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Abstract

We develop a scheme to make exactly solvable gauge theories whose elec-

tric flux lines host (1+1)-dimensional topological phases. We use this exact

‘decorated-string-net’ framework to construct several classes of interesting mod-

els. In particular, we construct an exactly solvable model of a quantum spin

liquid whose (gapped) elementary excitations form doublets under an internal

symmetry, and hence may be regarded as spin-carrying spinons. The model may

be formulated, and is solvable, in any number of dimensions, on any bipartite

graph. Another example, in any dimension, has Z2 topological order and anyons

which are Kramers’ doublets of time reversal symmetry. Further, we make ex-

actly solvable models of 3d topological paramagnets.
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1 Context

Worldsheet matter for electric flux strings. The idea that worldsheets of strings

may have dynamical degrees of freedom living upon them (in addition to the fields

which encode their embedding in space(time)) is crucial for fundamental string theory

[1]. This possibility is realized in other contexts as well, such as in the worldvolume

theory of domain wall strings in the 2d Ising model [2].

In this paper we are going to show how to glue (1+1)-dimensional topological

states to the electric flux lines of a gauge theory, in an exactly solvable way. The

signature of a nontrivial 1d topological state is some degeneracy at the edge of an open

chain, generally representing projectively a symmetry of the system. Since the ends of

electric flux lines are electric charges, our construction provides a machine for imbuing

the charges of a gauge theory with nontrivial symmetry properties.

The information we need to accomplish this goal is just a certain “circuit construc-

tion” of the 1d topological state, i.e. a collection of unitary operators associated to

the links which create and destroy the desired 1d state out of a background bath of

product states.

Previously, frustration free parent hamiltonians and representative wave functions

have been constructed and used to study the nontrivial symmetry properties [3, 4, 5].

Here, we systematically generalize this idea to produce a variety of interesting decorated

string net models whose entire spectrum is known. In particular, we can guarantee that

the spectrum is gapped. We will occasionally refer to these models as snake monsters.

The name is motivated by the idea that we are imparting dynamics to these one-

dimensional creatures with all the action at the ends. We focus most of our attention

on two and three spatial dimensions, although extensions to higher dimensions are

readily possible.

What are these models for? It has been known for some time that the possi-

bilities for phases of quantum matter extend far beyond Landau’s symmetry-breaking

paradigm [6]. Two groundstates can preserve the same symmetry yet nonetheless be-

long to distinct phases. Even in the absence of symmetry, different patterns of long

range entanglement can lead to distinct types of topological order.

By now there exist several partial classification schemes for topological phases [7, 8,

9, 10]; it is not clear that these schemes are complete. Furthermore, these methods are

quite formal and do not necessarily lead to an intuitive understanding of the physics.

Therefore, it is worthwhile to search for tractable examples which realize interesting

phases.
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Along the same lines, one would like to have a constructive method of building

models which realize distinct phases. One such method is due to Walker and Wang

[11]. In some ways our construction is an alternative to theirs in the sense that we

bootstrap a given SPT order onto a higher dimensional gauge theory, which may be

more suitable for the study of SETs.

Herding snakes. In section 2 we introduce the scheme in somewhat general terms.

Since this construction is rather versatile and has already led us to a variety of examples,

we first provide some organizing discussion and explain how they differ in physics and

in technical aspects. The models we discuss can be organized along several axes:

1. Do they have topological order, and of what nature?

The models discussed in sections 2-4 have (abelian) topological order. These

are therefore solvable representatives of symmetry-enriched topological (SET)

phases. Previous examples of solvable models (and indeed partial classifications)

of such phases have appeared in [12, 13], but our approach is quite different. In

this context, the novelty of our construction is its simplicity and flexibility.

In section 5 we extend a construction [14] of 3d models made from fluctuating

strings without topological order. We use this to make solvable models of some

topological paramagnets, and discuss their nontriviality as symmetry-protected

topological (SPT) states1. The phases represented by this framework go beyond

the group cohomology classification of [7].

2. What symmetry protects their nontriviality?

In section 3 we provide a detailed review of cluster states, an example of a 1d SPT.

These enjoy a solvable Hamiltonian which is protected from triviality either by

time-reversal symmetry or (on a bi-partite graph) by a unitary Z2×Z2 symmetry.

3. Is it a model of bosons/spins or one with microscopic fermions?

An example of the former may be obtained from an example of the latter by

gauging the fermion parity symmetry. (A recent discussion of this connection

appears in [21].)

In this paper, all of our examples are models of bosonic SPTs. One can construct

fermionic SPTs along similar lines, but we leave that for the future.

1For reviews of SPT and SET physics, see [15, 16]. Exactly solvable models have been constructed

for some examples in [17, 18, 19, 20].
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(a) (b)

Figure 1: Kitaev’s toric code in two dimensions. The hamiltonian consists of a sum of ‘star’ and

‘plaquette’ terms, shown in (a). In a particular choice of basis, blue lines represent the operator σx

and purple lines represent σz. The elementary excitations of the model are shown in (b). ‘Electric’

defects are created by acting with a string of σx along a curve on the lattice. ‘Magnetic’ defects are

created by acting with a string of σz along a curve of the dual lattice. The e and m particles are

self-bosons with mutual semion statistics, and their bound state e×m = ε is a fermion.

2 Snake monster

We start with an exactly solvable lattice gauge theory. We introduce additional degrees

of freedom coupled to the gauge fields in a nontrivial way to imbue the gauge theory

with further symmetry properties. As a result of this procedure, anyons carry projective

representations of the symmetry and we show that these models realize distinct phases.

The simplest context in which to introduce our construction is Z2 lattice gauge theory.

Toric code review. To establish notation, recall the toric code [22], a system of qbits

on the links of a graph which emerges Z2 gauge theory. The toric code is governed by

the following hamiltonian:

HTC = −
∑
p

Bp −
∑
j

Aj

where j runs over sites of the graph, and p runs over the faces2 and

Bp ≡
∏
l∈∂p

σxl , Aj ≡
∏
l∈v(j)

σzl .

(Here ∂p denotes the collection of links in the boundary of the plaquette p and v(j) is

the ‘vicinity operator’ which gives the collection of links whose boundary contains the

2Actually we are using a bit more structure than just a graph. The required information is a

simplicial complex: a list of p-dimensional subspaces Ωp and a boundary map ∂ : Ωp → Ωp−1 which

says who is the boundary of whom. For Z2, the orientations do not matter.
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site j.) These operators commute and can be simultaneously diagonalized. A useful

description of a state is to imagine a link as occupied by a string if σzl = −1 and

unoccupied if σzl = +1. Then satisfying the ‘star terms’ (Ai|ψ〉 = |ψ〉∀i) means that

strings do not end; arbitrary superpositions of closed strings are the ground states.

The closed-string states of the link variables are

|C〉 =
∏
l∈C

σxl ⊗l |σz = 1〉

where C denotes a collection of occupied links. Their degeneracy under
∑

j Aj is split

by the action of Bp, which acts as a kinetic term for the strings:

Bp|C〉 = |C + ∂p〉

The eigenvalue condition Bp = 1 then demands that the groundstate wavefunctions

Ψ(C) ≡ 〈C|groundstate〉 have equal values for cycles C and C ′ = C + ∂p. This is

the equivalence relation defining the 1st homology of the simplicial complex: distinct,

linearly-independent groundstates are the labelled by homology classes with coefficients

in Z2. On a simply connected space, there is a unique groundstate

|gs〉 =
1√
NC

∑
closed string collections, C

|C〉

where NC is the number of closed string configurations.

