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We study the electron-phonon coupling strength near the interface of monolayer and bilayer FeSe
thin films on SrTiO3, BaTiO3, and oxygen-vacant SrTiO3 substrates, using ab initio methods.
The calculated total electron-phonon coupling strength λ = 0.2–0.3 cannot account for the high
Tc ∼ 70 K observed in these systems through the conventional phonon-mediated pairing mecha-
nism. In all of these systems, however, we find that the coupling constant of a polar oxygen branch
peaks at q = 0 with negligible coupling elsewhere, while the energy of this mode coincides with the
offset energy of the replica bands measured recently by angle-resolved photoemission spectroscopy
experiments. But the integrated coupling strength for this mode from our current calculations is
still too small to produce the observed high Tc, even through the more efficient pairing mechanism
provided by the forward scattering. We arrive at the same qualitative conclusion when considering
a checkerboard antiferromagnetic configuration in the Fe layer. In light of the experimental observa-
tions of the replica band feature and the relatively high Tc of FeSe monolayers on polar substrates,
our results point towards a cooperative role for the electron-phonon interaction, where the cross-
interface interaction acts in conjunction with a purely electronic interaction. We also discuss a few
scenarios where the coupling strength obtained here may be enhanced.

PACS numbers: 74.70.Xa, 74.20.Pq, 74.25.Kc, 74.78.-w

I. INTRODUCTION

Single-unit-cell-thick thin films of FeSe (called mono-
layer FeSe hereafter) grown on a SrTiO3(001) (STO)
substrate by molecular beam epitaxy (MBE)1 have re-
cently set a new record for the highest superconduct-
ing transition temperature Tc in iron-based supercon-
ductors (FeSC).2 Typical values of Tc range between
55–65 K as measured by in situ scanning tunneling mi-
croscopy/spectroscopy (STM/STS),1 angle-resolved pho-
toemission spectroscopy (ARPES),3–6 ex situ transport
measurements, and Meissner effect studies.7–9 Moreover,
a recent in situ transport measurement10 found a remark-
ably high Tc = 109 K, well above the liquid nitrogen
boiling point (77 K). These large values of Tc are greatly
enhanced by one order of magnitude from the value of
around 8 K for bulk FeSe under ambient pressure.11

In general, strong magnetic interactions are believed
to provide the major glue for superconducting pairing
in FeSC by most researchers;12,13 however, the increase
in Tc observed for the FeSe/STO interface has raised
questions about the role of the interface. In this sense,
the STO substrate is not unique as a similar high Tc =
70–75 K was obtained for the monolayer FeSe deposited
on a ferroelectric BaTiO3(001) (BTO) substrate.14 Simi-
larly, lower Tc’s (around 30 K by transport measurements
in Ref. 15, 60 K by ARPES in Ref. 16) were measured re-
cently for the monolayer FeSe deposited on SrTiO3(110)
[FeSe/STO(110)] substrates.15,16 While the very high Tc,
controllable fabrication by MBE on a variety of sub-
strates, and low dimensionality of the monolayer FeSe

promise great practical applications, understanding the
mechanism of the superconductivity will be invaluable
for further enhancing the Tc or designing new high-Tc
superconductors.

At present, several things are known about the influ-
ence of the substrate. First, there is a large tensile strain
applied by the substrate onto the monolayer FeSe due
to different lattice constants between the substrate and
bulk FeSe,1,17 but a direct correlation between super-
conductivity and tensile strain seems to be unlikely.14

Interestingly, an orthorhombic distortion is observed in
FeSe/STO(110), where an isotropic gap and a gap closing
Tc ∼ 60 K are measured by ARPES.16 Second, ARPES
experiments reveal that the monolayer FeSe on an STO
substrate is heavily electron doped such that the Fermi
surface consists of only electron pockets at Brillouin zone
(BZ) corner.3–6 It is generally believed that this elec-
tron doping is caused by oxygen vacancies in the STO
surface induced by annealing of the substrate before the
growth of FeSe.5 The large electron-doping and the re-
sulting Fermi surface with only electron pockets directly
challenge the Fermi-surface-nesting driven, purely elec-
tronic pairing mechanism.18,19 One way to reconcile such
a scenario is by taking account of the holelike band lo-
cated below the Fermi level at Γ point,20,21 since the band
top is less than 100 meV away from the Fermi level, i.e.,
an “incipient” band21 that might fall in the low-energy
cutoff of the bosons mediating pairing. The substrate,
however, also influences the phononic degrees of freedom
and the electron-phonon (e-ph) interaction, which can
lead to phonon contributions to the superconductivity.
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For example, the STO substrate has a stabilizing effect
for the sheering motion of the FeSe layer that serves to en-
hance the total coupling to the Fe and Se derived phonon
modes.22 Another intriguing possibility is the presence
of cross-interface coupling between the FeSe layer and
the substrate.6,23 Evidence for the latter possibility has
been inferred from recent ARPES experiments (Ref. 6
for FeSe/STO and later Ref. 14 for FeSe/BTO), which
observed replica bands 100 meV below the main elec-
tronic bands.6,14 These replica bands were interpreted
as shake-off states produced by the coupling between the
FeSe electrons and an oxygen optical phonon branch in
the substrate.6,23

