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Weyl semimetals (WSM) are topologically protected three dimensional materials whose low energy excita-
tions are linearly dispersing massless Dirac fermions, possessing a non-trivial Berry curvature. Using semi-
classical Boltzmann dynamics in the relaxation time approximation for a lattice model of time reversal (TR)
symmetry broken WSM, we compute both magnetic field dependent and anomalous contributions to the Nernst
coefficient. In addition to the magnetic field dependent Nernst response, which is present in both Dirac and Weyl
semimetals, we show that, contrary to previous reports, the TR-broken WSM also has an anomalous Nernst re-
sponse due to a non-vanishing Berry curvature. We also compute the thermal conductivities of a WSM in the
Nernst (VT' L B) and the longitudinal (VT || B) set-up and confirm from our lattice model that in the parallel
set-up, the Wiedemann-Franz law is violated between the longitudinal thermal and electrical conductivities due

to chiral anomaly.

I. INTRODUCTION

After the theoretical prediction of topological insulators,
and their subsequent experimental realization, the field of
topological condensed matter has grown manifold'®. The
topological order manifested in these systems is not associ-
ated with spontaneous breaking of a symmetry, but rather can
be described by a topological invariant which is insensitive to
a smooth deformation of the Hamiltonian. Usually the robust
topological protection is associated with a non-zero spectral
gap in the bulk of the system, and the presence of protected
zero energy surface states is regarded as the hallmark of a
non-trivial topological phase of matter. However, recently it
has been proposed that systems in three spatial dimensions,
in the presence of broken time-reversal (TR) and/or space-
inversion (SI) symmetry, can also be topologically protected
even without a bulk energy gap'®-!. These are Weyl semimet-
als (WSM) - the nomenclature based on the Dirac/Weyl equa-
tion which is used to describe their low energy excitations??.

A number of recent experiments have claimed to be able
to observe the Weyl semimetal phase in an inversion asym-
metric compound TaAs**~%, and also in a 3D double gyroid
photonic crystal?®, without breaking TR. Another route which
can result in the experimental verification of the novel WSM
phase is to first realize a 3D Dirac semimetal and then break
time reversal symmetry by applying a magnetic field, which
will split a Dirac cone into a pair of Weyl nodes. NasBi and
CdsAs, were recently proposed to be Dirac semimetals®’-23,
and also have been confirmed experimentally by a series of
experiments?*>’. In Bi,_,Sb, for x ~ 3 — 4% also the
Dirac semimetal phase has been predicted*®**°, and experi-
mental signatures of realizing a WSM phase by breaking TR
have been reported*!.

A simple WSM with broken time reversal symmetry can
be desribed by a pair of linearly dispersing massless Dirac
fermions governed by the Hamiltonian: Hy (k) = £hvpo -
(k — K1), where o is the vector of Pauli spin matrices
defined in the space of two non-degenerate energy bands,
v is the Fermi velocity, and K are the two band touch-
ing points separated from each other in momentum space by
ko = K4 — K_. Itis essential that k; is non-zero to ensure

that the system breaks TR and is topologically non-trivial, in
which case H, and H_ describe two Weyl fermions of op-
posite chirality. The two band touching Weyl points act as a
source and a sink (monopole and anti-monopole) of Berry cur-
vature, which acts as a fictitious magnetic field on the electron
wave-function in momentum space75. For kg = 0, the two
Weyl points collapse onto each other giving rise to a topo-
logically trivial (i.e with a zero Berry curvature flux) mass-
less degenerate Dirac fermion. The topological nature of a
WSM leads to a host of interesting physics, for example Berry
curvature induced anomalous transport, namely charge and
thermal Hall conductivities*>*® and open Fermi arcs on sur-
faces!!*9->3 Anomalous transport phenomena, however, have
been already known to exist in a variety of systems which pos-
sess a non-trivial distribution of the Berry curvature flux>%>7.
In a WSM, more interestingly, each Weyl node is chiral, with
the chirality quantum number protected by a quantized flux of
the Berry curvature, also known as Chern flux, which results
in another peculiar phenomenon known as chiral anomaly
(or Adler-Bell-Jackiw anomaly)!'®!¢385 The chiral anomaly
concerns with the nonconservation of chiral charge i.e. an
imbalance of charge between two distinct species of chiral
fermions in the presence of non-orthogonal applied electric
and magnetic fields. Several transport signatures have been
proposed to test chiral anomaly such as negative longitudinal
magenoresistance'%219%1 and chiral magnetic effect'®6263 of
which the former has been recently claimed to be observed in
experiments?+37:41:42,

A Dirac node can be split into two Weyl nodes by breaking
either the TR symmetry or SI symmetry. Figure 1 shows a
linearly dispersing Dirac node split into a pair of Weyl nodes
when TR symmetry is broken, and also shows the energy-band
spectrum of a lattice model of Weyl fermions obtained by di-
agonalizing the Hamiltonian in Eq. 56. The simple model
of Weyl semimetal described in the previous paragraph by
H. (k) breaks TR, however it is also possible to realize a
Weyl system when TR is intact but inversion symmetry is bro-
ken'#6465 This implies that the system must host more than
one flavor of pairs of Weyl fermions for the vector sum of
kg to vanish. In the SI broken Weyl semimetal, because of
TR symmetry there is no Berry curvature induced anomalous
charge or thermal Hall effect in the absence of an external



FIG. 1. Top: Linearized band dispersion for Dirac and Weyl
semimetals (k. is suppressed). (a) A doubly degenerate Dirac
semimetal (b) Transition from a Dirac semimetal to a Weyl
semimetal (represented by a pair of Dirac cones separated by a fi-
nite momentum) by breaking of time-reversal symmetry. Bottom:
Energy band spectrum for the lattice model of Weyl fermions (k.
suppressed) described in Eq. 56. The two band touching points oc-
curat K+ = (0,0, +7/2).

magnetic field. However, in the TR broken WSM, because
of a finite Berry curvature flux through any plane interme-
diate between the Weyl nodes in the momentum space, the

anomalous charge and thermal Hall conductivities are non-
Zero!3:44-46_

In this paper, we work with a TR broken phase of WSM
and consider its Nernst response. Experimentally, the Nernst
effect measures the transverse electrical response to a longi-
tudinal thermal gradient in the presence of a perpendicular
magnetic field. The Nernst effect has been used as an impor-
tant experimental probe in a number of physical systems such
as high temperature cuprate superconductors®®-%?, and charge
density waves’®’!. Since the TR-broken WSM has a non-zero
anomalous Hall response (i.e., non-zero Hall efffect induced
by the Berry curvature even in the absence of a magnetic field)
it is expected that the anomalous Nernst response will also be
non-zero. This is because, the anomalous Hall conductivity
0zy and the anomalous Peltier coefficient o, which mea-
sures the transverse electrical currrent in response to a lon-
gitudinal temperature gradient, are related by the celebrated
Mott relation, g, = —%2 k%T %. In turn, a non-zero o,
implies an anomalous (zero field) Nernst coefficient given by
Qlzy/0zz. In tecent work®®, however, based on a linearized
model of a TR-broken Weyl semimetal, the anomalous Nernst
response has been argued to be zero, because a linearized
Weyl Hamiltonian with unbounded (or very high) ultraviolet
cut-off of the Dirac spectrum produces 0o, /Op = 0. Here
we show, from a lattice model of a WSM (with the lattice reg-
ularization providing a physical ultra-violet cut-off to the low
energy Dirac spectrum) that the anomalous Peltier coefficient,
and in turn the anomalous Nernst coefficient is finite and mea-

