where, in contrast to acoustic modes arising from
conventional continuous symmetry breaking, the existence of
the low-energy excitations are dictated by an underlying topo-
logical invariant.

o (a.u.)

FIG. 1. Typical spectrum of a 2D TNS protected by chiral sym-
metry hosting a pair of topological nodes at w = 0 (only the two
bands close to w = 0 are shown). The spectrum is computed for
the fermionic problem defined in Eq.(2) with R defined in Egs.(3)
and (4). The parameters (61, ¢1,602,¢2) = (1/4,0,1/8,—1/8)w
are used. The inset shows the edge spectrum when open and periodic
boundary conditions are enforced for the é; and é» directions re-
spectively, featuring a line of zero modes connecting the projections
of the bulk topological nodes onto the surface Brillouin zone.

II. PHONON ANALOGUE OF TOPOLOGICAL NODAL
SEMIMETALS

For a self-contained discussion, we first briefly describe
phonon problems defined for mechanical structures formed by
mass points connected by elastic elements modeled as central-
force springs, and we review the boson-to-fermion mapping
developed in Refs. *°. The dynamics of such a system is de-
termined by the kinetic energy of the mass points and the elas-
tic potential energy stored in the springs, and therefore for N
masses in d spatial dimension, a generic phonon problem can

be defined by the Hamiltonian

25 5] FRE I BT
B er jSl 7,r25,r |

r

where r denotes the equilibrium positions of masses m,., p
denotes momentum of the masses, z is the coordination num-
ber, and s; ,., K, are respectively the extension and spring
constant of the j-th spring of the unit cell at . To simplify
discussion, we set both m,. and x; . to unity for all (j, ) un-
less otherwise specified. Since we are interested in the exis-
tence of bulk zero modes, we also impose periodic boundary
conditions.

The spring extensions {s; ..} are functions of the displace-
ments {x, } of the masses they connect. Within the harmonic
approximation, the extensions are expanded to linear order in
the mass displacements: S = RX + O(X?), where X is a
dN dimensional column vector aggregating the displacement
vectors of the IV masses, and S, similarly defined for the ex-
tensions {s; » },is 2N/2 dimensional. The 2N /2xdN dimen-
sional matrix R is physically a linear map relating the spring
extensions to the mass displacements. R is known as the
equilibrium matrix and it relates the acceleration of the masses
to the spring extensions: X = —R”S. As in®, henceforth we
restrict attention to isostatic lattices, which have z = 2d and
so R is a square matrix. With this notation, the phonon Hamil-
tonian, within the harmonic approximation, can be recast as

Hp=1 [PQ + (RX)Q}, where P is similarly defined as X

and RTR = D is the real-space dynamical matrix. Equiva-
lently, one can view R as a factorization of D.

The phonon modes are solutions to the eigenvalue problem
D¢; = RTRE; = w?€, where w; is the eigenfrequency of the
it" mode with i = 1,...,dN. The bosonic phonon problem,
characterized by R, can be mapped to a fermionic problem by
considering a chiral matrix Hr and the associated Hamilto-
nian Hp*°
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Hp satisfies {77, Hp} = 0 with 77 =
diag(lanxdns —Llanxdn)- One can easily verify the
2dN eigenvalues of Hp are given by {4w;}, which implies
the phonon spectrum is encoded in the energy spectrum of
the fermionic Hamiltonian Hr. We note that only a subset
of the zero modes of Hp gives rise to zero modes of D;
namely, those fermionic modes with 7 = 1. In contrast,
fermionic zero-energy modes with 7% = —1 (i.e. null
vectors of RT) give rise to the so-called states of self-stress
of the mechanical problem®. 7 are Majorana fermions
satisfying {xi, Xm} = {Xi,Xm} = Oum with all other
anti-commutators vanishing. In particular, x () is even (odd)
under time reversal (TR). Since Hp corresponds to a TR
symmetric Hamiltonian of spinless fermions, it belongs to the
Altland-Zirnbauer symmetry class BDI?°.

