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We study the quantum Andreev oscillation induced by interference of the edge chiral Majorana
fermions in junctions made of quantum anomalous Hall (QAH) insulators and superconductors
(SCs). We show two chiral Majorana fermions on a QAH edge with SC proximity generically have
a momentum difference ∆k, which depends on the chemical potentials of both the QAH insulator
and the SC. Due to the spatial interference induced by ∆k, the longitudinal conductance of QAH-
SC junctions oscillates with respect to the edge lengths and the chemical potentials, which can be
probed via charge transport. Furthermore, we show the dynamical SC phase fluctuation will give
rise to a geometrical correction to the longitudinal conductance of the junctions.

PACS numbers: 73.20.-r 73.40.Cg 74.45.+c

Quantum anomalous Hall (QAH) state is known as
a two-dimensional (2D) topological state which has an
integer number Nh of chiral fermions at the edge and
exhibits a quantized Hall conductance in the absence
of an external magnetic field1–11. For non-interacting
fermionic systems, Nh is the total Chern number of the
occupied electronic bands. The QAH state with Nh = 1
has been experimentally realized in both Cr-doped12–15

and V-doped16 (Bi,Sb)2Te3 magnetic topological insula-
tor thin films. When the QAH state is proximity-coupled
with a normal s-wave superconductor (SC), the system
becomes a chiral topological SC (TSC) and the edge chi-
ral Majorana fermions arise17–22. Such systems may ex-
hibit exotic transport phenomena due to the existence of
electrically neutral Majorana edge states23–30. However,
not much effort has been made to understand how exactly
the electric current flows from a QAH insulator into an
adjacent normal SC (or TSC), both of which are conduc-
tive and dissipationless. This is crucial to the study of
coupled QAH/SC transport experiments.

In this Letter, we show the conductance of a QAH/SC
junction exhibits an Andreev oscillation due to the in-
terference of the chiral Majorana fermions on the QAH
edge proximity-coupled to the SC. Such an interference
is induced by the momentum difference ∆k between the
two chiral Majorana fermions on the same edge, which
can be tuned by the chemical potentials of both the QAH
insulator and the SC. As a result, the two-terminal longi-
tudinal conductance of the QAH/SC junction oscillates
with respect to the length of the proximity-coupled edge
and the chemical potentials of QAH and SC, while the
Hall conductance is quantized. Similar Andreev oscilla-
tion in the longitudinal conductance occurs for the other
junctions of QAH insulator and SC shown in Fig. 3, while
the Hall conductance always remains quantized. Further-
more, we consider the QAH/TSC/QAH junction, where
there is only a single chiral Majorana fermion on each su-
perconducting edge. The dynamical phase fluctuation of

SC will have a 1/d3
SC geometric correction to the previ-

ously predicted half-quantized longitudinal conductance
e2/2h25,28, where dSC is the size of TSC in the junction, e
is the electron charge and h is the Plank constant. All the
conclusions discussed here also hold for integer quantum
Hall (IQH) insulator/SC junctions.

The basic mechanism of the edge chiral Majorana
fermions interference in a QAH/SC junction can be eas-
ily understood in the geometry shown in Fig. 1(a), where
a QAH insulator and a normal SC (NSC) are attached
into a y-direction translational invariant cylinder. Since
a QAH with Chern number Nh is topologically equiva-
lent to a chiral TSC with Bogoliubov-de Gennes (BdG)
Chern number N = 2Nh, the Nh chiral fermions on the
QAH edge will become 2Nh chiral Majorana fermions
under the proximity effect of the NSC. For simplicity,
we restrict ourselves to QAH with Nh = 1. In this case,
the two chiral Majorana fermions on the same QAH edge
are related to each other by the particle-hole symmetry
(PHS). In general, the energy dispersions of these two chi-
ral Majorana fermions will not coincide with each other.
To show this, we take the two-band lattice Hamiltonian
for the QAH:

HQAH =
∑
k

c†k [ζ(k) · σ − µh] ck , (1)

and the s-wave BdG Hamiltonian for the NSC:

HNSC =
∑
k

c†k [ε(k)− µs] ck+(∆sc
T
k iσyc−k+H.c.) . (2)

Here, the basis ck = (ck↑, ck↓)
T , ζ(k) = (M−B(cos kxa+

cos kya), A sin kxa,A sin kya), σ = (σx, σy, σz) are the
Pauli matrices, ε(k) = B(2− cos kxa− cos kya) is the ki-
netic energy, µh and µs are the chemical potentials of the
QAH and the NSC, respectively, a is the lattice constant,
and ∆s is the pairing amplitude. The QAH insulator is
realized in the regime |M | < 2|B| and |µh| < 2|B| − |M |.
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In Fig. 1(b), the BdG spectrum of the cylinder is cal-
culated as a function of ky with parameters a = 0.8,
B = 1.5625, M = 2.625, A = 1.25, ∆s = 0.3, µh = 0.2
and µs = 0.5. The distinction between the dispersions of
two chiral Majorana fermions ψ1 and ψ2 on the same edge
is clearly seen, where the momentum difference between
ψ1 and ψ2 at zero energy is denoted as ∆k.

Now we consider a QAH/NSC junction as shown in
Fig. 1(c), where the length of the QAH edge (the right
edge) in contact with NSC is dSC. The low energy physics
in the QAH is dominated by the gapless edge electrons.
When an edge electron denoted by c̄k in the lower edge
enters into the right edge of the QAH, it splits into
two chiral Majorana fermions ψ1 and ψ2. Whenever ψ1

and ψ2 have a momentum difference ∆k, a phase dif-
ference φ = ∆kdSC will be accumulated between them
after propagating along the edge of length dSC. For
φ 6= 2mπ (m ∈ Z), the outgoing state in the upper edge

will become a superposition of electron and hole uc̄k+vc̄†k,
where |u|2 + |v|2 = 1 due to the unitarity. Therefore, an
incident electron from the lower QAH edge has a prob-
ability |v|2 turning into a hole at the upper QAH edge,
which is denoted as the Andreev reflection probability
RA = |v|2. Accordingly, the normal reflection probabil-
ity is R = |u|2 = 1−RA. RA can be calculated by solving
a 2D Shrödinger equation numerically31. Here we give an
approximate expression for RA via a simplified picture as
follows. Due to the PHS, the two edge chiral Majorana
modes ψ1,2 at zero energy take the generic form

ψ1 = αc̄∆k
2

+ βc̄†−∆k
2

, ψ2 = β∗c̄−∆k
2

+ α∗c̄†∆k
2

, (3)

where |α|2+|β|2 = 1, while c̄k and c̄†k are the edge electron
annihilation and creation operators, respectively. When
∆s = 0, we recover the QAH edge state and get α = 1,
β = 0. For convenience the QAH edge is parameterized
as `, where the origin ` = 0 is set at the lower right corner
of QAH. The chiral edge mode for an incident electron
with momentum kI is then Ψ(`) = c̄kI

= c̄(`)eikI` on the
lower edge ` < 0, and Ψ(`) = uc̄(`)eikI` + vc̄†(`)e−ikI`

on the upper edge ` > dSC. The vanishing hole proba-
bility at ` = 0 requires Ψ(`) = N [α∗ψ1(`) − βψ2(`)] on
the right edge 0 < ` < dSC , where N is a normalization
factor. The continuity condition for Ψ(`) at ` = dSC of
junction is Ψ(d+

SC) ∝ Ψ(d−SC), then the Andreev reflec-
tion probability RA = |v|2 is found to be31:

RA(φ) =
4|αβ|2 sin2(φ/2)

(|α2| − |β2|)2 + 8|αβ|2 sin2(φ/2)
, (4)

with φ = ∆kdSC. From Eq. (4), firstly, RA oscillates
as a function of dSC with a period 2π/∆k. Secondly,
0 ≤ RA ≤ 1/2, which agrees well with the numerical
results shown later. For an illustration, RA and R are
plotted with respect to dSC for |α|2 = 1 − |β|2 = 0.7 in
Fig. 1(d) based on Eq. (4).