surable in a physical time reversal breaking Weyl semimetal
such as Bi;_,Sb,. In the main part of the paper, we use the
semi-classical Boltzmann equations in the relaxation time ap-
proximation in the presence of a non-zero magnetic field and
a Berry curvature, and derive the thermoelectric and charge
conductivity tensors (both longitudinal and Hall) which we
use to calculate both the conventional (i.e., magnetic field de-
pendent) and topological (i.e. zero field) Nernst coefficients.

Additionally, we also investigate the thermal conductivity
of a WSM based on the Boltzmann equation approach. Un-
like earlier works which were based on a linearized WSM
model,¥*® we employ a lattice Bloch Hamiltonian. With
the Nernst experimental setup i.e. the temperature gradient
VT applied perpendicular to the magnetic field B, we find
that the transverse magneto-thermal conductivity obeys the
Wiedemann-Franz 1law®® (i.e., the ratio of the thermal and
electrical conductivity is the Lorenz number Lg, both with
and without the external magnetic field). In the parallel setup
(VT || B), however, there is an additional B? dependence of
the Lorenz number, thus violating the standard Wiedemann-
Franz law for quasiparticles in a Landau Fermi liquid, arising
from the chiral anomaly. Our results confirm that the vio-
lation of the Wiedemann-Franz law between the longitudinal
magneto thermal and electrical conductivities*’ persist in the
physically more transparent lattice model and is not an artifact
of the linearized low energy model.

This paper is organized as follows: in Section II, we dis-
cuss the Boltzmann semi-classical approach to calculate the
Nernst response in a Weyl semimetal. We derive expressions
for both longitudinal and transverse charge (o,;) and Peltier
(agp) conductivity tensors, taking into account perturbative
electric and magnetic fields, and a finite temperature gradi-
ent, for a Hamiltonian with a non-vanishing Berry curvature.
Though the approach is general and can be applied for vari-
ous configurations, we will compute our expressions relevant
for the Nernst experimental setup. Section III concerns with
the Nernst response in a linearly dispersing model of Dirac
and Weyl fermions. We compute the magnetic field dependent
Nernst response for a single Dirac node, and also for a pair of
Weyl nodes which have a non-vanishing flux of the Berry cur-
vature. Additionally Weyl fermions also exhibit an anomalous
Nernst response even at zero magnetic field when one imposes
a physical ultraviolet cut-off on the energy spectrum, and we
show that this imposition gives a non-zero Peltier coefficient
0izy. Section IV concerns with the lattice WSM model and its
Nernst response. In Section V, the magneto-thermal conduc-
tivity is analyzed, and the Wiedemann-Franz law is studied
for orthogonal (VT L B) and parallel (VT || B) setups. We
conclude in Section VL.

II. BOLTZMANN FORMALISM FOR NERNST RESPONSE
IN A LATTICE WEYL SEMIMETAL

Nernst effect measures the transverse electrical response to
a longitudinal thermal gradient in the presence of a finite mag-
netic field and absence of a charge current i.e. Ey, = —9
dT'/dzx, where ¥ is defined to be the Nernst coefficient and



—dT'/dz is the temperature gradient applied along the x axis.
The use of three conductivity tensors, &, &, and [ suffices to
relate the charge current J and thermal current Q to an ap-
plied electric field and temperature gradient. We reserve the
symbol £ for thermal conductivity tensor which will be the fo-
cus of Section V. We can write the following linear response

equation
J 6 & E
(@)-(Gi)( =) o

The tensors & and & are related to each other by Onsager’s
relation: & = T'&. In the absence of charge current (J = 0),
we have E = 67 'aVT. The Nernst coefficient ¥ can be
derived to be

Ey azyo—xx - azmazy

9 = = 2
(—dT /=) o2 102 @)

which is a function of thermoelectric tensor o, and charge
conductivity tensor o,5. We will evaluate o, and o, using
semi-classical Boltzmann treatment in the relaxation time ap-
proximation, accounting for an external magnetic field and a
finite Berry curvature.

A non-zero Berry curvature in a Bloch Hamiltonian acts
like a fictitious magnetic field in the momentum space®’,
which substantially modifies transport properties of the sys-
tem, giving rise to anomalous behavior. Anomalous transport
due to the Berry curvature has been crucial in understand-
ing intrinsic Hall and Nernst conductivity in ferromagnetic
materials’>"73. The Berry curvature for a Bloch Hamiltonian
H (k) is defined to be: Q, = €4pc0k, Ac(k), where A (k) is
the Berry connection given by A (k) = (ux|iVi|uk), for a
Bloch eigenstate |uy ). In the presence of Berry curvature
the semi-classical equation of motion for an electron takes the
following form?>76

o lae(k)
 h Ok

where k is the crystal momentum, e(k) is the energy disper-
sion, and p = hk. The first term in Eq. 3 is the familiar rela-
tion between semi-classical velocity I and the band energy
dispersion e(k). The second term is the anomalous trans-
verse velocity term originating from €2(k). In the presence
of electric and magnetic fields we have the standard relation:
p = eE + err x B. These two coupled equations for I and p
can be solved together to obtain’”-78

+ % x 3)

= D(B, ) {vk n %(E ) + %(vk : Qk)B} )
2
p = D(B, ) [eE + %(vk « B) + %(E . B)Qk} .5

where D(B, Q) = (1 + e(B - Qx)/h)~L. D(B, ) is also
the prefactor which modifies the invariant phase space volume
dpdx — D(B, )dpdx, giving rise to a non-commutative
mechanical model”’, because the Poisson brackets of coordi-
nates is non-zero. For brevity of notation, we will sometimes
omit showing the explicit dependence of D(B,(k)) on B

and Q(k) and instead write just D. In Eq. 4 and Eq. 5, we have
also defined v, = h™10¢y/0k to be the band-velocity. The
second term in Eq. 4 gives rise to anomalous transport perpen-
dicular to the applied electric field, while the third term gives
rise to chiral magnetic effect. The third term in Eq. 5 (propor-
tional to E - B) is the source of chiral anomaly, triggering neg-
ative magnetoresistance. It has been shown recently that nega-
tive magnetoresistance can be derived using the semi-classical
equations of motion employing Boltzmann transport®®. Other
recent works have also developed a modified Boltzmann equa-
tion, taking into account Berry curvature and chiral anomaly
effects®#6-7880 " In these works a linearized model of the
WSM has been examined, i.e. a pair of Dirac nodes topo-
logically protected by chirality quantum numbers.