As the corresponding fermionic Hamiltonian is chiral, it
can host topological nodes without fine-tuning even in 2D. To



FIG. 2. A possible realization of the considered phonon problem.
The dependence of the spring extensions on the displacements of the
masses can be modified by bending the springs with fixed, smooth
pegs which serve as a pinning potential and gap out the acoustic
modes. The spring extensions are then characterized by Eq. (4) to
linear order in mass displacements. The shaded region indicates the
unit cell convention adopted.

find a phonon analogue inheriting the topological features of
the TNS, therefore, we consider the phonon spectrum arising
from a spring-mass model defined on the square lattice (d = 2
and z = 4). For a regular phonon problem, the form of R is
constrained by global continuous translation invariance and
spatial symmetries of the underlying lattice. For the square
lattice, one simply finds w; (k) o | sin k;|, where j = 1,2 la-
bels the two orthogonal directions. Although w;(k; = 0) = 0,
these nodal lines are not topologically protected as they can be
gapped out by breaking translation symmetry.

Here we relax from these symmetry constraints and assume
they are explicitly broken. A possible realization is depicted
in Fig. 2, in which the springs are tweaked with fixed, smooth
pegs that serve as an external pinning potential (a more re-
alistic model is presented in Appendix A). The form of R,
however, is still constrained by the geometrical relations be-
tween the spring extensions and mass displacements. For a
spring connecting the masses at equilibrium positions » = a
and b, the spring extension should satisfy |s| < |xq| + |Tb].
In particular, we assume there is a special spatial direction
v = cosfy €1 + sinf, €5 such that the inequality is satu-
rated for ¢, = |x4|v and &, = 0. Equivalently, this im-
plies 0., s = cos 8, and 0,_,s = sin §, in the original basis.
Assuming a similar dependence of s on xp, characterized by
w = cos €1 +sin Oy €, one finds s = v-xq+w Tp+O(x?).

For a clean system, all springs that are equivalent under
lattice translations are characterized by the same parameters
and in momentum space one finds

+ —ik1 + —ik1
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where k = (k1, k2) lies in the first Brillouin zone (BZ), and
Vim (Wiy,) denotes the m-th component of the vector v; (wy),

which relates the spring extension to the displacements &,
and x,1¢,. Enforcing the geometric constraints, the vectors
can be parameterized by

_( —cosb; \ [ sinfy
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The sign convention of the angles are chosen to match the pa-
rameterization in Fig. 2. The corresponding fermionic Hamil-
tonian, as defined in Eq. (2), is explicitly given by
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Although the BDI class is topologically trivial in 2D, the sys-
tem can inherit the nontrivial properties of the 1D system
when identical 1D chains are stacked in one direction, sim-
ilar to weak topological insulators. To this end, we introduce

Fourier-transformed variables
1 . 1 .
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where IV; is the number of sites along the €; direction, and
_l . . .1 1 d ﬁ d S‘ ( l )-I— — l .
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complex, one can define Majorana operators for ks € (0, 7)
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which are both even under TR. A, |,| and 7, |,/ similarly
defined for X, x,, are odd under TR. Since Eq.(5) only cou-
ples x to x, upon Fourier transform Hp(k2) will only cou-
ple (A\,n) to (\,7) and each such 1D system is in the BDI
class. While the BDI class is classified by Z in 1D, the in-
dexes of the 1D chains here are always even: the original
lattice translational symmetry along o, reflected as a local
O(2) rotation between (g, k,|s Nz, k2| )» guarantees that the
Majorana zero modes at each edge occur in pairs. This can
also be understood from the doubling of Majorana modes for
each ky € (0,7), as X%, ,, and %, _, are now Hermitian
conjugates of each other. Such property of the system is more
manifest by relabeling the operators as

>‘w17\k2\
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such that ¢;’s are complex fermions. Eq.(5) is then decoupled
into a series of 1D fermionic Hamiltonians, each labeled by
ko € (O, ™ ),
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where we have suppressed the subscript ks on the operators.
The original chiral symmetry is manifested in this notation as
a sublattice (A-B) symmetry.

To characterize these 1D systems, we further Fourier trans-
form on z, which gives

0 iR c4
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(10)

where the subscript k of the operators is suppressed, ¢ =
(e, es)™, and similarly for ¢®. The bulk topological invari-
ant of Hp(k2) is given by the winding number of det(iRy)

as ky is varied from — to ’. More explicitly, we have

det(iRy) = — ([v1 A va] + [ A wyle™2)
— ([w1 A o] + [wy Awole *2) e~ (11)
=ry (ko) + ra(k2)e™ 1,

where [v A w]| denotes the component of the wedge product
v A w in the é; A é; direction, and r1(ks), r2(ke) are in-
troduced to simplify the expressions. The winding number
W, is determined by the relative magnitude of |r (k2)| and
|ra(k2)|. The case of particular interest is when the winding
numbers Wy, o+ # Wi, »—, Which implies there must be
a topological phase transition as ks is changed from O to 7.
Such a phase transition occurs when

r1(0)ra ()| + |r2(0)ra ()|
r1(0)ra(m)| + |r2(0)r ()]

