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We analyze theoretically physical mechanisms responsible for radiative recombination of the
ground optically passive ( “dark”) exciton (DE), which dominates in photoluminescence (PL) of
colloidal nanocrystals (NCs) at low temperatures. The DE becomes optically active due to its mix-
ing with the bright excitons caused by an external magnetic field, dangling bond spins or by acoustic
and optical phonons. These activation mechanisms mix the DE with different bright excitons and,
consequently, lead to different PL polarization properties, because they are determined by dipole
orientations of the bright excitons, which the DE is coupled with. We show that the PL polarization
properties of prolate and oblate shape NCs are different due to different activation mechanisms
responsible for the DE recombination.
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I. INTRODUCTION

In all bulk semiconductors and all existing semicon-
ductor hetero-structures a ground exciton state is with-
out known exception an optically passive “dark” exciton
(DE). The direct optical excitation of this state by a sin-
gle photon or its direct photon emission is forbidden due
to the parallel alignment of the electron and hole spins
caused by ferromagnetic character of the electron-hole
exchange interaction. Interaction with light affects only
the orbital degrees of freedom of valence and conduc-
tion band electrons, and does not change the electron
spin projection. As a result of this, only exciton states
with anti-parallel alignment of the electron and hole spins
(“bright” exciton states) could be excited directly by a
photon and directly emit a photon.
The DE recombination does not significantly affect

photoluminescence (PL) in commonly used bulk semicon-
ductors or epitaxial quantum dots and quantum wires,
due to small energy splitting between bright and dark
excitons. This splitting in bulk semiconductors, where
it is called singled-triplet splitting,1 epitaxial quantum
wells,2,3 and quantum dots,4–6 is usually (with several
rare exceptions7–9) smaller than the helium temperatures
and inhomogeneous exciton line-width. This is not a case
however for small colloidal nanocrystals (NCs), nanorods
and nanoplatelets, where the strong spatial confinement
leads to the dark-bright exciton splitting on the order
dozens meVs.10–18 In such nano-structures the radiative
recombinations of the DE dominates PL at low temper-
atures.
The DE can recombine radiative via some assisting

processes, which mix the DE to some optically active
bright exciton state. The activation processes mix up
or flip different electron or hole spin projections caus-
ing a virtual transition of the DE to the bright exci-
ton state, which subsequently decays radiatively. These
processes are much slower than direct optical recombi-
nation of bright excitons and are accurately described

by second order perturbation theory.11,13 In colloidal
NCs, the radiative recombination of DEs at low tem-
peratures was observed directly in fluorescence line nar-
rowing (FLN) experiments12,19–25 and in single dot (SD)
experiments.26–31 Optical transitions assisted by opti-
cal and acoustic phonons as well as the zero phonon
line (ZPL) were identified in low temperature PL. Ev-
idence for DE radiative recombination was also ob-
served by time–resolved PL measurements due to the
presence of the slow decaying component at cryogenic
temperatures.18,27,28,32–41

The magnetic field activation of the ZPL intensity and
shortening of its life time is observed in all kinds of FLN,
SD and time–resolved experiments and well explained
theoretically.11,13 However, the mechanism of the ZPL
activation in zero magnetic field remains the subject of
discussions. The finite radiative life time of the lowest
dark exciton states was obtained, for example, by the
atomistic pseudopotential14,42 and tight–bidning43 cal-
culations. It was suggested44 that a decrease of the geo-
metrical symmetry of colloidal NCs below C6v , at which
they have ellipsoidal shape with rotation axis directed
along the hexagonal c -axis of wurtzite semiconductor,
also results in DE activation. The strong asymmetry of
the NC shape, however, is required because only very
untypical faceting of the cubic or wutzite NC reduces
the NC symmetry below C6v . Recently,45 the activa-
tion of the DE by the interaction with free spins of the
dangling bonds at the NC surface was considered theo-
retically. Existence of the dangling bond spins at the NC
surfaces and their magnetization by an external magnetic
field was demonstrated by SQUID measurements.46,47

The dangling bond spin–flip assisted recombination was
shown to be suppressed by the formation of the magnetic
polaron state with decreasing temperature explaining the
temperature dependence of the ZPL position and inten-
sity observed experimentally.20

It is important to note, that the polarization proper-
ties of the DE PL are controlled by the polarization of
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the bright exciton which contributes to the DE recom-
bination via some assisting process.45,48 That is why a
study of the DE PL polarization could be a powerful tool
for revealing the physical mechanisms responsible for the
DE radiative recombination and the fine structure of the
band edge exciton.48,49

In this article we consider and compare theoretically
four mechanisms of activation of the DE in ellipsoidal
shape NCs made from semiconductors which have cubic
or wurzite lattice structures. These mechanisms include
the interactions with dangling-bond spins at the NC sur-
face, acoustic and optical phonon assisted recombination,
as well as external magnetic field induced recombination
of the DE. We show that dangling-bond spin and phonon
assisted mechanisms lead to different polarizations of the
DE PL and thus might be identified experimentally. For
example, in CdSe NCs with the ±2 ground DE the
dangling bond spin assisted recombination results in PL
which is circularly polarized around the NC c -axis, while
in the case of phonon assisted recombination the PL is
mostly linearly polarized along the NC c -axis. These re-
sults suggest that dangling bonds are responsible for the
DE recombination in CdSe NCs where SD experiments
demonstrated that DEs have properties of the degener-
ate 2D dipole oriented isotropically in two dimensions
perpendicular to the NC hexagonal axis at low50 as well
as at room51,52 temperatures. On the other hand, at
very low temperatures when the dangling bond assisted
recombination is suppressed in small size NCs by the for-
mation of the polaron state,45 the DE decays via acoustic
or optical phonons and the PL should be strongly polar-
ized linearly along c -axis. This explains48 the negative
polarization memory effect measured in CdSe NC ensem-
bles after resonant excitation of the lowest bright exciton
state.12,21 Calculations also show that in contrast to the
±2 DE, the 0L DE can be activated by an external mag-
netic field parallel to the c -axis of CdSe NCs and that an
external magnetic field activates the DE in even spherical
or “quasi-spherical” NCs.

This paper is organized as follows: in Sec. II we in-
troduce the Hamiltonian that describes the exciton fine
structure, describe the most general form of perturba-
tions that could activates the DE, and discuss the inter-
action of excitons with light in the dipole approximation.
In Sec. III we consider four activation mechanisms of the
±2 ground DE. In section IV we discuss the magnetic
field induced activation of the degenerate F = 2 ground
DE in spherical or “quasi-spherical” NCs. Sec. V sum-
marizes the results for the four activation mechanisms
of the 0L ground DE. The main theoretical conclusions
and comparison with available experimental data are pre-
sented in Sec. VI. Supporting details for calculations are
given in Appendix.
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FIG. 1: Schematic image of the holes energy spectrum and
the fine structure of the band edge excitons. Panel (a) de-
scribes spherical NCs with cubic lattice structure and radius
a and “quasi-spherical” wurtzite CdSe NCs, panel (b) de-
scribes oblate ellipsoidal shape CdSe NCs with short semi
axis c < b , and panel (c) describes prolate CdSe NCs with
long semi axis c > b . The total energy splitting ∆ is caused
by the wurtzite crystal field and NC shape anisotropy and is
zero in (a), positive in (b) and negative in (c). As a result,
dark ±2 exciton states are formed with heavy holes ±3/2
(b), while the 0L DE state is formed with light holes ±1/2
(c). The states with total momentum F = 2 and F = 1
in spherical or “quasi-spherical” NCs are separated by the
electron–hole exchange interaction 4η ∝ 1/a3 . Bright and
dark exciton levels are shown in (a), (b) and (c) by solid and
dashed lines, respectively.

II. EXCITON FINE STRUCTURE AND DARK

EXCITON ACTIVATION MECHANISMS

Let us discuss briefly the fine structure of the band-
edge exciton in NCs made of direct-gap semiconductors
with band edges in Γ points of Brillouin zone. In spher-
ically symmetric NCs made of direct gap A II B VI and
A III B V semiconductors with cubic lattice structure, the
electron ground 1Se level is doubly degenerate with re-
spect to its spin projection, sz = ±1/2 and the hole
ground 1S3/2 level is 4-fold degenerate with respect to
projections M = 3/2 , 1/2 , −1/2 , and −3/2 of its
total angular momentum, J = 3/2 .53,54 As a result the
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absorption band edge and the PL of these NCs are deter-
mined by the 8=4x2 optical exciton transitions between
these lowest electron and hole levels. The electron-hole
exchange interaction splits the 8-fold degenerate exciton
state in spherical NCs into the ground optically pas-
sive (dark) 5–fold degenerate state with total momentum
F = 2 and the upper optically active 3–fold degenerate
state with F = 1 by the energy 4η , where the exchange
constant η ∝ 1/a3 and a is the NC radius. For the
short–range exchange interaction the exchange constant
is defined in Refs.11,55 (see also Appendix A). The two-
level exciton structure of spherical cubic NCs is shown
schematically in Fig. 1(a).
The spherical symmetry can be broken by the internal

hexagonal crystal field in semiconductors with wurtzite
structures (such as CdSe) and the non-spherical, ellip-
soidal shape of NCs. These two effects split M = ±3/2
and M = ±1/2 , so called ”heavy” and ”light” hole sub-
levels, by11 ∆ = ∆int + ∆sh and finally results in the
five band edge exciton states, F = ±2,±1L,U , 0L,U with
different projections, F = M + sz , on the hexagonal c -
axis of the NC. The resulting fine structure of the exciton
levels is described by the following Hamiltonian:11