In this paper we solve the Boltzmann equation in the pres-
ence of the Berry curvature and chiral anomaly terms for a
lattice model of a WSM. The steady state Boltzmann equa-
tion in the relaxation time approximation is given by

(b Vet k- Vi) o = — T Sen, 6)

T

where 7 is the scattering time, f.q is the equilibrium Fermi-
Dirac distribution function, and fy is the distribution function
of the system in the presence of perturbations. The scattering
time 7 can in general be a function of the crystal momentum
i.e. 7 = 7(k), but we shall treat it as independent of momen-
tum for simplicity.

We will first consider the case when B = 0 and derive the
longitudinal and anomalous Hall conductivities. The linear
response relations between the charge current and the applied
fields dictate:

Jo = 0By + aap(—VT) (N

The charge current in the presence of an electric field and a
temperature gradient is given by’

J:—e/[dk} (Vk-l-%EXQk)fk

k T
+ % X /[dk]ﬂksk )
In the above expression, [dk] = (2‘137’;3 The quantity sy =

—feql0g feq — (1 — feq) log(1 — foq)) is entropy density for
the electron gas. The first term in Eq. 8 is the current in re-
sponse to an applied electric field E, also accounting for the
transverse anomalous velocity acquired by an electron wave-
packet due to €2(k). The second term is the anomalous re-
sponse to the temperature gradient V'I', which can be obtained
using the semiclassical wavepacket methods taking into ac-
count the orbital magnetization of the carriers arising from
the finite spread of the wavefunction”. It can also be derived
by first calculating the transverse heat current in response to
an electric field and then using Onsager’s relation®'. The heat
current Q takes the following form after accounting for both



normal and anomalous contributions’>-82-84

Q- /[dk](ek — Wi+ 4 / [dk] (B % Q) sk
kpVT
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€))

where Liy(z) is the polylogarithmic function of order 2, which

o0
is generally defined as Lis(z) = > Ii—k for an arbitrary com-
k=1

plex order s, for a complex argument |z| < 1. The first
term in Eq. 9 is the standard contribution to the heat cur-
rent in the absence of Berry curvature. The second term is
the Berry curvature mediated transverse response to electric
field E which can be understood by the following simple ar-
gument: in the presence of the Berry curvature and the elec-
tric field, the electron velocity acquires the additional anoma-
lous term eE x €2y. Multiplying this velocity by the entropy
density of the electron gas, we obtain this contribution to the
transverse heat current’'. From Eq. 1 we can write the trans-
verse response of J and Q on the applied temperature gra-
dient and electric field respectively as: J, = ay,V,T, and
Qr = agyFy. Comparing the coefficients oz, and o, from
Eq. 8 and Eq. 9, it is easy to note that they obey Onsager’s re-
lation: &, = T'ayyy, as expected. From Eq. 1, the anomalous
response QQ on an applied temperature gradient can be written
as: Qy = lgyyV,T. The quantity I, in Eq. 1 can be calculated
as: lyy = —k%Tcy/h, where®

cnz/[dk]ﬂz / de(ﬁe)"% (10)
—n

€

The energy integral in Eq. 10 reduces to the following for n =
983,84

oo P ] 9
/ﬁ%ﬂg:%m+wﬁm%q
e—p

— (ln(l FeBlam®y 4 oLy (1 — feq)) (11)

Eq. 11 and Eq. 10 combined with l,,, = —k%T'co/h give the
last two VT dependent terms in Eq. 9.

Keeping only linear order dependence on the applied field
E and VT, the following Ansatz is assumed for the distri-
bution function, fk87 which is a solution to the steady state
Boltzmann equation (Eq 6) :

af:q> Vi - (—eE + 6;“(—vz“))(lz)

f k — f eq +7 <_ P
We will further assume that the electric field and temperature
gradient have non-zero components only along the x direc-
tion. Substituting for fi from Eq. 12 in Eq. 8 for the current

J, and comparing the resulting expression with Eq. 7, the lon-
gitudinal components of the conductivity tensors o, and agp
can be easily read to be

%xzﬁ/ﬁkw%(—%f), (13)
Ofe
Qg = —%/[dk}ng(e — ) (— gﬁq), (14)

where v, = h™10¢y/0k,. The transverse components are:

2
om:%/mmm, (15)
Qo = k%e / [dK] esic, (16)

which are purely anomalous because we have assumed E and
VT are applied along the z direction, and there is no magnetic
field.

We now discuss the case of a finite magnetic field. We con-
sider a particular configuration relevant for the experiments
measuring Nernst coefficient i.e. VI = V,Tz, B = B2z,
and E = 0, although the approach will work for other con-
figurations also, like the parallel setup discussed in Section V.
The Boltzmann equation (Eq. 6 takes the following form after
making substitutions for r and p from Eq. 4 and 5).

() B, 0 0
VaTVal = ( ae)+ B\ ok, k) T

i S 1
 D(B, )T 17

The following Ansatz is chosen for the distribution fi which
also accounts for correction factor (A) due to a finite magnetic

field.
) (18)

_ s R _OJeq
fk = feq (DTUwV:zT T v A) ( 9

The Boltzmann equation (Eq. 17) thus becomes

eB 0 0 €E— [

L0, 0,2 ) (v, 7, A

- (Uy(“)kx v, aky)( \% T VT + V- A)
A

=7 (19)
-

Imposing the condition that this equation must be valid for all
values of v, we find that A, = 0, and the equation can be
simplified to:

eBV, T “m( Y _ ) +eB <“yA“’ - ”””Ay>

T My — Mag Myy Meyy

eB 1 eB 1
- — zAx - -] A - 20
b ( My * DT) vy (mzv * DT) 20

In order to solve the above equation, we introduce complex
variables V' = v, + ivy, and A = A, —iA,, and rewrite the




equation in the following manner

5

where m; ;' = h™20%E(k)/0k;0k; is the inverse band-mass
tensor and Re(z) stands for the real part of z. Eq. 21 can be

_ 1 ; .
Re |:€BTDV1T€ MV ( i ¢ )} solved for A:
T Mgy Mgy
ieB 1 BV A*
:Re[VA(Ze —)+e ] Q1)
Myr DT Mgy
v, Uy eBuy eBv v v, v eBv eBv, v
s ] [ B g ] [ | [P P
Ay = eBTD(B,Qk)VgcT6 Blmey 2L = A = 2 = R (22)
T eBu, eBv, Vg eBvy eBuy Vy
T Maae My ~ Dt + |:mm - May - D77'}
[ vy Uy } [_eBvy | eBu, vy | _ { Vs vy } { eBvy | eBu, _,jQL}
— Mzy Mew May Maw DTt Mee My Myw May DTt
A, = eBrD(B, )V, 71 1" L - (23)
T _eBvy, | eBu, _ vg + {erm _ eBvy Uiy}
Myw Mgy D‘r_ Myw Mgy Dt
[
For convenience of notation, we rewrite A, and A, as: A; = nents (transverse and longitudinal) are obtained to be:
TV T ¢;, incorporating into ¢; the remaining factors apart 9
from 7V, T <7 of Eq. 22 and Eq. 23. Using Eq. 18 and the O = €2 / [dK]v2T <— feq) (ce — D) (28)
results for A, and A, we can now explicitly write the distri- e

bution function fy as:

€~
fk = feq — (TVZT T

(%)) (e = D+ )
(24)

The expression for the charge current J, in the presence of B
and (), is also modified by the factor D(B, ) )*7, as we
pointed out earlier that D(B, Q) = (1 + e(B - Qx)/h)~Lis
the multiplicative factor which alters the phase space volume
locally.