<1, (12)

and when this is satisfied the gap at £ = 0 must close at
some critical quasi-momentum k., giving rise to a topological
node. Such nodes in the fermionic picture are reflected in the
original bosonic problem as a pair of isolated points +k, at
which the phonon frequency vanishes, corresponding to a bulk
zero mode in the linearized spectrum.

For a system parameterized as in Eq. (4), we have

[r1(0)r1(m)] + |r2(0)ra(7)|
[r1(0)ra(m)] + [r2(0)r1 (7|
=max{|cos (01 — ¢1)|,| cos (01 + ¢1 — 02 — P2)]|},
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which implies that, for general parameters, its linearized
phonon spectrum always contains a topologically protected
bulk zero mode. Note that if 6; + ¢1 — 05 — ¢5 is an inte-
ger multiple of 7 then w accidentally vanishes on a pair of
arcs in the BZ, rendering H (|k2|) gapless for all |kz|. For
generic parameters, the critical quasi-momentum is

ke = (01— ¢1)& + (62 — ¢2)9, (14)
and therefore the quasi-momentum associated with the pro-

tected bulk zero mode can be adjusted simply by tuning the
angles 6; and ¢;.

III. DISPERSION AND ROBUSTNESS OF ZERO MODES
A. Conical phonon dispersion for the smooth peg model

For a stable system, the phonon frequencies satisfy
w2 (k) > 0, where the + sign corresponds to the two branches
from diagonalizing the 2 x 2 dynamical matrix Dg. As
such w? (k) attains a global minimum at k. and therefore
Vwolk. = 0. Expanding w? (k) around the nodal point k..,
we have
1 0?(w?)

2 S —

0k;iok;. (15)
ke

The phonon speeds around the conical dispersion is given by:
1 [9*(w?)
2 \ Ok;0k;

where we let §; = sink.; with ko; = 0; — ¢; for j = 1,2,
and S5 = sind, Cs = cosd with § = 61 + ¢ — 02 — ¢. The
characteristic speeds around the nodal point is therefore given
by
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FIG. 3.  Linearized phonon spectrum for the smooth peg model
along different paths in the 2D BZ. The insets show the dispersion
of the two independent phonon modes around the critical quasi-
momentum k.. As in the text here we take m = k1 = ko = 1.
(a) The parameters (01, ¢1, 02, p2) = (0.1,0.2,0.2,0.1)7 are used.
As such 61 + ¢1 — 62 — ¢2 = 0, which gives rise to an ac-
cidental vanishing of w along a pair of arcs in BZ. This is seen
in the vanishing of w at multiple values of k as well as the exis-
tence of a quadratic phonon mode around k.. (b) The parameters
(01, ¢1,02,02) = (1/4,0,1/8,—1/8)m are used (same as Fig. 1
of the main text), which corresponds to the generic case in which
the linearized phonon spectrum contains a pair of isolated bulk nodal
points at =k, with conical dispersion around them.



It is clear that when 6 = 0, we have c_ = 0, corresponding to
the softening of the phonon mode due to the line node; when
§ = m/2 and S = S5, we have c; = c_ and this gives an
isotropic conical dispersion.

B. Robustness

Since the two topological nodes located at £k. # 0 are
isolated in momentum space, they are robust, in the fermionic
picture, against small perturbations respecting chiral symme-
try. This implies the phonon analogue is robust against weak
arbitrary perturbations to the rigidity matrix R, accommodat-
ing all the natural perturbations in a spring-mass model. Such
robustness is demonstrated in the finite-size scaling shown in
Fig. 4, in which we evaluate the disorder average of the lowest
eigenfrequency found by numerically diagonalizing the lin-
earized dynamical matrix. The sharp dips at N = 402 and
80?2 originate from the commensuration between the finite mo-
mentum mesh and k. = +(1/4,1/4)x. In the presence of
disorder (¢ # 0) the quasi-momentum ceases to be a good
quantum number, but the bulk zero mode remains, as demon-
strated by the decrease of (w2 ,,,) as system size increases.
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FIG. 4. Finite size scaling of the lowest eigenvalue of the disordered
dynamical matrix. The linearized dynamical matrix for systems with
size N = N; N> and site-dependent couplings is numerically diag-
onalized to find the smallest eigenvalue w?2;,. The clean system is
defined by the same set of parameters used in Fig. 1. Disorder is
incorporated by adding to each parameter at each site a small, in-
dependent deviation drawn from a normal distribution with standard
deviation o (x and m are kept non-negative by taking absolute val-
ues). For each o, the mean value <w§ﬁn) is obtained from 200 disorder
realizations. Error bars represent standard deviation in the disorder
averages, and solid lines are guides for the eye.