Physically, due to the charge conservation, such a
process must have a Cooper pair created and injected
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FIG. 1. (color online). (a) The QAH/NSC junction in cylin-
der geometry. (b) The BdG spectrum of the junction in (a),
where the two chiral Majorana modes have a momentum dif-
ference ∆k. (c) Illustration of a QAH/NSC junction with an
edge length dSC. (d) The Andreev reflection probability RA

and the normal reflection probability R of the junction with
respect to dSC.

into the NSC with a probability RA
32,33. The junc-

tion therefore has a nonzero conductance when a cur-
rent I is applied between leads 1 and 3 as shown in
Fig. 1(c). We employ the Landauer-Büttiker formula
Ii = (e2/h)

∑
j(TijVj − TjiVi) to calculate the conduc-

tance, where Ii is the current flowing out of lead i, Vi
is the voltage of lead i, and Tij is the generalized trans-
mission probability from lead i to lead j contributed by
both the normal scattering and the Andreev scattering33.
In this 4-terminal junction, T43 = T32 = 2RA = t rep-
resents the charge transmitted between QAH and NSC,
T42 = 1− 2RA = r is the charge reflected from lead 4 to
234, T14 = T21 = 1, and all the other Tij are zero. One
finds

σ13 =
I

V1 − V3
= 2RA

e2

h
, σ24 =

I

V2 − V4
=
e2

h
. (5)

Therefore, the two-terminal longitudinal conductance σ13

exhibits an Andreev oscillation with respect to φ, while
the Hall conductance σ24 remains quantized.

In order to observe the oscillatory σ13, one needs to
tune the phase difference φ. One way is to continu-
ously tune the length dSC of NSC in contact with QAH,
which is not quite feasible in experiments. The other way
is to tune the momentum difference ∆k, which can be
achieved by tuning the chemical potential of either the
QAH or the NSC. Since states ψ1 and ψ2 form a PHS
pair, their dispersions will shift oppositely in energy (up
and down, respectively) as the chemical potential varies,
which results in a change of ∆k. To verify this argument,
we have calculated ∆k numerically as a function of µh

and µs for the model and parameters mentioned above,
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FIG. 2. (color online). (a) ∆k as a function of µh with µs =
0.5. (b) ∆k as a function of µs with µh = 0.2. (c) RA of an
edge electron wave packet with respect to dSC calculated for
(µh, µs) = (0.2, 0.8). (d) RA of an edge electron wave packet
with respect to µh calculated for µs = 0.8 and dSC = 50a.

which are presented in Fig. 2(a) (µs = 0.5) and Fig. 2(b)
(µh = 0.2), respectively. The results show ∆k depends
almost linearly on µh and µs. Thus, one should be able to
observe the conductance oscillation by tuning µh or µs.
As a numerical check, we further calculated the real space
evolution of an edge electron wave packet in a low energy
window E ∈ [−0.1, 0.1] from lead 4 to 2 in the junction,
where we chose a lattice size 30×50 for the QAH side and
18 × L for the NSC side with 0 ≤ L ≤ 50, and adopted
a sine-square deformation to reduce the finite size ef-
fect31,35,36. The contact edge length dSC ≡ La. Fig. 2(c)
shows RA as a function of dSC for (µh, µs) = (0.2, 0.8),
where one finds the fundamental oscillation period of
2π/∆k ≈ 11a. We note the RA oscillation does not
reach zero and varies in the amplitude, because ∆k is
dispersive in the energy window of the wave packet. We
further plot RA vs. µh for µs = 0.8 and dSC = 50a in
Fig. 2(d), where again one can identify the predicted os-
cillation period (2π/dSC)|∂∆k/∂µh|−1 ≈ 0.08. As shown
in the supplementary material31, the oscillation in RA is
robust against disorders. The only difference is that ∆k
will acquire a spatial dependence under disorders, and

the phase difference φ will become φ =
∫ dSC

0
∆kd`.