J= —e/[dk]D—lfer@ X /[dk]nksk (25)

Substituting Eq. 24 in Eq. 25 and again comparing with the
linear response relations in Eq. 1, the thermoelectric tensor

ay;j can be solved to:
—H _afeq _
() o)

ozm=e/[dk}vfg(76
-2)

Qyg = 6/ [dk}(vicy + (Cz — D)’Uw’l)y) (TG;M
(27

(26)

kBe
T

[dk]Q 2Sk
The temperature dependence of the zero-field anomalous con-
tribution in Eq. 27 is hidden in the entropy density sy of the
electron gas. Similarly, the electrical conductivity compo-

Oy = €2 / [dK](v;cy + vavy(ce — D))T <a£9fztz)

2
+= / (K] foq (29)
As a good check of our calculation we also recover the results
for o, and g, found in Ref. 45 where the tensorial nature
of m;; is ignored and m = hu/v%. The transverse compo-
nents, i.e. Eq. 27 and 29, are a sum of two terms: the first
term captures the effect of a finite B which is further modi-
fied by the Berry curvature {2y, due to the factors ¢, ¢, and
D which are non-trivial functions of the Berry curvature. The
first terms in Eq. 27 and Eq. 29 depend on the scattering time
7, and we call these as ‘modified’ B-dependent Hall conduc-
tivities (because they are modified due to the Berry curvature).
The Berry curvature also alters the expressions for longitu-
dinal conductivities given in Eq. 26 and Eq. 28 because of
the factor ¢, — D. In the limits when Qx — 0, the factor
¢y — w for a quadratic band dispersion, upto linear order
in B, (where w = eB/m is the cyclotron frequency). In the
same limit, the factor ¢, — D — —1 upto zeroth order in B,
thus yielding the standard expression for o,, and «,, given
in Eq. 13 and 14. In contrast, the second term in Eq. 27
and 29, which is Berry curvature dependent persists in the
absence of a magnetic field, and is a purely anomalous contri-
bution. We shall roughly examine the limit in which the factor
D(B, Q) = (1+e(B-Qy)/h) " significantly deviates from
1. Defining k = 27K /a, where a is the lattice constant, and
K is dimensionless, e(B - Qx)/h = a*Qk /1%, where I is
the magnetic length and Q0 is dimensionless. For a magnetic
field of 1T, a ~ 24, e(B - Q)/h ~ 107%Qg. The Berry
curvature for a single linearly dispersing Weyl node centered



at the origin is Qx = K/4|K|?, thus D(B, Qx) ~ 1 for low
magnetic fields and away from band touching point (Ky = 0)
in the momentum space (i.e. approximately |[K| > 0.01 in
this case). This is expected, as qualitatively one understands
that the effect of Berry curvature peaks when the energy band
gap I/, — 0. When the effects of Berry curvature can be ne-
glected, the following standard expressions are derived from
Eq. 27 and 29 for Hall conductivities, keeping terms only upto
linear order in B:

—e372B dfo v20%  v,v,0%
Toy T T /[dk] (Z?e) ( ok2 8kx8ky>

(30)

_ —e’7’B dfo vz vvy0%e
Aoy = —— | [dkl(e = p) (&k) ( ok2 akzak)
(€1}

In Section III, we will use the formula obtained for «; and
oqp to calculate the Nernst coefficient in Eq. 2, first analyti-
cally for a simple Dirac and Weyl linearized Hamiltonian, and
then numerically in Section IV, for a lattice model of Weyl
fermions.

III. NERNST RESPONSE IN LINEARIZED MODEL
DIRAC AND WEYL SYSTEMS

In this section, we will concern ourselves with the Nernst
response of a linearized spectrum of Dirac and Weyl sys-
tems. We examine the magnetic field dependent transverse
conductivities (o, and o4,) for a linearly dispersing Dirac
node, which are analytically tractable using the Boltzmann
approach. We repeat the procedure for a pair of Weyl nodes
taking into consideration the Berry flux modification of the
normal B-dependent conductivities.

A. Nernst effect in a linearized Dirac Hamiltonian

As a warm up, we discuss the Nernst response of a single
Dirac cone, with linear dispersion ex = thvpk, where k =

k2 4 k2 + k2. The density of states for a single Dirac/Weyl
node with unbounded linear dispersion (taking into account
spin degeneracy) is given by
1 E?
72 (hvp)3

p(E) = (32)
The density of states vanishes at the Dirac node, which gives
rise to many unusual properties. Eq. 28 for the longitudi-
nal conductivity, without the Berry curvature term, reduces
to Eq. 13, which can be employed to analytically deduce the
zero temperature conductivity for a Dirac Hamiltonian to be

62 ’T/Lz

Oxx = 75
672 h3vp’

(33)

where we have assumed the scattering time 7 to be a phe-
nomenological parameter independent of energy or momen-
tum. For transverse magneto-conductivity, for a weak mag-
netic field B = BZ, we derive the Hall conductivity o, for a
linearized Dirac Hamiltonian using Eq. 30 to be

e3 B2 VR
Toy T Topz pe

We note that (0 /04,) = wT = eB7/m, where m is the
band mass near the Fermi surface given by m = hu/v%. At
low temperatures, the thermoelectric tensor . is related to
the derivative of o4 via the Mott relation®®

(34)

_ﬂjkéTaO’ab
3 e Ou

Qgp = 35)
Combining the Mott relation with Eq. 2, the Nenrst coefficient
becomes (when o, > 0,y)

AT 00y

9 =
3 e Ou

= 77r2k123T

(36)

where Oy = 04y /04, is the Hall angle. However Eq. 36 is
valid only when p # 0, and ¢ does not diverge for u = 0 as
we shall see shortly.