The shape and intensity of the replica bands have been
used to infer a strong coupling between the oxygen op-
tical phonons and the Fe 3d electrons that is strongly
peaked for small momentum transfers (forward scatter-
ing).6 This is a significant experimental result, as such
coupling can produce substantial enhancements in the
total Tc of FeSe/STO, even in unconventional channels
where phonons are not expected to play an essential
role.6,24,25 Moreover, this cross-interface coupling pro-
vides a natural framework for understanding the Tc en-
hancement in the FeSe/BTO system.14 This momentum
structure has been qualitatively confirmed by recent ab
initio calculations for the interface e-ph coupling.26 How-
ever, in light of the sharpness of the replica bands, the
q-resolution in Ref. 26 is not in line with the sharpness
of the coupling in momentum space that is necessary to
explain this experiment.

Motivated by this, we investigate the e-ph coupling for
films of FeSe on different oxide substrates using ab initio
methods. We first determine the phonon dispersion rela-
tions, the Eliashberg spectral function α2F (ω), and the
total coupling strength λ for the following four systems:
case (a), a monolayer of FeSe on a SrTiO3 substrate
(FeSe/STO); case (b), a monolayer of FeSe on an oxygen-
vacant SrTiO3 substrate with a (1 × 2) reconstruction
(FeSe/STO1x2); case (c), a bilayer of FeSe on a SrTiO3

substrate (2L-FeSe/STO); and case (d), a monolayer of
FeSe on a BaTiO3 substrate (FeSe/BTO). Next, we study
the momentum dependent coupling strength λνq for vari-
ous phonon branches ν and specifically focus on the top-
most branch, an oxygen phonon branch whose energy
coincides with the offset energy of the replica bands mea-
sured by ARPES. Using a similar q sampling, we find all
four systems have a comparable total coupling strength
λ = 0.2–0.3, consistent with the calculation result for
the FeSe/STO in Ref. 26. Furthermore, for all systems
and substrates explored, we investigate the momentum
dependence of the coupling in Sec. III B by computing
the matrix elements g(k,q) at a few q-points at and very
close to Γ. While, as expected from the experiments, we
find a large coupling at q = 0 and negligible couplings
at q 6= 0 in our calculations. We find, however, that the
integrated coupling strength is insufficient to account for
the high Tc observed in the monolayer FeSe/STO system
on its own. This points to a cooperative role played by
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FIG. 1. (color online). Relaxed crystal structures for FeSe
on TiO2-terminated SrTiO3 [BaTiO3 in (d)]. We consider
monolayers of FeSe in (a), (b) and (d) and a bilayer of FeSe
in (c). The arrows indicate the direction and amplitude of
the atomic displacements associated with mode ν = 27 (a),
ν = 48 (b), ν = 39 (c), and ν = 24 (d) (defined in text). The
displacements are vectors us,ν(q) with components uαs,ν(q) =

εαs,ν(q)/
√
Ms, where εαs,ν(q) are eigenvectors defined in the

text. All structures are in a slab geometry where the lattice
is repeated in the ab-plane and separated by a vacuum layer
before being repeated in the c-direction. The vacuum layer is
not shown here.

the cross-interface coupling. We discuss in the end a few
scenarios where the coupling to this branch may be en-
hanced and the necessity of a cooperative pairing mech-
anism between the forward scattering e-ph interaction
and a purely electronic interaction based on the current
results.

II. MODEL AND METHOD

The four crystal structures considered in this work,
each in a slab geometry, are shown in Fig. 1. In all cases
the substrates are one unit cell thick, and terminated at
the TiO2 surface. We set a = 3.905 Å as the in-plane
lattice constant for both the substrate and FeSe layer
and place a vacuum layer around 12 Å in height above
the FeSe layers before the structure is repeated in the c-
direction. All structures are relaxed until a force smaller
than 0.2 meV/Å is found on each atom. The relaxed
structures for all cases are shown in Fig. 1. In Fig. 1(b),
the oxygen atoms in the Ti-O chain along b-direction
have been removed, resulting in the more stable (1 ×
2) reconstructed structure, similar to that inferred from
several experiments1,27 and a theoretical calculation.28

Thus, the lattice constant in the b-direction is doubled
b = 2a in case (b).