In the presence of disorder, however, one can reasonably
question whether the zero mode observed is really an extended
bulk modes, or corresponds to local “rattlers”. In Fig. 5 we
plot the disorder average of the variance of the center-of-mass
for the state found. The various curves with different disor-
der strengths collapse to the disorder-free one, indicating the
mode remains extended in nature for the disorder strengths
considered.

((r%) = (r)?)

2000
1600 +
1200 +
800 +
400 + *0 0.01
1 0.05 <0.1 0.2
0o +—"T 1 1 1 1 1 1 |
10 20 30 40 50 60 70 80 90 100
N,=N,
FIG. 5. Disorder average of the spatial profile of the lowest-

frequency mode. Error bars indicate standard deviation from the dis-
order averaging.

Since the extended soft modes demonstrated here are pro-
tected by the topological properties of the linearized problem,
one expects these modes to be only infinitesimal instead of
finite. In addition, when the spring-mass description is only
a model for a more general system, natural perturbations like
the inclusion of small further neighbor couplings correspond
to perturbations to the dynamical matrix instead of the rigid-
ity matrix. Such perturbations can render the problem at hand
non-isostatic and completely alter the structure of the analysis.
The topological protection of the modes is generally lost when
confronted with such perturbations. Therefore, we distinguish
between the usefulness of this mapping when the bosonic
problem is interpreted in a mechanical context (as done here),
where local isostaticity is a binary question, as opposed to a
quantum mechanical problem obtained after quantization, for

which local isostaticity may only be an approximation?'.

IV. CONCLUSIONS

In summary, we show that the mapping of bosonic phonon
problems to chiral fermionic problems can be used to con-
struct phonon analogues of topological nodal semimetals. In
particular, we construct a 2D system that hosts a tunable bulk
extended mode in its linearized phonon spectrum even when
global translation symmetry is broken by an external pinning
potential. Contrary to usual collective phonon modes arising
from continuous symmetry breaking, the existence of such
modes is not dictated by symmetry and has its roots in the
topological properties of the corresponding fermionic prob-
lem. We also emphasize that the topological modes we dis-
cussed in this work, which we often refer to as the ‘topologi-
cal zero-modes’, are readily excited at a vanishing probe fre-
quency. In practice, these modes acquire a small excitation
gap limited by the finite system size (corresponding to an im-
perfect sampling of the BZ in the clean limit) and the applica-
bility of the harmonic approximation. This is in stark contrast



to the previously discussed topological bosonic modes in, for
instance, Refs.!>~!7, which correspond to finite-frequency ex-
citations of the system.

Such gapless topological bosonic modes are robust against
disorder within the linearized description. Such modes should
be contrasted with the conventional acoustic modes, which
have a completely different origin and are non-topological in
nature. It is also worthwhile to point out that disordered, glob-
ally isostatic mechanical frames can nonetheless contain over-
and under-coordinated regions, and the under-coordinated re-
gions will in general feature localized, ‘rattling’ zero modes.
In contrast, the topological modes discussed in this work re-
main extended even when disorder is introduced. These topo-
logical modes, however, are expected to be gapped when one
performs a full phonon spectrum analysis incorporating anhar-
monicity. As long as the harmonic approximation is justified,
the real phonon spectrum still contains such bulk soft modes
at finite wavevector and they can be utilized to engineer meta-
materials and mechanical structures with fault-tolerant prop-
erties.