The scattering time in Boltzmann conductivity is sensitive
to the type of impurities in the system. For neutral short range
or point-like impurities, the scattering time 7, is given by:%

I nSVOQk:%7

— = 37
Ts  3mh2vp’ 37
where n is the density of the impurities, V}, is the strength of
the impurity potential, and kp is the Fermi wave-vector. Con-
sidering Thomas-Fermi (TF) screening, the scattering time for
long-range ionic impurities at zero temperature is given by®’

1 VR
= = dnatn L]
- = 4na’n 2 +(qo0)

(38)

In the above expression, n. is the density of charged im-
purities, o« = e2 /khvp is the fine-structure constant, g =
qrr/2kr, where g is the Thomas-Fermi wave-vector, and
Ii(x) = (2% +1/2)log(1 + 1/2?) — 1. The total scattering
time is given by Matthiesen’s rule

lzl l (39)

T Ts Te

For a linear Dirac Hamiltonian, kp = p/hvp, therefore the
scattering time expression take the following form:

i B TLC47TO[2'U?;~hIt(q0) (40)
T, G

1 nVgw? @1)
T, 3mh3vp

From Matthiesen’s rule, it is evident that the shorter time scat-
tering process (75 or 7.) will dominate the carrier transport,
therefore near 1 = 0, the scattering from ionic impurities will



primarily determine the conductivity, and for p > 0, it is
scattering from the neutral point-like impurities that govern
charge transport. For an arbitrary value of pu, the following
expression for scattering time 7 can be written, using expres-
sions in Eq. 39, 40, and 41

-2 (2(1 + w‘*)) , (42)
T To \M
where 7y and x are constants depending on the coefficients of
u? and 1/p? in Eq. 40 and 41, whose exact form is lengthy
and not illuminating for our discussion. Using this expression
for the total scattering time 7 in Eq. 33, we obtain:

4
Crn = 6%% 3)
Similarly, from Eq. 34, we have
2 2.5
The Hall angle near ;o = 0 reduces to:
Oy = eBuvimo/h, (45)

and thus from Eq. 36, the Nernst coefficient ¥y at u = 0 is
given by:
72 k3T eBvimy

= - s = 4
Yo 3 e 7 (46)

Alternatively, the same conclusion can be reached by using the
equation for the Nernst coefficient i.e. Eq. 2, and Eq. 35, 43,
and 44, by substituting the exact expressions instead of using
the Mott relation. Far away from the Dirac point at ;4 = 0, the
charge conductivities are

e 1 1
Ogpy "~ G?Uth.f (1 - iL'/,L4> (47)

e? BB’l}FTg

Opy ~ —5 ——=
Y 62 hAg2yB

(48)

The Hall angle in this case no longer varies linearly with the
Fermi energy (as in the case near 1 = 0), but is instead given
by Oy = eBv%7y/hx?u3. The Nernst coefficient for p > 0
becomes

2.2 2
m°kgT eBupTy

e  hx2pt’

9~ (49)

which approaches zero as p is increased asymptotically, as ex-
pected from Fermi liquid theory, where the Nernst coefficient
vanishes because of Sondheimers cancellation.®® The sign of
the Nernst coefficient ¢ does not change with the sign of 1 and
is thus an even function of . This is because both o, v, and
Ozx gy, Which appear in the numerator of the expression for
¥ in Eq. 2 do not depend on sgn(u). The plot in Figure 2 dis-
plays Nernst coefficient for a linear Dirac node obtained using
Eq. 2, 13, 30, and 35. We have provided a physical ultra-violet
cut-off to the low energy spectrum at € = +3.5¢ with¢ = 0.1

0.8|

3 /90
(ps)

0.6 1

0.4
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FIG. 2. Left: Plot of the Nernst coefficient ¢ as a function of p/t
for a single linearized Dirac node whose spectrum is bounded at +
3.5t. The energy parameter ¢ is chosen to be ¢t = 0.1 eV. Here 9o
indicates the value of the Nernst coefficient at ;4 = 0. Right: Chosen
scattering time for the calculation in ps as given by Eq. 42.

eV, vp ~ 10° m/s T = 40K, and B = 1T. The chosen
scattering time 7 used for this calculation, and its scaling with
1 is also shown in Figure 2. A regularized lattice model will
however smoothly bound the dispersion in the Brillouin zone.
Section IV will be devoted to evaluating the Nernst response
of a WSM Hamiltonian defined on a lattice.

B. Nernst effect for a pair of linearized Weyl fermions

A single Dirac node can be visualized as two Weyl nodes,
which are topologically protected by chirality quantum num-
ber of opposite sign, coinciding with each other in energy-
momentum space. Therefore the net flux of the Berry cur-
vature, and henceforth the net chirality vanishes for a single
Dirac node, resulting in a zero anomalous response for both
the charge and thermoelectric conductivity. As a result, no
anomalous Nernst response is also expected in a linear Dirac
Hamiltonian. Using an external perturbation, a single band-
touching point in a Dirac cone can be shifted into a pair of
isolated Weyl points possessing opposite chirality quantum
numbers. The external perturbation must break either time-
reversal symmetry or inversion symmetry, and also lifts-up the
degeneracy of the Dirac spinor. Our discussion will be cen-
tered upon the assumption that time-reversal symmetry is vio-
lated, which can be achieved using magnetic field as a pertur-
bation. Also the Weyl points are assumed to occur at the same
energy, thus there is no chiral chemical potential. One can
also construct inversion asymmetric and TR invariant models
of a WSM, but they are not of interest to us here because the
anomalous Hall and Nernst response vanishes as the vector
sum k of the node separation becomes zero. Figure 3 shows
Berry curvature plot of a Weyl semimetal in the £, = 0 plane,
where we assumed the node separation is ko = (0.5,0.5,0).
At the origin is a Weyl node with chirality quantum number
+1 which acts as a source of Berry flux. Atk we have another
node with chirality quantum number -1 which acts a sink of
Berry flux.

Let us first concern ourselves with the normal contribution
to the Nernst effect i.e. due to an external magnetic field. As
we pointed out earlier, this contribution is further modified
due to effects of the Berry curvature, which are encoded in the
factors ¢, ¢, and D(B, Qy ), expressed in Eq. 26- 29. Adding



FIG. 3. (color online) Plot of Berry curvature of a Weyl semimetal in
the k. = 0 plane, where the node separation is ko = (0.5, 0.5,0). At
the origin is a Weyl node of positive chirality, which acts as a source
of Berry flux indicated by outgoing arrows, which flow towards ko,
which acts as a sink of Berry flux indicated by incoming arrows.

up the contribution from both the Weyl nodes and keeping
terms only upto linear order in the magnetic field B = B2
(which is justified in the limit wr < 1), the zero tempera-
ture longitudinal electrical conductivity for the Weyl system
becomes
V2T
ve = 262 | [dk] ———E——— (e —
? ¢ /[ T eBanzte
sin® 9d6