Ĥfine = −η(σeJ) +
∆

2

[

5/4−M2
]

, (1)

where σe is the electron spin Pauli matrix. The ener-
gies and wave functions of the above mentioned dark and
bright band edge excitons were derived in Ref. [11] and
for convenience we show them again in the Appendix A.
The calculations show that the exciton fine structure de-
pends strongly on the size and shape of the NC as shown
schematically in Fig. 1. The levels are labeled by the
projection of the exciton total angular momentum F :
one level with F = ±2 , two with F = ±1 , and two
with F = 0 . In the case when ∆ 6= 0 , both of the
±1 states (lower 1L and upper 1U ) are optically active

bright excitons. For the states with F = 0 only the
upper one, 0U , is optically active, while the lower one,
0L , is the optically passive DE. In oblate and spherical
wurtzite CdSe NCs ∆ > 0 and the ground dark exciton
is the state with F = ±2 (see Fig. 1(b)). In prolate
CdSe NCs where ∆ < 0 the ground DE has F = 0 (see
Fig. 1(c)). The two level structure of spherical NCs (see
Fig. 1(a)) could be also realized in prolate wurtzite CdSe
NCs. The negative value of ∆sh could result in ∆ = 0
in prolate CdSe NCs of a certain size, which will be called
later “quasi-spherical”.11

Thus the ground exciton state is always optically pas-
sive DE in all three cases shown in Fig. 1. Calculations
show that in small CdSe NCs a typical energy splitting
between the ground dark exciton and the lowest optically
active (bright) exciton state, which are denoted in Fig. 1
as ∆EAF , is on the order 10–20meV.11 As a result only
the DE contributes to the NC photoluminescence (PL)
at low temperatures.

Let us consider activation mechanisms of the ground
DEs for all possible level structures shown schematically
in Fig. 1. These mechanisms should provide the mixing
of the bright exciton states into a DE state via either the
flip the electron spin caused by some perturbation V̂e or
the mixing of the hole states caused by some perturbation
V̂h . We consider the total spin Hamiltonian describing
the band edge excitons in NCs with direct account of the
electron-hole exchange interaction, hexagonal anisotropic
field and additional mixing perturbations as

Ĥspin = Ĥfine + V̂e + V̂h . (2)

It can be written explicitly in the form of the 8x8 matrix
in the bases of the two ↑≡ 1/2 and ↓≡ −1/2 electron
states and the four M = ±1/2,±3/2 hole states (the
electron, Ψe

±1/2 , and hole, Ψh
M , wave functions for these

states are given in Appendix A):
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2 − ∆
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2 + ∆
2 Vlh 0

√
3η Ve 0 0
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lh
η
2 + ∆

2 0 0 2η Ve 0
+V↑,−1/2
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2 − ∆

2 0 0
√
3η Ve

+V↑,−3/2

↓, 3/2 V ∗
e

√
3η 0 0 3η

2 − ∆
2 Vh,1 Vh,2 0

+V↓, 3/2

↓, 1/2 0 V ∗
e 2η 0 V ∗

h,1
η
2 + ∆

2 Vlh 0
+V↓, 1/2

↓,−1/2 0 0 V ∗
e

√
3η V ∗

h,2 V ∗
lh − η

2 + ∆
2 0

+V↓,−1/2

↓,−3/2 0 0 0 V ∗
e 0 0 0 − 3η

2 − ∆
2

+V↓,−3/2



























































(3)

The admixture of the bright exciton states ±1L,U , 0U

into the DE ±2 , 0L states is mediated by at least one
of four matrix elements: Ve = 〈1/2|V̂e| − 1/2〉 for the

flip of the electron spin and Vlh = 〈Ψ+1/2|V̂h|Ψ−1/2〉 ,
Vh,1 = 〈Ψ+3/2|V̂h|Ψ+1/2〉 and Vh,2 = 〈Ψ+3/2|V̂h|Ψ−1/2〉
for the mixing wave functions of the hole ground state,
ΨM , with initial and final hole momentum projections,
M , differing by ±1 or ±2 . The matrix elements Ve ,
Vlh and Vh,1 can be provided by the external mag-
netic field perpendicular to the c -axis11,13 or by the ex-
change interaction with the spin of dangling bonds at the
NC surface.45 The interactions with optical or acoustic
phonons with angular momentum 2 provide the hole state
mixing described by Vh,1 and Vh,2 .

56–58 In addition,

the diagonal matrix elements V↑(↓),M = 〈Ψ↑(↓),M |V̂e +

V̂h|Ψ↑(↓),M 〉 of the V̂e or V̂h perturbations, e.g. ex-
ternal magnetic field or crystal field or stress along the
c -axis, may result in activation of ±1L and 0L excitons
by their admixture to the ±1U and 0U excitons without
a flip of either hole or electron spins. The mixing of the
±1L DE to the ±1U bright exciton by the crystal field
is the well known example of such activation.

The resulting probability of the DE radiative recom-
bination can be found in the framework of the second
order perturbation theory,11,13,45 which describes a vir-
tual transition of the DE to the bright exciton states
±1L,U , 0U and its consequential radiative decay. The
polarization of the DE emission is defined by the po-
larization properties of the corresponding bright exci-
tons. Therefore, we start with a review of previously
discussed11,13 probabilities of the bright excitons radia-
tive emission and polarization of corresponding optical
transitions.

In the dipole approximation, the exciton interaction

with light is described by the perturbation q/(m0ω)Ep̂ ,
where E = E[exp(−iωt)e + exp(iωt)e∗] is the electric
field of the light, q and m0 are the free electron charge
and mass, respectively, ω is the light frequency, E is
the amplitude of the electric field, e is the light po-
larization vector and p̂ = −i~∇ is the momentum op-
erator acting only on the valence band and conduction
band Bloch functions.59,60 The momentum matrix ele-
ments d = 〈G|p̂|X〉 between the unexcited ground state
G of the NC and the band-edge exciton state X are re-
lated to the matrix elements d̃ = 〈G|qr̂|X〉 of the dipole

operator qr̂ as60 d = im0(Eg/q~)d̃ , where Eg is the
gap energy of the bulk semiconductor. This connection
allows us hereafter to call d the dipole transition matrix
elements. They are not zero only for the bright exci-
ton states, which are X = ±1L,U , 0U . The bright ex-
citon state 0U is polarized along the c -axis of the NC.
For this state, the square of projections of corresponding
dipole transition elements are |d⊥|2 = |dx|2 = |dy|2 = 0
and |d0|2 ≡ |d‖|2 = |dz |2 = |〈G|p̂z |0U〉|2 = 4P 2K/3 ,
where both the Kane matrix element of the band-to-band
transitions in zinc blende or wurtzite semiconductors in
the quasi–cubic approximation,P , and the electron–hole
wave functions overlap integral squared, K , are defined
in Appendix A. The linear polarized dipole is often re-
ferred to as the nondegenerate 1D dipole.51

The bright exciton states ±1U,L are polarized perpen-
dicular to the c -axis and are usually referred to as the
degenerate 2D dipoles.50–52 The square of projections of
the dipole transition matrix elements are |d±1

‖ |2 = 0 and
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|dU,L
⊥ |2 = |dU,L

+1 |2 + |dU,L
−1 |2 , where

dU±1 =
1

2
〈G|p̂x ± ipy| ± 1U〉 = ∓ d0

2
√
2

(

C+ +
√
3C−

)

,

dL±1 =
1

2
〈G|p̂x ± ipy| ± 1L〉 = d0

2
√
2

(√
3C+ − C−

)

.(4)

and the constants C± , introduced in Ref. 11, are defined
in Appendix A. It is easy to show that in any NC the sum
|d⊥|2 = |dL⊥|2 + |dU⊥|2 = |d0|2 = |d‖|2 . In the spherical
and “quasi-spherical” NCs with ∆ = 0 the coefficients
C+ = 1/2 and C− =

√
3/2 , so that the ±1L excitons

become the DEs.
According to the Fermi’s ”golden rule”, the probability

of the spontaneous emission of the e -polarized photon
is given by

Γe =
2π

~

e2

m2
0ω

2
|Eintd|2ρ(ω) , (5)

where ρ(ω) is the density of the photon states and
Eint = Einte∗ is the electric field of the photon inside the
NC which is different from its electric field Eout in the
outside medium due to the local field effect.48,61–65 The
total radiative rate can be obtained after the averaging
over all possible polarizations as

1

τ
=

∫ π

0

Γe sinΘedΘe =
4e2ωn

3~m2
0c

3

(

D‖|d‖|2 + 2D⊥|d⊥|2
)

,

(6)
where Θe is the angle between e and c -axis (chosen as
the z direction), n is the refractive index of the medium
outside the NC, and factors D⊥ = |Ein

x,y|2/|Eout
x,y |2 and

D‖ = |Ein
z |2/|Eout

z |2 are the local field screening factors.

