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We study momentum-space entanglement in quantum spin-half ladders consisting of two coupled
critical X X Z spin-half chains using field theoretical methods developed in Lundgren et al. [Phys.
Rev. B 88, 245137 (2013)], and exact diagonalization. When the system is gapped, we analytically
find the momentum-space entanglement Hamiltonian is described by a chiral conformal field theory
with a central charge of two. This is in contrast to entanglement Hamiltonians of various real-space
partitions of gapped-spin ladders that have a central charge of one. When the system is gapless, the
entanglement Hamiltonian consists of one gapless mode that is linear in subsystem momentum and
one mode with a flat dispersion relation. In the gapless region, we extend the work of Lundgren et al.
to include the effect of a certain irrelevant term on the entanglement spectrum. In both the gapless
and gapped phases, the momentum-space entanglement entropy obeys a volume law. In the gapless
region, we find a subleading constant term in the entanglement entropy which contains information
about the underlying field theory of the system. The analytical predictions for the entanglement
spectrum are consistent with results from exact diagonalization.

PACS numbers: 71.10.Pm, 03.67.Mn, 11.25.Hf

I. INTRODUCTION

Quantum entanglement has become an indispensable
tool in the study of condensed matter physics. In partic-
ular, the topological entanglement entropy [1, 2] and the
entanglement spectrum [3] have played a significant part
in understanding and identifying exotic phases of mat-
ter. The entanglement spectrum is obtained as follows:
First a system is partitioned into two regions, A and B.
This partition is usually made in real-space. Given the
reduced density matrix of A, pa, where p4 is obtained
from the full density matrix, p, (formed from the ground
state wave-function) as pa = e H¢ = Trp(p), the entan-
glement spectrum is the set of eigenvalues of H., which is
called the entanglement Hamiltonian. The entanglement
entropy, S, can be obtained from the entanglement spec-
trum as S = —Trpalnp4. In a real-space partition, the
entanglement entropy for topologically ordered states is
equal to a|0A| — v, where « is a non-universal constant
term, |OA]| is the length of the boundary between regions
A and B, and 7 is the topological entanglement entropy.
The topological entanglement entropy and (real-space)
entanglement spectra has been studied in many systems
including quantum spin chains [4-14] and ladders [15-22],
fractional quantum Hall systems [3, 23-33], Chern insu-
lators [34, 35], symmetry broken phases [36, 37], topolog-
ical insulators [38—42], and other systems in one [43, 44]
and two dimensions [45-53].

Recently, several works on the entanglement entropy
and spectrum in one dimension have used a momentum-
space partition. This partition is motivated in part by the
low-energy description of one-dimensional systems, which
involves splitting particles into right and left movers
[54, 55]. The momentum-space entanglement spectrum
was first studied in the bosonic formulation of the Heisen-
berg spin-half chain [56], where it was found to reveal in-
formation about the underlying conformal field theory by

the counting of entanglement levels and an entanglement
gap. Ref. [57] studies the momentum-space entanglement
spectrum of both fermionic and bosonic formulations of
the X X Z spin-half chain. For the bosonic formulation,
Ref. [57] finds that the entanglement gap seen in Ref. [56]
does not extend throughout the critical region. For the
fermionic formulation, the momentum-space entangle-
ment Hamiltonian does not capture physical phase tran-
sitions. While this might seem like a drawback, Ref. [57]
highlights that these results might be useful for numerical
algorithms, such as the momentum-space density matrix
renormalization group. The momentum-space entangle-
ment spectrum has also proved useful in characterizing
disordered fermionic systems [58, 59] and critical spin-1
chains [60]. Entanglement entropy between left and right
movers was also recently studied in the context of string
theory [61]. We note that the entanglement entropy of a
momentum-space partition where fast modes were traced
over, instead of partitioning left and right movers as done
in this paper, was studied in Ref. [62].

Inspired by these results on the momentum-space en-
tanglement spectrum, we analytically and numerically
study the momentum-space entanglement spectrum and
entropy between left and right movers in Heisenberg spin-
half ladders. The legs of the ladder consist of spin-half
XXZ chains of length L, described by the following
Hamiltonian (with periodic boundary conditions):

- J + zQz Qz
Z 9 S Sa ,i+1 +Sa zSa z+1) +J a,iSa,i+1’
i=1
(1)
where S i» Sa,i and Sg ; are the standard spin-half op-

erators on leg o € {1, 2} and site ¢ € {1,...,L}. We take
the interchain coupling between the legs of the ladder to



be

L /oy
H, = Z <§‘(Si’1551 + Sl_zS;rl) + Jijl-Sji) . (2)
i=1
H, couples spins that are on the same rung of the lad-
der. The total Hamiltonian, which hosts both gapless and
gapped phases, is then H = H; + Hy + H . Throughout
this work, we assume that [J7Y|, [J5 | < J*¥ and J*Y > 0.