The electronic structure calculations are based on den-
sity functional theory (DFT) as implemented in Quan-
tum espresso package.29 The exchange-correlation func-
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tional was taken in the generalized gradient approxima-
tion (GGA) of Perdew-Burke-Ernzerhof (PBE) type30

within a plane-wave pseudopotential representation. We
choose an energy cutoff of 40 Ry (50 Ry) for plane-waves
and 480 Ry (700 Ry) for charge densities (the higher en-
ergy cutoffs are for oxygen-vacant FeSe/STO1x2). A
16 × 16 × 1 (16 × 8 × 1 for FeSe/STO1x2) Monkhorst-
Pack k-grid is used for BZ summations in the DFT cal-
culations. We have checked the computation results with
local-density approximation (LDA) functional, 32×32×1
k-grid sampling, or higher energy cutoffs and found no
qualitative changes to our conclusions.

The dynamical properties of the lattice, including dy-
namical matrices, phonon dispersions, phonon density
of states (PDOS), and e-ph coupling matrix elements
and coupling strengths, are calculated with the density-
functional perturbation theory31 (DFPT) implemented
in Quantum espresso. The dynamical matrices are cal-
culated on a 4×4×1 q-grid (4×2×1 for FeSe/STO1x2)
and then Fourier transformed to force constants in real
space. The ν-th phonon mode of frequency ωqν at any
wavevector q are then calculated using the Fourier in-
terpolation of the dynamical matrices through the force
constants, which is a standard technique.31,32

The e-ph coupling function matrix elements are

gν(ik, jk′) =

(
~

2ωνq

)1/2

〈ψik|∆VSCF(νq)|ψjk′〉, (1)

where q = k′ − k, |ψik〉 is the single-particle Bloch state
characterized by wave vector k and band index i (here
we explicitly write out the band index i instead of sup-
pressing it in k), and

∆VSCF(νq) =
∑
Rl

eiq·Rl

√
N

∑
s,α

1√
Ms

∂VSCF

∂ξαs
εαs,ν(q), (2)

is the self-consistent first order variation of Kohn-Sham
potential due to the small displacement ξαs of atom s in
the direction α of cartesian coordinates. Here, εαs,ν(q)
is the eigenvector of the phonon mode with wave vector
q, branch index ν, and frequency ωνq; N is the number
of unit cells in the crystal; Ms is the mass of atom s ∈
{1, . . . , S} in the unit cell Rl ∈ {R1, . . . ,RN}; and α ∈
{1, 2, 3} is the cartesian coordinate index.

The dimensionless momentum-resolved coupling
strength is defined as

λν(ik, jk + q) = 2NF|gν(ik, jk + q)|2/ωνq, (3)

where NF is the electronic density of states (DOS) per
spin per unit cell at the Fermi level. The dimensionless
“monochromatic” coupling strength is defined as

λνq =
1

N2
FN

∑
k,ij

λν(ik, jk + q)δ(εik)δ(εjk+q), (4)

and the total dimensionless e-ph coupling constant

(EPC) is defined as

λ =
1

N

∑
q,ν

λνq. (5)

For the discussion below, denote λq =
∑
ν λνq and λν =

1
N

∑
q λνq. The Eliashberg spectral function is

α2F (ω) =
1

2N

∑
q,ν

λqνωqνδ(ω − ωqν), (6)

the frequency-dependent EPC is

λ(ω) = 2

∫ ω

0

α2F (ω′)

ω′
dω′, (7)

and the total EPC is λ = λ(∞). Last, the phonon density
of states (PDOS) is D(ω) = 1

N

∑
qν δ(ω − ωqν).

Before continuing, it should be noted that Eq. (4),
widely used in ab initio studies, is an approximate for-
mula because the phonon energy transfer ωνq has been
dropped in one of delta functions in what should be an
energy conserved scattering process (the so called dou-
ble delta-function approximation). If ωνq is not small,
the approximate result from Eq. (4) will deviate from
the more accurate formula, especially for optical phonon
with a finite coupling at q = 0.33 If only the total EPC
is needed and the q = 0 is assumed to have negligible
weight a priori, one can apply Eq. (4) but the conver-
gence of total EPC on the q-grid needs to be checked.
Because of this, a dense q-grid is necessary to accurately
sum over q in Eq. (5). For our systems it is imprac-
tical to directly calculate the coupling matrix elements
on every q-point in such a dense q-grid. Various in-
terpolation techniques are available to circumvent this
difficulty, such as Fourier interpolation by maximally
localized Wannier functions34–36 or by using the auxil-
iary phonon linewidths,37 and an improved tetrahedron
method.38 We use the method in Ref. 37 (as it is al-
ready implemented in Quantum espresso package) to
compute λq on a dense 24× 24× 1 q-grid that is needed
for the summation in Eq. (5). A 32 × 32 × 1 k-grid and
a broadening η = 0.005 Ry is used in Eq. (4). Note,
however, none of the interpolation techniques mentioned
above can properly treat the matrix elements with long
spatial decay in real space, or with a strong peak near
q = 0 in momentum space.39,40 This is most likely to be
the case where q = 0 weight is not negligible. We will
come back to this comment again below.