Circuit description of 1d states. Suppose we are given a circuit construction of a

nontrivial state of a chain c of quantum spins:

|c〉 = U ⊗j | →j〉. (2.1)

The operator U ≡
∏
l

ul is a product of local unitaries acting on the links which creates

the state |c〉 from a reference product state. We consider here the case where the 1d

state is classified by Zn2 for some n. We assume the following properties of the link

unitaries:

• u2
l = 1.

• [ul, ul′ ] = 0.

• When we say that the 1d state is nontrivial, we mean that it cannot be turned

into a product state by acting with any finite-depth circuit which respects some

given symmetry operation. This in turn imposes that individual link operators

ul fail to commute with the symmetry operation.
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We give an example of a collection of link unitaries satisfying our demands in §3.

Snake monster. Finally, consider a system with both Z2 link variables (whose Pauli

operators we call σx, σz as above) and site variables (whose Hilbert space we do not

specify yet, but on which the ul act). Let

Bp ≡ Bp

∏
l∈∂p

ul

and

hj ≡
∏
l∈v(j)

usll h
0
j

∏
l∈v(j)

u−sll .

Here sl ≡ 1
2
(1− σzl ) counts the number of electric flux lines on the link l which in a Z2

gauge theory takes values {0, 1}. The general snake monster hamiltonian is:

H = −
∑
p

Bp −
∑
j

Aj +
∑
j

hjPj (2.2)

where Pj ≡ 1
2

(1 + Aj) is the projector onto locally closed strings at site j.

The Hamiltonian is a sum of commuting terms and is therefore exactly solvable, as

long as h0
j is exactly solvable. This statement is otherwise independent of the form of

h0
j .

3 We choose h0
j such that its unique ground state is a product state.

The groundstate. Let UC =
∏
l∈C

ul denote the product of link unitaries over links in

a collection of strings C. The groundstate of H on a simply connected space is:

|gs〉 =
1√
NC

∑
closed string collections,C

|C〉 ⊗ UC ⊗i | →i〉

=
1√
NC

∑
C

(∏
l∈C

σxl ul

)
(⊗l|σzl = 1〉 ⊗i | →i〉)

=
1√
NC

∑
C

∏
p∈R|∂R=C

Bp
(
⊗l |σzl = 1〉 ⊗i | →i〉

)
. (2.4)

3 To see this explicitly, consider a plaquette sharing two links l1, l2 with a site term Hs. Then,

ignoring terms which commute trivially,

Bphj = u
(sl1−1)
l1

u
(sl2−1)
l2

ul1ul2 ..hj ..u
−sl1+1

l1
u
−sl2+1

l2
σx
l1σ

x
l2 ..

= (ul1ul2)1−1 u
(sl1 )

l1
u
(sl2 )

l2
..hj ..u

−sl1
l1

u
−sl2
l2︸ ︷︷ ︸

=hj

ul1ul2 ..σ
x
l1σ

x
l2 ..︸ ︷︷ ︸

=Bp

= hjBp. (2.3)
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To summarize the preceding construction, the groundstate of the site hamiltonian

hs puts the site variables along electric flux lines of the gauge theory into the state

|c〉 in (2.1), while putting the rest into a product state. The plaquette and site terms

commute because Bp simultaneously moves the flux line and the path along which |c〉
is laid.

Notice that we have not had to specify the number of spatial dimensions. In two

dimensions, our construction is similar to decorated-domain-wall models, in that it

involves the decoration of fluctuating closed strings. In three dimensions, domain walls

are two dimensional surfaces rather than strings, so this analogy fails. Furthermore,

domain walls are by definition contractible, whereas non-contractible string configura-

tions are allowed and present in the cases we consider. Our scheme therefore naturally

extends the idea of decorated domain walls to realize decorated string nets.

2.1 Generalization to other quantum double models

An extension to Zn gauge theory will occasionally be useful [23]. Now we must choose

an orientation for each element of our simplicial complex, and the boundary map

keeps track of signs. Place an n-state hilbert space on each link, with clock operators

σxσz = ω−1σzσx, ω ≡ e2πi/n.

H = −
∑
p

(Bp + h.c.)−
∑
j

(Aj + h.c.) +
∑
j

hjPj (2.5)

Here Aj =
∏

l∈v(j) σ
z
l – in this product, the links are taken to point away from the site

j – and Bp = BpU∂p with Bp =
∏

l∈∂p σ
x
l and U∂p =

∏
l∈∂p ul. The link unitaries ul act

on site variables at the ends of the links and we assume that4

• [ul, ul′ ] = 0.

• unl = 1.

• ujk = u−1
kj .

Then we choose a reference site hamiltonian h0
j (whose groundstate is a product state

⊗j|0j〉) and take

hj =
∏
l∈v(j)

usll h
0
j

∏
l∈v(j)

u−sll + h.c.

4 The construction could be generalized for unitaries which only represent Zn on closed chains:

(
(∏

l∈C ul
)n

= 1 if C is a closed chain). This condition means that unjk = vjwk, i.e., that u is a Zn

operation modulo an on-site basis change.
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and Pj = 1
n

∑n−1
k=0 A

k
j is the projector onto Aj = 1. Again the product over links

∏
l∈v(j)

is taken with the links pointing out of the site.

These terms commute5 and the groundstate is a uniform sum of closed Zn string

nets occupied by the Zn state ∏
usll ⊗j |0j〉.

That is, the groundstate of the full monster is (up to normalization)

|gs〉 =
∑
C

∏
l∈C

σxl ul

(
|0〉 ⊗

∏
j

|0j〉
)
.

where, C is closed Zn net and |0〉 is the state with no strings. Note that for n > 2 we

have junctions.

3 Cluster states as 1d SPT states

Here we provide an example of a nontrivial 1d system for which we know a circuit

description meeting the demands above. In the quantum information literature, these

states are called cluster states or graph states. They optimize various measures of multi-

partite entanglement and are the basis of the measurement-based quantum computing

scheme. For some further pedagogical discussion, see chapter 10 of [24].

Consider an open chain of N qbits with

h ≡ −
N−1∑
i=2

Zi−1XiZi+1. (3.1)

This hamiltonian is a sum of commuting terms and has a G ≡ Z2 × Z2 symmetry

generated by

ge/o =
∏

i, even/odd

Xi.

5 Let −l denote the link l traversed in the opposite direction, so s−l = (−sl)n, u−l = u−1l . (a)n
denotes a modulo n. The version of (2.3) where we keep track of s mod n (and regard the links as

outgoing from the site s) is:

Bphs =
(
σx
l1σ

x
−l2ul1u−l2 ...

) (
u
sl1
l1
u
sl2
l2
...
)
hs
(
u
sl1
l1
u
sl2
l2
...
)†

= ul1u−l2u
(sl1−1)
l1

u
(sl2+1)

l2
..hs..u

−sl1+1

l1
u
−sl2−1
l2

σx
l1σ

x
−l2 ..

= (ul1ul2)1−1 u
sl1
l1
u
sl2
l2
..hs..u

−sl1
l1

u
−sl2
l2︸ ︷︷ ︸

=hs

ul1u−l2 ..σ
x
l1σ

x
−l2 ..︸ ︷︷ ︸

=Bp

= hsBp. (2.6)
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The operators [25]

Σx
L ≡ X1Z2, Σy

L ≡ Y1Z2, Σz
L ≡ Z1

satisfy the SU(2) algebra, commute with the hamiltonian6 and do not commute with

G. The same statements apply to the other end:

Σx
R ≡ Zf−1Xf , Σy

R ≡ Zf−1Yf , Σz
R ≡ Zf

All the states of the chain are therefore fourfold degenerate. No perturbation which

preserves G can split this degeneracy, so the symmetry protects the nontriviality of the

state.