By mapping the spin-ladder to a low-energy bosonic
field theory and then expanding interchain interactions
to quadratic order in fields (as done by Lundgren et al.
[21]), we are able to analytically obtain the momentum-
space entanglement spectrum and entropy between left
and right movers. If the system is gapped, we notably find
the entanglement spectrum is described by a chiral con-
formal field theory with a central charge of two. This is in
contrast to the entanglement Hamiltonian with a central
charge of one that has been found in various real-space
partitions of gapped spin ladders (we note for these real-
space partitions the entanglement Hamiltonian is non-
chiral). These partitions include tracing out one leg of
the ladder [15-17, 21, 22] and every other rung [63, 64]. If
the system is gapless, the entanglement Hamiltonian has
one gapless mode (with unit central charge one) and one
dispersion-less mode. In the gapless region, we also in-
clude the effect of a certain formally irrelevant term (in
the renormalization group sense) on the entanglement
spectrum, extending the work of Ref. [21]. These analyt-
ical predictions are consistent with exact diagonalization
results for system sizes up to 14 sites.

In addition, we find that the entanglement entropy
scales with the length of the ladder, i.e. a volume law, re-
gardless of whether the system is gapped or gapless. This
volume law is also in contrast to the standard area law
usually seen in real-space systems [65] (certain real-space
systems can have volume laws [66-69]). We note that the
entanglement entropy between coupled spin chains also
scales with the length of the ladder (this is actually an
example of the area law as the entanglement entropy be-
tween the coupled spin chains scale with the length of the
partition) [70-72] . In the gapless case, we interestingly
find a subleading constant term in the entanglement en-
tropy that reveals information about the underlying field
theory of the system.

Our paper is organized as follows: In Sec. II, we intro-
duce the low-energy field theory of the spin ladder under
study. In Sec. III, the momentum-space entanglement
spectrum and entropy is calculated for this model. In
Sec. IV, we compare our analytical predictions for the
entanglement spectrum to exact diagonalization results.
Finally, in Sec. V, we summarize our results and present
our conclusion.

II. LOW-ENERGY FIELD THEORY

We now present the low-energy model of the system
in terms of bosonic fields. See Ref. [54] or Ref. [55] for

a review of Abelian bosonization. The transformation is
summed up in the spin-to-boson transformation

St eivAtal)

57(0) = 252 = S (1) reos(VITOu(a)) (3
and
530 = 224 =~ 0,0u(e) + E con(Varon o)

(4)

where a is the lattice constant.
For this work, we consider the range of parameters for
the legs of the ladder, 0 < A = j]my < 1. For this range of

A, the X X Z spin-half chain is critical and the bosonized
Hamiltonian of a single chain takes the form

1
Ha = g/dx (K(awaoz)2 + K(81¢@)2) ’ (5)
where

T oy /1 — A2

K = " = _—
“ 2cos™1(A)

2(m — cos—1(A))’ (6)

Each leg of the ladder is composed of left and right mov-
ing modes. At K = 1, there is no entanglement between
left and right movers (when the legs of the ladder are
uncoupled) [54, 55].

Introducing symmetric and anti-symmetric fields as
follows

¢i:§;mi¢mei:i;&i%x (7)

the total Hamiltonian is

H= % /dx <K+(6x9+)2 + K1+(3w¢+)2>

e / de (K (0,0-)% + Kl_wmf) +
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(8)

where g; = g, = J7a, G, = wJ{Ya, and

1 1
KJia\ ? KJ7a\?
Ki:K<1ﬁ: Ji“) ,ui:u<1j: Ji“) .
T™U T™U
(9)

We have ignored an umklapp term that is proportional
to J? cos(v8mp, ) cos(v/8mp_) and another term pro-
portional to g, cos(v/2m0_)cos(v/8m¢_), as these two
terms are always less relevant than the other terms for
the range of parameters considered in this work. The




cos(v/2m6_) cos(v/8mp, ) term is less relevant than first
three cosine terms and will not play an important role
unless J§ = 0 (see Sec. IIC).

For a wide range of A, Eq. (8) describes the Hal-
dane phase for ferromagnetic rung coupling and the rung-
singlet phase for anti-ferromagnetic rung coupling [54, 55,
73]. There are three cases of interest based on the rela-
tive scaling dimensions of the cosine terms. The scaling
dimensions of cos(v/270_), cos(v8mp_), cos(v/8mpy),
are (2K_)~' 2K _, 2K, respectively. We now consider
each of the three cases separately.

A. JV#0, J7#0, Ko > 1

We first consider the case when Jj # 0. For J5 # 0,
the last term in Eq. (8) is less relevant than the other
interaction terms and we ignore it. The symmetric and
anti-symmetric modes are now separate. For K_ > %,
the most relevant operator is the cos(v/276_) term [54],
thus we drop the cos(v/8m¢_) term (strictly speaking, at
K_= %, both cosine terms are equally relevant, but it is
a useful approximation to neglect the cos(v/8m¢_) term
due to SU(2) symmetry present at K_ = 3 [74].). The
effective Hamiltonian for this range of parameters is then
HA = Hj_‘ + HA, where

A= [ (K+(3$9+)2 " 1(am¢+>2)
2 Ky

(2271_9;)2 /dx cos(V8mpy)  (10)

1= [an (K007 + - 0.007) +

(22:1‘1)2/dxcos(\/ﬂ9). (11)

For A between 0 and 1, both the symmetric and anti-
symmetric channels are energetically gapped.