III. RESULTS AND ANALYSIS

A. Band Structure, Phonon Dispersion and e-ph
Coupling

Fig. 2 shows the calculated electronic band structure
and DOS for the corresponding four cases defined before.



4

−5

−4

−3

−2

−1

0

1

2

3

M Γ X M Y Γ

E
 (

eV
)

O−2p Se−4p Fe−3d 0 5 10 15 20

−5

−4

−3

−2

−1

0

1

2

3

DOS (states/eV)
 

 
Total
Sr−5s
Ti−3d
O−2p
Se−4p
Fe−3d

(a)

−5

−4

−3

−2

−1

0

1

2

3

M Γ X M Y Γ

E
 (

eV
)

O−2p Se−4p Fe−3d 0 10 20 30

−5

−4

−3

−2

−1

0

1

2

3

DOS (states/eV)
 

 
Total
Sr−5s
Ti−3d
O−2p
Se−4p
Fe−3d

(b)

−5

−4

−3

−2

−1

0

1

2

3

M Γ X M Y Γ

E
 (

eV
)

O−2p Se−4p Fe−3d 0 10 20 30

−5

−4

−3

−2

−1

0

1

2

3

DOS (states/eV)
 

 
Total
Sr−5s
Ti−3d
O−2p
Se−4p
Fe−3d

(c)

−5

−4

−3

−2

−1

0

1

2

3

M Γ X M Y Γ

E
 (

eV
)

O−2p Se−4p Fe−3d 0 5 10 15 20

−5

−4

−3

−2

−1

0

1

2

3

DOS (states/eV)
 

 
Total
Ba−6s
Ti−3d
O−2p
Se−4p
Fe−3d

(d)

FIG. 2. (color online). (a) FeSe/STO, (b) oxygen-vacant
FeSe/STO1x2, (c) 2L-FeSe/STO, (d) FeSe/BTO. Left: band
structure. The RGB values of the dots are determined by the
orbital weight: red for O atoms, green for Se atoms, and blue
for Fe atoms. The size of the dots is proportional to the sum
of the orbital weight considered. Right: total and projected
DOS (summed for two spin components).

The results in panel Fig. 2(a) and Fig. 2(b) agree well
with prior calculations.26,28 The bands near the Fermi
level are mainly Fe d bands. Fig. 2(a) shows a peak in
the O-p density of states around −2 eV which however
is absent in the presence of oxygen vacancies as shown
in Fig. 2(b). The similarity of band structure in panel
Fig. 2(a) and Fig. 2(d) indicates that there is only small
difference between STO and BTO substrate in electronic
structure; panel Fig. 2(c) shows the second FeSe layer
simply doubles the Fe d states near the Fermi level. In
panel Fig. 2(b), however, O-vacancy strongly changes the
band structure by electron doping the system and remov-
ing the Fe d hole pockets at Γ. In addition, there is an

0

20

40

60

80

100

M Γ X M Y Γ

ω
 (

m
eV

)

O Ti FeSe 0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4

0

20

40

60

80

100

PDOS (1/cm−1) α2F(ω), λ(ω)
 

 

PDOS

α2F(ω)
λ(ω)

(a)

0

20

40

60

80

100

M Γ X M Y Γ

ω
 (

m
eV

)

O Ti FeSe 0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4

0

20

40

60

80

100

PDOS (1/cm−1) α2F(ω), λ(ω)
 

 

PDOS

α2F(ω)
λ(ω)

(b)

0

20

40

60

80

100

M Γ X M Y Γ

ω
 (

m
eV

)

O Ti FeSe 0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4

0

20

40

60

80

100

PDOS (1/cm−1) α2F(ω), λ(ω)
 

 

PDOS

α2F(ω)
λ(ω)

(c)

0

20

40

60

80

100

M Γ X M Y Γ

ω
 (

m
eV

)

O Ti FeSe 0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4

0

20

40

60

80

100

PDOS (1/cm−1) α2F(ω), λ(ω)
 

 

PDOS

α2F(ω)
λ(ω)

(d)

FIG. 3. (color online). (a) FeSe/STO, (b) oxygen-
vacant FeSe/STO1x2, (c) 2L-FeSe/STO, (d) FeSe/BTO. Left:
phonon dispersion. The RGB values of the dots are deter-
mined by the eigenvector |εαs,ν(q)|2 of the mode ωνq: red for
O atoms, blue for Ti atoms, and green for both Fe and Se
atoms. The size of the dots is proportional to the sum of the
eigenvector components considered. Right: phonon density of
states (black line), Eliashberg spectral function α2F (ω) [red
(gray) line] and e-ph coupling λ(ω) [green (light gray) line].

increment of Ti d states near Fermi level and a quite large
Ti d electron pocket around Γ.

