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We study the slow quenching dynamics (characterized by an inverse rate, τ−1) of a one-
dimensional transverse Ising chain with nearest neighbor ferromagentic interactions across the quan-
tum critical point (QCP) and analyze the Loschmidt overlap measured using the subsequent tem-
poral evolution of the final wave function (reached at the end of the quenching) with the final
time-independent Hamiltonian. Studying the Fisher zeros of the corresponding generalized “parti-
tion function”, we probe non-analyticities manifested in the rate function of the return probability
known as dynamical phase transitions (DPTs). In contrast to the sudden quenching case, we show
that DPTs survive in the subsequent temporal evolution following the quenching across two criti-
cal points of the model for a sufficiently slow rate; furthermore, an interesting “lobe” structure of
Fisher zeros emerge. We have also made a connection to topological aspects studying the dynamical
topological order parameter (νD(t)), as a function of time (t) measured from the instant when the
quenching is complete. Remarkably, the time evolution of νD(t) exhibits drastically different be-
havior following quenches across a single QCP and two QCPs. In the former case, νD(t) increases
step-wise by unity at every DPT (i.e., ∆νD = 1). In the latter case, on the other hand, νD(t)
essentially oscillates between 0 and 1 (i.e., successive DPTs occur with ∆νD = 1 and ∆νD = −1,
respectively), except for instants where it shows a sudden jump by a factor of unity when two
successive DPTs carry a topological charge of same sign.

PACS numbers: 75.10.Jm, 05.70.Jk, 64.60.Ht

I. INTRODUCTION

The phase transition in a thermodynamic system is
marked by non-analyticities in the free-energy density
which can be detected by analyzing the zeroes of the
partition function in a complex temperature plane as pro-
posed by Fisher1; a similar proposal was also given earlier
in the presence of a complex magnetic field2 (See also [3]).
When the line of Fisher zeros cross the real axis, there
are non-analyticities in the free-energy density which sig-
nal the existence of a finite temperature phase transition
in the thermodynamic limit.

In a recent work, Heyl et al.4, introduced the notion of
dynamical phase transitions (DPTs) exploiting the for-
mal similarity between the canonical partition function
Z(β) = Tr e−βH , of an equilibrium system described
by a Hamiltonian H (where β is the inverse tempera-
ture) and that of the overlap amplitude or Loschmidt
overlap (LO) defined for a quantum system which is
suddenly quenched. Denoting the ground state of the
initial Hamiltonian as |ψ0〉 and the final Hamiltonian
reached through the quenching process as H, the LO
is defined as G(t) = 〈ψ0|e−iHt|ψ0〉. Generalizing G(t)
to G(z) defined in the complex time (z) plane, one can
introduce the notion of a dynamical free energy density,
f(z) = − limL→∞ lnG(z)/Ld, where L is the linear di-
mension of a d-dimensional system.

In a spirit similar to the classical case, one then looks
for the zeros of the G(z) (or non-analyticities in f(z))
to define a dynamical phase transition. For a transverse
Ising chain, it has been observed4 that when the system
is suddenly quenched across the quantum critical point

(QCP)5,6, the line of Fisher zeros crosses the imaginary
time axis at instants t∗; at these instants the rate function
of the return probability defined as I(t) = − ln |G(t)|2/L
shows sharp non-analyticities.

The initial observation by Heyl et al.4 was verified
in several subsequent studies7–12 which established that
similar DPTs are observed for sudden quenches across
the QCP for both integrable and non-integrable models.
Subsequent works however showed that DPTs can occur
following a sudden quench even within the same phase
(i.e., not crossing the QCP) for both integrable13 as well
as non-integrable models14. Furthermore, DPTs have
been explored in two-dimensional systems15,16 where
topology of the equilibrium system plays a non-trivial
role15; also, the notion of a local dynamical topological
order parameter (DTOP) which assumes integer values
and changes by unity at every DPT has been proposed17.
We note in the passing that the rate function I(t) is re-
lated to the Loschmidt echo which has been studied in
the context of decoherence at zero18–26 and also at fi-
nite temperatures27 and has also been useful in studies
of the work-statistics28 and the entropy generation29–31

in quenched quantum systems. In fact, the rate func-
tion (of the return probability) discussed above in the
context of DPTs can be connected to the singularities in
the work distribution function corresponding to the zero
work following a double quenching experiment4; in this
process, the initial Hamiltonian is suddenly quenched to
the final Hamiltonian at t = 0 and then quenched back
to the initial one at a time t.