B. Ji#0, K_.<1

We now consider the case when K_ < i. This set of
parameters also includes the case when J|¥ = 0, which
is treated numerically later. The most relevant inter-
action term in the anti-symmetric channel is now the
cos(v/8m¢_) term [54], and we ignore the cos(v/2m0_)
term. We note that, whereas, the symmetric channel is
always gapped for the range of A considered, the anti-
symmetric channel is gapless for a small region around

=1 [73]. For example, if J% = .2 the model is gapless
from A =0 to A =~ .048. More concretely, if K_ < 1 the
anti-symmetric channel is gapped. The effective Hamil-
tonian for this range of parameters is H? = Hf + HB,

1

(22:;)2 /dm cos(V8mpy)  (12)

=5 [ (K@ + g-@.0) +

+ 29; /dxcos(\/877r¢f)- (13)

and

We finally consider the case when J; = 0, which re-
quires a bit more care, as less relevant operators become
important. The Hamiltonian now reads,

/d:v <K+(8 01)° + . (3x¢+)2>

+/dw( (0:04 + 3 (0017 +

2 a
G e /dxcos(\/Qﬂ'@_)—&—

/ dx COb

Under renormalization group flow, the cos(v/2760_) term
will increase, while the cos(v/276_) cos(v/8mé, ) term ini-
tially decreases [73]. As pointed out in Ref. [73], this
means 0_ essentially becomes pinned and we can write
the following effective Hamiltonian for the symmetric
channel for this range of parameters as

H:“

6) cos(V8mgy).  (14)

U 1
1 =% [an (o000 + - (0.0.°)

A G,
+2 (@ra)? /dxcos(\ﬁqﬂ) (15)

where A = (cos(v/2mf_)). The expectation value of
cos(v2m0_), A, is taken with respect to

2G,
(27ma)?

b0+

/dxcos(f@) (16)

We thus see the effective Hamiltonians in Sec. IT A
and IIC are the same upon swapping J% with AnJ7¥/2
in the symmetric channel. As such, we only need to cal-

culate the entanglement spectrum for the Hamiltonian in
Sec. IT A and IIB.



IIT. MOMENTUM-SPACE ENTANGLEMENT
SPECTRUM AND ENTROPY

In this section, we calculate entanglement entropy and
spectrum between left and right movers. These left and
right movers are free only when the legs of the ladder are
uncoupled and the legs of the ladder are at the X X point
(A = 0). This is equivalent to the momentum-space par-
tition that is considered for the fermionic representation
of the X X Z chain in Ref. [57].

We now calculate the entanglement Hamiltonian for
the Hamiltonians in Secs. IT A and IT B. We first introduce
left and right moving fields,

¢R,a + ¢L,a ¢a,L - ¢a,R
Viam Viar

As mentioned earlier, when K = 1, the left and right
movers of a single chain are free (when the legs of the
ladder are not coupled). When K # 1 there is finite en-
tanglement between left and right movers, even if the legs
of the ladder are uncoupled, in this basis. The left and
right moving fields have the following mode expansion
21]

¢Oé = ) 004 = (17)

x
Pa,R = Pa,r,0 + 27Ny p—+

L
zkz —zkz
Z L|k ( + ak a® )) (18)
k>0
and
T
¢a,L = ¢a,L,0 + 27TNa,LZ+
ikx —ikx
Z L|k (aka +aka )) . (19)
Here, aj; are bosonic operators describing oscillator

modes and ¢4 1/r,0 and N, 1/ are the zero modes. The
zero modes, ¢ 1/r,0 and Ny 1 R, satisfy the commuta-
tion relations

[¢a,R,O7 No/,R] = _ida,aH [Qba,L,Oa No/,L] = i(sa,oz“ (20)

For completeness, the mode expansions of the symmetric
and anti-symmetric fields, introduced in Eq. (7), are

. X
O+ =Pt + Wiz-i-

1 1IRT —IRT
E 2L\k|(a2 iek +ay ye ik ), (21)
k#0

X
Or =0s0tmes+

Sgl’l(k) ikx —ikx
Z ST (azie kx o ay, € k ), (22)
770 V2LIK|

where we have defined

by o= <(¢1,L,0 + ¢1.r0) £
;0 \/8777
(01L0 _GIRO) + (GQL_O _GQRO))
Orp=|—""— L0 7 RO)) (23D
=0 ( NES (23b)

®2,0.,0 + ¢2,R,0)) (23a)

- + N.
Fip= VA (ﬁ) , (230)
7Ti,O =V 27‘(’ (M1 + Mg) 5 (23d)
(ak1 £ ak2)
ap + = ————%, 23e
bt NG (23¢)
Ni,L—Ni,r
where N, = NLL + Nl,R and M, = — Ty In
quantum spin chains, Ny, M, € Z [75]. The commuta-
tion relations (which can be derived using Egs. (20) and

(23)) that are important for this work are
2 [¢—,077T—70] =i. (24)

We now find the ground state of the total Hamiltonian,
Eq. (8). After finding the ground state, we can easily ob-
tain the momentum-space entanglement properties of the
model. Following Ref. [21], we expand the cosine terms
to quadratic order in field strength. In Ref. [21], the
momentum-space entanglement spectrum and entropy
was calculated for a single Tomonaga-Luttinger liquid.
In the present case, we have two uncoupled Tomonaga-
Luttinger liquids. However, we will see that analytical
treatment of the zero modes is slightly different than for
the case of a single Tomonaga-Luttinger liquid, so we pro-
vide a detailed derivation of the entanglement spectrum
and entropy (the analytical treatment of the oscillator
modes remains the same). The scalar fields from the
quadratic Hamiltonian are then mode expanded and the
Hamiltonian is diagonalized via a Bogoliubov transfor-
mation. For small values of J; and J7, this expansion
should be done after the coupling grows under renor-
malization group flow. As such, our approach is valid
when the system size is larger than the correlation length.
The analytical predictions obtained from this method
have been numerically investigated with exact diagonal-
ization in Ref. [21] and Ref. [57]. Excellent agreement
was found between the analytical and numerical results.
The method developed in Ref. [21] was also recently used
to study the real-space entanglement spectrum of wire
constructions of fractional quantum Hall phases [76].

