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The separation of the Weyl nodes in a broken time-reversal symmetric Weyl semimetal leads to
helical quasi-particle excitations at the Weyl nodes, which, when coupled with overall spin conserva-
tion allows only inter-nodal transport at the junction of the Weyl semimetal with a superconductor.
This leads to an unusual periodic oscillation in the Josephson current as a function of koL, where
L is the length of the Weyl semimetal and 2k is the inter-nodal distance. This oscillation is robust
and should be experimentally measurable, providing a direct path to confirming the existence of

chiral nodes in the Weyl semimetal.

PACS numbers: 74.45.+c, 74.50.4+r, 73.21.-b

Introduction.—Weyl semimetals (WSM), which have
received much interest recently due to their non-trivial
transport characteristics, are 3D topological systems
where conduction and valence bands touch at two or more
‘Weyl’ points' ™. According to a no-go theorem®, gapless
Weyl nodes in a WSM appear as pairs in momentum
space with each of the nodes having a definite ‘chiral-
ity’, a quantum number that depends on the Berry flux
enclosed by a closed surface around the node. Gauss
law prevents the annihilation of the nodes unless two of
them with opposite chirality are brought together, which
provides the ‘topological’ protection of the Weyl nodes”.
A WSM phase requires broken time-reversal and/or in-
version symmetry and a growing number of systems has
been put forward which realize the WSM phase® 10,

The separation of the chiral nodes, allows charge
pumping between the nodes in the presence of parallel
electric and magnetic fields, as a consequence of the chiral
anomaly'!, and this has led to detailed studies of trans-
port in Weyl semi-metals in several recent papers'? 32,

In this paper we study the current in a simple Joseph-
son junction setup, depicted in Fig. 1(a). The heli-
cal quasi-particle excitations at the Weyl nodes, due
to the overall spin conserving processes at a WSM-
superconductor (SC) junction, allow only inter-nodal
transport33. Further, we show, unlike in a normal metal-
SC interface, the inter-nodal ‘normal’ (electron to elec-
tron) reflection process in a WSM-SC interface is not
suppressed even for energies close to Fermi-energy, due
to the broken time-reversal symmetry separating the
Weyl nodes. The Josephson current, flowing through the
bound levels formed by multiple inter-nodal ‘normal’ and
Andreev (electron to hole) processes in a SC-WSM-SC
system, consequently, acquires a specific periodicity as a
function of the length of the WSM which depends only on
the separation of the Weyl nodes in the momentum space
(see Fig. 1(b)). We argue that both of these features are
robust because they are not only bulk effects, but they
are also protected by the robustness of the Weyl nodes.
We also discuss the feasibility of experimental observa-
tions of this transition in our system, which can confirm
the presence of chiral nodes in WSM.
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FIG. 1. (Color online) (a) The setup for Josephson current
with two superconductors (SC) characterized by phases ¢r,
and ¢r sandwiching a WSM of length L between them where
a time-reversal broken perturbation separates the Weyl nodes
in momentum space by 2ko in k.. (b) The Josephson current
(at normal incidence) is periodic in L with a period of 7 /ko.
We show the zero-temperature Josephson current, Eq. (9),
as a function of the superconducting phase difference ¢, for
various values of L in solid (dashed) lines for 6 between 0 and
7 (m and 27), where 6 = 2koL mod(27). The parameters used
are koL = 31.4,32.0,32.5, 33, 33.5, 34.0, 34.454, h’kg /2mw =
10puw = 10°A = us/2, p < ko and mg = mw.

This oscillation in the Josephson current and the re-
sulting changes of sign of the critical current at arbitrary
values of ¢ (or the 0-w transition) is an inherent prop-
erty of the SC-ferromagnet-SC junction®*37 and has also
been experimentally observed®®. Since our model also
explicitly violates time-reversal invariance, our results
show quite a strong similarity with the Josephson current
in similar systems3® as well in semiconductor nanowires
with Zeeman coupling®.