It should be noted that the periodic occurrences of non-
analyticities in the rate function for an integrable model
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was first reported in the reference [32], in the context
of a slow quenching of the transverse Ising chain though
the connection to DPTs and Fisher zeros remain unex-
plored. In the present work, we shall address that par-
ticular issue and probe the behavior of the line of Fisher
zeros following slow quenches (dictated by a rate τ−1) of
integrable spin chains across their QCPs; we shall also
connect this to point out the occurrences of such DPTs
or non-analyticities manifested in the rate function of the
return probability. Furthermore, we address the question
concerning the fate of these DPTs when the transverse
Ising chain is slowly driven across both the QCPs of the
model; it is noteworthy that for the sudden quenching,
the passage through two critical points wipes out the
non-analyticities in the rate function4. We note at the
outset that in the context of the slow quenching there
are two times denoted by t̃ and t, respectively, appear-
ing in the discussion here: t̃ is related to the ramping
of a parameter of the Hamiltonian (namely, the trans-
verse field h) using the quenching protocol t̃/τ to reach
the final state |ψf 〉 at a desired final value of the field
hf ; the other one, denoted by t, that appears in G(t)
describes the subsequent temporal evolution of the state
|ψf 〉 with the time-independent final Hamiltonian Hf .
Hence, once the linear-ramping (with time t̃) of the pa-
rameter is complete, we set the time t = 0, and probe the
non-analyticities in I(t) as a function of t (analytically
continuing it to the complex time plane). In other words,
the role of the slow quenching is to prepare the system
in a desired state; we then probe the time evolution of
this state with the final Hamiltonian as a function of t.
Secondly, we study Fisher zeros numerically using a fi-
nite system, hence they do not really form a line, rather
generate a set of closely spaced points.

The study of slow quenching dynamics has gained im-
portance in recent years because of the possible Kibble-
Zurek (KZ) scaling33,34 of the defect density and the
residual energy following a quench across (or to) a QCP
by tuning a parameter of the Hamiltonian slowly35,36.
This scaling has been verified and also modified in vari-
ous situations37–47. (For reviews, see [48–50].)

The paper is organized in the following manner: in Sec
II, we discuss a transverse Ising chain driven across its
QCP by varying the transverse field following a linear
protocol; studying the behavior of Fisher zeros we deter-
mine the location of non-analyticities in the rate function.
We study both the situations when the transverse field is
quenched across a single critical point and both the criti-
cal points of the model, as shown in Figs. 1 and 2, respec-
tively, and compare the results with those of the sudden
quenching. Finally, in Sec. III, we present the rich be-
havior that emerges from the study of the variation of the
DTOP (νD(t)) as a function of time (t) following a slow
quench and explore the topology of DPTs which is dic-
tated by the topological properties of the equilibrium sys-
tem. We investigate both the situations, when starting
from a non-topological phase, the system is quenched to a
topological phase (crossing a single QCP) or to the other

non-topological phase across both the QCPs separating
the topological phase and the non-topological phases; the
behavior of the DTOP is significantly different in these
two situations. In the former case, νD(t) increases in
a step-like fashion by unity at every DPT while in the
latter it oscillates between zero and unity except at the
special instants when there are two successive DPTs with
the same sign of the topological charges; in that situation
νD shows a discrete jump of unit magnitude.

II. TRANSVERSE ISING CHAIN AND
QUENCHING OF THE TRANSVERSE FIELD

In this section, we shall study the slow dynamics of a
transverse Ising chain and illustrate the flow of the line
of the Fisher zeros studying the temporal evolution as a
function of time t following such a quench. We shall show
that the Fisher zeros cross the imaginary time axis in the
complex time plane for a particular momentum leading to
non-analyticites of the rate function at the corresponding
real time. Let us first consider a ferromagnetic transverse
Ising chain described by the Hamiltonian

H = −Jx
∑
i

σxi σ
x
i+1 − h

∑
i

σzi , (1)

where σi’s are the Pauli spin matrices satisfying the
standard commutation relations, Jx is the ferromagnetic
nearest neighbor interactions in the x directions (set
equal to unity in the subsequent discussion) and h de-
notes the strength of the non-commuting transverse field.
The model being translationally invariant (and hence
momentum k being a good quantum number), we use
Fourier transformation and employ Jordan-Wigner trans-
formation to map spins to spin-less fermions. Further-
more noting that the ‘parity’ (of the number of Jordan-
Wigner fermions) is conserved, one can arrive at decou-
pled 2× 2 Hamiltonians for each mode k in the basis |0〉
(no fermion) and |k,−k〉 (with two fermions with quasi-
momenta k and −k, respectively) given by50

Hk =

(
−h+ cos k −i sin k
i sin k h− cos k

)
. (2)

Analyzing the gap in the energy spectrum (2εk =

2
√

(h− cos k)2 + sin2 k) of the Hamiltonian, it can be

shown that the model has two QCPs at h = ±1 where
the gap vanishes for the momentum modes k = 0 and
k = π, respectively. These QCPs separate the ferromag-
netic phase (for |h| < 1) from the paramagnetic phase.