While this approach works for a wide range of cou-
plings, we note if the field is in a superposition of being
localized on different minima of the cosine, this approach
breaks down. However, due to the compactification of the
bosonic fields in the Haldane and Rung-singlet phases, we
do not have to worry about this issue in this work.

[¢+,077T+,0] =1, [9—,077?—,0} =

A. JL#0,JE 40, K- <1

We first consider the Hamiltonian in Sec. IT A. Recall
these results also apply for the parameters in Sec. IIC



upon switching ArJ7¥/2 for J5 in the symmetric chan-
nel. We note that due to the locking of the ¢4 and 6_
fields, the winding modes of these fields must be sup-

pressed, i.e. 7y = m_ = 0. We expand the cosine terms
as

2G, u_mi‘ K_ ~

2m0_) ~ (- —0_

Gra) cos(V2ml_) ~ const. + 5 (0 —0_p)

. (25)
an

2 /; A +
(2 (L) COS( (b"r) ~ const. + 2K+ ((b"r - (b-‘r 0) )

_ _ (26)
where ¢4 ¢ and 0_ o are the locking positions. Plugging
in the mode expansion and writing Hy = HZ*™° + H,
we find for the oscillator portion,

Hose — us Z (a a i) Asg+ B %k,i
k£ Bag+ Aapx) \aly 4

k0
(27)
with
1/ 1 my
A = (—+K,)|k ’
Ak, + 2<K++ +> |+2|k"K )
1/ 1 mA .
Bass = (g~ Ko ) I+ g
tTo\k, Tt 2| k| K (28)
A NGRS T L
ke =g (g TR I
1/ 1 K_m? _
Bpap_=-—-K_ )|k :
e =3 (=) W=

By performing a Bogoliubov transformation,

ag,+ \ _ (cosh@ 4 sinh 4 bi,+ (29)
aT_ki ~ \sinh6 1 coshfy 4 bT_ki ’

with

A
COSh (29A,k,i) = ﬁ,
B
sinh (20A,k,:t) = —#’:’i,
ok, +

Akt = \/A,zcx,k,i —Birs= \/k2 +mZ4 ., (30)

the oscillator part of H. is diagonalized as

1
Hy =us Z AA k£ (b;i,ibk,i + 2) . (31)
k0

We thus have a Klein-Gordon Hamiltonian with a mass
gap u+ma, +. Renormalization group calculations to low-
est order in J, and J7 yields

1
4K g, \ THRT
mas = <+9> T )

a \ Tuy

and

ma— _“( 4Gq )2”‘. (33)

a \mu_K_

For the details of this calculation, see Ref. [54] or [55].
The ground state |0) of H# is specified by the condi-
tion that by +£|0) = 0 for all £ # 0. For the zero mode
contribution we find

2
zero Ut 2 K+ LmA + 2
g = M2 B A g 07 (34
+ 2 + L K+ ( +,0 ) (
Zero u— 2 1 2
HZ® = 7(” Tk +Lm% _K_(A0-0)*),  (35)

where we have defined A¢1 g = ¢4 0— qgi,o and Afy o =
010 — éi 0. We note that the reduced density matrix of
left or right movers can be factored as pg = p%™ @ p%°.
Furthermore, we can factorize pii“ as p%’¢, @ p% .

We are now in position to calculate the oscillator part
of the reduced density matrix, p%°, using methods of
free theories originally introduced by Peschel [77]. We
first calculate the two-point correlation function for right

moving particles. This is given by

cosh(20 +) — 1

: (36)

<O|a2,ia’k,i|0> = sinh®0y 4 =
Introducing the ansatz,

osc 1 —HZ*¢

Phy = 7% e = Trengvsi7 (37)

0OSC
) Ze,i
with

OSsC 1
et = Zwki (C‘L,iaki + 2) ; (38)

k>0

an alternate expression for the two-point correlation
function is given by the Bose distribution function,

osc 1
Q) e —— (39)

t
Tr(ak’iak’ie prerr—

Here, HY is the entanglement Hamiltonian for the right-
moving oscﬂlator modes. We stress the entanglement
Hamiltonian is a different object than the physical Hamil-
tonian for the oscillator modes. Equating the two expres-
sions for the two-point correlation function, we find

cosh(20) +) +1
= 1 _ . 4
Wh, =0 <cosh(29k,i) -1 (40)

Using Eq. (40), we find, to lowest order in sub-system
momentum,

41K
WA+ = Ve,a,+k = m; k,
,+
4
WA, -k = ’UE,A,_k = mk (41)



The entanglement Hamiltonian for the symmetric (anti-
symmetric resp.) oscillator part, is then

™
Heoa+ = Ve,a+ (Z kalﬁ-,iak,i - 12L> :

k>0

(42)

Here, we have used (-function regularization ((—1) =
—% for the infinite constant term.