Fig. 3 shows the phonon dispersion relations, the
PDOS, and the EPC λ = λ(∞). One important result
is that the topmost phonon branch (denoted as mode
ν below)—a set of oxygen polar modes—has an energy
around 80–100 meV in each case. The dispersion of this
branch softens to an energy below 80 meV in case (b)
for the system with O-vacant substrate, which can be
explained by the charge transfer between the STO sub-
strate and FeSe monolayer.41 The phonon energy of this
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oxygen phonon is consistent with the inferred ∼ 80 meV
phonon that causes the replica bands seen in ARPES ex-
periment.6 The displacement pattern of the q = 0 mode
is shown in Fig. 1 for each case. These vibrations can
induce excess z-directional dipole moments situated at
a plane near the surface, as suggested in Refs. 6 and
23, and result in an e-ph coupling between the substrate
phonons and the FeSe electrons. Indeed, we find that this
mode alone contributes a sizeable amount to the total e-
ph coupling strength and has a relatively flat dispersion,
resulting in a sharp peak in the Eliashberg spectral func-
tion α2F (ω) (right panels in Fig. 3). Our result shows
this peak is not unique to FeSe/STO system,26 but also
exists in BTO and or O-vacant STO substrates. Further
investigation, presented in the next section, shows that
most of the coupling to this oxygen mode is due to the
intraband matrix elements of zero momentum transfer.

We stress that there are two factors that contribute to
an overestimation of λ. First, the standard interpolation
techniques do not work properly when the coupling is
strongly peaked at q = 0, as they tend to overestimate
the width of the peak in momentum space. Second, this
mode has a finite contribution at q = 0, which will be
strongly boosted by the double delta-function approxi-
mation. The net result is that the contribution of this
coupling to total EPC λ(∞) in Fig. 3 is overestimated
and should be considered as upper limit of the EPC in
these systems. For the same reasons, the calculated cou-
pling strengths and widths in q-space in Ref. 26 are over-
estimated.

Before we introduce a proper way to characterize the
q-dependence of the e-ph interaction without resorting
to the double delta-function approximation, we compare
some other aspects of the four cases. First, from the
color-coded dispersion relations, we see that the phonon
modes of FeSe layer are all below 50 meV. We again find
the two systems—(a) FeSe/STO and (d) FeSe/BTO—
have a similar phonon spectrum, PDOS, and EPC. (One
difference is that the Ba atom has a large weight in
the eigenvector of the lowest modes in panel (d) as the
weights plotted for O, Ti, and FeSe are small.) Com-
paring Fig. 3(a) and Fig. 3(c), we find that the second
layer of FeSe doesn’t alter the existing phonon modes too
much and seems to only add more phonon modes below
50 meV. Nevertheless, the corresponding e-ph coupling
is smaller. Finally, the total EPC for case (b) is also
smaller than the other cases. We summarize the quan-
titative results in Table I. In the table, we define ωln =
exp

(
2
λ

∫
dωω−1α2F (ω) lnω

)
and

∫ ωD

0
D(ω)dω = 3S/2,

where D(ω) is the phonon DOS, 3S is total number of
phonon modes, and ωD is the Debye energy defined here.

B. Momentum Dependence of e-ph Coupling

When we consider the momentum q dependence of the
e-ph coupling as defined in Eq. (4), we find a few disad-
vantages that are related to the double delta-function

TABLE I. Numerical values of the calculation result for all
cases: (a) FeSe/STO, (b) oxygen-vacant FeSe/STO1x2, (c)
2L-FeSe/STO, and (d) FeSe/BTO. The DOS NF is per spin
per unit cell. The particular oxygen mode is ν = 27 (a, d),
ν = 48 (b), and ν = 39 (c).

Case λ λν NF (states/eV) ωln (meV) ωD (meV)

(a) 0.283 0.040 1.00 29.8 31.0

(b) 0.193 0.022 3.67 25.9 27.8

(c) 0.227 0.025 2.02 25.9 31.1

(d) 0.321 0.038 1.00 27.7 30.0

approximation we mentioned before. First, the two delta
functions in Eq. (4) require a large k-point sampling to
achieve an accurate result, so the k-summed coupling
strength is sensitive to k-grid and Fermi surface broad-
ening. Second, the nesting property of the Fermi sur-
face, i.e., the phase space for scattering on the Fermi sur-
face, will strongly affect the value of the two delta func-
tions and make it difficult to infer or compare the mag-
nitude of the coupling matrix elements |gν(ik, jk+q)| or
λν(ik, jk + q) from the calculated λνq.