For all the slow quenching schemes to be analyzed in
the subsequent discussions, we shall assume that the sys-
tem is initially prepared in the ground state of the ini-
tial Hamiltonian. We first consider a linear quenching
of the transverse field h = t̃/τ , with t̃ going from a
large negative value (i.e., the initial field hi is large and



3

- 1 0 - 8 - 6 - 4 - 2 0 2
- 1 0

0
1 0
2 0
3 0

it

R

 n = 0
 n = 1
 n = 2
 n = - 1
 n = - 2

h i =  - 1 0 ,  h f = 0 . 5

(a)

0 2 4 6 8 1 00 . 0

0 . 1

0 . 2

0 . 3

0 . 4

I(t)

t
(b)

FIG. 1: (Color online) (a) Fisher zeros as obtained from
Eq. (4) are plotted in complex z plane for different n, where
R denotes Re (z) and it is the Im (z). The line of Fisher
zeros cross the imaginary axis for a momentum value k∗. (b)
Sharp non-analyticities in the rate function are observed peri-
odically at (real) times t∗n (Eq. (6)) calculated at the momenta
values k∗ as shown in the panel (a). Here we have followed
the quenching protocol h(t̃) = t̃/τ with τ = 1, when the field
is quenched from h = −∞ to h = 0.5 crossing the QCP at
h = −1. The time t is measured from the instant immediately
after the quenching is complete, when we set t = 0.

negative) to a desired final value so that hf < 1 (cho-
sen to be equal to 0.5 here); hence, the system crosses
the QCP at h = −1 where the relaxation time diverges
leading to the breakdown of the adiabatic evolution and
hence the final state (|ψf 〉) reached is not the ground
state of the final Hamiltonian (Hf ). Considering the
reduced Hamiltonian (2), one can define the dynamical
free energy4: f(z) = − ln〈ψf | exp(−Hfz)|ψf 〉/L, where
〈ψf | exp(−Hfz)|ψf 〉 is the Loscmidt overlap while z is
the complex time. It is to be noted that we have set
h̄ = 1 throughout.

Let us first illustrate the slow quenching scheme fol-
lowing the protocol h = t̃/τ , with the initial state is
|k,−k〉 for very large negative h. (In this limit, the re-
duced 2 × 2 Hamiltonian in Eq. (2) effectively becomes
diagonal and hence the ground state, for the mode k, be-
comes |k,−k〉; on the other hand, for large positive h,
the ground state is |0〉. Other than these extreme cases,
the ground state is in general a linear superposition of

these two basis states.) The final state reached after
the ramping (for the k-th mode) can then be written as

|ψfk〉 = vk|1fk〉 + uk|2fk〉, with |uk|2 + |vk|2 = 1: here,

|1fk〉 and |2fk〉 are the ground state and the excited states

of the Hamiltonian Hk(hf ) with energy eigenvalues −εfk
and εfk , respectively. Clearly |uk|2 = |〈2fk |k,−k〉|2 = pk
denote the non-adiabatic transition probability that the
system ends up at the excited state after the quench.

Once the quenching is complete, we bring in the second
time t, set equal to zero, and study the evolution of the
state |ψfk〉 with the final Hamiltonian Hk(hf ); general-
izing to the complex time plane z, the LO for the k-th
mode (Lk = 〈ψfk | exp(−Hk(hf )z)|ψfk〉) is then given by

(|vk|2 + |uk|2 exp(−2εfkz)). Here, we have rescaled the
ground state energy of the final Hamiltonian Hk(hf ) to

0, so that the excited state energy εexcitedf = 2εfk . Sum-
ming over the contributions from all the momenta modes
and converting summation to the integral, in the thermo-
dynamic limit we obtain:

f(z) = −
∫ π

0

dk

2π
ln
(
|vk|2 + |uk|2 exp(−2εfkz)

)
= −

∫ π

0

dk

2π
ln
(

(1− pk) + pk exp(−2εfkz)
)
. (3)

We then immediately find the zeros (i.e., the Fisher zeros)
of the “effective” partition function given by:

zn(k) =
1

2εfk

(
ln(

pk
1− pk

) + iπ(2n+ 1)