A useful description of the ground states is obtained as follows. First observe

(e.g. [17]) that

h = −U
∑
i

XiU
†

where

U ≡
∏
i

CZi,i+1 ≡
∏
i

e
πi( 1−Zi

2 )
(

1−Zi+1
2

)
. (3.2)

(For PBC, the product may run i = 1..N , with N + 1 ≡ 1; for the open chain it is

i = 1..N −1.) There is some ambiguity in the form of U, in the form of on-site unitary

rotations of the link unitaries:

ui,i+1 → viwi+1ui,i+1w
†
i+1v

†
i .

For example, the form of the link unitaries used in [17] is ũi,i+1 = e
πi
4

(1−ZiZi+1).

A groundstate is obtained by acting with U on a groundstate of the symmetric

trivial paramagnet

h0 = −
N−1∑
j=2

Xj. (3.3)

For an open chain as in (3.3), this hamiltonian is independent of the first and last

spins, so we obtain the four states

|α1, αN〉 = U
(
|α1〉 ⊗N−1

i=2 | →〉i ⊗ |αN〉
)

where X1,N |α1,N〉 = α1,N |α1,N〉. These states are eigenstates of Σx
L,R with eigenvalues

α1,N . 7

6For this property, it is important that we do not include the first term X1Z2, which is a an external

field for the effective edge spin.
7It is possible to show more directly that

U⊗i |αi〉i
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For closed chains, the Hamiltonian

h = −U
N∑
j=1

XjU = −
N∑
j=1

Zj−1XjZj+1

(with periodic boundary conditions, N + 1 ' 1) has a unique ground state

U⊗j | →j〉 =
∑

Z-basis states,z=±

(−1)
1
2

number of domain walls(z)

N∏
j=1

zj|z〉.

Another symmetry of the solvable model is time reversal symmetry. That is,

T = k ⊗
∏
j

Xj (3.4)

(where k is complex conjugation) is an antiunitary symmetry of the cluster hamiltonian

(3.1). The individual link unitaries u〈jk〉 = CZjk transform as

T : CZjk 7→ −ZjCZjkZk .

A chain of link unitaries only transforms at the endpoints

T :
N∏
j=1

CZj,j+1 7→ (−1)N−1Z1

N∏
j=1

CZj,j+1ZN .

A closed circuit therefore maps to itself up to a sign. A ZN generalization of the cluster

model is discussed in Appendix A and has also been discussed in [5].

3.1 Stability of the edge states

The degeneracy of the ground states is protected by the symmetry; no perturbation of

the chain hamiltonian which preserves the G can mix the states forming the doublet of

the edge spin SU(2) at one end. The edge states of an SPT form irreducible projective

representations of the symmetry group. The irreducible property means that they

do not mix with other states under application of any elements of the group, and

further, that only the elements of the group mix them with each other. Therefore, an

is an eigenstate of h using the fact that

XiCZi,i+1 = Zi+1CZi,i+1Xi, Xi+1CZi,i+1 = ZiCZi,i+1Xi+1.
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operator which mixes them cannot commute with the whole symmetry group. So only

non-symmetry-preserving perturbations can lift the degeneracy.

Let us illustrate this general statement explicitly in the example of the cluster

model. The cluster model supports two states at each edge which we can label as

| ↑〉, | ↓〉. For an open chain with an odd number of sites (a chain with an even number

of sites can be analyzed similarly), the action of the symmetry generators on these

states is given by

go| ↑ / ↓〉 = ±| ↑ / ↓〉 ge| ↑ / ↓〉 = | ↓ / ↑〉. (3.5)

A symmetry preserving perturbation Ô satisfies g†eÔge = g†oÔgo = Ô. Then it follows

that

〈 ↑ |Ô| ↑〉 = 〈 ↑ |g†eÔge| ↑〉 = 〈 ↓ |Ô| ↓〉
〈 ↑ |Ô| ↓〉 = 〈 ↑ |g†oÔgo| ↓〉 = −〈 ↑ |Ô| ↓〉 = 0

(3.6)

As a result, perturbing by the operator Ô will not split the degeneracy between the

edge states. The operator which mixes the states | ↑〉, | ↓〉 is the symmetry generator

ge, a nonlocal operator spanning the whole chain. Therefore the splitting of the states

by a local perturbation is exponentially small in the system size.

4 An exactly solvable spin liquid with spinons

Exactly solvable models such as Kitaev’s toric code and honeycomb models [26, 27]

have played an important role in our understanding of spin liquids8. However, these

models have no essential symmetries, in the sense that although the solvable limit of

the models do have various global symmetries, their actions on the quasiparticles are

not the defining characteristics of the phase.

On the other hand, electrons carry spin and their interactions often preserve spin

rotation invariance. Real spin liquids, when we find them, may have excitations which

carry spin quantum numbers, namely spinons, and it would be useful to have solvable

examples of this phenomenon.

To our knowledge there is so far no known exactly solvable model of a spin liquid

with spinons, in this sense, above one dimension. In 1d, the spin-half-odd Heisenberg

chain provides an example.

8A useful review of models of spin liquids for our purposes is [28].
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There are well-known models of spin liquids, which have also played an important

role in the history of the subject, whose exact groundstate is known [29, 30]. That

is, the associated parent hamiltonians are frustration free: each term independently

annihilates the groundstate. Some frustration-free models exhibit phenomena similar

to what we describe below [31, 32, 33]. In particular, [34] discusses a quantum dimer

model which preserves spin rotation symmetry.

The interplay between global symmetry and topological order lies at the heart

of the study of symmetry enriched topological (SET) phases. In a model with both

topological order and global symmetries, anyons carry fractional quantum numbers.

The type of fractionalization characterizes a particular SET phase [12, 13].

In this section, we show that the model defined by the hamiltonian (2.2) with the

cluster state link unitaries (3.2) represents a gapped spin liquid with spinons. In the

example we will study, the elementary degrees of freedom are effectively integer-spin

excitations, while the quasiparticles in the spin liquid phase have half-integer spin.

4.1 Unitary symmetry

Explicitly, the Hamiltonian is given by

H = −
∑
i

Ai −
∑
p

Bp −
∑
i

Xi

∏
〈i|j〉

Z
sij
j

(
1 + Ai

2

)
(4.1)

The cluster hamiltonian 3.1 for a closed chain has a G = Z2 × Z2 symmetry generated

by ge/o. This is respected by the star term, which doesn’t involve the site variables.

The plaquette term in H does not obviously respect this symmetry, since it involves

products of Zs on the two sublattices. A crucial fact here is that any bipartite lattice

has an even number of sites 2n around every plaquette.

(go)†S2g
o = X1X3 · · ·Xn

2n∏
j=1

CZj,j+1X1X3 · · ·Xn

= (Z2Z4)(Z4Z6) · · · (Z2nZ2)S2 = S2 (4.2)

so it is actually invariant.

The site hamiltonian hi = Xi

∏
〈v|j〉 Z

sij
j on an open string is not Z2×Z2 symmetric;

it does not commute with the endpoint terms.

[ge, X1Z2] 6= 0, [gα, Zf−1Xf ] 6= 0

Here α = odd/even for f even/odd respectively. Multiplying the site hamiltonian by a

projector onto locally closed strings guarantees that only symmetric terms appear.
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4.2 String operators and anyons

The magnetic string operator is unmodified relative to the toric code: MČ =
∏

l⊥Č σ
z
l .