In order to circumvent these difficulties, we define a
Fermi surface average 〈λνq〉 by separating the nesting
property and the matrix elements in λνq. We begin with
the phonon linewidth34,42

γνq = − Im Πνq =
2πωνq
N

∑
k,ij

|gν(ik, jk + q)|2

× f(εik)− f(εik + ωνq)

ωνq
δ(εjk+q − εik − ωνq), (8)

where Πνq is the phonon self-energy and f(x) =
1/[exp(x/T ) + 1] is the Fermi distribution function. We
have replaced εjk+q in the second Fermi distribution with
εik + ωνq. The “monochromatic” coupling strength is
then given by

λ̃νq =
γνq

πNFω2
νq

. (9)

Only when ωνq is much smaller than the temperature

broadening, do we have λ̃νq ≈ λνq. Next, we define the
nesting function43,44

ξ̃(q, ωνq) =
1

N

∑
k,ij

f(εik)− f(εik + ωνq)

ωνq

× δ(εjk+q − εik − ωνq), (10)

and the approximate form

ξ(q) =
1

N

∑
k,ij

δ(εik)δ(εjk+q). (11)

Some of the properties of ξ(q) are discussed in Ref 44.
It’s easy to see N−1

∑
q ξ(q) = N2

F. Finally, we define
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the new k-averaged coupling constant as

〈λνq〉 =
N2

Fλνq
ξ(q)

, (12)

〈λ̃νq〉 =
N2

Fλ̃νq

ξ̃(q, ωνq)
. (13)

These coupling constants charactrizes the q dependence
of the e-ph matrix element |gν(ik, jk+q)|2, independent
of the Fermi surface shape and the size of phase space
for scattering processes determined by the Fermi surface
shape. The tilde (̃ ) indicates including the phonon fre-
quency in one of the delta function, while the non-tilde
notation means the double delta-function approximation
is applied.

In Fig. 4(a), we plot the calculated λνq and the mode-
summed λq =

∑
ν λνq, using a denser 8×8×1 q-grid to il-

lustrate the momentum dependence of the interaction. In
Fig. 4(b), we plot 〈λνq〉 and 〈λq〉, which were computed
using the e-ph coupling matrix elements gν(ik, jk + q)
directly calculated by DFPT at each momentum q with
a 16×16×1 k-grid and then interpolated to a 64×64×1
k-grid for the k-sum. Only the bands i, j crossing the
Fermi level are included in the sum. The delta function
is approximated by a Gaussian δ(x) = 1√

πη
e−x

2/η2 . The

temperature broadening in the Fermi distribution func-
tion and Gaussian broadening in the delta function are
both set to 0.005 Ry.

In Fig. 4(a), we see the mode-summed couplings have
a very strong q-dependence, whether we use exact Eq. (9)
or approximate Eq. (4); however, in Fig. 4(b), the mode-
summed couplings all reach a comparable level across
the high symmetry path when the size of phase space for
scattering processes is separated by the normalization of
the nesting function. This indicates that the total e-ph
interaction, averaged over all modes, is fairly momentum
independent. In contrast, 〈λνq〉 (and 〈λ̃νq〉) of the oxy-
gen mode ν = 27 (for FeSe/STO system), is still peaked
at q = 0. (Mode ν = 24, which corresponds to the opti-
cal oxygen branch at ∼ 60 meV, shows similar behavior
but is not plotted.) Since 〈λνq〉 truly reflects the magni-
tude of the matrix elements near the Fermi surface, the
matrix elements must also peak at q = 0 and decay very
fast away from it.

We can verify this in Fig. 5, where we plot 〈λνq〉
and the relevant matrix elements at a few selected q-
points very close to q = 0. [We calculate q = (0, 0, 0)
and (0, π/64, 0) for case (a) and (d); q = (0, 0, 0) and
(0, π/16, 0) for case (b); but only q = (0, 0, 0) for case
(c) because of the difficulty of convergence in case (c) for
q very close Γ point.] Here, results are again shown for
the topmost phonon mode of each case that we consid-
ered. Note, 〈λνq〉 is the average of corresponding ma-
trix elements (insets in Fig. 5) summed over different
bands; by definition only the matrix elements near the
Fermi surface contribute to the average, and the size of
the phase space for the scattering processes doesn’t af-
fect 〈λνq〉 because it is normalized with respect to the

nesting function. Although it is consistent with values
on the coarse q-grid shown in Fig. 4, the matrix elements
decays surprisingly fast away from q = 0. The estimated
peak width is smaller than π/64, as shown by the bar

graph of 〈λνq〉. 〈λ̃νq〉 is similar. This result shows that
all four cases we have considered here have a non-zero
q-dependent e-ph coupling with the topmost oxygen op-
tical phonons, and that this interaction is strongly peaked
at small momentum transfers. This result also demon-
strates that the width of this interaction in momentum
space is much narrower than the one inferred in Ref. 26
with the use of the double-delta function approximation
and problematic interpolation methods.