As a result the radiative rate of the 0U bright exciton
is11,13,66

1

τ0
=

4e2ωn

3~m2
0c

3
D‖|d0|2 =

16e2ωn

9~m2
0c

3
D‖P

2K . (7)

The relations of Eqs. (4) allow us to express the dipole
transition matrix elements and radiative rates of all ex-
citons hereafter via |d0|2 and 1/τ0 .
For the DE states X = ±2, 0L , the dipole transitions

matrix elements are zero in first order perturbations the-
ory. However, the admixture of the bright ±1U,L and
0U excitons into the DE may result in nonzero |dDE

⊥ |2
and |dDE

‖ |2 in second order perturbations theory. The

radiative emission rate of the DE is described then by
Eq. (6) with |d⊥|2 = |dDE

⊥ |2 and |d‖|2 = |dDE
‖ |2 cal-

culated for the DE and can be written in the following
form

ΓDE =
1

τ0

(

|dDE
‖ |2

|d0|2
+ 2

D⊥

D‖

|dDE
⊥ |2
|d0|2

)

. (8)

The polarization properties of the DE emission can be
characterized by the anisotropy parameter48,49 rd =

Rfd , which is a product of a parameter R = D‖/D⊥

that describes the anisotropy of the local field effect,
and the parameter fd = |dDE

‖ |2/|dDE
⊥ |2 that describes

anisotropy of the dipole matrix elements. The last one
depends on the physical mechanism responsible for the
DE activation. Note, that in the spherical NCs, the local
field effect becomes isotropic and R = 1 .

In the following sections we calculate |dDE
‖ |2 and

|dDE
⊥ |2 and find the rate of the DE radiative recombi-

nation and its anisotropy for several mechanisms of the
DE activation. The total radiative recombination rate of
the DE can be written as sum of their contributions:

ΓDE = Γph + Γdb + ΓB , (9)

where Γph = ΓLO + ΓAC is the phonon assisted radia-
tive decay rate due to the interaction with optical ( ΓLO )
and/or acoustic ( ΓAC ) phonons, the ZPL recombination
rate Γdb is associated with the dangling bond assisted
radiative recombination and ΓB is the magnetic field in-
duced recombination rate. In this paper we consider all
activation mechanisms as independent, neglecting, for ex-
ample, such effect as the alignment of the dangling bond
spins by an external magnetic field.

III. RADIATIVE RECOMBINATION OF THE

±2 DARK EXCITON

Let us calculate the matrix elements that mix up bright
excitons and the ±2 DE and lead to its radiative de-
cay. It is clear from Eq. (3) that perturbations Ve and
Vh,1 couple the ±2 dark exciton with the ±1L,U bright

exciton states resulting in d±2
⊥ , while Vh,2 couples the

±2 exciton only with the 0U bright state resulting in
d±2
‖ . Using the exciton wave functions in Eq. (40) from

Appendix A and Eq. (3) we find matrix elements that
describe the couplings:

〈−1U,L|V̂e| − 2〉 = C∓Ve ,

〈+1U,L|V̂e|+ 2〉 = ∓C∓V ∗
e ,

〈−1U,L|V̂h| − 2〉 = ∓C±Vh,1 ,

〈+1U,L|V̂h|+ 2〉 = C±V ∗
h,1 ,

〈0U|V̂h| − 2〉 = −Vh,2√
2
,

〈0U|V̂h|+ 2〉 = Vh,2√
2

∗

. (10)

Equations (10) allow us to calculate the squares of the
dipole transition matrix elements for the ±2 DE in sec-
ond order perturbation theory. Using the dipoles of the
bright ±1L,U, 0U excitons defined in Eq. (4) and matrix
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Coupling to ±1L,U states Coupling to 0U state

Polarization ⊥ c-axis ‖ c-axis

Dipole element |d±2
⊥ |2 = |d0|

2 · χ21
α |d±2

‖ |2 = |d0|
2 · χ20

α

Radiative rate Γ21
α =

2

R

1

τ0
· χ21

α Γ20
α =

1

τ0
· χ20

α

Mechanism (α) χ21
α χ20

α

Magnetic field (B)
[geµBB sin Θ]2

96η2

Dangling bonds (db)
α2

12η2
Ndb [1 − ρexρdb]

Acoustical phonons (AC)
V 2
AC

2(∆ + 4η)2
coth

EAC

2kT

Optical phonons (LO)
V 2
LOE

2
LO

8(3∆η + ELO(∆ + 4η) + E2
LO)2

V 2
LO

2(∆ + 4η + ELO)2

TABLE I: Radiative decay rates and polarization properties of the ±2 DE activated by various physical mechanisms. For
activation caused by magnetic field ( B ), dangling bonds (db), acoustic (AC) and optical (LO) phonons, the squares of the
dipole transition matrix elements, |d±2

⊥ |2 = |d0|
2χ21

α and |d±2

‖ |2 = |d0|
2χ20

α , induced by the coupling of the ±2 DE with

±1U and 0U bright excitons, respectively, where α = B,db,AC and LO. The radiative recombination rates induced by these
activation mechanisms can be written correspondingly Γ21

α = 2χ21
α /(Rτ0) and Γ20

α = χ20
α /(τ0) .

elements of Eqs. (10) we find the following expressions:

|d±2
‖ |2 =

|d0|2
2

|Vh,2|2
(ε̃U0 − ε̃±2)2

, (11)

|d±2
⊥ |2 =

|d0|2
8

∣

∣

∣

∣

∣

(C−Ve − C+Vh,1)(C
+ +

√
3C−)

ε̃U±1 − ε̃±2

+
(C+Ve + C−Vh,1)(

√
3C+ − C−)

ε̃L±1 − ε̃±2

∣

∣

∣

∣

∣

2

, (12)

where the energies ε̃±2 of the DE and ε̃U0 , ε̃U,L
±1 of the

intermediate bright exciton states may differ from the

unperturbed exciton energies ε2 and εU0 , εU,L
1 (see Eq.

(39) in Appendix A) by the energy of the phonons or
dangling bond spin states participating in the transition
as well as by the Zeeman energy of the excitons in an
external magnetic field.
One can see that the dipole transition element d±2

⊥
in Eq. (12) contains a superposition of the Ve and Vh,1

perturbations. This is happening only because these per-
turbations result in the optical transitions between the
same initial and final states of the NC. Generally, the
dipole transition elements squared caused by the differ-
ent perturbations are summarized. It is interesting to

note, however, that the dipole d±2
⊥ always contains a su-

perposition of contributions of the lower, ±1L , and the
upper, ±1U , intermediate exciton states. Straightfor-
ward calculation shows, that in the case when the ener-
gies of the DE and the intermediate bright exciton states
coincide with the unperturbed exciton energies, when

ε̃U,L
1 − ε̃2 = εU,L

1 − ε2 = ∆/2+ 2η±
√

f2 + d , the super-
position is destructive for the Vh,1 perturbation and Eq.
(12) for the dipole transverse transition element squared
is simplified into

|d±2
⊥ |2 = |d0|2

|Ve|2
24η2

(13)

Below we consider interactions of excitons with an ex-
ternal magnetic field, phonons and dangling bond spins
that result in non zero matrix elements Ve , Vh,1 and
Vh,2 . The expressions for the ±2 DE transition ma-

trix elements squared, |d±2
⊥ |2 = |d0|2χ21

α and |d±2
‖ |2 =

|d0|2χ20
α , induced by the coupling with ±1U and 0U

bright excitons, respectively, via different coupling mech-
anisms α considered below, and the respective recombi-
nation rates Γ21

α = 2χ21
α /(Rτ0) and Γ20

α = χ20
α /(τ0) are

summarized in the Table I.

A. Activation by external magnetic field

In the case, when an external magnetic field B =
(Bx, By, Bz) is applied to NCs, the perturbations terms

are11 V̂e =
1
2geµB(σ

eB) and V̂h = −ghµB(JB) , where
ge,h are effective g -factors of the ground electron and
hole states, respectively, µB is the Bohr magneton.
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The matrix elements Ve = geµB(Bx − iBy)/2 , Vh,1 =

−
√
3ghµB(Bx − iBy)/2 couples the ±2 DE with ±1U,L

bright excitons resulting into |d±2
⊥ |2 . Note, that matrix

element Vlh = −ghµB(Bx − iBy) 6= 0 does not couple
the ±2 DE with any bright exciton state and Vh,2 = 0 .
In addition to the coupling matrix elements, there

are non zero diagonal matrix elements V↑,M = (ge/2 −
Mgh)µBB cos θ and V↓,M = −(ge/2 + Mgh)µBB cos θ ,
where θ is the angle between the magnetic field direc-
tion and the c -axis, which lead to the Zeeman splitting
of the exciton states.11,13 We assume, that the Zeeman
energies geµBB and ghµBB are much smaller than the
energy separations between unperturbed exciton states

εL,U1 − ε2 , and neglect them in the denominator of Eq.
(12). In this case, as it was shown above, the Vh,1 ∝ gh
mediated coupling does not activate the dark exciton,
because superposition of the 1L and 1U bright states
results into the destructive contributions to the dipole
transition element and thus to the radiative decay. In
contrast, for Ve ∝ ge mediated coupling the superposi-
tion of 1L and 1U bright states leads to constructive
contributions to the dark exciton dipole transition ele-
ment given by Eq. (13) and therefore to the PL, which is
circularly polarized in the plane perpendicular to the c -
axis. Substituting |d±2

⊥ |2 in Eq. (8) we obtain the rate
of magnetic field assisted radiative recombination of the
DE as ΓB = Γ21

B : 67

Γ21
B =

|Ve|2
12η2

1

Rτ0
=

[geµBB sin θ]2

48η2
1

Rτ0
, (14)

where 1/R = D⊥/D‖ takes into account the anisotropy
of the local field corrections to the probability of the op-
tical transition in non spherical NCs. It is important
to note that the rate of radiative recombination in Eq.
(14) does not depend on the splitting between ±1/2 and
±3/2 hole states, ∆ . Equation (14) shows also that the
magnetic field activation of the DE becomes very efficient
in large NCs, because 1/η2 ∼ a6 .
The polarization properties of the magnetic field acti-

vated recombination from the ±2 DE are the properties
of the degenerate 2D dipole determined by coupling with
the ±1L,U bright excitons. The activation process is
shown schematically in Fig. 2(a). The resulting PL is
directed preferably along the c-axis and circularly polar-
ized in the plain perpendicular to the c -axis. Introduced
in the previous section, the polarization anisotropy pa-
rameter for the magnetic field activation of the DE is
rBd = RfB

d = 0 .