Notice that if the curve in the dual lattice Č just goes around one site in the primal

lattice, this reproduces the star operator, as usual. For closed Č, this operator com-

mutes with H; if Č ends, MČ violates the plaquette operators at the endpoints. This

will mean that the anyons have the same statistics as in the toric code since only the

link variables can participate in the commutator.

The demand that WC=∂p = Bp suggests that that the electric string operator is

WC =
∏
l∈C

σxl CZl.

This operator indeed commutes with H for closed curves.

Consider next the operator W 1,f
C associated with an open string C with endpoints

1, f :

WC ≡
∏
l∈C

σxl CZ12CZ23...CZf−1,f .

Acting on the groundstate of the snake monster, this violates the star constraint at

sites 1, f (that is, WCA1,f = −A1,fWC).

We may modify our string operator by decorating it with site operators localized

at the endpoints. Thus, we have found four states associated with each open string,

a two-dimensional Hilbert space for each endpoint spanned by {W a,b
C |gs〉, ZaW a,b

C |gs〉}.
These states are eigenvectors of the end-point-site hamiltonians ha,b with eigenvalue

+1 and −1 respectively, and we will occasionally refer to them as |+〉 and |−〉. The

projector onto Ai = 1 annihilates these states, so they are degenerate.

To see that these states form an orbit of the Z2 × Z2 symmetry we act on them

with the generators. Straightforward calculations involving the algebra of X and CZ

yield

goWe,e|gs〉 = Z1ZfWe,e|gs〉
geWe,e|gs〉 = We,e|gs〉

(4.3)

where the subscripts on the open string operator W indicate on which sublattice the

string begins and ends. Furthermore, ge anticommutes with Zi when site i is on the

even sublattice. We can therefore summarize the action of the symmetry on the anyon

states as follows:
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• = e, ◦ = o ge go

• - - - • z⊗ z x⊗ x

• - - - ◦ z⊗ x x⊗ z

◦ - - - • x⊗ z z⊗ x

◦ - - - ◦ x⊗ x z⊗ z

Table: Action of go/e on the anyons.

This table encodes the projective representation of Z2 × Z2 furnished by each anyon.

In a system with periodic boundary conditions, a single anyon is not a physical state;

they always come in pairs. We see that while an endpoint individually represents the

algebra gego ∼ −goge, the symmetry generators act linearly on the entire many-body

wavefunction as they must.

In summary, the structure of topological order (the quasiparticle labels and statis-

tics) in this model is the same as the toric code, but the e particles form doublets.

The argument for the robustness of the degeneracy given for the 1d model carries over

directly to the snake monster. In §B we study symmetric perturbations of this hamil-

tonian and show explicitly that the characteristic feature (the projective representation

of ge and go on the quasiparticles) is preserved.

It would be interesting to apply the methods of [35] to more precisely characterize

the SET order of the cluster snake monster in the case of d = 2. It would also be

interesting to gauge the Z2 × Z2 symmetry; this can be done maintaining solvability

and produces a model with topological order (and no global symmetry) whose spectrum

is characteristic of the original SET.

4.3 Time-reversal-invariant cluster snake

The same model also produces a solvable representative of an SET protected by time-

reversal symmetry [5]. Of course, the general T -preserving perturbation will be differ-

ent than that preserving the unitary symmetry described above.

In this case, the string endpoints are Kramers’ doublets, a projective representation

of the antiunitary symmetry T , in the sense that T 2 = −1 on the states of the end-

points. We can see this as follows, using T : CZ12 7→ −Z1CZ12Z2. Consider a open

string excitation with an endpoint labelled by 1,

W0|gs〉 =
∏
j=1

σxj,j+1CZj,j+1|gs〉. (4.4)

This is an excited state which violates the star constraint at the end site, and is
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annihilated by the site term at the end site (whereas sites participating in closed strings

are eigenstates with eigenvalue −1). A degenerate and orthogonal state which is the

Kramers’ doublet partner is obtained by acting upon (4.4) with time-reversal:

W1|gs〉 = TW0|gs〉 = (−1)L−1Z1ZfW0|gs〉.

where L is the length of the string. The states are orthogonal because

〈gs|W †
1W0|gs〉 = (−1)L−1〈gs|Z1Zf |gs〉

which vanishes by symmetry9. Locally, a second action of T on the endpoint Z1W0|gs〉
reproduces the original state with a phase of −1; in this sense the anyon represents

time reversal projectively with T 2 = −1. Of course the full hilbert space represents

the symmetry linearly when we include the other endpoint of the string; this is the

same situation as in the previous section. In §A we generalize the construction to ZN
cluster states and describe the snake monster on a ZN string net.

5 Exactly solvable models of topological paramag-

nets

Not all states which are equal-magnitude superpositions of closed string configurations

have topological order. Finding a hamiltonian with such string-net groundstates which

does not have topological order requires a local condition which prevents the strings

from winding around noncontractible cycles. One way to do this is if the curves are all

boundaries of a region. This is what happens in the quantum Ising paramagnet, where

the groundstate of h = −
∑

j Xj can be written in the z-basis as a uniform superposition

of closed loops which are the boundaries of domain walls (A similar statement can be

made about the groundstate of the Levin-Gu model [17], which involves an additional

phase which counts the number of walls.)

For the case of 3d lattices, [14] provides a beautiful mechanism to accomplish this

goal. As we review next (and elaborate in §D), it provides a mechanism for destroying

the topological order of a model with string condensation. In the appendix §D.1 we

also generalize the construction from Z2 to ZN .

9 To see this more explicitly, recall that the groundstate is a uniform superposition of closed string

configurations. CZ and Z commute, so the expectation value of Z in an arbitrary closed string

configuration is

〈→0→1→2 |CZ−s0101 CZ−s1212 Z1CZs01
01 CZs12

12 | →0→1→2〉 = 〈→ |Z1| →〉 = 0.
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5.1 Pure loop model review

Following [14], consider two interpenetrating cubic lattices A and its dual lattice B.

This means that the vertices of A are in the centers of the cubes of B (and vice versa)

and each link of A pierces a plaquette of B (and vice versa). Put qbits on the links of

both, and denote the associated Pauli operators for links of A,B by σ, τ respectively.

Consider

Hlinking ≡ −J

(∑
p∈A

FAp +
∑
p∈B

FBp

)
where

FAp ≡ τ zp
∏
l∈p

σxl , FBp ≡ σzp
∏
l∈p

τxl ,

Claims from [14]:

1. All the Fs commute with each other.

2. The condition FAp = 1 says that if there is electric flux on the B-link p ( τ zp = −1)

then there is magnetic flux on the A-plaquette p (
∏

l∈p σ
x
l ). So this hamiltonian

glues the electric flux lines of the A gauge field to the magnetic flux lines of the

B gauge field. This is a lattice realization of the B ∧ F term.

3. We don’t need to add star operators to Hlinking because they are products of the

Fs. That is, if we have F = 1 for all p ∈ A,B then automatically
∏

l∈v σ
z
l = 1

for all vertices v ∈ A and
∏

l∈v τ
z
l = 1 for all vertices v ∈ B. More explicitly, the

star operator for a site v ∈ A (which is at the center of a cube v ∈ B) is∏
l∈v

σzl =
∏
p∈∂v

FBp

where by ∂v we mean the six faces which bound the cube v.