We now consider the zero-mode part of the entan-
glement spectrum. The commutation relations for the
zero modes allow for the identification of the zero-mode
Hamiltonian as a discrete harmonic oscillator. In the
limit of large system size, the discreteness of the har-
monic oscillator is irrelevant. As such, the ground-state
in the 74, 7_ basis can be approximated as a Gaussian,

N N G

(my, 7_|G) ox e Zra+T " Fma_IR- (43)

Using 74, 7— = 0, the ground state can be written as

-
|G>7 Z \/76Xp |:2[,(2U6A+M 4 Ve a N2)
(M ,N)

x |(My,Ny) = (M, N)) ®|(Ma, N) = (M, —N)),
(44)

the reduced density matrix for right moving zero modes
is then

Zero

Pa =
_27rK+(NR_’+)2_27r(NR1_)2
> INmi,Nrpe A+l T TASEE (N, Npol.
Ngr,1,NRr,2
(45)

where Np 4+ = Ng1 + Ngr2. The total entanglement
Hamiltonian for the zero-mode part is given by
T

HZP° = — (U6A+NR++’UGA NR ) (46)
The total entanglement Hamiltonian for right moving
particlesis He o = He ao ++He 4, — —|—Hzer° Both He 4,
and H, 4 4 are gapless and have a chlral central charge of
one, thus H,. 4 is gapless and has a chiral central charge
of two.

We now calculate the entanglement entropy, S, in the
large L limit. Following the method first outlined in
Ref. [21], we calculate the partition function (at a fic-
tious temperature, T = f) which is given by

ZeA(B) = 25X (B) 204, - (P) 2275 +.(B)-

The partition function for the oscillators is

~ 1
705¢ = _
EA:t( 27 ]J (16—27T7'2A:t]) T](Z'TQVj:)7
(48)

(47)

where 7 is the Dedekind eta function and 754+ =

BUGTAi As L — 0o, we have
. LT v,
SR (B) meTenT [T (49)
The partition function for the symmetric zero-mode

channel is
B T
zero — (NROQONRg) _
o0 = E e 2LK ("R =
Ni,r,N2 R Ni,r,N2 R

—77(NEQNER)
€ )

(50)

[ + v _ —, _
Q= (VeAt Tled- VoAt =Ved—) (5
Ve, A+ — Ve,A,— Ve, A+ + Ve~

where

Ngi = (NLR, N27R), and 7 = % The partition function
for zero modes is the Riemann theta function. Using the
modular properties of the Riemann theta function, in the
large L limit we find

o(0iT~'0") (UE,A#U@,A’@)% 52)
det(79) L2K? '

Here, we have used the fact that the Riemann theta func-

zero __
e, A —

tion approaches unity as L goes to infinity. The total
partition function is then
LT 1 1
Zop=e 17 Foay veas) (53)

The momentum-space entanglement entropy for this par-

tition is then

a(TIO;l:fe,A) ey = LT <ve,A,+ + %,A,) (54

6

We thus see we have a volume law. The physical rea-
son for the volume law is quite clear. We see that from
Eq. (27), there is pairing between states with momen-
tum k£ and momentum —Fk. In other words, the Hamil-
tonian generates entanglement between pairs of left and
right moving particles with momentum k. The number of
these pairs is proportional to the number of momentum
modes. The number of momentum modes is directly pro-
portional to the system size, hence giving rise to a volume
law for the momentum-space entanglement entropy.

S:

Ve,A,+Ve,A,—

B. Ji#0, K_.>1
1. Gapped Regime

We now consider the Hamiltonian in Sec. IIB. If the
anti-symmetric channel is gapped, we expand that cosine
term in the anti-symmetric channel as

u_m3; _
2K_

25;)2 cos(V8mp_) ~ const. +

—~
[\



Due to the locking of the ¢, and ¢_ fields, we have
7 = w4 = 0. After plugging in the mode expansions,
we find for the oscillator contribution

o Uk t Apr+ BB+ A, +
o — ~* <a a_ ) s s ,
+ 2 kzﬂ ket Okt )\ Bp i Apo+ aik’i

(56)
with
1/1 mi
A =-(—=—+K.)k :
Bk, + 2<K++ +> |+2|k:|K+’
1/ 1 mi
Bpjpi==|——K.|lk :
Bkt 2<K+ +) |+2|k|K+’
2 (57)
A O N
Bh==o\K_ T 2(k[K_"
1/ 1 m%
Bpjp_==— —K_| |k - —2=—.
B 2<K_ )' 2[k|K_

We again have a sine-Gordon model with a mass gap,
ut+mp +. Renormalization group calculations to lowest
order in J; and J% yield

1
U4 4K+gs 22Ky
= — —== 58
mp = (1) (59)
and
1
(4K _ o\ 2 2K-
mp_ = “( g ) (59)
a TU_
We find the zero-mode contribution to be
Zero U K Lm2B
HE® = S 38+ - (8d0)), (60)
2
Zero __ U’; 2 K_ LmB’* 2
e = o (r2 S P (A 0. (61)

Following similar steps as the previous section, we find
the entanglement Hamiltonian for the oscillators to be