We have cross-checked the existence of the striking dif-
ference between coupling matrix elements at q = 0 and
q 6= 0 and found that it is a consistent result, appearing
when we use LDA, PBE, and PBEsol types of exchange-
correlation potentials in both norm-conserving and ultra-
soft pseudopotential up to q = (qx, 0, 0) with qx as low
as 1

200
2π
a .

IV. DISCUSSION

〈λq〉 at q = 0 shown in Fig. 4(b) indicates it has a
sizable contribution to the total EPC λ. The approxi-
mate nesting function is also overestimated at q = 0;45

this is why λq is so large in Fig. 4(a). Due to the
concurrence of these two effects, the calculated total
λ = N−1

∑
q λq = N−1

∑
q〈λq〉N−2F ξ(q) could also be

overestimated, depending on factors such as the density
of the q-grid and size of the broadening. Since in all the
interpolation techniques mentioned before, the coupling
at q = 0 is extrapolated to a finite region, it is important
to resolve this region in the initial matrix elements by
direct calculation as we have shown in Fig. 5. We have
indeed found the calculated λ for a 8 × 8 × 1 q-grid is
smaller than that listed in Table I for a 4× 4× 1 q-grid.
In either case, the calculated total e-ph coupling strength
λ = 0.2–0.3 for all four systems we have considered can-
not account for the high Tc ∼ 70 K observed experimen-
tally through the conventional phonon mediated pairing
mechanism.

On the other hand, ARPES experiments6,14 found
replica bands in the electronic structure in these sys-
tems, suggesting a strong e-ph coupling to phonons with
mode energy ∼ 100 meV.6,23 We have also found the sug-
gested oxygen mode in our calculations for FeSe on STO
or BTO substrates. More importantly, as shown in Fig. 4
and Fig. 5, all of these systems have a sharp peak and a
non-zero coupling strength near q = 0, i.e. they favor for-
ward scattering process. The study in Ref. 24 suggests
that the coupling to forward scattering process results
in a Tc that depends linearly on the coupling constant,
where an estimated coupling strength ∼ 0.15–0.2 for the
single mode alone can account for the total Tc ∼ 70 K
if the Coulomb pseudopotential µ∗ is neglected. There-
fore, the Tc enhancement due to this oxygen mode can
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FIG. 4. (color online). The q-dependence of the e-ph cou-
pling strength λq for FeSe/STO system. λνq for topmost
mode ν = 27 is also shown. (a) Coupling strength calculated

with approximated (λ) and exact formula (λ̃). (b) Averaged
coupling strength, i.e., coupling strength in (a) normalized by
the corresponding nesting function.

be much larger than that expected from the conventional
phonon mediated pairing mechanism. However, the cou-
pling strength we obtain here for coupling to this single
oxygen branch (λ = 0.02–0.04) is still too small to ac-
count for the full Tc, even when we consider the more
effective pairing produced by the strong forward scatter-
ing nature of the interaction.

At this time there are a number of factors that could
provide a satisfactory explanation for this discrepancy.
The first is that the e-ph coupling can be enhanced when
the correlations46 or magnetic structure26 are consid-
ered. In Fig. 6, we plot 〈λνq〉 (summed for two spins)
and the spin-dependent matrix elements from the calcu-
lation for FeSe/STO with a checkerboard antiferromag-
netic (cAFM) spin configuration [denoted as the case (e)].
The electronic structure (not shown) and the enhanced
total e-ph coupling constant λ are consistent with the pre-

0
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0.04

0.06

0.08

0 q=π/64 q=π/16
 

 

(a)

(b)

(c)

(d)

(a)

(d)

(b)

i,j=4,4
ν=27

i,j=3,3
ν=48

i,j=8,8
ν=39

i,j=4,4
ν=27

(a) 〈  λ
νq

 〉

(b) 〈  λ
νq

 〉

(c) 〈  λ
νq

 〉

(d) 〈  λ
νq

 〉

0

0.08

0.16

FIG. 5. (color online). The coupling strength 〈λνq〉 by aver-
aging the matrix elements (bar graph) and intraband coupling
matrix elements λν(ik, jk+q) in the first Brillouin zone (the
rectangular inset panels) for a few q-points near q = 0 for
four cases: (a) FeSe/STO, (b) oxygen-vacant FeSe/STO1x2,
(c) 2L-FeSe/STO, and (d) FeSe/BTO. Here, q = (0, q, 0) 1

a
and mode ν is the topmost mode in the dispersion for each
case. Only one pair of (i, j) bands is shown for each case. The
corners of each inset are Γ points and the center M point. The
magnitude of the matrix elements is indicated by the colorbar
with darker color for lower value and brighter color for higher
value (any out-of-limit value is indicated by black or white).
The green solid line in the inset panels is the electron pocket
for the corresponding band. The matrix elements plotted in
the inset panel is multiplied by 400 at qy = π/64 and by 10
at qy = π/16.