2 6 i
= 627—/; / 4 2.2, 4 32 o2 (50)
dr?hdvp Jo pt — h*e?v, B2 cos? 0

For B ~ 1T, vp ~ 10°m/s, (which is the typical value for
vp in a WSM!'!), the factor h262v4FB2 ~ 10719, Thus away
from ;. = 0, the expression reduces to Eq. 33 for a Dirac
node, except upto an overall multiplicative factor of 2 (for two
nodes). At p = 0, where the Fermi surface just reduces to a
pair of Weyl points, 0, = 0. From Eq. 29, we can calculate
the charge Hall conductivity o, fora WSM (again upto linear
order in B):

v2wr?(1 + (eBQ./h)?)
o =2¢" [ [dk]-2 §(ew —
Oy e /[ } (1 — (eBQZ/h)Q)Q (Gk M)
_ wr? /” sin® OpS (u* + h2e?vt B? cos? 0)
An2hdup J, (u* — h2e2v B2 cos? )2

do
(S

Further away from p = 0, the above expression also reduces
to Eq. 34 for Dirac node, after making the substitution for
the cyclotron frequency w = ev%B/hu. At pu = 0, again
0zy = 0. We can therefore conclude that away from the band
touching point (which line-up with the fine tuning of chemi-
cal potential 4 = 0), and for typical values of the Fermi ve-
locity and weak magnetic field (such that the semiclassical
Boltzmann approach is still valid) the deviation of the nor-
mal Nernst response due to the Berry curvature is negligible.
In this limit the normal contribution to the Nernst response
roughly reduces to the sum of individual contributions from
the two Dirac nodes. We have also verified this conclusion

through explicit numerical integration, even at finite tempera-
tures, using Eq. 26- 29.

A Weyl system also exhibits anomalous Nernst response
even at zero-field and thus the total Nernst signal must arise
from both contributions. The anomalous Hall conductivity
a;‘y for a time-reversal broken Weyl semimetal is non-zero
and varies linearly with the node separation ko,'® which can be
obtained by integrating Eq. 29 with the correct regularization
that is consistent with the broken symmetries in the presence
of ]{30.44

A 62 ko

%or = T 22 42

The result in Eq. 52 suggests that the afy remains unaltered

with temperature or for a finite p. This result is strictly valid
only for an unbounded linear dispersion of Dirac fermions.
Mott formula (Eq. 35) then suggests that afy = 0. If an
upper physical cutoff on the energy of a Dirac node is im-
posed then afy is non-zero, because the contributions from
the partially filled states generically will remain finite. Fig-
ure 4 shows the plot for aﬁy as function of node separation
ko for a linear WSM with an upper energy cut-off, and also
the plot for afy as a function of upper energy cutoff, obtained
using Eq. 27 and 29. Lowering the cutoff results in a finite
NON-ZETO gy, thus the anomalous Nernst response is also ex-
pected to be non-zero.

It is not entirely evident from Eq. 2, that the anomalous
Nernst response will vanish for a linearized Weyl Hamilto-
nian with an unbounded dispersion when at =0, because of

zy
the non-zero factor amafy in the numerator of Eq. 2. How-
ever, using the results from the previous subsection we have
from Eq. 43 that near u — 0, 0., = 02, u*, and from Mott
relation: o, = o, p?, thus in the vicinity of the Dirac point,

the anomalous Nernst coefficient becomes:

V= U%,?%MSA 2 (53)
(02.14)? + (03,)

Two points can be noted from the above equation: the anoma-
lous Nernst coefficient vanishes at the Dirac point when p =
0, and the Nernst coefficient is an odd function of p. The
evaluation of total Nernst signal, will have contributions from
both normal and anomalous Hall conductivities, and therefore
an asymmetric behavior of the total Nernst coefficient about
= 01is expected.

IV. NERNST EFFECT IN A LATTICE WEYL
HAMILTONIAN

The novel semimetallic state with Weyl-like fermionic exci-
tations has been recently realized in a series of experiments. In
the inversion asymmetric crystalline compound TaAs, exper-
iments have claimed to host topologically non-trivial Fermi
arcs and Weyl cones?>~>°. Another pathway of observing Weyl
fermions in condensed matter is to break TR symmetry by ap-
plying a magnetic field in a 3D Dirac semimetal and split each
Dirac cone into a pair of Weyl nodes. 3D materials NasBi,
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FIG. 4. Left: Plot of anomalous oy (in the units of pkge/h) for a
bounded linear WSM with two bounded linear Dirac nodes vs. the
upper energy cutoff E¢ (in the units of 10meV), for = —0.7¢ and
ko = 0.25. As the upper energy cutoff for each bounded Dirac node
increases, o, decreases eventually becoming close to zero. Right:
Anomalous Hall conductivity o, as a function of the node separa-
tion kg for a bounded linear WSM, where agy is the Hall conductiv-
ity when ko = 0.15.

CdsAss, and Bi;_,Sb, with x ~ 3 — 4% were recently pro-
posed?”-?8:38-40 " and also realized experimentally to be Dirac
semimetals?>*-7#! This has paved the way to realizing a TR
broken WSM phase, which has been so far verified by a few
experimental signatures>*37:41:42,

One can construct an effective Hamiltonian H p (k) describ-
ing electron dynamics near the symmetry points in momentum
space of a 3D Dirac semimetal

Hp(k) =vpk- o)1, + m(k)7,, (54)

where o and 7 are the vectors of Pauli spin matrices acting
on the spin and pseudo-spin degrees of freedom respectively.
The mass term m(k) can be tuned to vanish at isolated points
in the Brillouin zone by choosing a specific form of m(k) as a
function of crystal momentum k. The mass term m (k) can be
chosen to be m(k) = m+p cos(k), for |k| < 1, which can be
realized physically. For instance, at x ~ 3 — 4% in Bi;_,Sb,
the mass term can be tuned to zero at particular K values. This
yields a degenerate linearly dispersing 4-component Dirac
fermion described by Eq. 54 with m(K) = 0. A perturba-
tive Zeeman field coupled with the spin degree of freedom
described by H; = gB.o., can now lift the degeneracy of
the Dirac fermion, with the energy spectrum given by*®

B(k) = 4\ /R (k2 + k2) + (gB: £ vrk.)?, (55

where the band-touching point is shifted from I' point at
K = (0,0,0) to +Ky = +(0,0,9B/vr), where g is the
Landé g-factor. The direction along which the two nodes ap-
pear is along the direction of the applied magnetic field. The
separation ko between the two Weyl nodes is magnetic field
dependent and is given by kg = 2gB/vr. Now the Hamilto-
nian around each K is that of a linearized Weyl fermion.

To discuss the Nernst response in a physical Weyl system, it
is advantageous to consider a lattice model of Weyl fermions
with the lattice regularization providing a physical ultra-violet
smooth cut-off to the low energy Dirac spectrum, because
the linearized continuum theory for calculating the anomalous
Hall current at a finite density turns out to be insufficient. For
simplicity, instead of considering the band Hamiltonian for

Bi;_,Sb,, we consider a prototype lattice Hamiltonian for
Weyl fermions described by Hj,4:(k) in Eq. 56, because it
serves our purpose of discussing the Nernst effect.