In finalizing this manuscript, we became aware of a compli-
mentary investigation®”> by Rocklin et al. addressing the same
problem from a different perspective.
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Appendix A: An alternative model
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FIG. 6. An alternative model in which the smooth pegs are replaced
by pinned rotors, which preserves isostaticity. (a) Schematic of the
model indicating the different parameters. The shaded region indi-
cates the choice of the unit cell, and each spring in the cell is la-
beled by a pair of numbers (I, m). (b) Example phase diagram with
a =04,b= —015r = 0.1 and 6y, ¢o € [—7/3,7/3]. The
colored region corresponds to the TNS phase, with the color (in-
set) encoding the value of +k.. The white regions correspond to
a gapped phonon spectrum, which can still have different topological
polarization Pr.

Here we provide an alternative model that is both more real-
istic and also exhibits a richer phase diagram. Instead of con-
necting adjacent mass points by springs sliding over smooth
pegs, we considering connecting them via pinned, rigid rotors
similar to those discussed in Ref.% (Fig. 6a). By ‘rotor’ we
refer to a mass point restricted to rotate on a circle by a rigid
rod of negligible mass. This introduces two extra degrees of
freedom in each unit cell, but at the same time each of the
original spring is replaced by two springs. Altogether the bal-
ance between number of degrees of freedom and constraints
is maintained, i.e. isostaticity is preserved.

Each rotor introduced can be characterized by four param-
eters: mass m, radius r of the circle it sweeps out, and the
coordinate (a, b) of the pinning point relative to the origin of
the unit cell. While these parameters can be different for the
two rotors in the unit cell, for simplicity we characterize them
by the same set of parameter (m, r, a, b) (see Fig. 6a). In par-
ticular, we set the mass m to be the same as that of the mass
points. The spring constants for all springs are also set to the
same value x. We set the lattice constant to 1. As such, there
are still two system parameters: 6y and ¢y, which character-
ize the tilt of the rotors with respect to the coordinate axes at
equilibrium. The equilibrium lengths of the springs (assum-
ing no pre-stress), £;,,, can then be written in terms of these
parameters:

011 =+/(b+7cosby)? + (a+ rsinfy)?;

(A1)
l13 =\/(b+7rcosby)2 + (1 —a—rsinfy)?;

and £51, {29 take the same form as ¢11, £15 but with 8y — ¢g.

The energy of the system is

B =23 (2 + ik, + 1202 + 62)

2
500D St
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(A2)

where z;,. denotes the displacement in the €; direction for
the mass point in the unit-cell labeled by 7, and s, , de-
notes the spring extension of the (I, m)-th spring in the unit
cell, as indicated in Fig. 6a. As in the main text, we linearize
Sim.» and obtain the rigidity matrix via S = RX + O(X?),
where X is the collective vector for the small fluctuations
{Zs1, T2, 7005, 700, } with 66, = 0, — 6y and ¢, =
¢, — Bg. After Fourier transform, one finds



—a —rsinfy —b—1rcosfy
Ry = 1| (1—a—rsin fo)e~ "1 —(b+ 7 cosf)e” k1
fo —b—rcosgo —a — rsin ¢g

—(b+rcosggle™™®2 (1 —a—rsingg)e

where ¢ = diag(éu, 2127 6217622).

As in the main text, the phase of the system is encoded in
the winding numbers of the corresponding fermionic Hamil-
tonians H g (k2), which we write as

det (ZRk) = (’[)1 + Vg eiikz) + <U~}1 + Wo 67ik2) e~
=71 (ka) + T2(k2) e~k
(A4)

The winding number W, is determined by |71 (k2)|/|72(k2)|.
After some algebra, one sees that it is determined by the sign
of

fky) =2 + 02 — 0% — @02) + 2(0103 — W1y cos(ks)

Ef1 + fg COS(k‘g),
(AS)

—iko

acosfy — bsin by 0
—(1 —a)cos By — bsin by 0
0 a cos ¢g — bsin ¢q ’
0 —(1 —a)cos g — bsin ¢y

(A3)

(

where fl and fg are both real. More concretely, Wy, =
0 Vo if fy > |fol; Wi, = —1 Vs if fi < —|fa]; and
Wiy —04+ 7 Wi,—n— otherwise, indicating the system is in
the TNS phase. For the first two cases, Wy, is independent of
ko and it is meaningful to define the integer n; = —W,.

The same analysis can be performed with the role of k;
and ks interchanged, giving the winding number W;,,. When
the phonon spectrum is gapped, the topological polarization
Pr = n1é1 + noés is well defined®!2. We plot in Fig. 6b an
example phase diagram of the system, demonstrating all the
mentioned phases with different topological polarizations can
be accessed in this model.
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