4. The unique groundstate on any manifold is

|gs〉 =
∑

CA, CB
contractible mod 2

(−1)`(CA,CB)|CA〉 ⊗ |CB〉

=
∑
CA

∑
M⊂Ω2(A)|∂M=CA

|CA〉|M〉 . (5.1)
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where `(CA, CB) is the linking number of the two sets of loops. In the last

expression Ω2(A) denotes plaquettes of A, and

|M〉 ≡

∣∣∣∣∣τxp =

{
−1, if p ∈M,

+1, else

〉
The point of this last expression is that it makes clear that the loops CA must

be homologically trivial (mod two) since they are boundaries of the membranes

M specifying the state of the B-lattice variables.

5. If the lattice has a boundary, this model has surface topological order, the same as

the toric code. The e particles are the ends of the electric strings on the A lattice,

and the m particles are the ends of the electric strings on the B lattice. These

particles are deconfined bosons which are mutual semions. String operators which

create them in pairs can be written as shown in fig 5 of [14]. More explicitly, for

smooth boundary conditions on both A and B lattices, the e particle is created

on the A sublattice by
∏

l∈L σ
x
l where L lies on the boundary of A.

∏
l⊥Ľ σ

z
l τ

x
pl

creates the magnetic excitations on the A sublattice boundary. We see that this

involves an electric string on the boundary of the B sublattice.

6. This model does not have topological order and is actually adiabatically con-

nected to a product state as shown explicitly in [14].

5.2 Cluster snake paramagnet

In order to build solvable three-dimensional SPTs starting from the pure loop con-

struction, we will decorate the strings with extra degrees of freedom living on the sites.

As we will explain, it is necessary to decorate both sublattices; adding qbits on one of

the sublattices alone is not enough to generate a distinct phase. One way to see this is

to use the membrane representation for the sublattice without the decorations. Then

it is possible to adiabatically contract the membranes without breaking any symmetry

of the site variables.

So, now add qbits on the sites of both lattices. We replace the magnetic flux

operators BAp ≡
∏

l∈p σ
x
l with snake monster operators:

BAp ≡
∏
l∈p

σxl U∂p

where U∂p is defined as in the previous sections on snake monsters. That is, consider

instead:

Hsnake-linking ≡ −J

(∑
p∈A

FApU∂p +
∑
p∈B

FBpU∂p

)
−
∑
v

hv
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where

hv ≡ Xv

∏
〈v|w〉

Zsvw
w

(
1 + Av

2

)
where svw ≡ 1

2
(1−σzvw) if vw is an A-lattice link or svw ≡ 1

2
(1−τ zvw) if vw is a B-lattice

link.

These terms still commute. The star operators for the A and B sublattices are still

products of the flip operators. This model still does not have topological order, since

in the groundstate, the electric strings on each sublattice are boundaries of membranes

in the dual lattice. The unique groundstate is

|gs〉 =
∑

CA, CB
contractible mod 2

(−1)`(CA,CB)|CA〉 ⊗ |CB〉 ⊗ UCA∪CB | →〉⊗v.

With smooth boundary conditions on both A and B lattices, the surface is gapped

and symmetric. The surface topological order is the same as for the pure loop model

with the crucial difference that the anyons form doublets. Due to the binding of

electric and magnetic flux, both e and m now form projective representations of the

global symmetry.

Other choices of boundary conditions are possible. However, the all-smooth bound-

ary conditions are most convenient [36, 37, 38, 39, 19, 18, 40] because they produce

a nondegenerate, gapped, symmetric groundstate (when the boundary is simply con-

nected).

5.3 Nontriviality of the snake paramagnet

If we put cluster snakes on only the A sublattice the model is trivial: it can be shown

to be adiabatically connected to a product state while preserving all symmetries by

the string tension deformation described in [14]: Deform the flipper

FAp → FAp (γ) ≡ cosh−1 γ

(
τ zp
∏
l∈p

σxl + τxp sinh γ

)
;

these still commute, but interpolate to a product groundstate as γ → ∞. If B were

decorated as well, then this operator would break the B sublattice symmetry.

Cluster paramagnet with T symmetry.
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Decorating both A and B lattice electric strings of the pure loop construction with

time-reversal SPTs results in an ‘anomalous’ surface topological order, a characteristic

feature of three dimensional bosonic SPTs. The spectrum of quasiparticles is:

quasiparticle self-statistics time-reversal property

e B 1/2

m B 1/2

ε F 0

In this table, a 1/2 denotes a Kramers’ doublet. The crucial property here is that

the fermionic quasiparticle is the only time-reversal singlet. This spectrum has the

consequence that the surface topological order cannot be destroyed while preserving

time-reversal symmetry.

To see this, recall that destroying topological order in 2d Z2 gauge theory requires

condensing some anyon. Condensing e is higgsing and condensing m is confinement; the

resulting two phases are adiabatically connected [41]. In the model we’ve constructed,

e cannot condense in a T -symmetric way because it is a Kramers’ doublet. That is,

condensing any one e particle will break the time-reversal symmetry. This much can be

realized (and we did realize it in §4.3 above) intrinsically in two dimensions. However,

when we decorate the electric strings on both A and B lattices, the ends of the B-lattice

electric strings behave as the m particles, which are therefore also Kramers’ doublets.

They can therefore also not condense in a T -symmetric way. Finally, as usual, ε = em

can’t condense because it’s a fermion. Condensing pairs of these objects doesn’t destroy

the topological order.

This proves that the edge of our 3d model has no trivial gapped and symmetric

edge, and therefore represents a nontrivial SPT protected by T . Since the surface

quasiparticles are Kramers’ doublet bosons, this is the state labelled eTmT in the

classification reviewed in [16]. The surface theory with this spectrum is not ‘edgeable’.

To summarize: the snake monster produces a model where the electric defects

are doublets. In the topological paramagnet, the magnetic defects become doublets

by binding to electric defect doublets on the other sublattice. If we don’t decorate

sublattice A then the m particle at a surface of sublattice B is a singlet under time

reversal and can be symmetrically condensed, destroying the topological order. This

further supports the previous assertion that it is necessary to decorate both sublattices

to generate a distinct phase.

Cluster paramagnet with unitary symmetry. The cluster hamiltonian
∑

v hv
also has a Z2 × Z2 symmetry state on a bipartite lattice. This requires both A and B
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to be bipartite. If we put cluster snakes on both A and B sublattices (which are each

bipartite) the solvable model actually has a Z4
2 symmetry. The spectrum of excitations

is much as in the table above, if we interpret the 1
2

to mean a projective doublet of the

Z2 × Z2 coming from the simultaneous spin flips on even and odd sublattices of both

A and B.

It seems impossible to destroy this topological order symmetrically, since the only

symmetric particle is a fermion. However, in the absence of time-reversal symmetry, the

statistics of the anyons can be changed by deforming the Hamiltonian, as in e.g. [26].

Indeed, in appendix C we use methods of [18] to show that this model does not represent

a nontrivial SPT for Z2 × Z2
10.

5.4 Relation to coupled layer construction

It is instructive to ask about the relationship between the above solvable model for the

eTmT state and the coupled layer construction implied in [36, 37, 16]. A nice direct

connection can be understood as follows; it uses the 2d cluster snake monster of §4.3

in a satisfying way.

Figure 2: In the coupled layer construction,

three anyons on neighboring surfaces are con-

densed, destroying topological order in the

bulk.

Consider first a collection of layers of or-

dinary 2d toric code as in the figure at right.

Condense the bosons bn ≡ enmn+1en+2 (cir-

cled in red in the figure). This higgses the

gauge group of the layers of the same parity

(n and n + 2) to the diagonal Z2 subgroup,

while at the same time confining the gauge

group of the other-parity layer (n + 1). The

electric flux lines of the even layers are at-

tached to the magnetic flux lines on the odd

layers and vice versa. The bulk is trivial, since

every layer is confined by one of the bn con-

densates. This is therefore (a coarse-grained

version of) the pure-loop construction; the A

sublattice arises from the even layers and the

B sublattice from the odd layers. At the sur-

face is a copy of the ordinary toric code where

the excitations at the surface which are mu-

tually local with all the condensates are the

10We thank an anonymous referee for bringing this line of analysis to our attention
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following (indicated in yellow in the figure).