B. Phonon assisted recombination of the ±2 DE

Let us consider phonon assisted radiative recombina-
tion of the ±2 DE. In spherical NCs, each long-wave
length acoustic and optical phonon is characterized by
total angular momentum l and its projection m on the
quantization axis. The wave functions of corresponding

~
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FIG. 2: Schematic image of the fine structure of the band
edge exciton and the radiative decay of the ±2 dark exci-
ton activated by the external magnetic field or dangling bond
spins (a) and phonon assisted transitions (b) and (c). Bright
and dark exciton levels are shown by solid and dashed lines,
respectively. The solid arrows show the optically active lev-
els that admix to the DE via different activation mechanism.
The vertical waving arrows show the energy of emitting pho-
tons. The PL polarization of the DE decay is controlled by
the dipoles of optically active levels to which the DE is ad-
mixed and corresponding polarizations are show by the circle
arrow around the NC c -axis and by the arrow parallel to the
c -axis. The phonon assisted Stokes lines red shifted by the
phonon energy, Eph = ELO in (b), could have polarization
properties of the ±1L,U (shown in blue) and the 0U (shown
in red) bright excitons, respectively. The Stokes (b) and anti-
Stokes (c) acoustic phonon activated line with Eph = EAC

has polarization properties only of the 0U exciton.

spherical optical and acoustic phonons where introduced
in Refs.68,69 and Refs.70,71, and Hamiltonians that de-
scribe their interaction with electrons and holes have
been derived in Refs.56,72 and Refs. 58,71,73, respec-
tively. The interaction of the carriers with the spherical
phonons always has a form of expansion over the full sys-
tem of eigen-functions of the orbital momentum operator
∑

l C
ph
l (almYlm + a†lmY ∗

lm) , where Ylm are the spherical

harmonics, the operators alm and a†lm are the operators
of creation and annihilation of the phonons with energy
Eph , total angular momentum l and projection m , and

the coefficients Cph
l depend on the NC size, type of par-

ticipating phonons, and interaction mechanism.56,58,71–73

Coupling of phonons with the ground 1S electron,
does not activate the radiative recombination of the ±2
DE because Ve = 0 . The interactions of phonons with
holes, however, result in the hole-momentum flip assisted
recombination of the DE. It was demonstrated,74 that
only terms proportional to Y2,±2 and Y2,±1 couple the
wave functions of the hole ground state, ΨM , with initial
and final hole momentum projections, M , differing by
±1 or ±2 . These terms result in nonvanishing matrix

elements |Vh,2| = |Cph
2 〈Ψ±3/2|Y2∓2|Ψ∓1/2〉| = Vph and

|Vh,1| = |Cph
2 〈Ψ±3/2|Y2±1|Ψ±1/2〉| = Vph .
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Generally, the phonon assisted radiative decay of the
DE shifts the energy of emitted photons by the energy
of a phonon participating in optical transitions, Eph .
The matrix element Vh,1 couples the DE with the ±1L,U

bright excitons. In the case ε̃U,L
1 − ε̃2 = εU,L

1 − ε2±Eph ,
and the destructive superposition of the contributions
from the ±1L,U states does not eliminate the transverse
dipole transition element d±2

⊥ of Eq. (12). The phonon
assisted recombination of the DE contributes to the two
PL lines with energies ~ω = EF∓Eph . The rate of their
recombination calculated in the second order perturba-
tion theory is described, correspondingly, as

Γ21
ph(EF ∓ Eph) =

V 2
phE

2
ph(NB + 1/2± 1/2)

4(3∆η ± Eph(∆ + 4η) + E2
ph)

2

1

Rτ0
.

(15)
Here NB(Eph, T ) = [exp(Eph/kT ) − 1]−1 is the Boltz-
mann population function ( k - is the Boltzmann con-
stant) for the phonons participating in recombination,
which depends on their energy, Eph , and temperature,
T . The Vh,2 interaction mediates DE coupling with
the 0U bright exciton state. As a result, the DE ac-
quires a dipole d±2

‖ , given by Eq. (11) with denominator

ε̃U0 − ε̃±2 = εU0 − ε±2 ±Eph . In this case, the phonon as-
sited recombination of the DE occurs at the frequencies
~ω = EF ∓ Eph with the rates

Γ20
ph(EF ∓ Eph) =

V 2
ph(NB + 1/2± 1/2)

2(∆ + 4η ± Eph)2
1

τ0
. (16)

The typical energy of the acoustic phonons Eph =
EAC is much smaller than ∆EAF . This suppresses the
phonon assisted recombination described by Eq. (15)
because E2

AC/(3η∆) ≤ (EAC/∆EAF)
2 ≪ 1 . As a re-

sult, the acoustic phonon-assisted recombination of the
DE is dominated by transitions described in Eq. (16)
and have polarization properties of the 0U bright ex-
citon, which is linearly polarized along c -axis (see red
arrows in Figs. 2b and 2c ). Emission or absorption of
the phonons with energy Eph = EAC result in Stokes
and anti-Stokes lines shifted down and up from EF by
the acoustic phonon energy EAC , respectively. The in-
tensities of these components are proportional to NB+1
and NB , correspondingly. At low temperatures that are
smaller than the acoustic phonon energy, ( kT ≪ EAC ),
only the Stokes component is expected. However, even
a slight increase in temperature can activate the DE re-
combination assisted by the acoustic phonons. Neglect-
ing a weak dependence of Γ20

ph(EF∓Eph) on the acoustic
phonon energy Eph = EAC ≪ ∆ , one can write the total
rate of the acoustic-phonon assisted recombination as

ΓAC = Γ20
AC =

V 2
ph

(∆ + 4η)2
coth(EAC/2kT )

2τ0
. (17)

In the FLN experiments, the Stokes and anti-Stokes
lines are not resolved separately and both contribute to
a ZPL. As a result of these line contributions, the temper-
ature increase leads to a blue shift of the ZPL described

as EF − EAC tanh(EAC/2kT ) . The intensity of the PL
increases with temperature as coth(EAC/2kT ) .
In the case of the optical-phonon assisted recombina-

tion, the phonon energy Eph = ELO can not be ne-
glected in Eqs. (16) and (15), because it is comparable
or even larger than ∆EAF . In the range of tempera-
tures we consider here, kT ≪ ELO , only Stokes PL line
with energy ~ω = EF − ELO , can be observed. The LO
phonon assisted radiative decay rate of the DE is almost
temperature independent and given by

ΓLO = Γ20
ph(EF − ELO) + Γ21

ph(EF − ELO). (18)

Here the rates Γ20
ph and Γ21

ph are described by Eqs. (16)

and (15) with Eph =ELO and NB ≈ 1 .
The polarization of the acoustic phonon assisted re-

combination of the DE is determined by the non degen-
erate 1D dipole of the 0U bright exciton. The activation
processes of the DE via ±0U bright exciton are shown
schematically by red arrows in Figs. 2(b) and (c) for the
Stokes and anti Stokes components, respectively. The
resulting PL of the DE, which is directed preferably per-
pendicularly to the c - axis of the NC, is liner polarized
along c -axis. The polarization anisotropy parameter is
rAC
d = RfAC

d → ∞ .
The polarization of the optical phonons assisted emis-

sion of the DE is mixed due optical phonon coupling with
the 0U bright exciton characterized by the nondegener-
ate 1D dipole and with the ±1L,U bright excitons char-
acterized by the degenerate 2D dipole. The activation
process via ±1L,U bright excitons is shown schemati-
cally by blue arrows in Fig. 2(b) for the Stokes compo-
nent. The resulting PL directed preferably along the NC
c - axis is circularly polarized in the plain perpendicular
to the c -axis. The polarization anisotropy parameter for
the optical phonon assisted mechanism can be found as

rLOd = RfLO
d = R

|d±2
‖ |2

|d±2
⊥ |2

= R
4[3∆η + ELO(∆ + 4η) + E2

LO]
2

E2
LO[∆ + 4η + ELO]2

. (19)

One can see, that for ∆ > 0 and R ≈ 1 , the parame-
ter rLOd is always lager than 4. As a result, the optical
phonon assisted line of the DE PL in nearly spherical
NCs made of wurtzite CdSe is mostly linear polarized
along c -axis of the NC.48,49