In realistic QAH materials like magnetic (Bi,Sb)2Te3

and graphene, ∆k usually does not exceed 0.1π/a with
a being the lattice constant. Thus, the spatial oscilla-
tion period in dSC is usually between 10a and 102a. The
slope |∂∆k/∂µh| ∼ v−1

F ∼ 0.5 (eV·Å)−1 with vF the
Fermi velocity of the QAH edge state, and |∂∆k/∂µs| ∼
0.1|∂∆k/∂µh| is smaller according to our numerical re-
sults above. If we take a contact edge length dSC =
1 µm and tune µh and µs, the oscillation periods of µh

and µs will be of order of 1 meV and 10 meV respec-
tively, in the accessible range of transport experiments.
Due to the dispersion of ∆k in energy, the oscillations
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FIG. 3. (color online). (a)-(c) Illustration of three examples
of 6-terminal QAH/SC junctions. (d) σ14 and σ26 of junctions
(a) and (b) (which are the same) with respect to φ1 for φ2 =
nπ/5(mod 2π) (1 ≤ n ≤ 5 from lower to higher). Note their
σ23 are different. (e) σ14 and σ26 of junction (c) vs. φ1 for
∆φ12 = 0, π/2, respectively.

become decoherent and invisible above a temperature
scale kBT ≡ [2π/(dSC|∂v−1

F /∂µh|)]1/2. Typical values

of |∂v−1
F /∂µh| ∼ 0.5 eV−2Å−1 and dSC = 1µm would

require T < 300 K, which is feasible in experiments.

All the above analysis of Majorana fermion interfer-
ence can be generalized to other QAH/SC junctions.
Fig. 3(a)-(c) shows three examples of 6-terminal junc-
tions, each of which have two QAH edges proximity-
coupled to SC. The chiral Majorana fermions (dashed
lines) on these two edges (left and right in junctions
(a) and (b), upper and lower in junction (c)) may have
distinct phase differences φ1 and φ2, and therefore dis-
tinct Andreev reflection probabilities RA1 = RA(φ1) and
RA2 = RA(φ2). Junctions (a) and (b) can be imple-
mented by attaching QAH and NSC samples together,
while the N = 2 TSC in junction (c) can be realized
via SC proximity on top of the middle region of a QAH
sample28. With a current I flowing between leads 1 and
4, the conductances σij = I/(Vi − Vj) can be similarly
derived from the Landauer-Büttiker formula31, as listed
in Table I. The Hall conductance σ26 is quantized for all
the three junctions. In particular, we note that junction
(a), which is just the QAH system in a standard Hall bar
with SC leads37, has no difference in σ26 and σ23 with
the Hall bar with metallic leads. However, σ14 of such a
junction with SC leads is oscillatory with φ1 and φ2. In
junctions (a) and (b), φ1 and φ2 can be tuned indepen-
dently by the gate voltages VG1 and VG2, respectively.
The blue curves in Fig. 3(d) show σ14 vs. φ1 for fixed
φ2 = nπ/5(mod 2π) (1 ≤ n ≤ 5) and |α|2 = 0.7. In junc-
tion (c), φ1 and φ2 can be tuned together by the gate
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TABLE I. The conductances of junctions (a)-(c) shown in
Fig. 3 calculated by the Landauer-Büttiker formula.

Junction σ14 σ23 σ26

(a) 2RA1RA2
RA1+RA2−2RA1RA2

e2

h
∞ e2

h

(b) 2RA1RA2
RA1+RA2−2RA1RA2

e2

h
2RA1RA2

RA1+RA2−4RA1RA2

e2

h
e2

h

(c) RA1+RA2−4RA1RA2
RA1+RA2−2RA1RA2

e2

h
RA1+RA2−4RA1RA2

2RA1RA2

e2

h
e2

h

voltage VG, with ∆φ12 ≡ φ1 − φ2 approximately fixed.
In this case, σ14(φ1) for ∆φ12 = 0 and π/2 are shown in
Fig. 3(e).