The effective e particle is the boson elast and

the effective m particle with which it is a mutual semion is the boson mlastelast−1. This

is perfectly ordinary and trivial, as expected.

Now take instead layers of the 2d cluster snake monster of §4.3: the 2d toric code

where the electric flux lines are decorated by a SPT of time-reversal. This means

that the e particles in any layer are Kramers’ doublets, eα=↑/↓. Now we condense the

Kramers’ singlet bosons bn ≡ eαnmn+1e
α
n+2. The bulk is again trivial. The remaining

surface excitations are now the Kramers’ doublets eαeff = eαlast and mα
eff = mlaste

α
last−1.

6 Discussion

The problem of finding circuit constructions of 1d SPTs meeting the demands listed

in 2 is an interesting one. If such a circuit could be found for a single copy (or an odd

number of copies) of the Kitaev chain [42], we would have a solvable gapped model

in arbitrary dimension with deconfined non-abelian anyons, along similar lines to the

suggestion of [43].

Although this is not a flat contradiction with the classification of particle statistics

(since the information about the strings which end on these particles enhances the

topology of the configuration space beyond that of particles [44]) many attempts at

such a construction [43, 45, 46] have failed to produce deconfined, gapped non-abelian

particles in d > 2, for interesting reasons. In particular, strong evidence against this

possibility from a low-energy field theory viewpoint is given in [45].

Here the obstruction is the fact that a single copy of the Kitaev chain h1 is a

distinct phase from the trivial chain h0 even in the absence of symmetry. On the

other hand, if one found the desired link unitaries which relate the two, one could then

isospectrally interpolate between the two by hs = U sh0U
−s, s ∈ [0, 1]. In other cases,

this is prevented by the fact that U s is not symmetric.

It would be interesting to find a sharp characterization of which 1d SPTs have such

a description.

Here we have attached interesting 1d phases to 1d electric flux lines of 1-form

discrete lattice gauge theory. In a future publication we will show how to attach in a

similarly explicit manner p-dimensional topological phases to the p-dimensional electric

flux sheets of p-form gauge theory.
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A Cluster states for ZN

Consider now an N -dimensional Hilbert spaces at the sites. We will use the conventions

XZ = ωZX, X =
∑
n

|n〉〈n+ 1|, Z =
∑
n

ωn|n〉〈n|.

A ZN generalization of control-Z is

CZ12 =
∑
mn

|mn〉〈mn|ωmn ,

which satisfies

CZk
12X2 = X2CZk

12Z
−k
1 , CZN = 1. (A.1)

Consider also a ZN (bipartite) string net: that is, assign to the edges 〈ij〉 of a

(bipartite) graph a configuration of integers sij mod N , satisfying

sij = −sji

and ∑
〈i|j〉

sij = 0, ∀i (A.2)

– the net flux into each site is zero, so the strings are closed. (The notation
∑
〈i|j〉 means

sum over neighbors j of a fixed site i.) On a bipartite lattice, a canonical orientation

for the links is pointing from the A sublattice to the B sublattice.

For each site, let

Hj = u†jh
0
juj = −u†j(Xj +X†j )uj = −Xj

∏
〈j|k〉

Z
sjk
k

sgn (j)

+ h.c

where uj =
∏
~l∈v(j) CZsl

l is a product of unitary operators on the oriented links in the

vicinity of j and sgn (j) is +1(−1) for j on the A(B) sublattice. These terms commute

in the same way as the terms in the Z2 cluster Hamiltonian.
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The plaquette term in a ZN toric code is a product of alternating operators σx

and (σx)† on the links bounding the plaquette. For example, on a square lattice

we have Bp = σxN(σxE)†σxS(σxW )†. Under snake monsterification, this becomes Bp =

BpCZNCZ†ECZSCZ†W . The full Hamiltonian for the ZN theory is then

H =
∑
j

V (Aj) +
∑
p

V (Bp) +
∑
j

HjPj

where V(z) is a real-valued function of a phase |z|2 = 1 which is minimized when z = 1.

The groundstate of this model is

|gs〉 = N−1/2
∑
C

(WC +W †
C)|0〉 ⊗

∏
j

|0j〉.

where C is a closed ZN string-net and WC =
∏

l∈C(σxl CZl)
nl(σxl+1CZl+1)−nl+1 . . . is

the ZN dimensional analog of the string creation operator. The exponent nl is the

multiplicity of link l in the string-net C, |0〉 is the empty link configuration, and |0j〉
is the groundstate of h0

j .

When the graph is bipartite, this model has a ZN×ZN symmetry which is generated

by

go/e ≡
∏
j∈o/e

Xj.

A quasiparticle is obtained by acting on |gs〉 by WL where L is an open curve.

Thus using (A.1) we see that the successive action of go/e generates a set of degenerate,

orthogonal quasiparticle states. For an endpoint labelled by 1, there is a N -dimensional

Hilbert space spanned by {Zk
1WL|gs〉; k ∈ [0, N − 1]}. These furnish a projective

representation of the symmetry in that gego = ωgoge when acting on a single anyon.

This model also possesses a nontrivial anti-unitary symmetry, which acts by com-

plex conjugation.

Generalizations of the cluster state (or graph state) to other groups, on bipartite

graphs, are described here [47]. However, only a stabilizer construction (and not the

circuit construction that we require) is provided. It would be very interesting to gen-

eralize this construction to attach locally 1-dimensional SPTs to the string nets of

arbitrary quantum double models.

B Stability of the physics of the snake monster

Here we study the stability of the physics the cluster snake monster of §4 with respect

to symmetric perturbations. We show that the degenerate doublet is stable to small
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perturbations which preserve the Z2 × Z2 symmetry. The basic claim is that the

argument for stability §3.1 of the 1d SPT carries over to the 3d model.

Observe first that a naive hopping term for the electric defects Tij = CZijσ
x
ij is not

symmetric under either Z2 × Z2 or T . We can construct a symmetric hopping term if

the anyon stays on the same sublattice: Tac = (1 + ZaZc)CZabCZbcσ
x
abσ

x
bc , where b is

a neighbor of both a and c. This acts as a kinetic energy for the anyons and leads to

identical dispersion relations ε(k) ∼ cos(k) for the two states comprising the doublet;

they are degenerate at all momenta.

Figure 3: As the quasiparticles hop

around, they acquire phases dependent

on the flux through the plaquettes.

As an aside, we note that this realizes an

Aharonov-Bohm effect. On the square lattice,

there are two direct paths from one site to

a same-sublattice-nearest-neighbor, illustrated to

the right. The difference between these two paths

is a factor of Bp. Thus we see that the phase dif-

ference between the two paths is the flux through

the plaquette.

Another possibility is to just add to the hamil-

tonian
∑

l σ
x
l , the kinetic term for the site defects

in the ‘normal’ toric code. In our case we need to check that the state obtained by

acting with σxl on an anyon state actually produces another anyon state. To do so, we

calculate the overlap of the states σxbc|+/−〉b with the states |+/−〉c. This calculation

is illustrated for one of the four cases:

σxbc|+〉 = σxbcW
ab|gs〉

= σxbc
∏
a→b

CZlσ
x
l

(
1√
Nc

∑
C

∏
l∈C

CZl| ⇒〉
∏
l∈C

σxl ⊗l |σzl = +1〉

)
.