Hiae (k) = t(sin(kga)o, + sin(kyb)oy, + cos(k.c)o.)
+ m(2 — cos(kya) — cos(kyb))o, = Ny - o,
(56)

Hioi (k) supports a pair of Weyl fermions located at
(0,0, £7/2¢),thus kg = (0,0, 7/c) when m > t/2. This lat-
tice model of Weyl fermions described in Eq. 56 can mimic
the experimentally relevant TR breaking WSM model de-
scribed in Eq. 54 and the paragraph below it, when we con-
sider an external magnetic field B = (0,0,7vp/g), as the
node separation is fixed from Eq. 56. This is however suffi-
cient to discuss Nernst effect in the lattice WSM. The energy-
band spectrum is shown in Figure 1 obtained from diagonal-
ising the Hamiltonian in Eq. 56. The anomalous Hall con-
ductivity a;“y for this Hamiltonian is given by Eq. 15 at finite
temperature and chemical potential, which is plotted in Fig-
ure 5. At zero temperature and at ;1 = 0, afy = €2/h. The

it" component of Berry curvature vector Qy, for Hq (k) is
given by

. ON ON
Ni [ak,- X Bkl}

4Ny |3

Denyi = (—1) €5 (57)

In Eq. 57, n stands for the band index. The anomalous Peltier
coefficient a2 , can be calculated using Eq. 16 and is non-

Yy’
zero, as shown in Figure 5, because afy is no longer a constant

function of p. Figure 5 also shows afy calculated using the

Mott relation. This feature of non-zero ozfy was absent in the

linearized model of a WSM. Figure 5 shows the total Nernst
response 1) obtained by numerical calculation using Eq. 2, 26-
29 for this lattice model. We observe that the normal Nernst
coefficient is non-zero around ;. = 0, and is an even function
of u, which consistent with the findings of Sec. III. In Sec.
III, we also pointed out that the anomalous Nernst coefficient
vanishes at ;4 = 0 and is an odd function of y, and thus the
total Nernst response is expected to show an asymmetric be-
havior about 4 = 0. These conclusions do no change for a
lattice model, and a slight asymmetry can be observed in the
plot of Nernst coefficient in Figure 5.

V. MAGNETO-THERMAL CONDUCTIVITY FOR A WEYL
SEMIMETAL

When a temperature gradient VT is applied across a sam-
ple, a charge current J is developed. In the absence of a charge
current, from Eq. 1, we must have E = 6 'aVT. Using
this expression for E in the formula for the thermal current
Q given in Eq. 1, we can write the following linear response
relation

Q= (Tas'a—1)VT = #(-VT) (58)



1 1
05 0.8
a7 i <%0.6
< 2
<G? <50-4
-0 0.2
2 0 2 4 % -2 0 2 4
1/t n/t
1 1
0.8 05
Z20.6 <5
z < 0
= 0.4 ES
0.2 05
N -2 0 2 4 N -2 0 2 4
n/t n/t
1 1
05 0.8
g —0.6
~ 0 =)
& = 0.4
-0.5 0.2
LV E— 0 2 4 % -2 0 2 4
n/t n/t
FIG. 5. (color online) Results for the lattice WSM described by
Eq. 56. Top Panel (left): In red is the anomalous contribution to

Qizy /gy, obtained using Eq. 16 , and in blue is the anomalous con-
tribution to gy using Mott relation (Eq. 35) displaying a reasonable
agreement; o' is the value at 4 = ¢. Top panel (right): Anoma-
lous Hall conductivity as a function of 11/t (again ng is the value at
1 = 0)) obtained using Eq. 15. Middle panel (left): Normal Nernst
response 9N /Y0 as a function of u, where W is the Nernst coeffi-
cient at u = 0. Middle panel (right): Anomalous Nernst response
94 /9., as a function of y, where 1, is the anomalous Nernst co-
efficient at 4 = 0.3t. Bottom panel (left): Total Nernst coefficient
9T /8y, including both normal and anomalous response as a func-
tion of u/t, where ¥, is the Nernst coefficient at = 0.1¢. A slight
asymmetry for the total Nernst signal about i = 0 can be noted. Bot-
tom panel (right): Chosen scattering time in ps as a function of y, as
given by Eq. 42. The chosen parameters values for this calculation
are: T'=20K,t =0.1eV, m = 0.6t

 is the thermal conductivity tensor whose longitudinal and
Hall components can be written explicitly as:

2 2
Oz (aafm - axy) + zaﬂcyaﬂmaﬁfy

Rz = l.L.L - o2 _ o2 (59)
zx Ty
2 2
1 Uwy(aacy — Qgy) 2000 Qup Oy
Rgy = bgy — B} 2 (60)
Ozax — Oy

Usually [ is identified with <, however the second term in
Eq. 59 and Eq. 60 is still non-zero, though small compared to
I. Wiedemann-Franz law states that the ratio of thermal con-
ductivity ~ and electrical conductivity o for a metallic state is
proportional to temperature. The law holds for a generic sys-
tem as long as it can be termed as Landau Fermi liquid where

10

the quasiparticle description of electronic states remains valid,

R _por 61)
0ij

Eq. 61 states the Wiedemann-Franz law, where L is the

Lorenz number (Lg = 72k%/3¢?).

In the absence of a magnetic field, the B-dependent con-
tribution to oy is zero, and Ky = lpp — afw /04 Will be
given by the standard expression of the longitudinal thermal
conductivity:

low = / [dk]v? <r(€ _T“)2 (—ag:q» (62)

To discuss magneto-thermal conductivity, we first examine the
case which is also relevant to the Nernst experimental setup
discussed in Section II, Il and IV i.e. VI = (0T/0x)% and
B = BZ. The expressions for charge and thermoelectric con-
ductivities 6 and & have been already obtained in Eq. 26-29.
From Eq. 9 and Eq. 1, we can read the conductivity tensor [ as

low = / [dK]v? <T(6 }“)2 (— a§:q> (cx —D)) (63)

lys = /[dk](vicy + vzUy (¢ — D)) (T(E _TM)2 <_ aé?))

kpVT 2
+ Bﬁh X /[dk]ﬂk <3feq + 52(6 - :u)2f€CJ>
- kBBZT x / [dK]c(In(1 4 =P =1)2 4 9Ly (1 — foq))

(64)

The B-dependent longitudinal magneto-thermal conductivity
I is further modified from Eq. 62 by the factor of (¢, — D)
which is a function of the Berry curvature. The first term of
the transverse magneto-thermal conductivity [, in Eq. 64 is
the standard B-dependent contribution. The second and the
third terms give the zero magnetic-field anomalous thermal
conductivity. The Wiedemann-Franz law given in Eq. 61 re-
mains valid for k., and x4, as shown in Figure 6.