)
, (4)

where n = 0,±1,±2, · · · .
The Fisher zeros following the slow quenching across

one critical point and terminating the driving at hf = 0.5
are shown in Fig. 1(a). Let us now probe the ques-
tion whether the line of Fisher zeros cross the imagi-
nary axis for a particular momenta mode k∗. Clearly,
this happens when pk∗ = 1/2 (when the Re(zn(k)) van-
ishes); this in fact corresponds to “infinite temperature”
state when both the levels of the two-level system are
equally populated. Furthermore, for the critical mode
k = π (which does not evolve in the process of quench-
ing) pk = 1 while in the case of high energy modes (i.e.,
modes close to k ∼ 0), pk → 0 (see discussion around
Eq. (8) and Fig. 3(a)), since according to KZ theory,

modes k > k̃ ∼ τ−1/2 move adiabatically, i.e., do not
sense the passage through the QCP. Using Eq. (4), we
therefore conclude that zn(k → 0) → −∞ while for
zn(k → π)→ +∞. This immediately implies that zn(k)
indeed goes from ∞ to −∞, crossing the imaginary time
axis for a particular k∗ as shown in Fig. 1(a). (It should
be noted that numerically we are dealing with a finite
system and hence Fisher zeros do not really go from −∞
to +∞ but they indeed cross the imaginary axis for k∗.)
An exact expression for the rate function I(t), (where,
we reiterate, the time t is measured after the quenching
is complete) can be exactly derived in the present case,
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FIG. 2: (Color online) (a) Lines of Fisher zeros for each
integer n following quenching across two QCPs when h is
quenched from hi = −10 to hf = 10 with h(t̃) = t̃/τ and
τ = 1. Corresponding to each lobe denoted by n, we find
two k∗s close to two different critical modes (k = 0 and π);
consequently, there exist two t∗ns which we shall denote by
t+n and t−n , with t+n < t−n . (b) The figure shows the corre-
sponding non-analyticities in I(t) for different final values of
h (hf = 0, 2, 10) at different instants of times which match
perfectly with those predicted by Eq. (6) for hf = 0 and
Eq. (7) for hf = 2, 10.

I(t) = −
∫ π

0

dk

2π
ln
(

1 + 4pk(pk − 1) sin2 εfkt
)
. (5)

As presented in Fig. 1(b), the non-analyticities in I(t)
appear at the values of the real time t∗ns

t∗n =
π

εfk∗

(
n+

1

2

)
, (6)

derived by setting Re(zn(k∗)) = 0 in Eq. (4) because the
argument of log in Eq. (5) vanishes when k = k∗ and
t = t∗n.

We then consider the case when the transverse field is
quenched from a large negative value to a large positive
value with a rate τ−1, crossing both the QCPs in the
process; the results are presented in Fig. 2. The field is
varied as h(t̃) = t̃/τ so that the system crosses the critical
point at h = −1 at time t̃ = −τ and that at h = 1 at

time t̃ = τ . At the end of the ramp, the spin chain is in

the state |ψfk〉 = vk|1fk〉+uk|2
f
k〉, (with |uk|2+ |vk|2 = 1);

the variation of |uk|2 as a function of k is shown in the
Fig. 3(b). As h(t̃) is varied the system detects both these
critical points which are gapless at different k values (0
and π). For τ � 1, the transition probability pk is close
to unity for both k → 0, π and falls off exponentially for
k � 0 or k � π.

We now proceed to analyze the Fisher zeros and probe
the non-analyticties in the rate function I(t), again set-
ting t = 0 when the ramping is complete; the LO derived
using the time evolution of |ψfk〉 with Hk(hf ) general-
izing the real t to the complex z plane. As shown in
Fig. 3(b), the profile of pk clearly marks the fact that one
is expected to obtain two separate k∗’s owing to these two
individual critical points which can be treated indepen-
dent of each other. Hence, although zn(k)→∞ for both
k = 0 and k = π, there exist two intermediate values k∗
(one close to k → 0 and other close to k → π) for which
pk = 1/2. For these two k∗ values, the line of Fisher
zeros will indeed cross the imaginary axis marking DPTs
at two different instants of time for each value of the in-
teger n (Eq. (6)). This is numerically verified and shown
in Figs. (2(a)) and (2(b)). Interestingly, we note that
corresponding to each lobe (denoted by n), there are two
distinct time instants t∗n = t±n (where Fisher zeros cross
the imaginary axis) emerging due to the passage through
two QCPs with

t+n =
(2n+ 1)π

2εf(π−k∗)

t−n =
(2n+ 1)π

εfk∗

. (7)

The DPT corresponding to the quench across the QCP
at h = −1 occurs at t+n while the instant t−n is associated
with the QCP at h = 1 and t−n > t+n . (The physical
interpretation of this notation will be clear following the
discussion of the next section where a positive (negative)
topological charge will be attributed to a DPT occurring

at t
(+)
n (t

(−)
n ).) In the case of quenching across a single

QCP in Fig. 1(a), we only get zeros corresponding to t∗n =
t+n . We can contrast this result with the case where h is
changed abruptly from a large positive to a negative value
across both the critical points, one can straightway verify
that the lines of Fisher zeros never cross the imaginary
axis and hence no DPT is observed as predicted in the
earlier study by Heyl et al.4.