(B.1)

We find the overlap of this state with an anyon state at the neighboring site |+〉c

1

Nc

∑
C,C′

(
〈 ⇒ |

∏
l′∈C′

CZl′

∏
l′∈C

⊗l′〈σzl′ = +1|σxl′
∏
a→c

CZlσ
x
l

)
σxbc

(∏
a→b

CZlσ
x
l

∏
l∈C

CZl| ⇒〉
∏
l∈C

σxl ⊗l |σzl = +1〉

)

=
1

NC

∑
C,C′

δC,C′

(
〈 ⇒ |

∏
l′∈C′

CZl′

∏
a→c

CZlσ
x
l

)
σxbc

(∏
a→b

CZlσ
x
l

∏
l∈C

CZl| ⇒〉

)

=
1

NC

∑
C

〈 ⇒ |CZbc| ⇒〉 = bc〈 →→ |CZbc| →→〉bc.

(B.2)

The overlap reduces to calculating the expectation value of the link operator in the

ground state. The overlap of the other anyon states can be found by inserting factors
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of Zb or Zc, yielding

c〈+ |σxbc|+〉b = 1/2

c〈 − |σxbc|+〉b = 1/2

c〈+ |σxbc|−〉b = 1/2

c〈 − |σxbc|−〉b = −1/2.

(B.3)

There are two other states produced by acting with σx on an anyon state which

have a defect in the site hamiltonian at the previous location of the anyon. In principle

we should therefore assess the effect of this term through both degenerate and non-

degenerate perturbation theory. However as we are interested in the dynamics of the

anyons, degenerate perturbation theory leads to the relevant effect. Using the results

given in B.3 we obtain the first order effective Hamiltonian

Heff ≈
∑
ij,σσ′

tσσ′c
†
iσcjσ′ + h.c.

with

tσσ′ =

(
1 1

1 −1

)
.

Diagonalizing this Hamiltonian leads to two hopping bands with energies proptional

to ± cos(ka). In this case the two bands are not identical; they are related by a π phase

shift. Every energy level at momentum k has a degenerate mode in the other band at

momentum k+π. The anyons still form doublets, albeit under an extended symmetry

G× S where S denotes the sublattice exchange operation.

C Triviality of the cluster paramagnet with unitary

symmetry

In this appendix we apply the methods of [18, 48] to decide whether the snake-monster

paramagnet can be protected by the unitary symmetry ZE,AB2 × ZO,AB2 generated by

the action on even and odd sites of both intercalated sublattices. The idea is to look

at the symmetry action on a symmetric topologically-ordered surface termination, and

ask whether gauging the global symmetry can lead to a consistent larger topologically

ordered theory.

From the coupled-layer picture, e transforms under the symmetry acting at the

surface, and m transforms due to the bound e on the layer below. In this picture,
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the way the particle transforms also depends on whether the e particle, either directly

on the surface, or, bound on the layer below, sits on the even or odd sub-lattice.

Depending on the sub-lattice on which the the e particles sits, we have the following

charge assignment:

even odd

e m e m

gx σx σx σz σz

gy iσy iσy iσy iσy

gz σz σz σx σx

where gz represents ZE2 and gx represents ZO2 (and gy represents the diagonal subgroup).

If we could gauge the global Z2×Z2 symmetry to make a larger topological field theory,

we would introduce gauge fluxes Ωx, Ωy, Ωz and gauge charges. The projective action

of the Z2×Z2 symmetry on the anyons has the consequence that the gauge fluxes obey

projective fusion rules: they satisfy the group algebra up to the creation of an anyon,

specifically an ε particle in our case.

Consider braiding a flux Ωy of gy around an e particle. This has the effect of acting

locally with the symmetry operator corresponding to gy in the area encircled by the

path, so acting with the symmetry on the e particle. If we do this twice, it is like acting

with the symmetry generated by gy twice which, due to the half-integral charge of e

under gy results in an overall sign of −1. But we may just as well have fused the two

fluxes before braiding them around the e particle; this tells us that two fluxes of Ωy

fuse into something which has mutual semion statistics with e, so an ε or m. Similarly,

we have Ωx × Ωy = −Ωy × Ωx due to the projective nature of the representation, so

we find that the two orders of fusing the fluxes differs by an anyon. We can repeat

the argument for all cases to build the following table for flux fusion in the presence of

various quasiparticles.
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even odd

e m e m

Ωx × Ωx 1 1 1 1

Ωx × Ωy Ωz(ε or m) Ωz(ε or e) Ωz(ε or m) Ωz(ε or e)

Ωx × Ωz Ωy(ε or m) Ωy(ε or e) Ωy(ε or m) Ωy(ε or e)

Ωy × Ωy ε or m ε or e ε or m ε or e

Ωy × Ωx Ωz Ωz Ωz Ωz

Ωy × Ωz Ωx(ε or m) Ωx(ε or e) Ωx(ε or m) Ωx(ε or e)

Ωz × Ωz 1 1 1 1

Ωz × Ωx Ωy Ωy Ωy Ωy

Ωz × Ωy Ωx Ωx Ωx Ωx

The fusion rules are operator equations, which must hold for any state. This implies

that the consistent choice is

Ωx × Ωx = 1 Ωx × Ωy = εΩz Ωx × Ωz = εΩy

Ωy × Ωy = ε Ωy × Ωx = Ωz Ωy × Ωz = εΩx

Ωz × Ωz = 1 Ωz × Ωx = Ωy Ωz × Ωy = Ωx .

These relations determine the ‘factor set’, the collection of coefficients denoted by

ω(gi, gj) in the projective fusion rules Ωgi × Ωgj = ω(gi, gj)Ωgigj to be

ω(gx, gx) = 1 ω(gx, gy) = ε ω(gx, gz) = ε

ω(gy, gy) = ε ω(gy, gx) = 1 ω(gy, gz) = ε

ω(gz, gz) = 1 ω(gz, gx) = 1 ω(gz, gy) = 1 .

These factors participate in the pentagon equation, which is a consistency condition

for a proposed set of braiding and fusion rules (characterized by matrices R and F

respectively) that a topological quantum field theory must satisfy. If the pentagon

equation is violated (and cannot be repaired by re-phasing the F -tensor), then this

inability to gauge the model and promote it to a full TQFT is an obstruction to realizing

this spectrum of quasiparticles inherently in two dimensions. Quite beautifully, [18]

identifies this obstruction with an element of H4(Z2×Z2,U(1)), the cohomology group

expected to classify 3d bosonic SPTs for a unitary Z2 × Z2 symmetry [7].

In the toric code, all of the F tensors are equal to 1. Appendix B of [18] shows

that in such a case the three nontrivial obstruction classes in H4(Z2 × Z2,U(1)) are

encoded entirely in the full braiding statistics matrix of the anyons in the factor set of

the candidate projective fusion rules. Because the ε particle is a fermion, the full braid

of two ε particles gives 1 (in contrast to −1 for the case of two semions). This means
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that this obstruction to realizing this topological order intrinsically in two dimensions

vanishes. [18] argue further that this is a necessary condition for nontriviality, so in

fact the bulk theory described in §5 is trivial as an SPT with respect to the unitary

symmetry Z2 × Z2.

D Self-dual models of confinement

In this appendix we provide some context for the workings of the pure loop construction

of [14], and generalize it to ZN strings.

The basic idea is to take a model of fluctuating string nets and add an energetic

penalty term which forbids nontrivial winding of the strings. How do we impose a local

condition which forces the strings to be contractible?