Model and geometry.—We consider the geometry as
shown in Fig. 1(a) with the superconductors at z < 0



and z > L and the Weyl semimetal (WSM) in the region
0 < z < L. We model the WSM starting from the stan-
dard Hamiltonian describing a 3D TT in the BisSes fam-
ily*142 | regularized on a simple cubic lattice and adding

a time-reversal breaking perturbation b, to access the
WSM phase! -

Hy =1, — A;sink, 7y,

— A7, (0gsinky — oy sink,) + b.o.. (1)

Here €, = € — 2t ), cosk; is the kinetic energy, 7 (o)
represent the orbital (spin) degrees of freedom and A,
A, are the strengths of the spin-orbit coupling. In the
limit A\, < M < b,, (where M is defined as € — 6t*3),
this simplifies to a two-band model for a WSM, where,
in the absence of the spin-orbit coupling, A, the bands
have opposite spins®343. The chiral fermion excitations
around the two Weyl nodes (which we choose to be at
(0,0, +ko), where tk3 = b, — M) are described by the
Hamiltonian

Hwswm = €40 — pw + Mkzoz + kyoy) (2)

with e, = (h?/2mw ) (k3 + k2 + k2 — k) being the ki-
netic energy, uw being the chemical potential measured
from the Weyl node and myy being the effective mass.
Since the Weyl nature of the fermions is only evident at
momenta which are small with respect to the symmetry
breaking scale kg, we choose the Fermi energy pw to be
small enough, so that the Fermi surfaces around the two
Weyl nodes are disconnected. The surface states for this
model appear on the surfaces perpendicular to the z-axis
and y-axis. In this paper, we do not attempt to access
transport through the surface states. Instead, we con-
sider transport through the bulk of the WSM and hence
restrict ourselves to transport parallel to the z-axis.
The superconductors can be described in terms of the
Boguliobov-de Gennes (BdG) Hamiltonian as

i &plaxo €% Ao,
HSC o ( —67i¢jA’L’O'y —fklgxg ) (3)
where A is the pairing potential in the superconductor
and &, = (h*(k2 4k} + k2)/2ms — ps). mg is the effec-
tive mass of the electron in the superconductor and g is
the chemical potential. ¢; is the superconducting phase
of the j** superconductor. For the left and right super-
conductors, 7 = L, R. The parameter g depends on the
details of the superconducting material. In the numerical
results shown, we consider pg > A, which is the realistic
limit. Also, for simplicity, we consider mg ~ myy.

WSM-SC junction.—The solutions of Eq. (2) in the
Nambu-Gor’kov space are now 4 component spinors. For
incident energy F, the right-moving solutions with the
wavefunctions proportional to e’ <% for electrons and
e~V*1% for holes can be written in the basis of the two
bands v = 4, with
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FIG. 2. (Color online) (a) Both reflection (R) and Andreev
reflection (AR) in WSM occur from one chiral node to an-
other. The chiralities of the nodes are denoted as +ve and
—ve, whereas the solid and the dashed lines show dispersions
of Eq. (2) with positive and negative velocities (= dFE/dk).
The bands have opposite spins, which accounts for the change
of chirality for both ‘normal’ and Andreev reflection. (b) The
probability that an electron will be reflected as an electron
(Ix*|?) or as a hole (|n¥|?) at a WSM-SC interface, dis-
cussed in Eq. (5). Note that the probability of reflection as
an electron is finite. The parameters used are the same as in
Fig. 1(b).

and p = |/k2+kZ. The left-moving solutions can be
written similarly with kZ(h) — —ke”(h). For the case of a
WSM-SC junction, the WSM and and the superconduct-
ing wavefunctions on the two sides of the junction can be
matched at the junction by requiring the continuity of
the wavefunction and its first derivative*3. This leads to
the net reflection matrix R? from the WSM-SC junction,
which connects the left and right-moving solutions,

j rge Tj
Ri= (T T ). ()

"he Thh

where the ‘normal’ reflection matrices r7,(r7, ), and the
Andreev reflection matrices 77, (r7,.) denote, respectively,
electron to electron (hole to hole) and hole to electron
(electron to hole) processes at the interface with the jth
superconductor.
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FIG. 3. The variation of the bound levels (solutions of Eq. (6))
near the chemical potential with the length L of the WSM for
various values of 6, where § = 2koL mod(27). The parameters
used are the same as in Fig. 1(b).