C. Dangling bond assisted recombination of the ±2
DE

The dangling bond assisted mechanism of the ±2 DE
radiative recombination was suggested recently in Ref.
[45]. Indeed an exchange interaction between the exciton
spin and the spins of the dangling bonds at the NC sur-
face could result in flip-flop processes, which mix up the
±2 DE with the ±1L,U bright excitons. Flipping the
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dangling bond spins could change the exciton spin pro-
jection by ±1 . The exchange interaction between the
dangling bond spins and the exciton spins is dominated
by their interaction with the electron spins, because an
electron wave function more strongly penetrates to the
NC surface. Here we assume that the NC have a spheri-
cal shape and the exchange interaction of an electron in
the ground 1Se state with all dangling bonds is the same
and can be characterized by the one exchange constant
α (see details in Ref. [45]). As a result the electron-
dangling bond spin exchange interaction can be written
as:

Ĥss = −α
∑

j

σ̂eσ̂j , (20)

where σ̂e and σ̂j are the Pauli matrixes for the electron
and j -th dangling bond spins, correspondingly. Each j -
term in the sum of the exchange Hamiltonian of Eq. (20)
could provide the simultaneous spin flip-flop of the elec-
tron spin projection and the projection of j -th dangling
bond spin described by the matrix element |Ve| = 2α .
Consequently, the Ve mediated coupling with ±1L,U

bright excitons results into the transverse dipole tran-
sition element given by Eq. (13). The sum over all dan-
gling bond spins results in

|d±2
⊥ |2 = |d0|2

α2

6η2
N∓

db , (21)

where N+
db and N−

db are the numbers of dangling bond
spins oriented along and opposite to the c -axis, respec-
tively.
The random fluctuation of the dangling bond spins ori-

entation results in the dangling bond spin polarization
along the NC c -axis

ρdb = −
∑

j〈σ̂j
z〉

Ndb
=

N−
db −N+

db

Ndb
. (22)

Here Ndb = N−
db +N+

db is the total number of dangling
bonds at the NC surface. The dangling bond polarization
split the ±2 DE into two spin sub-levels. The splitting
is proportional to the dangling bond spin polarization
∆Eex = 2αNdbρdb . This splitting in turn results in a
different relative population of the exciton spin sublevels
Nex,±2 , which also have different dangling bond assisted
recombination rates. Straightforward calculations in sec-
ond order perturbation theory which takes the last ef-
fect into account gives the following rate for the dangling
bond assisted radiative recombination as Γdb = Γ21

db :
45

Γ21
db = γexNdb [1− ρdbρex] , (23)

where γex = [(α/η)2/(6Rτ0)] is the electron-dangling
bond spin-flip rate, ρex = (Nex,−2 − Nex,+2)/Nex =
tanh[αNdbρdb/kT ] is the polarization of the exciton
state, and Nex is the averaged number of excitons per
NC.

At high temperatures, when dangling bonds are not
polarized and randomly oriented (N−

db = N+
db = Ndb/2 ),

the dangling bond assisted DE recombination rate is
just proportional to the total number of dangling bonds:
Γdb = γexNdb . As we have shown in Ref. 45, the ra-
diative recombination is suppressed at low temperatures,
when ρdbρex −→ 1 due to the formation of the dangling
bond magnetic polaron state.
The polarization properties of the dangling bond as-

sisted recombination from the DE are determined by the
coupling with the ±1L,U bright excitons and the 2D
dipole acquired by the DE is oriented transverse to the
c -axis. The activation process is shown schematically in
Fig. 2(a). The resulting PL is directed preferably along
the c -axis and circularly polarized in the plane perpen-
dicular the c -axis. The polarization anisotropy parame-
ter for the dangling bond spin flip–assisted recombination
of the ±2 DE is the same as for the external magnetic
field activation: rdbd = Rfdb

d = 0 .

IV. MAGNETIC FIELD ASSISTED RADIATIVE

RECOMBINATION OF THE F = 2 DARK

EXCITON IN SPHERICAL OR

“QUASI-SPHERICAL” NCS

In spherical or “quasi-spherical” NCs with ∆ = 0 the
ground exciton state is a five fold degenerate DE with
total angular momentum F = 2 . In this case, all states
are characterized by their projections on the direction of
an external magnetic field B . The states can be still
notated as ±2 , ±1L and 0 L for the dark exciton and
±1U and 0 U for the upper bright exciton with F = 1 .
In this case the magnetic field does not mix up the states
with different momentum projections and, at first glance,
does not activate the ground DE. Surprisingly, however,
it activates the DE via a magnetic field induced coupling
between dark (F = 2 ) and bright (F = 1 ) exciton
states with the same momentum projections on the B

direction.
The magnetic field stimulated coupling of 0L and ±1L

DEs with 0U and ±1U bright excitons, are described by
the following matrix elements:

〈±1U|V̂e + V̂h| ± 1L〉 =
√
3

2
〈0U|V̂e + V̂h|0L〉 =

√
3

4
µB(ge + gh)B . (24)

The resulting radiative rates are given by

Γ11
B =

3

4R
Γ00
B =

3

Rτ0

[µB(ge + gh)B]2

256η2
. (25)

We assume again that all Zeeman energies are much
smaller than the exchange splitting 4η .
The five sublevels of the F = 2 exciton are split in a

magnetic field as EF = gexµBBF with the DE g fac-
tor gex = (ge − 3gh)/4 . This value is positive in CdSe
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Coupling to ±1L,U states Coupling to 0U state

Polarization ⊥ c-axis ‖ c-axis

Dipole element |d⊥|
2 = |d0|

2 · χ01
α |d‖|

2 = |d0|
2 · χ00

α

Radiative rate Γ01
α =

2

R

1

τ0
· χ01

α Γ00
α =

1

τ0
· χ00

α

Mechanism (α) χ01
α χ00

α

Magnetic field (B) [ge − 2gh]2
[µBB sin Θ]2

32η2
[ge + gh]2

[µBB cos Θ]2

64η2

Dangling bonds (db)
α2

4η2
Ndb

α2

16η2

[

Ndb(Ndb − 1)ρ2db + Ndb

]

Acoustical
3V 2

ACE
2
AC

8[(−∆η + E2
AC)2 − (−∆ + 4η)2E2

AC)]2
×

phonons (AC)

[

(−∆η + E2
AC) coth

EAC

2kT
− (−∆ + 4η)EAC

]

Optical phonons (LO)
3V 2

LOE
2
LO

8(−∆η + ELO(−∆ + 4η) + E2
LO)2

TABLE II: Radiative decay rates and polarization properties of the 0L DE activated by various physical mechanisms. For
activation caused by magnetic field (B), dangling bonds (db), acoustic (AC) and optical (LO) phonons, the squares of the dipole
transition matrix elements, |d±2

⊥ |2 = |d0|
2χ21

α and |d±2

‖ |2 = |d0|
2χ20

α , induced by the coupling of the ±2 DE with ±1U and

0U bright excitons, respectively, where α = B,db,AC and LO. The radiative recombination rates induced by these activation
mechanisms can be written correspondingly Γ21

α = 2χ21
α /(Rτ0) and Γ20

α = χ20
α /(τ0) .

NCs, and as a result the lowest DE state has spin pro-
jection F = −2 , which is not activated by the longitu-
dinal magnetic field. The resulting rates of the radia-
tive recombination from the F = 2 DE and its polar-
ization is determined by the relative populations of the
Zeeman sublevels given by NF = exp(−EF /kT )/Nex ,
where Nex =

∑

F=0,±1,±2 exp(−EF /kT ) . The total ra-
diative rate of the DE in an external magnetic field can
be written as

ΓB = (Γ0 + Γ00
B )N0 + (Γ1 + Γ11

B )[N−1 +N+1]

+ Γ2[N−2 +N+2] , (26)

where Γ0 , Γ1 and Γ2 are the radiative rates of the DE
sublevels with projections 0, ±1 and ±2 on the mag-
netic field directions, respectively, that are coursed by
other than the external magnetic field activation mech-
anisms. One can see, that ΓB from Eq. (26) is a non-
monotonic function of the magnetic field.

V. RADIATIVE RECOMBINATION OF THE 0L

DARK EXCITON

We turn now to the radiative decay rate of the 0L

ground state DE activated by different physical mecha-
nisms which mix it with the bright excitons. The ma-
trix representation of the exciton hamiltonian in Eq. (2)
shows clearly that Ve , Vlh and Vh,1 terms couple the
0L DE with ±1L,U bright excitons, while Vh,2 does not
help in the DE activation. In addition, diagonal matrix
elements V↑,−1/2 and V↓,1/2 also couple 0L DEs with

0U bright excitons. Calculations of the radiative decay
rate are similar to those done for the ±2 DE. The details
of the calculations can be found in the Appendix B. The
expressions for the 0L DE transition matrix elements
squared, |d±2

⊥ |2 = |d0|2χ01
α and |d±2

‖ |2 = |d0|2χ00
α , in-

duced by the coupling with ±1U and 0U bright excitons,

respectively, via different coupling mechanisms α , and
the respective recombination rates Γ01

α = 2χ01
α /(Rτ0)

and Γ00
α = χ20

α /(τ0) are summarized in the Table II. The
respective activation processes and their polarization are
shown schematically in Fig. 3.