Here is a classical implementation which is well-known in certain corners of the

statistical mechanics literature (e.g. [49]): Consider a model with Zk variables Ep =

0..k− 1 on the d− 1-cells p of a d-dimensional cell complex ∆. A configuration of such

variables specifies by duality a string net (an assignment of Zk variables to the links of

the dual cell complex ∆̌) Č. We will show that a sum over closed surfaces can produce

the desired constraint that this string net is contractible – that is, it is the boundary

of a collection of plaquettes.

A sum over ZN closed surfaces S can be written as

∑
S,closed

... =
∑
{µp}

∏
l

δ

∑
q∈v(l)

µq

 ... =
∑
{µp}

∑
{αl}

ω
∑
l

∑
q∈v(l) µqαl ...

Consider the sum ∑
S,closed

ω
∮
S
~E·d~a =

∑
{µp}

∑
{αl}

ω
∑
l

∑
q∈v(l) µqαlω

∑
p µpEp

By definition of the vicinity operator,∑
l

αl
∑
q∈v(l)

µq =
∑
p

µp
∑
l∈∂p

αl (D.1)

Using this identity (D.1), we have

∑
S,closed

ω
∮
S
~E·d~a =

∑
{αl}

∑
{µp}

ω
∑
p µp(Ep−

∑
l∈∂p αl) =

∑
{αl}

∏
p

δ

(
Ep −

∑
l∈∂p

αl

)

This sum exactly imposes that Ep is exact.
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D.1 ZN self-dual models of confinement

Consider two interpenetrating lattices A and its dual lattice B in three dimensions

(generalizations to other dimensions are interesting and will be discussed elsewhere).

Place ZN rotors on the links of the A lattice (with operators σxl , σ
z
l ), and independent

ZN rotors on the links of the B lattice (with operators τx,zp ); these are in 1-to-1 corre-

spondence with d − 1-cells of the A lattice and we will label a link of B by the d − 1

cell of A which it penetrates. We try not to speak of cells of the B lattice at all from

now on.

H = −
∑

l∈∆1(A)

V (FAl )−
∑

p∈∆d−1

V (FBp )

where V is a real-valued function of a ZN variable with maximum when its argument

is 1, and

FAl ≡ (σzl )
†
∏
p∈v(l)

τxp FBp ≡ τ zp
∏
l∈∂p

(σxl )† .

Here all the links are counted with orientation, and v is the vicinity operator, the

oriented setwise inverse of the boundary map.

These operators all commute. Their simultaneous unique eigenstate with eigenvalue

1 has various useful representations:

|ψ〉 =
∑
M̌

|∂M̌z〉A ⊗ |M̌x〉B (D.2)

|ψ〉 =
∑
M

|Mx〉A ⊗ |∂Mz〉B (D.3)

|ψ〉 =
∑

C,Č,contractible

|Cz〉A ⊗ |Čz〉B (D.4)

More explicitly, (D.2) is

|ψ〉 = N−Np/2
∑
{µp}

|µp〉B ⊗ |sl =
∑
q∈v(l)

µq〉A (D.5)

where Np is the number of links of the B lattice, |µp〉 are τxp eigenstates and |sl〉 are σzl
eigenstates. To see (D.2), apply the flip operators in the basis

|ψ〉 =
∑
{µp}

∑
{sl}

Φ(µ, s)|µp〉B ⊗ |sl〉A;

FAl = 1 requires s to be a total divergence: sl =
∑

q∈v(l) µq, while FBp = 1 requires a

uniform superposition of such states, by making the sheets hop.
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Now let’s discuss how to get from (D.2) to (D.4). On a given link p, the z-basis

and x-basis are related by

|µp〉 =
1√
N

∑
σp

ω−σpµp |σp〉

Therefore

|ψ〉 =
∑
σp

|σ〉B N−Np
∑
{µp}

ω−
∑
p σpµp|sl =

∑
q∈v(l)

µq〉A (D.6)

Here

σzl |s, σ〉 = ωsl |s, σ〉, τ zp |s, σ〉 = ωσp|s, σ〉.

We rewrite the sum over µp in two parts: a membrane configuration µ on ∆d−1(A)

(the plaquettes p) can be decomposed as

µ = ∂−1(C) + S

where S is a closed membrane, ∂S = 0. C = ∂µ is the boundary of the membrane µ,

a closed curve in Ω1(A) = ker(∂) ⊂ ∆0(A). ∂−1(C) is a particular fiducial membrane

whose boundary is C. S represents the deviation of µ from that choice.

Therefore

|ψ〉 =
∑
σp

|σ〉B N−Np
∑

{µp=µ0p+µ̂p}

ω−
∑
p σpµ

0
pω−

∑
p σpµ̂p |sl =

∑
q∈v(l)

µ0
q〉A (D.7)

Here we have represented the plaquette sum as∑
{µp=µ0p+µ̂p}

.. =
∑
{µ0p}

∑
{µ̂p}

.. ≡
∑
C

∑
S

..

and used the fact that the closed bit µ̂p satisfies by definition
∑

q∈v(l) µ̂q = 0 and

therefore does not contribute to sl. Therefore:

|ψ〉 =
∑
σp

|σ〉B N−Np
∑
C

ω−
∑
p σpµ

0
p |C〉A ·

∑
{µ̂p}

ω−
∑
p σpµ̂p

︸ ︷︷ ︸
≡
∑
S ω

∮
S ~σ·d~a

. (D.8)

The underbraced factor is a (classical, i.e. no kets involved) sum over all closed ZN
valued surfaces weighted by the flux of a vector field through those surfaces. The

result of this sum is to constrain {σp} to only have support on contractible curves, Č

i.e. σp =
∑

l∈∂p αl for some set of link variables αl.
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The remaining factor from the fiducial membrane is then the linking number of

these two sets of curves

ω−
∑
p σpµ

0
p = ωl(C,Č).

Using the classical formulae around (D.1), we can see explicitly that the fluctuating

magnetic flux leads to confinement. The sum over µ̂p imposes that σp is made of

contractible curves Č and we get (D.4)

|Ψ〉 = N
∑
C

|C〉A
∑
Č

|Č〉B ωl(C,Č)

where N is a normalization factor.

Some comments:

1. Consider the z-basis representation (which will be (D.4)).

|ψ〉 =
∑

{sl},{σp}

Ψ(s, σ)|s, σ〉 . (D.9)

By combining Fs we can make star operators on both sublattices:∏
l∈v(j)

FAl =
∏
l∈v(j)

(σxl )† ,∀j ∈ ∆0(A)
∏
p∈∂V

FBp =
∏
p∈∂V

τ zp , ∀V ∈ ∆d(A).

This means that Ψ(s, σ) only has support on closed string configurations.

2. Directly applying the flip operators to the z-basis representation (D.9) we learn

that

Ψ(s, σ) = ωσpΨ(s+ ∂p, σp), ∀p ∈ ∆d−1(A)

Ψ(s, σ) = ω−slΨ(s, σp + v(l)), ∀l ∈ ∆1(A) (D.10)

3. By comparing to (D.3) and (D.2) we see that these closed strings must further-

more be contractible, since they are boundaries of membranes. This means that

their linking number is well-defined.

4. The conditions (D.10) are solved (up to normalization) by

Ψ(s, σ) = ωl(s,σ)

where l is the linking number of the two configurations of closed surfaces. A

lattice formula for the linking number (from which we should be able to directly

check (D.10)) is

ωl(s,σ) = ω
∑
p σp

∑
µp|sl=∑p∈v(l) µp

The expression for µp which solves sl =
∑

p∈v(l) µp is a lattice version of the

Chern-Simons propagator.
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