For the purpose of physical interpretation, let us take
the case of near-normal incidence (kg > p) of an electron,
where the reflection matrices reduce to the form:

. + 0 . it 0 +
rge:<xo X—>7 r;le:e ¢]<n_ 7]0 ) (5)

In this simplified form it is immediately clear that both
the reflection and the Andreev reflection change the chi-
rality (see also Fig. 2(a)) and can only take place from one
node to another because of the chiral nature of the nodes.
We plot the probabilities of normal and the Andreev re-
flection in Fig. 2(b). We note that even at energies close
to the Fermi energy, normal reflection is not suppressed.
The existence of the new momentum scale kg # kg, in-
troduced by breaking the time-reversal symmetry, allows
the incident electron momentum to be different from the
Fermi momentum of the superconductor. This leads to
the non vanishing of normal reflection®3:44

In contrast, note that for a topological insulator in
3D, the bulk is gapped and the non-trivial transport in
junctions with superconductors is purely due to the sur-
face states, where, the surface states consist of a Dirac
metal with an odd number of nodes whose fermions have
their spins aligned with the direction of motion (spin-
momentum locking). This leads to completely different
physics for a topological insulator-superconductor junc-
tion?>46, Two dimensional graphene, on the other hand,
is metallic and the transport is through the bulk. How-
ever, in graphene, although there are two Dirac nodes
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FIG. 4. (Color online) The Josephson current as a function of
both L and ko is shown at the value of ¢ ~ 7/2. The initial
value at the origin is (ko, L) = (¢,1), gl = 10w. The contours
of constant current follow a set of (approximate) hyperbolas
for constant § = 2koL mod(27), a few of which are shown
in the right margin (with the minimum and the maximum
current occuring near # = 7 and 6 = 0 respectively). Other
parameters used are the same as in Fig. 1(b).

(valleys), each of the nodes has fermions of both chiral-
ities and the resulting process at the a superconducting
interface is purely intra-nodal Andreev reflection®”48.

Bound levels in the SC-WSM-SC' geometry.—Multiple
reflections at the WSM-SC boundaries lead to bound
electronic levels in the SC-WSM-SC geometry. But as
discussed above, normal reflection amplitudes are not
small at the WSM-SC' interface and, in general, there
is no simple way of summing up the amplitudes between
the two superconductors to obtain the resonance con-
dition when both Andreev and normal reflection ampli-
tudes are non-zero. For the case of near normal incidence,
however, the problem simplifies and the bound levels Fj
can be found by solving

det [I4x4 — REMREM] | p_p, =0, (6)

where M is the matrix which accounts for the phase the
electron/hole acquires while moving from one junction to
another. We note that for kg > p, Eq. (6) can still be
used for approximate solutions. Writing

L R _ 7—68 7:3h
REMR M_(ﬁm Thh), (7)

in the limit of near normal incidence with k3 /2my, much
larger than incident energy E and pug much larger than
pairing potential A, the 7 matrices have the simplified



form (with mg = my):*?

+ +
,Tee<a0 ao)a 77Le<l80 BO )a (8)

a* ~ el (14 4iE0),
BE ~ £eTrkoloj(1 4 e71?)A,

with

where § = 2mwpus/koQ and ¢ = ¢ — ér,. Also Tpp =
Ti(E — —E), Ter, = T7(E — —F). This immediately
shows the periodicities of the 7 matrices, T (¢) = T (¢ —
¢+ 2m) and T (2koL) = T(2koL — 2koL + 27), which
implies that the bound levels Ej, the solutions of Eq. 6,
also inherit the same periodicities in ¢ and 2koL. This
additional periodicity of the levels with period (7/ko)
in length appears as a consequence of the inter-nodal
normal and the Andreev reflections. The periodicities of
E} in the difference of the superconducting phases ¢ and
in 2kgL, in the limit of ky > p is shown in Fig. 3. This
is our central result.

Periodic oscillations in the Josephson current.—The
Josephson current for the system with the total Hamil-

tonian H is written as Jjos = 2—{ <%>, where the av-

erage is taken over the states of the system. For the
non-interacting system, where the length L is much
smaller than the coherence length in superconductors,
the Josephson current flows through the bound levels
(neglecting the continuum contribution) and can be esti-
mated as??