The slow quenching scheme analyzed here brings in
another time scale in the problem, namely, the inverse
quenching rate τ . A pertinent question at this point
would be how does the scenario depicted in Figs. 1 and
2 gets altered when τ is varied. Let us first consider
the case of crossing a single QCP at h = −1 ( Fig. 1),
where gap vanishes for the critical mode k = π; expand-
ing around this mode, one can rewrite the reduced 2× 2
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FIG. 3: (Color online) Numerically obtained values of the adi-
abatic transition probability (or the probability of the excited
state) pk = |uk|2 = |〈ψfk |2

k
f 〉|2, for quenching across a single

QCP (Fig. (a)) and two QCPs (Fig. (b)) plotted as a func-
tion of k for several values of τ . The horizontal line denotes
pk = 1/2. Fig. (a) confirms that the value of k∗ depend on τ
and there exists a value of k∗ even in the limit τ → 0. On the
other hand, as shown in Fig. (b), there are two k∗ for each τ
leading to two instants of time t+n and t−n where DPTs occur
for each lobe denoted by n as shown in Fig. 2. The value k∗
depend on τ and in the limit τ → 0, the situation becomes
similar to the sudden quenching case as |uk|2 > 1/2 for all
values of k and hence no k∗ exists.

Hamiltonian

Hk =

(
−h− 1 + (π−k)2

2 −i(π − k)

i(π − k) h+ 1− (π−k)2
2

)
. (8)

Analyzing the Hamiltonian (8), we shall now probe the
non-adiabatic transition probability (i.e., the probability

of the excited state |2fk〉) given by pk = |uk|2, at the end of
the quenching process; it is obvious that the mode k = π
is temporally frozen as the off-diagonal term vanishes,
and hence |uk=π|2 = 1. On the other hand, modes away
from k = π evolve adiabatically and hence |uk�π|2 = 0.
From the continuity argument, one then immediately ex-
pects a value of k = k∗ for which pk=k∗ = |uk=k∗ |2 = 1/2

which is essential for observing a DPT. In Fig. 3(a), we
plot numerically obtained |uk|2 as a function of k; in-
deed an analytical expression for the same can be de-
rived using the Landau-Zener (LZ) transition formula
for non-adiabatic transition probability51–54 which can
be approximated as |uk∼π|2 = exp(−π(π − k)2τ). From
these observations, it is straightforward to conclude that
it is the value of k∗ and hence, those of t∗n, related through
Eq. (6), which get modified when τ is changed. On the
other hand, we would like to emphasize that the behav-
ior of Fisher zeros and non-analyticities in I(t) do not
change qualitatively; the non-analyticities only occur at
different instants of time depending upon the value of τ .
This claim will be further illustrated in Fig. 5(b). The
existence of DPTs for τ → 0 is expected since for a large
amplitude sudden quench across a single QCP a k∗ will
always be present as shown in Fig. 3(a)4.

We now proceed to analyze the situation presented in
Fig. 2; in this case the system crosses both the criti-
cal points at h = −1 (with critical mode k = π) and
h = 1 (with critical mode k = 0). As a results both the
modes k = 0 and k = π are temporally frozen leading to
|uk=0|2 = |uk=π|2 = 1 (see Fig. 3(b)); the corresponding

LZ formula is pk = |uk|2 = e−πτ sin2 k. Therefore, for each
value of τ , we find two values of k∗ (with pk=k∗ = 1/2)
yielding two real instants given by t+n and t−n as defined
before. We therefore again conclude that only the in-
stants of real time at which DPTs occur will depend on
the inverse rate τ . Referring to Eq. (6), we note that

t+n or t−n depends on εfk∗ = 2
√

(hf − cos k∗)2 + sin2 k∗,

where k∗ assumes two values (close to k = 0 and k = π).
However, in the limit of small τ(→ 0), (i.e., in the sud-
den limit) as presented in Fig. 3(b), one does not find
a value of k∗ and no DPT is expected. Furthermore, it
can be shown in the following straightforward manner
that if quenching is fast (i.e., τ < ln 2/π), the DPTs dis-
appear for passage across two critical points: analyzing

the profile of pk = |uk|2 = e−πτ sin2 k, we note that the
minimum value of pk (that occurs at k = π/2) should
at least be less than 1/2, for DPTs to be present. This
implies that pk→π/2 = pmin

k = e−πτc = 1/2; here τc refers
to a critical τ and DPTs exist for τ > τc; otherwise, the
situation is identical to the sudden quenching across two
QCPs where DPTs get wiped out.