Finally, we discuss the QAH/TSC/QAH junction as
shown in Fig. 4, where the TSC has only a single chi-
ral Majorana state ψi (1 ≤ i ≤ 4) on the i-th edge.
At the BdG level, an electron incident from lead 1 will
split into ψ1 which is totally reflected and ψ2 which is
perfectly transmitted to lead 2, resulting in a half quan-
tized longitudinal conductance σ12 = e2/2h25,28. Here
we show when the dynamical fluctuation of the SC phase
θ is considered, σ12 is no longer exactly quantized but has
a geometry-dependent correction δσ12. Such dynamics of
the 2D TSC can be described by the effective Hamilto-
nian31

Heff =
1

2g

∫
Msc

d2x
[
(∂tθ)

2 + v2
s(∇θ)2

]
−ivF

4∑
i=1

[
(ψiψi+1ni · ∇θ)xi

+

∫
∂iMsc

d`ψi∂`ψi

]
, (6)

where ψ5 ≡ −ψ1, Msc and ∂iMsc are the bulk and i-
th edge of the TSC, and the vector potential A = 0
gauge is chosen. The Ginzburg-Landau theory gives
g = µ0~2/16m2ξ4wB2

c and vs = ~/4mξ, where µ0 is the
vacuum permeability, m is the electron effective mass, ξ
is the coherence length, Bc is the critical magnetic field38,
and w is the thickness of the TSC39. The vector ni shown
in Fig. 4 characterizes the interaction between Majorana
fermions ψi and the supercurrent js ∝ ∇θ at xi, and |ni|
is of the order of the Majorana edge state width. As a
result, ψ1 (ψ2) will have a nonzero scattering amplitude
into ψ3 (ψ4) via js (wavy lines in Fig. 4), leading to a
correction to the longitudinal conductance31

δσ12 ≡ σ12 −
e2

2h
=
e2

2h

g~
16π2vs

∑
p,q∈Z

f(pdX + qdY ), (7)

where dX,Y are vectors along the TSC edges as shown in

Fig. 4. The function f(x) is given by

f(x) =

4∑
i,j=1

(ni · ∇) (nj · ∇)
(−1)i−j(1− δij)√
|x− tij |2 + v2

s |tij |2/v2
F

,

where tij equals dX/2 for i − j odd and dY /2 for i − j
even. Therefore, δσ12 depends on the aspect ratio τ =

QAH N=1
TSCψ1

ψ4

dYQAH

dX

ψ2

ψ3

n4

n1 n2

n3

x1 x2

x3x4

1

2

FIG. 4. Illustration of the QAH/TSC/QAH junction.
The fluctuating supercurrent (the wavy lines) contributes a
geometry-dependent correction to the conductance σ12.

dY /dX of the TSC, and scales as 1/d3
X for a fixed τ .

In particular, δσ12 > 0 for τ � 1, and δσ12 < 0 for
τ � 1. For a 2D TSC with w = 5 nm, ξ = 10 nm,
Bc = 0.01 T and an edge state width 10 nm, one has
|δσ12| ∼ 10−6(e2/h) for dX,Y ∼ 1 µm. Therefore, this
geometric correction is generically small in experiments.

To conclude, we have proposed transport experiments
to detect the Andreev oscillation due to the edge chiral
Majorana fermion interference in the QAH/SC junctions.
We emphasize that all the conclusions here also apply to
ordinary IQH/SC junctions, provided the magnetic field
realizing the IQH state is smaller than the upper critical
field of the SC. Candidate materials include graphene
and Niobium. Moreover, the longitudinal conductance
may have multiple oscillation periods if the IQH (QAH)
insulator has Nh > 1 edge chiral fermions, which remains
to be studied in details in the future.
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