It is important to note that contrary to the case of
the ±2 DE, the activation of the 0L DE by an external
magnetic field and the dangling bond spin flip–assisted
mechanism results in PL which have different polariza-
tion properties. The coupling of the 0L DE with the
0U , +1U,L and 1U,L bright excitons by the magnetic
field leads to a coherent superposition of these three in-
termediate states, contributing to the PL in the second
order perturbation theory. The straightforward calcula-
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FIG. 3: Schematic image of the fine structure of the band
edge exciton and the radiative decay of the dark 0L exciton
activated by the external magnetic field (a) dangling bond
spins (b) and phonon assisted transition (c). Bright and DE
levels are shown by solid and dashed lines, respectively. The
solid arrows show the optically active levels that admix to the
DE via different activation mechanisms. The vertical wav-
ing arrows show the energy of emitting photons. The PL
polarization of the DE decay is controlled by the dipoles of
optically active levels to which the dark exciton is admixed
and corresponding polarizations are show by the circle arrow
around the NC c -axis and by the arrow perpendicular or par-
allel to the c -axis. For the phonon assisted transition only
Stokes lines red shifted by the phonon energy, Eph = ELO or
Eph = EAC , is shown on (c).

tions show that this superposition results in a linearly
polarized PL. The activation of 0L DE by a magnetic
field either parallel or perpendicular to the c -axis results
in PL linearly polarized parallel to the magnetic field. In
contrast, the dangling bond spins activation results in PL
with mixed polarization properties: PL linear polarized
along the c -axis of the NC and PL circularly polarized
around its c -axis. The detailed explanations for these
properties are given in the Appendix B.

VI. DISCUSSION

Let us first discuss how our theory of the DE activation
describes the PL properties of most heavily studied CdSe
NCs where the ±2 DE is the ground exciton level. The
optical phonon assisted radiative recombination of the
DE clearly seen in FLN experiments20 is a direct proof
that the exciton coupling with the optical phonon courses
such an activation. The PL lines related to the acoustic
phonon assisted recombination of the DE are not resolved
usually in FLN experiments because an inhomogeneous
broadening of the ZPL is much larger than the energies
of NC acoustic phonons. They have been observed, how-
ever, in the SD experiments27,31 and in the FLN spectra
of the CdSe/CdS dot-in-rod heteronanocrystals25 due to
the much narrower ZPL linewidth. In the CdSe/CdS
dot-in-rod NCs the electron wave function is strongly

anisotropic due to its leakage to the CdS shell. This
anisotropy leads to an additional phonon-assisted recom-
bination mechanism of the DE, which was not considered
in our paper.
Experimentally, the rate of the DE recombination in

zero magnetic field is usually determined from the tem-
perature dependence of the PL life time long compo-
nent, τL .27,33,34,36 In this model the DE recombination
rate ΓF ≡ ΓDE is assumed to be temperature inde-
pendent, and the temperature dependence of τL is de-
termined solely by the temperature induced population
of the bright exciton state with the recombination rate
ΓA ≫ ΓF according to:34

1

τL
= ΓF

1

1 + exp (−∆AF/kT )
+ ΓA

exp (−∆AF/kT )

1 + exp (−∆AF/kT )
.

(27)
Here ∆AF is the bright–dark exciton splitting, which is
usually obtained by fitting of the experimentally mea-
sured temperature dependence of τL . Measured in NCs
with different sizes, the procedure gives a size depen-
dence of ∆AF , which sometimes resembles a more size
dependence of confined acoustic phonons than the size
dependence of the splitting between dark and bright
excitons.36,37 It is important to note, however, that some
of the DE activation mechanisms considered above pre-
dict the temperature dependence of ΓF itself.
First of all, the DE radiative recombination rate as-

sisted by acoustic phonons increases with temperature
as coth(EAC/2kT ) , in the range where this rate is still
smaller than the bright exciton radiative recombination
rate. Second, the dangling bond spin assisted radiative
recombination of the DE becomes temperature depen-
dent in small NCs due to formation and thermal disso-
ciation of the magnetic polaron.45 Therefore, the mech-
anism of the dangling bond spin assisted recombination
suggests the existence of additional activation energies
for τL at temperatures below the bright exciton activa-
tion.
Other important consequences of different activation

mechanisms are the different polarization properties of
the DE recombination. We have shown that the dan-
gling bond spin flip–assisted recombination of the ±2
DE is the only activation mechanism which results in the
PL polarization described by the degenerate 2D dipole
in zero magnetic field. Only for this mechanism, the
anisotropy parameter of the DE recombination is the
same as for the lowest bright exciton: rdbd = Rfdb

d =

R|d±2
‖ |2/|d±2

⊥ |2 = 0 . The DE activation via the acoustic

phonons lead to rAC
d = RfAC

d → ∞ . For the DE acti-
vation by optical phonons rLOd = RfLO

d > 4 for R ≥ 1 .
Therefore, we conclude that the dangling bond spin flip–
assisted mechanism is responsible for DE radiative re-
combination in single CdSe NCs with diameter 5.2 nm
and 3.8 nm studied in Ref. [50]. These NCs have demon-
strated the polarization properties of the degenerate 2D
dipole at the temperature 10K.
On the other hand, the dangling bond spin flip-assisted
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FIG. 4: Dependencies of the linear polarization memory de-
gree Pmem on the anisotropy parameter rd . The blue line
describes the Pmem dependence in the case resonant exci-
tation of the ±1 bright excitons for which ra = 0 . The
red line describes the Pmem dependence in the case of reso-
nant excitation of the 0U bright excitons for which ra = ∞ .
The green line describes the mixed excitation condition for
which ra = 0.5 . Horizontal lines show the experimentally
observed values of the polarization memory degree. The blue
dashed horizontal line corresponds to the value -0.14 observed
in Ref. 21 for ZPL at T=10K after the resonant excitation
with ra = 0 and relaxation into the DE state. The green
dashed and black solid horizontal lines correspond to the val-
ues -0.11 and -0.07 observed in Ref. 12 for ZPL and 1PL,
respectively, at T=2K.

recombination might be suppressed at low temperatures
in small NCs.45 In this case, the main mechanism re-
sponsible for the ZPL seen in the FLN experiments, is
acoustic phonon assisted recombination of the DE. This
recombination leads to the PL which is linearly polar-
ized along c -axis. This prediction allows us to explain
the experimental observations of the negative linear po-
larization memory in CdSe NCs reported in Refs. 12,21.
In Ref. 21 the PL was excited resonantly by linear polar-
ized light. At the initial period just after the excitation,
the PL was co-polarized to the excitation with the pos-
itive linear polarization degree Pmem ≈ 0.143 .75 This
number is in a very good agreement with theoretically
predicted polarization memory degree 1/7 ≈ 0.143 for
the resonance excitation of the lowest ±1L bright exci-
ton and emission from the same excited state.48 At low
temperatures (below 10 K), the polarization changed its
sign after some small time delay, and the ZPL PL be-
came cross-polarized to the excitation with the negative
polarization memory Pmem ≈ −0.14 . The time depen-
dence of the degree of the PL polarization is identical
to those of the PL21, what confirms the change of the
emitting state after the exciton relaxation to the ground
DE state. Therefore, the observed negative polarization
memory is determined by the DE activation mechanism.
Generally, the degree of PL polarization memory in an

ensemble of randomly oriented NCs is given by:48

Pmem =
I‖ − I⊥

I‖ + I⊥
=

(ra − 1)(rd − 1)

7 + 3rd + ra(3 + 2rd)
, (28)

where I‖ ( I⊥ ) are intensity of the PL polarized parallel
(perpendicular) to the polarization of exciting light, and
ra = Rfa = Rd‖|2/|d⊥|2 characterizes the anisotropy
of selection rules for the bright excitons. For the reso-
nance excitation of the ±1L,U bright excitons ra = 0
and of the 0U bright exciton ra = ∞ . The dependence
of the linear polarization memory degree Pmem on the
anisotropy parameter rd for the resonant excitation of
the ±1 and 0U bright excitons are shown in Fig. 4 by
the blue and red lines, respectively. The horizontal and
vertical dashed blue lines show the experimentally ob-
served in Ref. 21 at 10K value of Pmem ≈ −0.14 and
the corresponding rd ≈ 3.41 , respectively. This value of
the rd indicates that the dangling bond assisted mecha-
nism is partially suppressed at 10K. However, increasing
the temperature to 20-30K decreases the degree of lin-
ear polarization suggesting the activation of the dangling
bond assisted recombination.21 The temperature depen-
dent Stokes shift of the ZPL observed in Ref.21 also con-
firms the magnetic polaron formation in these NCs at
low temperatures and its dissociation with temperature
increase. Note, that in the case of the complete sup-
pression of the dangling bond spin assisted mechanism
rd → ∞ and Eq. (28) predicts Pmem → −0.33 for the
resonant excitation with ra = 0 .
The effect of the negative polarization memory was re-

ported also in CdSe nanocrystals embedded in a glass
matrix.12,22 In Ref. 12, the excitation was not in exact
resonance with the lowest ±1L bright exciton and some
fraction of the NCs were excited at the level of 0U bright
exciton. This was evidenced, for example, from the large
positive polarization memory degree up to 0.3 just after
the excitation. Equation (28) and the red curve in Fig. 4
show that in the case when both the excitation and detec-
tion are characterized by ra = rd → ∞ , the Pmem max-
imum reaches 0.5. After ∼ 100 ps delay, the negative
polarization memory was observed for both ZPL and in
the optical phonon assisted lines. The negative polariza-
tion memory degree of -0.11 and -0.07, measured for the
ZPL and 1PL under steady state excitation conditions12