III. TOPOLOGICAL ASPECTS:

Topological properties of DPTs are related to topologi-
cal structure of equilibrium phase diagram, which for the
present model in turn, is determined by the sign of the
quantity (h+ cos k)k=0/(h+ cos k)k=π = (h+ 1)/(h− 1);
clearly it is negative in the topological (ferromagnetic
phase with |h| < 1) while positive in the non-topological
(paramagnetic) phase, |h| > 1. We now proceed to in-
vestigate the behavior of the DTOP; to define it in the
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present context, we refer to the LO:

Lk =
(
|vk|2 + |uk|2 exp(−2iεfkt)

)
. (9)

Let us first consider the situation of quenching from the
non-topological (paramagnetic) to the topological (ferro-
magnetic) phase across a single QCP (take for example,
the situation illustrated in the Fig. 1(a)). In a spirit
similar to the Ref. [17], we can also express the LO as
Lk = |rk| exp(iφk). In the present case of slow quenching,

φk = tan−1

(
−|uk|2 sin(2εfkt)

|vk|2 + |uk|2 cos(2εfkt)

)
, (10)

and the corresponding dynamical phase φdynk =

−
∫ t
0
ds〈ψfk(s)|Hf |ψfk(s)〉 = −2|uk|2εfkt with |ψfk〉 =

vk|1fk〉 + uke
−2iεfks|2fk〉. Let us now define the geomet-

ric phase as φGk = φk − φdynk , so that

φGk = tan−1

(
−|uk|2 sin(2εfkt)

|vk|2 + |uk|2 cos(2εfkt)

)
+ 2|uk|2εfkt. (11)

Note that for the mode k = 0, we have |vk=0|2 = 1, and
the excitation probability |uk=0|2 = 0; on the other hand,
for the critical mode k = π, |vk=π|2 = 0 and |uk=π|2 = 1.
The geometric phase therefore satisfies the periodicity
relation:

φGπ − φG0 = 0 mod 2π (12)

As the lattice momentum goes from 0 to π, φGk goes from
−π to π thus completing a full circle (See Fig. 4). Fo-
cusing on the mode k∗, we find that

φGk |k∗ = tan−1
(
− tan(εfk∗t)

)
+ 2|uk∗ |2ε

f
k∗
t, (13)

with |uk∗ |2 = 1/2; this shows that φGk |k∗ is fixed to zero or
π for all values of t except at DPTs given by the condition

εfk∗t
∗
n = (n + 1/2)π where φk(t) is ill-defined; φGk alter-

nates between 0 and π between two DPTs at k = k∗.
We study the behavior of DTOP or the winding num-

ber

νD =
1

2π

∮ π

0

∂φGk
∂k

, (14)

close to DPTs (discussed in the previous section) focus-
ing on the quenching across a single QCP first. In the
context of sudden quenches, the DTOP has been found
to appropriately characterize a DPT17. We address the
question whether the same is true in the case of slow
quenches and show that it is indeed the case.

As we are integrating in Eq. 14 the full derivative of
a periodic function (modulo 2π), the integral remains
constant unless there is some discontinuity in the phase,
which should be manifested in the δ-function type con-
tribution to the derivative of the geometric phase. We
can anticipate that such discontinuities develop only at

DPT therefore it suffices to explore the quantity ∂φGk /∂k
for the momentum k∗:

∂φGk
∂k

∣∣
k∗

= 2 tan(εfk∗t)
∂|vk|2

∂k

∣∣
k∗

+ 2
∂|uk|2

∂k

∣∣
k∗

(εfk∗t). (15)

While the first term diverges at every DPT, the second
term provides a linearly varying contribution with a slope
determined by the sign of its coefficient (∂k|uk|2)|k∗ . (In
fact, it can be shown that the term

∮
∂kφk varies sym-

metrically between positive and negative values in the

intermediate time between two DPTs while
∮
∂kφ

dyn
k in-

creases or decreases monotonically with time depending
on the sign of (∂k|uk|2)|k∗). It is therefore clear that the
sign of the change in νD at a DPT will be determined by
the sign of the coefficient of the linearly increasing term
(∂k|uk|2)|k∗(= −(∂k|vk|2)|k∗). (This has been loosely
connected to an index theorem in ref. [17].) Positive
sign of (∂k|uk|2)|k∗ corresponds to a jump ∆νD = +1
while negative sign yields ∆νD = −1 at every DPT.