A more interesting scenario occurs when VT = (0T'/0z)Z,
E = 0, B = BZ i.e when the applied temperature gradient
is parallel to the magnetic field. Using Eq. 4 and Eq. 5, the
steady state Boltzmann equation (Eq. 6) becomes

(SFtoer (-552)) (v ov-e)

Bl 00N et
e <Uy8kw ”fak)fk Dr (65)

The following Ansatz is chosen for the distribution function
fx, which is a solution of Eq. 6,

a5 () e )

n (—%f)v-A (66)

Oe
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FIG. 6. (color online) Top panel (left): Longitudinal magneto-

thermal conductivity ~, for the WSM lattice model as a function
of p/t, where k7, is the value at y = t. Top panel (right): Normal
B-dependent contribution to liivy, where kg, is the value at u = .
Bottom panel (left): Anomalous zero magnetic-field contribution to
mfy, where mgy is the value at = 0. In all the three figures, we
have plotted in red the thermal conductivity obtained using Eq. 63
and Eq. 64, and in blue using Wiedemann-Franz law Eq. 61 (all three
plots are for transverse setup i.e. VI' L B). Bottom panel (right):
Plot of AL(B)/Lo = (L(B)/Lo — 1) as a function of applied mag-
netic field B (here By = vrko/2g) when VT || B showing an addi-
tional B? dependence of the Lorenz number arising from the chiral

anomaly term (2 - v).

The correction factor A in the Ansatz for fy is introduced to
account for a perturbative magnetic field B. Substituting for
fx given in Eq. 66 into the Boltzmann equation (Eq. 65), and
imposing the condition that the equation should remain valid
for all values of v, we find that A, = 0. Introducing V' =
Vg + vy and A = A, — i/, the Boltzmann equation can be
rewritten in the following form

Re (—iVeBDT(;;M)VZT (— mzz - er))
+Re (VeBDT(;gzu)va (mhyz + es))
— —Re <_j§i ‘;A - efﬂ‘;? ‘1/7/:) , (67)
where,
AL LI L (68)

—¥ 4 = (69)

Mgy Myy  Myz
The factors A, and A, can be straightforwardly evaluated
from the real and imaginary parts of the complex vector
A = A, + iAy, which is a solution of Eq. 67. Now sub-
stituting for the distribution function fi in Eq. 25, it is then
possible to deduce the conductivity tensor & and [. The longi-
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tudinal conductivities are obtained to be: 3%

2 B : f.
azz:%/D[dk] <vz+€hﬂ'v> T(e—p) ( geq)
(70)

Lo :/D[dk] (vz+€fg.v)27<(€—Tﬁt)2> (_8(;:,1)

(71)

In a similar fashion one can also calculate the charge conduc-

tivity o .
eB 2 af
_ 2 ) _OJeq
0., =€ /D[dk] <vz + - Q v) T ( 5 ) (72)

The results in Eq. 70-Eq. 72 are of interest because of the a
B? dependence arising from the chiral-anomaly term €2 - v.
Note that this term does not arise in the transverse setup i.e.
when VT and B orthogonal to each other, and is thus linked
to the topological E - B term arising in axion-electrodynamics
of WSM. We can write the following simple relations for o,
and k,,:

0., = 09+ aB? (73)
Kzz :KO""ﬂBQa (74)

where 0 and k are the longitudinal conductivities for B = 0.
The coefficients « and 3 (not to be confused with 3 =
1/kgT) account for the B? dependence of o,, and k,, re-
spectively. They depend on the band-structure of the Hamil-
tonain and can be obtained by the k— space integrals defined
in Eq. 72- 71. The Lorenz number L in the Wiedemann-Franz
law given in Eq. 61, will be B-dependent, and can be written
as:

Rzz Iio+ﬂB2
L(B)=—"—=1L ALB)= ————~ (7
(B) To.. 07T (B) T(oo + aB?) (75
o0 — ok ) B? oo — aLoToy)B?
AL(B)%(BOTQO) _ (B0 aboTo0) B )
og To§

AL(B) gives the B? enhancement of the Lorenz number from
its standard value L. Figure 6 displays the quadratic behavior
of the Lorenz number L(B) with the magnetic field in the par-
allel setup for the lattice WSM Hamiltonian given in Eq. 56,
thus showing a violation of the Wiedemann-Franz law. It is
also worthwhile to point out the sign of AL in Eq. 76, which
will depend on the details of the band structure of the Hamil-
tonian. The Lorenz number, which is the ratio of thermal to
electrical conductivity will increase (decrease) from its stan-
dard value if the B? coefficient in the expression for thermal
conductivity is greater (lesser) than electrical conductivity In
the present case, the sign of AL was found to be positive.
Similar conclusions on the sign of AL were obtained in pre-
vious work*’.



VI. CONCLUSIONS

In this work we have studied the Nernst response of a time-
reversal broken Weyl semimetal. As a consequence of non-
zero anomalous Hall response in a Weyl system with bro-
ken time-reversal symmetry, it is generally expected that an
anomalous Nernst conductivity is also observed. This is be-
cause generally the Peltier coefficient which is related to the
first derivative of the charge conductivity with respect to the
chemical potential should not vanish. However, a linearized
Weyl fermionic system was found to have its anomalous Hall
conductivity independent of chemical potential and tempera-
ture. Previous studies* have therefore argued that the anoma-
lous Peltier coefficient and the anomalous Nernst response for
a system of Weyl fermions should be zero. We show this by
considering a physical description of a WSM which is cut-
off at higher energies by either considering a bounded lin-
earized Weyl Hamiltonian, or a lattice regularization provid-
ing a smooth physical ultra-violet cut-off in a lattice model of
Weyl fermions. This produces a non zero Peltier coefficient
and thus a non-vanishing Nernst response measurable experi-
mentally.

Starting with the semi-classical Boltzmann approach to lin-
ear transport in a system, we first derived the expressions for
charge and thermal conductivities in the presence of a pertur-
bative magnetic field and a temperature gradient orthogonal
to each other, for a generic band Hamiltonian which has a
non-trivial Berry curvature. The longitudinal conductivity is
modified from its standard expression because of Berry curva-
ture effects. The B-dependent transverse conductivity also is
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modified by Berry curvature. Additionally, the transverse con-
ductivity also comprises of a purely anomalous contribution
even at zero B-field due to the Berry curvature. Thus the to-
tal contribution to the Nernst signal comprises of two parts: a
B-dependent response, and a purely anomalous response. We
derived analytic expressions for the Nernst coefficient in a lin-
earized Dirac and Weyl Hamiltonian, and have also computed
the total Nernst response for a lattice model of Weyl fermions
numerically. We also pointed out that B-dependent normal
Nernst signal is an even function of the chemical potential,
but the anomalous Nernst coefficient is an odd function. As a
result one would expect a slight asymmetry in the total Nernst
response 1 = 0, which is evident from our numerical studies.

Additionally, we also examined the magneto-thermal con-
ductivity of a WSM, and find that for orthogonal experimen-
tal setup, similar to Nernst experiment, the Wiedemann-Franz
law holds for both longitudinal and Hall conductivities (nor-
mal and anomalous). For the parallel setup we find an ad-
ditional B2 dependence of the Lorenz number arising from
the chiral anomaly term v - €2. In a previous theoretical
work*’, both of these conclusions have been reported for a
linearized WSM, and the violation of Wiedemann-Franz law
in the parallel setup has been ascribed to the role of axion-
electrodynamics because of the topological E - B term. We
verify this violation of Wiedemann-Franz law in a lattice
Hamiltonian, and it only depends on the presence of Berry
curvature in a system, and therefore it is not an artifact of a
linearized theory.
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