0OsC ™
e,B,x = Ve,B,x (Z kal,iak,i - 12L> ) (62)

k>0
where
4K 4
v = ——— VepB_=——. 63
eBt T o VeB T (63)
Using 74, 7— = 0, we find the zero-mode contribution of
the entanglement Hamiltonian to be
” s
He,eéo = ﬁ (Ue7B,+N12%,+ + 'UE,B,*NIQ%,f) . (64)

Evaluating the partition function in the same manner as
the previous section, we find the entanglement entropy

to be
g7 <Ue,B,+ + 7Je,B,—>

65
6 Ve,B,+Ve,B,— ( )

2. Gapless Regime

We can also treat the small gapless region of the anti-
symmetric channel at J7¥ = 0 and K_ > 1. One can
show in this case (by neglecting the irrelevant cosine
term. Strictly speaking, the irrelevant cosine terms will
modify these results as discussed in detail below. We will
see the main effect of the irrelevant cosine terms can be
accounted for by replacing the Tomonaga-Luttinger pa-
rameter, K_, with an effective one.) the entanglement
spectrum for the anti-symmetric mode is flat and wg,_ 4
is given by [21]

K_+(K_)1+2). (66)

e —wp_ =1
WB,—k = WB, n<K+(K)—1—2

The entanglement Hamiltonian for the anti-symmetric
oscillator modes is then

1
5, =wp- (Zaz,iak,i + 2) (67

k>0

The entanglement Hamiltonian for the symmetric oscil-
lator modes is still given by Eq. (62). The zero mode
entanglement Hamiltonian is given by

TUB 4+ <
R = LB -t N2 (68)
where N, € {—o0,...,00}. We see the symmetric part of

the entanglement Hamiltonian remains gapless, and we
thus have an entanglement Hamiltonian with one gapless
mode and one dispersion-less, i.e. flat, mode.

After obtaining the entanglement Hamiltonian, one
can calculate the momentum-space entanglement en-
tropy. The entanglement entropy (See App. A for key
steps of this calculations) is given by

where
H—WPm <w>] (70)

In addition to the volume law, we have a subleading con-
stant term in the entanglement entropy. This constant
term reveals the Tomonaga-Luttinger parameter of the
anti-symmetric gapless mode (once taking into account
the irrelevant cosine term, we will see that x actually re-
veals the effective Tomonaga-Luttinger parameter). We
remark that the constant term that appears in the entan-
glement entropy between coupled Tomonaga-Luttinger
liquids contains information on both the symmetric and
anti-symmetric channels [70].

In general, there will be corrections to wp,— and the en-
tanglement entropy due to the irrelevant cosine term we
neglected in Eq. (13) (we are ignoring the three neglected
terms that are less relevant). Finding these corrections



is crucial for obtaining qualitative agreement with some
of the numerical results presented in the next section.
We can treat the irrelevant cosine term in Eq. (13) as
follows. The correlation functions in the gapless region
can be computed from a perturbative expansion of the
cosine term for small coupling strengths. Here, we focus
on the correlation function of the exponential of the ¢_
field. When g, = 0, the correlation function is given by

a’K_
<eia\/ﬂ¢_(7’)e—ia\/§¢_(0)> _ (a) ’ (71)
r

where 7 > a. To second order in coupling strength, g,,
the correlation functions are given by (see for example,
Ref. [54])

azKiff

<emm¢—<%mm-(°>>:<j> . (1)

where

L 3—4K_
Kkeff — o _ 9a @ r _
- T 2722 J, a\a

2 L 4—4K_ 1
Ya (1-1{— _— (73)
212 a 4 —4K_

K_ +

Here, L acts as an infrared cut-off. Since the exponent
of correlation functions control the low-energy properties
of the Hamiltonian [54], we can replace K_ by K/ in

gapless region and use the following effective Hamiltonian
to describe the gapless region around g, = 0

B 1
Hii’,eff = % /d.’[ (Kiff(am0)2 + I(eff(ar¢)2> :

(74)
We also see that K%/ is smaller than K_. Intuitively
this makes sense because the cosine term acts to or-
der ¢_, thereby making fluctuations less likely. The
momentum-space entanglement spectrum and entropy
(including k) are still given by Eq. (66) and Eq. (69)
respectively, except with K ers replacing K _.

IV. NUMERICAL ANALYSIS

In this section, we compare our predictions with exact
diagonalization results for up to systems sizes of 14 sites
(28 total spins). One can either transform the spin op-
erators to Jordan-Wigner fermions or hard-core bosons.
Using hard-core bosons is complicated by the fact that

J

the commutation relation of hard-core boson creation
and annihilation operators depend on the occupancy of
a given state and thus the calculation of matrix elements
between momentum basis states is numerically challeng-
ing. Thus, we consider a Jordan-Wigner transformation
of the spin operators to spin-less fermions. In general,
a Jordan-Wigner transformation will have long-range in-
teractions and complicated boundary terms due to string
factors. We will see that when J7¥ = 0, the problem
simplifies and we are able to obtain results consistent
with the analytical predictions for the Hamiltonian in
Sec. IIB. Unfortunately, due to complicated boundary
terms introduced by the Jordan-Wigner string we can not
capture the results of Sec. IIA and IIC with a Jordan-
Wigner transformation. We leave numerical verification
of the analytical predictions of Sec. IT A and II C for fu-
ture work.