Fig. 5 shows the variation of νD as a function of time
following a quench from large negative h to the topolog-
ical phase (e.g., hf = 0.5); νD(t) increases in a step-like
fashion at every DPT with ∆νD = 1. Let us compare
with Fig. 2 of Ref. [17], where a sudden quench from
the topological phase to the trivial phase of a p-wave su-
perconducting chain was studied. As discussed above,
the sign of ∆νD at a DPT is given in terms of the sign
of (∂k|uk|2|)|k∗ ; this is negative in the situation stud-
ied in Ref. [17] where |uk=0|2 = 1 and |uk=π|2 = 0.
On the contrary, for a slow quenching of the trans-
verse Ising chain starting from large negative h across
the QCP at h = −1 (with the critical mode k = π),
we find the value of νD increases at every DPT. Here,
|uk=π|2 = 1 and |uk=0|2 = 0 ; from continuity one ex-
pects a k∗ for which |uk=k∗ |2 = |vk=k∗ |2 = 1/2 and hence,
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FIG. 4: (Color online) Variation of φG
k as a function of k and

t/t∗0 (where t∗0 = π/2εfk∗
) following a slow quench h(t̃) = t̃/τ

(with τ = 1) from the initial value of the field hi = −10 to
the final value hf = 0.5 across the QCP at h = −1. As the
lattice momentum k goes from 0 to π, φG

k varies from −π to
+π. It is to be noted that between t∗0 and 3t∗0 there is a single
winding resulting in νD = 1 while between 3t∗0 and 5t∗0 two
full winding and hence νD = 2.

∆νD(tc) = sgn(∂k|uk|2|)|k∗ is positive. To establish that
this is indeed the case, we reverse the quenching scheme
to h(t̃) = t̃/τ with t̃ starting from a large positive value
and ending in the topological phase. The spin chain then
crosses the QCP at h = 1 where the gap vanishes for the
mode k = 0 and hence |uk=π|2 = 0 and |uk=0|2 = 1,
leading to a negative ∆νD(t∗n) = sgn(∂k|uk|2|)|k∗ ; one
can straightway verify numerically that ∆νD is indeed
negative in this case (see Fig. 6). Furthermore, one can
investigate the variation ∂νD/∂t as function of time: νD
is independent of time always except at DPTs (t∗n) when
there is a diverging (δ-function) peak.

Equipped with above observations, we can now inter-
pret Eq. (14) as a generalized Gauss’s law; as the system
evolves in time following a quench across a single QCP,
one can assume that a positive topological charge enters
the system at every t∗n. On the other hand, if the system
is initially chosen to be in the non-topological phase with
a large positive h (i.e., the situation depicted in Fig. 6),
we can infer that a negative change enters the system at
every DPT.

Let us now address the question how does the above
situation gets altered when the field is quenched from a
large negative to a large positive value so that the sys-
tem is swept across both the QCPs at h = ±1, from one
topologically trivial phase to the other. In this case as
well νD exhibits a discrete change at every DPT, how-
ever, there exist further intricacies as presented in Fig. 7.
To analyze this remarkable behavior, we plot the flow of
Fisher zeros following a double quench as shown in the
Fig. 8. We note that corresponding to each lobe denoted
by n, there are two DPTs occurring at two instants of

0 1 2 3 4 5 60 . 0
0 . 5
1 . 0
1 . 5
2 . 0
2 . 5
3 . 0
3 . 5

t

ν d , I
(t)

  ν d
  I ( t )

(a)

0 1 2 3 4 5 6 7 80

1

2

3

4

ν d , I
(t)

t

  ν d  ,  τ= 0 . 5
 I ( t ) ,  τ= 0 . 5
 ν d  ,  τ= 5
 I ( t ) ,  τ= 5

(b)

FIG. 5: (Color online) (a) νD along with the rate function
I(t) are plotted as a function of time t following a slow quench
h(t̃) = t̃/τ (with τ = 1) from hi = −10 to hf = 0.5 so that
the system crosses the QCP at h = −1. We find an increases
in νD by a factor of unity whenever there is a DPT. (b) Using
two different values of τ (0.5 and 5), we show that the time
instants at which DPTs occur depend on τ . However, νD(t)
indeed shows a jump of unit magnitude at every DPT for all
τ as explained in the text.

times t
(+)
n and t

(−)
n with t

(−)
n > t

(+)
n . From Fig. (7), it is

evident that at t
(+)
n , ∆νD = 1 (in other words, a positive

charge enters the system as shown in Fig. 8); on the other

hand, the DPT at t
(−)
n is associated with ∆νD = −1 or

a negative topological charge. This makes νD oscillate
between 0 and 1. This pattern follows up to 5th lobe
and there is a discontinuity at the 6th lobe: from Fig. 8,
we find that t−6 > t+7 . Therefore, we have two successive
DPTs both with ∆νD = +1 (i.e., with identical topo-
logical charges) and consequently, νD jumps from 1 to 2.
In general, this type of change would first happen when
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FIG. 6: (Color online) This shows that when the system
quenched across the QCP at h = 1 to the topological phase
(hf = 0.5) starting from a large positive h (hi = 10),
sgn(∂k|uk|2|k∗), and hence ∆νD is indeed negative.