2e 6Eb

J(uw):€ a Tqb (Eb — pw), (9)

where f is the Fermi-distribution function. Apart from
the 27 periodicity of the Josephson current in ¢, as the
bound levels E}, are periodic in L with the periodicity of
7 /ko, the Josephson current also inherits the same peri-
odicity. This periodicity is shown explicitly in Fig. 1(b)
for the case when p = 0.

The periodic dependence in L can also be written as
an approximate periodicity in ko with a period of 7/L.
For large values of L, the rapid oscillations of Ej, with a
small variation of ky outweighs any other dependence on
ko and the periodicity is almost exact. The Josephson
current as a function of both kg and L is also shown in
Fig. 4, where the locus of constant current approximately
follows 6 = 2kgL mod(27). This is another of our main
results.

Lattice simulation.—To analyse the case for non-
normal incident angle p # 0, we compute the Joseph-
son current from the lattice version of Eq. (1) through
its Green’s function®3®%. The Green’s function of the
WSM, g(w) = [(w+i6)Z — Ho] ™", is coupled with two
superconductors i = L, R through the on-site self en-
ergy?

Yi(w) = (Z, + 77)[wI; — Ae'i¢M]T,. (10)
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FIG. 5. (Color online) Result of lattice simulation: (a)
Josephson current as a function of the superconducting phase
difference ¢ for various values of § = 2koL mod(27). (b)
Josephson current as a function of the length (koL/7) at
é = /2. The parameters used are®® f = 0.25¢ (see Eq. (10)),
e=6t, A\ =X, =t, A =0.01lt, p = 0.02t and L = 60 sites.
For these parameters, the position of Weyl nodes, ko = b,/
(the lattice constant is taken as the unit of length).

where ¢ acts on the particle-hole degree of freedom
in the Nambu basis and ¥; is defined only on the
sites in contact with the i*" superconductor. ¢ charac-
terises the tunnelling between the superconductor and
the WSM'?. Then writing the full Green’s function as
Gw) = (67 w) — Xr(w) — Br(w))~! we compute the
Josephson current®3°°, We find that the oscillations of
current remain intact and this result has been summa-
rized in Fig. 5. The bound levels Ej, can also be found
approximately for p < ko using Eq. (6), and the corre-
sponding Josephson current also shows that the oscilla-
tion with koL remains intact?3.

Feasibility of experimental realization.—In the pre-
dicted WSM material TaAs®'®2 chiral node pairs
(formed by breaking inversion symmetry) are separated
in momentum space by a distance ~ 0.02A~!. Assuming
standard electron mass, the relevant energy scale is about
a milli electronvolt, which only becomes larger if the ef-
fective mass is smaller. Combining this with the fact that
large momentum scattering (from —kq to ko) is needed to
break the topological protection of the chiral nodes, heli-
cal excitations in WSM are expected to be robust against
disorder in a relatively clean sample. The periodicity of
the Josephson current as well as the bound levels that we
have discussed are, in principle, observable in tunneling



experiments. The periodic variation of the bound-levels
can also be probed in Andreev spectroscopy. For a typi-
cal sample, the length scales for such periodic variations
would be of the order of few tens of nanometers. The
separation of the Weyl nodes can also be tuned by ad-
justing the magnetic doping®3?® to observe periodicities
with the separation of the Weyl nodes.

The effect of having many Weyl nodes complicates the
theoretical modeling and presents a weakness in our pro-
posal. But, as long as the transport takes place along a
pair of Weyl nodes, a similar periodicity in the Josephson
current is expected.

Summary and conclusion—To summarize, we have
shown explicitly, employing a simple model of the WSM,
the occurrence of inter-nodal reflection processes at an
WSM-SC interface due to spin conservation. This gives
rise to an unusual periodicity in the bound state spectra

and consequently in the Josephson current that depends
only on the separation of the two Weyl nodes and the size
of the sample. This provides a direct path for possible
observations of the manifestation of inter-nodal Andreev
reflection in Weyl semimetals.

In closing, we sketch some problems for future studies.
Apart from transport signatures of the chiral anomaly in
WSM, the appearance of surface states, and the conse-
quent Fermi arc dispersion is another remarkable feature
of the time-reversal broken WSM. Their transport char-
acteristics in the Josephson current would be interest-
ing to study. Finally, quantitative investigations of the
effects of disorder and interactions on transport in the
WSM are also left for future studies.
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