are shown in Fig. 4 by the horizontal green dashed and
black solid lines, respectively. The green line shows the
dependence of Pmem on rd calculated for a resonant ex-
citation characterized by ra = 0.5 . One can see that the
observed degrees of polarization memory are in a good
agreement with the theoretical expectations: rd ≥ 4 for
the 1PL and rd ≫ 1 for the ZPL. These calculations
show that the acoustic phonon assisted recombination is
the main mechanism of the DE radiative decay responsi-
ble for the ZPL in CdSe NCs embedded in a glass matrix.
Thus, the measurement of the linear polarization mem-

ory effect at low temperatures can reveal the exciton
fine structure and the activation mechanisms of the low-
est ±2 DE responsible for its radiative decay. Gener-
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ally, the anisotropy polarization parameter of emission
fd = |d‖|2/|d⊥|2 and consequently rd = Rfd may de-
pend on the temperature due to temperature dependence
of some of the activation mechanisms. This parameter
also depends on the external magnetic field49 due to field
induced activation of the DE. In time–resolved experi-
ments this parameter may change with time due to an
exciton thermalization to the lower lying exciton levels af-
ter the excitation. Therefore, the theory predicts strong
changes in the polarization of emitted light with time or
with increase of the temperature or an external magnetic
field.
For the spherical or “quasi-spherical” NCs with ∆ = 0,

where the lowest degenerate DE is characterized by the
total momentum F = 2 , we have considered the acti-
vation of this state by an external magnetic field. It is
usually assumed that the activation of the DE and the
shortening of the DE life time in external magnetic field
in NC made from cubic semiconductors is a signature
of the NC shape anisotropy.39,41 We have demonstrated,
however, that the magnetic field can activate the DE in
spherical cubic NCs and the dependence of the DE life-
time on the magnetic field might be non monotonic.
We have demonstrated that the 0L DE can be acti-

vated by the external magnetic field, acoustic and opti-
cal phonons and dangling bond spins. Experimentally,
the lowest 0L DE was studied using SD experiments in
prolate CdSe NC.76,77 In these studies, the PL from the
0L DE was observed only in the presence of an exter-
nal magnetic field and without the field was not detected
neither in the PL nor in the PLE measurements. The ab-
sence of the PL from the 0L exciton without a magnetic
field does not have a clear explanation. In all NCs stud-
ied with the lowest 0L DE, the bright–dark splitting is
very small, of the order of 0.5 meV, and the bright ±1L

exciton remains well populated even at 2 K. The state
selective pumping experiments77 conducted in these NCs

show that the exciton relaxation to the ground exciton
state is suppressed and the state population distributions
depend significantly on the pumping conditions. This
suggests that the absence of the PL from the 0L DE
in zero magnetic field might be connected with its low
population. The external magnetic field may not only
activate the DE but it also accelerates the exciton relax-
ation to this state via spin relaxation. The absence of the
observable PL might be also connected with polarization
properties of the 0L DE emission. All phonon assisted
mechanisms lead to the recombination polarized perpen-
dicular to the c -axis of the NC which is suppressed by
the local field effect in the prolate structures.48

In summary, we have developed a model that describes
the radiative recombination of the DEs, which occurs as
a result of the admixture of the DE to the bright exciton
states via various physical mechanisms. The effects of
the DE interaction with spins of dangling bonds at the
NC surface and with acoustic and optical phonons, as
well as an external magnetic field have been considered.
We have shown that different activation mechanisms of
the DE lead to different temperature dependences of its
radiative recombination rate and different polarization
properties.
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Appendix

A. Exciton wave functions and energies

Calculations of the exciton fine structure require self
consistent definitions of the band edge Bloch function
and the electron and hole envelope functions. These def-
initions may include complex phases that were selected
differently in various papers resulting sometimes in con-
fusing or even wrong results. In spherical NCs additional
complication arises from different definitions of the spher-
ical functions that one can find in the literature. That is
why in this Appendix we want to present explicit forms
of the Bloch and envelope functions we use in the paper.

We chose the Bloch functions uc
1/2,±1/2 of the Γ6 con-

duction band and u3/2,µ ( µ = ±3/2,±1/2 ) of the Γ8

valence band (point group Td ) according to Ref. [59]:

uc
1/2,1/2 = S ↑ , uc

1/2,−1/2 = S ↓ , (29)

and

u3/2,3/2 = − 1√
2
(X + iY ) ↑ ,

u3/2,−3/2 =
1√
2
(X − iY ) ↓ ,

u3/2,1/2 =
1√
6
[− (X + iY ) ↓ +2Z ↑] ,

u3/2,−1/2 =
1√
6
[(X − iY ) ↑ +2Z ↓] . (30)

Here S and X,Y, Z are the orbital Bloch functions for
the s -type and p -type band edge symmetry, respec-
tively. The spinor functions ↑ and ↓ are the eigen func-
tions of the electron spin projection operator sz = ±1/2 .
The electron wave functions for the electron ground

state 1Se level in spherical NC are

Ψe
±1/2(r) = Re(r)Y00u

c
1/2,±1/2 , (31)

where Y00 = 1
√
4π and Re(r) is the normalized radial

function. The first size-quantization level of holes in a
spherical NC is a 1S3/2 state53,54 characterized by total
angular momentum J = 3/2 and is four-fold degenerate
with respect to its projection M = 3/2, 1/2,−1/2,−3/2
on the z axis. The wave functions of this state can be
written in hole representation as79

Ψh
M = 2

∑

l=0,2

(−1)M−3/2(i)lRl(r)

∑

m+µ=M

(

l 3/2 3/2

m µ −M

)

Yl,mu3/2,µ . (32)

Here
(

i k l
m n p

)

are the Wigner 3 j -symbols, and the spher-
ical angular harmonics Ylm are defined in Ref. [78].
Note, that the factor (i)l is introduced because we use
the definition of spherical harmonics Ylm as given in
Ref. [78] while in Ref. [79] the spherical harmonics
were defined according to Ref. [80]. The radial wave
functions R0 and R2 in Eq. (32) are normalized as
∫

(R2
0 + R2

2)r
2dr = 1 and satisfy the system of radial

equations that can found in Refs. [55,79].
The effective electron–hole exchange interaction be-

tween confined electrons and holes can be written as

Ĥexch = −η(σeJ) , (33)

where the effective constant η may include both short–
range and long–range contributions.11,13,44,55,81 With ac-
count of the short–range contribution only it is given by

η =
a30
6π

εexch

∫ ∞

0

drr2R2
e(r)[R

2
0(r) + 0.2R2

2(r)] , (34)

where a0 is the lattice constant and εexch is the ex-
change constant. The integral in Eq. (34) depends on
the ratio of light to heavy hole effective masses, β , and
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is inversely proportional to the a3 in the case of im-
penetrable confined potential of NC with radius a . In
CdSe the exchange constant was extracted from the bulk
exciton splitting: εexch = 450 meV.11

The electron–hole exchange interaction splits the eight
fold exciton state into states with total momentum F =
2 (dark ground state with the energy −3η/2 ) and F =
1 (bright state with the energy +5η/2 ). The exciton
wave functions with total momentum F and projection
F can be constructed in the electron-hole representation
using general rule:

Ψex
F ,F =

√
2F + 1 (−1)

F−1

∑

m+µ=M

∑

m+M=F

(

1/2 3/2 F
m M −F

)

Ψe
mΨh

M . (35)

In explicit form the exciton wave functions are:

Ψex
2,±2 = Ψe

±1/2Ψ
h
±3/2 ,

Ψex
2,±1 =

1

2
Ψe

∓1/2Ψ
h
±3/2 +

√
3

2
Ψe

±1/2Ψ
h
±1/2 ,

Ψex
2,0 =

1√
2

[

Ψe
±1/2Ψ

h
∓1/2 +Ψe

∓1/2Ψ
h
±1/2

]

(36)

for F = 2 and

Ψex
1,±1 = ∓

√
3

2
Ψe

∓1/2Ψ
h
±3/2 ±

1

2
Ψe

±1/2Ψ
h
±1/2 ,

Ψex
1,0 =

1√
2

[

Ψe
±1/2Ψ

h
∓1/2 −Ψe

∓1/2Ψ
h
±1/2

]

(37)

for F = 1 .
The spherical symmetry can be broken by the internal

hexagonal crystal field in semiconductors with wurtzite
structure (such as CdSe) and the non-spherical, ellip-
soidal shape of NCs, which splits the ±1/2 and ±3/2
hole sublevels. The action of the total anisotropic field
can be written as

Ĥan = (∆/2)
[

5/4−M2
]

. (38)

This perturbation shifts the energies of exciton states
with F = 0 and |F | = 2 by ±∆/2 without modifi-
cation of their wave function and mixes the states with
|F | = 0 with different F . The resulting energies of the

Hamiltonian Ĥfine = Ĥexch + Ĥan that is defined in Eq.
(1)) are:11

ǫ2 = −3η/2−∆/2 ,

ǫU,L
1 = η/2±

√

f2 + d ,

ǫU,L
0 = η/2 + ∆/2± 2η . (39)