0 . 0 0 . 5 1 . 0 1 . 5 2 . 0 2 . 5 3 . 0 3 . 5 4 . 0 4 . 5 5 . 00 . 0
0 . 5
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1 . 5
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2 . 5
3 . 0
3 . 5

 ν d , I
(t)

t

  ν d  
 I ( t )

FIG. 7: (Color online) νD along with the rate function I(t)
are plotted as a function of time t following a slow quench
h(t̃) = t̃/τ from hi = −10 to hf = 10, so that the system
crosses both the QCPs at h = −1 and h = +1. We find that
νD oscillates between 0 and 1, i.e., νD = ±1 at successive
DPTs. However there is a jump in νD by unity for some values
of t when there are two successive DPTs with ∆νD = 1 (or
when a positive charge crosses a negative charge as shown in
Fig. 8); between two jumps the alternating pattern persists.

t
(−)
n > t

(+)
n+1, i.e., second DPT (with a negative topologi-

cal charge) corresponding to the lobe n happens at a later
(real) time compared to the first DPT (with a positive
charge) associated with (n+ 1)-th lobe.

Finally, let us discuss the issue concerning the analytic
continuation of the boundary partition function to the
real time axis. Comparing Figs. 1(a) and 2(a) we see a
very different topology pattern of the Fisher zeros for the
quenches across one and two critical points. In the former
case Fisher zeros slice the complex time space into dis-

connected regions. As discussed in Ref. [4] this prevents
analytic continuation of a boundary partition function
defined as Zψ(z) = 〈ψ| exp[−zH]|ψ〉 into the real time-
axis beyond the critical time t∗. On the other hand, for
the quench across two critical points the time domain is
split into alternating intervals. The analytic continuation
of Z(z) is only possible to the intervals reachable without
crossing Fisher zeros, i.e. 0 < t < t+0 , t−0 < t < t+1 and
so on. As we discussed above such intervals where an-
alytic continuation is possible correspond to the sectors
with zero topological charge. As it is clear from Figs. 7
and 8 such piecewise analytic continuation is possible for
finite time until the zero with positive topological change
from the n+ 1-st branch of Fisher zeros crosses the zero
with negative topological charge from the n-th branch,
i.e. t+n+1 < t−n . Beyond this point no analytic continua-
tion of the boundary partition function is possible.

Finally, we address the question how does this topo-
logical structure depend on τ ; as argued in the previous
section, τ determines the time instants at which DPTs
occur. Hence there will not be any qualitative change in
the topological pattern, i.e., ∆νD = 1 ( or −1) at every
DPT as illustrated in Fig. 5(b). However, in the case
of crossing across two QCPs the values of n for which
t+n+1 < t−n and hence we have two successive DPTs with
∆νD = 1 may depend on τ .

IV. CONCLUDING COMMENTS

We have studied the slow quenching dynamics of a
transverse Ising chain across its QCPs and analyzed the
Fisher zeros and hence DPTs which are reflected in the
non-analyticities of the rate function. We emphasize that
although the non-analyticities in the dynamical free en-
ergy leading to periodic occurrences of DPTs have been
reported in the context of slow quenching of the Hamil-
tonian (1)32, they have not been connected to the Fisher
zeros. Furthermore, we show that these DPTs survive
even when the system is quenched across both the QCPs
of the model when the line of Fisher zeros crosses the
imaginary axis for two characteristic momenta values.
This is in sharp contrast with the sudden quenching case
when an abrupt passage across two QCPs wipes out the
non-analyticities. In fact, for a sufficiently slow quench-
ing, two QCPs of the model appear to be independent of
each other. Secondly, in this case, it is essential to cross
the QCP to observe the DPTs, otherwise the transition
probability pk is always less than 1/2 for all values of k
and hence a DPT can not occur.

We have also analyzed the behavior of the DTOP
(i.e., νD(t)). The slow quenching scheme discussed in
this paper, allows to study both cases: the quenching
across a single QCP (i.e., from a non-topological phase
to the topological phase) or two QCPs (i.e., from one
non-topological phase to the other) depending upon the
final value of the transverse field. In the former case,
the DTOP increases (or decreases depending upon the
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direction of the quenching) step-wise by unity at those
instants of time where DPTs occur. This can be inter-
preted as charges of the same sign entering the system at
every DPT. On the contrary, in the latter case the DTOP
oscillates between 1 and 0; this implies that a DPT with
a positive topological charge ∆νD = 1 at real time t+n
is followed by a DPT with a negative topological charge
∆νD = −1 at t−n . Furthermore there are sharp increases
by a factor of unity whenever there is a crossing of Fisher
zeros belonging to neighboring lobes i.e., t−n > t+n+1, there
are two successive DPTs with topological charges of same
signs; this is indeed remarkable.
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