We begin by applying a Jordan-Wigner transformation
to Egs. (1) and (2). The Jordan-Wigner transformation
is applied directly, i.e. all spins are arranged in a one di-
mensional sequence [78]. Explicitly, the Jordan-Wigner
transformation is given by S; = ¢;e'™ Zi<i°;ci, S7 =
(cj-cj —3), where i € {1,...,2L}. We stress that one can
not apply the Jordan-Wigner transformation separately
to each leg of the ladder as this does not preserve the orig-
inal algebra of the spin operators. The Hamiltonian for
the legs of the ladder when written as a one-dimensional
sequence of 2L spins is

Lol gay

H, + Hy, = Z 7(51.+5;+1 + 878 ) + JFSESE +

i=1
2L—1 1oy
Z T(S;_Si_—f—l + 87 851) + JPSiSE+
i=Lt+1
J*Y
2
(SF4185, +80,155,) + J*S7 4155,
(75)

(S;HS; + S;Sf) + J*S757+
Jwy
2

The last four terms in Eq. (75) arise due to periodic
boundary conditions. The interchain coupling is

L
me — - 4 z z
Hi = Z (§<Si+si+L + 5755 )+ Ji S i+L> .

i=1

(76)

Defining o; = ¢; Vi < L+1, B; = ¢ Vi> L, the

Hamiltonian for the legs of the ladder (neglecting con-
stant terms) is given by (for J7¥ = 0)

J*Y
H= Z |:2(0Jai+1 + a;r+1ai + 535i+1 + 5J+1/6i) + Jz(a;‘raia;‘rﬂaiﬂ + 5351' 53+1ﬁi+1) + Jj_ajaiﬁjﬁi - (1)

i=1
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FIG. 1. (color online) Fermionic entanglement spectra for representative values of A, with L = 14 and N4 = 8 (four particles
on each leg). The entanglement eigenvalues, £, (relative to &, which is the ground state entanglement energy) are plotted
versus the subsystem crystal momentum, M4 (we have also shifted the crystal momentum to have the lowest level at zero). (a)
The low energy properties of the entanglement Hamiltonian are consistent with a chiral CFT with a central charge of two. (b)
At M4 =1, we observe a large splitting of the first two entanglement levels, consistent with the prediction of a dispersion-less

mode and a chiral conformal field theory of unit central charge.

‘We now introduce the Fourier transform of the creation
and annihilation operators,

L L
=Y AT, Bi=Y TER. (18
m=1 k=1

Here, m € {1,...,L} is the crystal momentum of the
a-particles and k € {1,...,L} is the crystal momen-
tum of the S-particles. The ground state of Eq. (75) has
SF 57 =0and ZZLH 57 = 0. As such, we have £ a-
particles and % [B-particles. To avoid a degenerate Fermi
sea at K = 1 (and when the legs of the ladder are uncou-
pled), we limit ourselves to systems sizes of L = 4n + 2,
n e N.

After numerically finding the ground state in the
momentum-space occupation basis, one can then find the
momentum-space entanglement spectrum. The system
is partitioned into two regions A and B in momentum-
space. These regions are defined as A = {m|m <
Ly {klk < £} and B = {kk > £} ® {m|m > £}.
Regions A and B are decomposed in terms of the total
crystal momentum, M = M4 + Mp and total number
of particles, N = N4 + Ng. Na, Ng, M4 and Mp are

given by

[

My = ( na,mm+

(¥

m=%+1

ng’kk> mod L,
1

& o
Il

Nea,mM + Z n@kk)mod L,
k=L+1

L L
2 2

Na= D o+ no:
k=1

m=1

L L
Np = Z Na,m + Z ngk- (79)

m=%+1 k=L+1

We now present our numerical results for the momentum-
space entanglement spectrum of spin ladders.

A. Gapped Region

We first investigate the momentum-space entangle-
ment spectrum of the gapped phase. We take L = 14
(the largest system size available) and N4 = 8 (four «
particles and four B particles). Fig. la shows the en-
tanglement spectrum at Jj = 4, JW =1, J* = 1.
Starting from M4 = 0, we observe a nearly linear spec-
trum with the following counting of entanglement lev-
els 1,2,5,10,... (from right to left). This matches the
counting of a chiral conformal field theory with a central
charge of two, consistent with our analytical predictions.

From computing correlation functions, we find the cor-
relation length for the Hamiltonian in Sec. II B is rather
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FIG. 2. (color online) The entanglement gap, A&, between & and & versus J*, with L = 10 and N4 = 3 (three particles on
each leg). The black dots are numerical data obtained from exact diagonalization, the blue line is the analytical prediction
using K, and the red line is the analytical prediction using K/

large and on the same order of the system sizes consid-
ered in this work. The correlation length of the symmet-
ric channel, & ~ ﬁ, is actually much larger than the

correlation length in ’commonly studied isotropic Heisen-
berg ladders [79]. For the system sizes considered, this
makes accurately verifying our analytical predictions for
the slope of the entanglement spectrum difficult. Fur-
thermore, there is a large computational cost to obtain
the entanglement spectrum for each parameter point for
the largest system size presented (14 sites). We thus
leave a detailed numerical investigation of the slope of
the momentum-space entanglement spectrum in spin-half
ladders as an open problem.