vious calculation for FeSe/STO case;26 however, 〈λνq〉 for
topmost oxygen branch decays at least as fast as in the
other cases we have shown and therefore the integrated
coupling for this branch is still quite small, albeit a large
enhancement at q = 0. Furthermore, there are indica-
tions that strong electronic correlations can renormal-
ize the e-ph coupling preferentially at small momentum
transfers.46,47 In order to address this possibility exten-
sions beyond DFT are likely required.22,25 Another pos-
sibility is that vertex corrections to the e-ph interaction,
which were neglected in Ref. 24, may need to be included
since they can enhance Tc in the perturbative regime
when the e-ph interaction is peaked at small momentum
transfers.48–50 Our DFT results hint that FeSe/STO is
in this regime providing that a finite integrated coupling
strength from the forward-focused coupling of the oxygen
mode can be obtained with an improved method.

Another possible explanation is that the ferroelectric
substrate and the two-dimensionality of our system needs
a more careful treatment that is beyond the current stan-
dard DFPT routines.39,40,51 For example, by proposing a
charge depletion region across multiple unit cells in the
STO substrate near the interface, Zhou et al.52 obtained
from calculations a much larger total coupling strength
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FIG. 6. (color online). The coupling strength 〈λνq〉 by aver-
aging the matrix elements (bar graph) and intraband coupling
matrix elements λν(ik, jk+q) in the first Brillouin zone (the
inset panels) for two q-points near q = 0 for cAFM FeSe/STO.
Here, q = (0, q, 0) 1

a
and mode ν is the topmost mode in the

dispersion. (e1) and (e2) are for the electron pocket at M
for spin-up and spin-down component, respectively. (e3) and
(e4) are for the hole pocket at Γ for spin-up and spin-down
component, respectively. The corners of each inset panel are
Γ points and the center M point. The green solid line in the
inset panels is the Fermi pocket for the corresponding band.
The matrix elements plotted in the inset panel is multiplied
by 2000 at qy = π/64.

λ ∼ 0.4 to the topmost oxygen phonon branch, which
is peaked at small q. Furthermore, the exact structure
of the terminating layer of the substrate has yet to be
determined. One recent experiment53 found the top two
layers of the STO substrate (prepared by Se etching) are
two adjacent TiO2 layers. If oxygen vibrations in both
layers contribute to the coupling to the d electron in FeSe
layer, a stronger coupling strength is expected.

Finally, the unconventional channel of electronic pair-
ing mechanism can play an equal, if not larger, role in
the high Tc in monolayer FeSe/STO or FeSe/BTO sys-
tems. There is growing experimental evidence for this
scenario. For example, the observation of superconduc-
tivity with Tc ∼ 40 K by field-effect 54–56 and potassium
doping/surface coating57,58 on FeSe thin films supports
this conclusion by indicating the action of an unconven-
tional pairing mechanism. However, without the STO or
BTO substrates, the Tc does not reach the value ∼ 70 K,
as shown by the experiments on potassium surface coat-
ing on bulk FeSe crystal.59,60 The presence of an elec-
tronic pairing mechanism can also explain the fact that
the bilayer FeSe/STO shows similar phonon spectrum

and e-ph coupling strength, but doesn’t superconduct in
reality. Since the forward scattering pairing are mainly
intraband in nature, it can work in conjunction with the
unconventional pairing mechanism in most instances and
explain the high Tc observed in the monolayer FeSe sys-
tems with the cooperative pairing mechanism.

V. CONCLUSIONS

We have calculated the phonon spectrum and e-ph cou-
pling strength for a monolayer and bilayer of FeSe on a
pristine STO or BTO substrates or on an O-vacant STO
substrate. We have found an interfacial 80–100 meV fer-
roelectric oxygen phonon branch couples to Fe d electrons
in all model structures. The energy of this mode coin-
cides with the offset of the replica bands measured in
ARPES and the coupling matrix elements has a sharp
peak in q-space, preferring forward scattering process.
Although the calculated coupling strength is insufficient
to explain the high Tc observed by ARPES experiments
through phonon-mediated pairing mechanism for either
the momentum independent coupling or the forward scat-
tering coupling, our results suggest that the inferred cou-
pling enhances Tc through a cooperative mechanism with
an unconventional pairing channel. Other types of struc-
tures with different terminating layers of the substrate
or more advanced treatment of the polar property of the
ferroelectric substrate can possibly lead to a moderate
but sufficient coupling strengths. Exploring these possi-
bilities is left for future work.
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