Here U and L correspond to “+” and “-” signs in the
equations for the upper and lower states, respectively,
f = (−2η + ∆)/2 and d = 3η2 . The exciton wave

functions in the electron-hole representation are:82

Ψ−2(re, rh) = Ψ↓,−3/2(re, rh) ,

Ψ2(re, rh) = Ψ↑,3/2(re, rh) ,

ΨU,L
0 (re, rh) =

1√
2

[

Ψ↑,−1/2(re, rh)∓Ψ↓,1/2(re, rh)
]

,

ΨU
1 (re, rh) = C+Ψ↑,1/2(re, rh)− C−Ψ↓,3/2(re, rh) ,

ΨL
1 (re, rh) = C−Ψ↑,1/2(re, rh) + C+Ψ↓,3/2(re, rh) ,

ΨU
−1(re, rh) = C−Ψ↑,−3/2(re, rh)− C+Ψ↓,−1/2(re, rh) ,

ΨL
−1(re, rh) = C+Ψ↑,−3/2(re, rh) + C−Ψ↓,−1/2(re, rh) ,

(40)

where Ψ↑,M (re, rh) = Ψe
+1/2Ψ

h
M and Ψ↓,M (re, rh) =

Ψe
−1/2Ψ

h
M , and

C± =

√

√

f2 + d± f

2
√

f2 + d
. (41)

For the chosen basis, the Kane matrix element is de-
fined as P = −i〈S|p̂x|X〉 = −i〈S|p̂y|Y 〉 = −i〈S|p̂z|X〉 ,
where p̂ = −i~∇ . The square of the overlap integral
between the electron and hole wave functions is defined
in Ref.11: K =

∣

∣

∫

drr2Re(r)R0(r)
∣

∣

2
.

B. Details of the radiative rate calculations for the

0L DE.

Using the exciton wave functions we find the mixing of
the 0L DE state with different bright excitons by per-
turbations V̂e and V̂h :

〈−1U,L|V̂e|0L〉 = ∓C±

√
2
V ∗
e , 〈+1U,L|V̂e|0L〉 =

C±

√
2
Ve ,

〈−1U,L|V̂h|0L〉 =
C∓

√
2
V ∗
h,1 ∓

C±

√
2
V ∗
lh ,

〈+1U,L|V̂h|0L〉 = ∓C∓

√
2
Vh,1 +

C±

√
2
Vlh ,

〈0U|V̂e + V̂h|0L〉 =
1

2
(V↑,−1/2 − V↓,1/2) . (42)

One can see from Eq. (42), that the 0L DE state can be
activated by the Vlh matrix element that is responsible
for the flip of the light hole spin, in contrast to the ±2
DE (see for comparison Eq.(10)). In addition, the diag-
onal matrix elements V↑,−1/2 − V↓,1/2 couple the bright
and the DE with F = 0 without changing their spin
projection.

Assuming again that all perturbation matrix elements
are smaller than the exciton fine structure splittings, one
can find the resulting dipole transition matrix elements
for the 0L DE in the framework of second order pertur-
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bation theory as

|d0L‖ |2 =
|d0|2
4

|V↑,−1/2 − V↓,1/2|2
(ε̃U0 − ε̃L0 )

2
, (43)

d0Lx = d0L+1 + d0L−1 , d0Ly = −i(d0L+1 − d0L−1) ,

d0L+1 =
dU+1√
2

(C+Ve − C−Vh,1 + C+Vlh)

ε̃U+1 − ε̃L0

+
dL+1√
2

(C−Ve + C+Vh,1 + C−Vlh)

ε̃L+1 − ε̃L0
,

d0L−1 =
dU−1√
2

(−C+V ∗
e + C−V ∗

h,1 − C+V ∗
lh)

ε̃U−1 − ε̃L0

+
dL−1√
2

(C−V ∗
e + C+V ∗

h,1 + C−V ∗
lh)

ε̃L−1 − ε̃L0
. (44)

Here the bright exciton matrix elements are (see also Eq.
(4))

dU±1 = ∓ d0

2
√
2

(

C+ +
√
3C−

)

,

dL±1 =
d0

2
√
2

(√
3C+ − C−

)

, (45)

and the exciton energies ε̃U0 , ε̃U,L
±1 and ε̃±2 may dif-

fer from the unperturbed exciton energies εU0 , εU,L
1 and

ε2 by the energy of the phonons or dangling bond spin
states participating in the transition as well as by the Zee-
man level energies in an external magnetic field. Straight

forward calculations show that in the case ε̃U,L
1 − ε̃L0 =

εU,L
1 − εL0 = −∆/2+2η±

√

f2 + d the coupling between
bright and dark excitons mediated by Vh,1 results in the
superposition of the 1L and 1U bright states, which con-
tributions in the radiative decay is destructive and does
not lead to the activation of the DE recombination. In
the contrast, Ve and Vlh mediated coupling with bright
excitons does lead to the 0L DE activation.
Using the above calculated matrix elements for the per-

turbation induced by an external magnetic field B =
(Bx, By, Bz) , one can calculate the magnetic field in-
duced radiative decay rate of the 0 L DE as

ΓB = Γ00
B + Γ01

B , (46)

where the rate

Γ00
B =

1

4τ0

[µB(ge + gh)B cosΘ]2

16η2
(47)

is mediated by the DE coupling with 0 U bright exciton
and the rate

Γ01
B =

|Ve + Vlh|2
4η2

1

Rτ0
=

[µB(ge − 2gh)B sinΘ]2

16η2
1

Rτ0
.

(48)
is mediated by the DE coupling with ±1U,L bright ex-
citons. We note again, that the rate of radiative recom-
bination ΓB does not depend on the splitting between
±1/2 and ±3/2 hole states, ∆ .

The polarization properties of the PL from the 0L

DE activated by a magnetic field are determined by the
DE coupling with both the ±1L,U and 0 U bright exci-
tons. The activation processes are shown schematically
in Fig. 3(a) by the blue and red lines for the ±1L,U

mediated and 0 U mediated coupling, respectively. As
expected, the 0 U mediated PL is linearly polarized par-
allel to the c -axis and the respective dipole transition
element d0L‖ ∝ Bz . The coupling of 0 L DE with +1L,U

and −1L,U leads to a coherent superposition of these two
intermediate states, contributing to the PL in second or-
der perturbation theory. The transition dipole elements
d0L+1 and d0L−1 of these coherent states, which modules are
equal to each other (see Eq. (44)), result in the linearly
polarized PL with dipoles dx,y ∝ Bx,y . In the case when
the magnetic field is either parallel or perpendicular to
the c -axis (Bx,y = 0 or Bz = 0 , respectively), the PL
is linearly polarized along the magnetic field.
The dangling bond assisted recombination of the 0 L

DE may occur also via the coupling with ±1L,U or with
0U bright excitons, and the resulting recombination rate
can be written as Γdb = Γ01

db + Γ00
db . The spin flip of

the dangling bonds provides coupling of the 0 L DE with
the ±1L,U bright excitons. This mechanism leads to the
radiative recombination rate

Γ01
db =

α2

2η2
Ndb

Rτ0
. (49)

The diagonal part −α
∑

j σ
e
zσ

j
z of the exchange Hamil-

tonian (20) provides the coupling of the 0 L DE with the
0U bright exciton via |V↑,−1/2 − V↓,1/2|2 = α2|∑j〈σj

z〉2|
and leads to the following recombination rate

Γ00
db =

α2

16η2
[

Ndb(Ndb − 1)ρ2db +Ndb

] 1

Rτ0
, (50)

where ρdb = −∑j〈σj
z〉/Ndb . One can see from Eq.(50),

that Γ00
db depends strongly on polarization of the dan-

gling bond spins. In Ref. 45 we have considered the for-
mation of the magnetic polaron state via optical pump-
ing of the dangling bond spins during the dangling bond
assisted recombination of the ±2 DE. Such dynamic po-
larization of the dangling bond spins is not possible in the
case of the 0L DE recombination, however the dangling
bond polarization ρdb can be created by other means. In
contrast to the dangling bond assisted recombination of
the ±2 DE, the polarization of the dangling bond spins
increases the rate of the 0L DE radiative recombination.
The dangling bond assisted activation of the DE and

PL polarization connected with this activation are shown
schematically in Fig. 3(b). The flip of the dangling bond
spin leads to different initial or final states of the NC for
the σ+ and σ− polarized transitions as well as for the
c -polarized transitions. Therefore probabilities of the ra-
diative recombination via these independent channels can
be directly added up and the PL polarization of the DE
is a mixture of the linear polarization along c -axis and
circular polarization perpendicular to the c -axis.
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Our calculations show that phonons couple the 0 L DE
only with ±1L,U bright excitons. The resulting radiative
recombination rate at the energies EF∓Eph can be writ-
ten:

Γ01
ph(EF ∓ Eph) = (51)

3V 2
phE

2
ph

(−∆η ± Eph(−∆+ 4η) + E2
ph)

2

NB + 1/2± 1/2

4Rτ0
.

The activation processes are shown schematically in Fig.

3(c) for the PL which is accomplishing by the phonon
emission. In the prolate CdSe NCs, where the 0 L DE is
the ground exciton level, one cannot neglect the phonon
energy in Eq. (51) for both the acoustic and optical
phonons. The resulting dipole transition elements and re-
combination rates for the acoustic phonon assisted tran-
sitions, which account of both Stokes and anti- Stokes
components of PL, and for the optical phonon assisted
transitions, which account of only the Stokes components
of PL are given in Table II.