B. Gapless Region

We now turn to the entanglement spectrum in the gap-
less region, where one expects to see one gapless mode
and one flat mode. Shown in Fig. 1b is the entanglement
spectrum at J* =1, J* = .1, Ji = .6, JY =0. We
observe at M4 = 1 a large splitting of the first two entan-
glement levels, consistent with the prediction of a chiral
conformal field theory of unit central charge and a flat
mode. In addition, the value of the second entanglement
level at M4 = 1, which we call &, (12.06) is consistent
with our analytical predictions (9.73) (using the effective
Luttinger parameter, Eq. (73)). We expect the disagree-
ment between the value of £ obtained numerically and
our analytical prediction can be explained by a combi-
nation of higher order corrections of K 7 and taking
into the other three irrelevant terms (which are less rel-
evant than the cosine term in Eq. (13)). We are unable
to use the entanglement levels at M4 = 2 to verify our
analytical predictions due to their almost equal spacing.

Larger systems sizes should allow one distinguish the en-
tanglement levels that belong to the chiral conformal field
theory and the flat mode at M4 > 1.

None the less, we can take a closer look at & for var-
ious parameters to verify our analytical predictions. For
L = 10 and Ny = 6 (three particles on each leg), we
first investigate & for J*¥ =1, J% = .2, J{Y =0 as a
function of J*. For J§ = .2, we are in the gapless region
for J# = 0 to J* = .048. We see that our analytical
prediction is in excellent agreement with our numerical
results (see Fig. 2a). Note, this J§ is much smaller than
the one used in Fig. 1b, so higher order corrections to
K_ are not important and thus we have better agree-
ment between numerics and our analytical prediction.

We note for this small value of J7, K7 and K_ are
in near agreement. We now investigate & for J; = .5,
which is shown in Fig. 2b. For J; = .5, we are in the

gapless region for J* = 0 to J* ~ .12. Notably, we see
that analytical prediction for & using K /7 and K_ are
qualitatively different. More specifically, & computed
with K¢/ diverges before the cosine term becomes rele-
vant, while &5 computed with K _ diverges exactly when
the cosine term becomes relevant. We see that K/
qualitatively captures the numerically observed behav-
ior. Again, we expect better quantitative agreement if
one where to include higher order corrections K 7 and
use larger system sizes.

Finally, we remark that, while it would be interesting
to numerically capture the predicted constant term in the
entanglement entropy, it would be hard due to the finite
size effects present for the system sizes considered in this
section. More specifically, in deriving the entanglement
entropy in the gapless phase, we neglected corrections
to the entanglement entropy from sub-leading terms (in
system size) in the symmetric channel.



V. CONCLUSION

We have studied the momentum-space entanglement
entropy and spectrum of anisotropic spin-half ladders us-
ing field theoretical methods and exact diagonalization.
We found that the entanglement entropy between left and
right movers is linear in system size and obeys a volume
law. When the system is gapped, the momentum-space
entanglement Hamiltonian was found to be gapless and
described by a chiral conformal field theory with a cen-
tral charge of two. If the system is gapless, the entan-
glement Hamiltonian was found to be described by one
chiral dispersion-less mode and one chiral gapless mode
with a linear spectrum. We have extended the work of
Ref. [21] by taking into account certain irrelevant terms,
which qualitatively change the entanglement spectrum.
In both the gapless and gapped regions, we find a vol-
ume law. Notably, in the gapless region we also find a
subleading constant term. Exact diagonalization results
are found to be consistent with our analytical predictions.
Our work can easily be generalized to include exchange
between the spins across diagonals of the plaquettes and
the fOHOWiI’lg four—spin term (Sl,igl,i+152,i52,i+1)7 which
can arise due to phonons.

As mentioned throughout this work, exact diagonal-
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ization suffers from finite size effects, as the typical cor-
relation length of the phases studied in this work is on
the same order as the system sizes currently available via
exact diagonalization. As such, it would be interesting
to numerically investigate the entanglement spectrum via
quantum monte carlo methods, which have recently been
applied to entanglement spectra studies [80-83], or the
momentum-space density matrix renormalization group.
Finally, it would also be interesting to generalize our work
to study other gapless phases of spin ladders, including
the vector chiral phase [84], and inequivalent chains.
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Appendix A: Momentum-Space Entanglement Entropy in Gapless Region

In this section, we provided some key steps in the calculation of the momentum-space entanglement entropy for the
Hamiltonian in Sec. II B. The partition function for the anti-symmetric oscillator mode is given by

zx<B) =11 (%m(mkf")) T (ZSin([hL]ZIB”_))_ZLG_l.

k>0

Here, we have used the fact that k runs over £ — 1 modes

2a

(A1)

(after taking into account the exclusion of the zero mode).

We first calculate the Renyi entropy (for general Renyi index, n), which is given by

o=t () = (g 1)t (@emmmeye) = (3 ) e (i) @2
0 (2sinh(75)) i )

After some algebra, we have

(-t () - ()

— [111 <1(§‘+1)%) Cnin (1(§—+1)2) (43)

For the parameters we are interested in, K_ ~ 1. For K_ ~ 1, we have

(1) - ()

Finally, we arrive at our expression for the Renyi entropy,

S"(il)ni1{<

Taking the n = 1 limit to obtain the entanglement entropy, we find

= (L)

2a 4

(A4)
K‘21>2n+n(K‘21>2]. (A5)
o (U] a0
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